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Preface

I was invited to join the Organizing Committee of the First International Conference 
on Complex Sciences: Theory and Applications (Complex 2009) as its ninth member. 
At that moment, eight distinguished colleagues, General Co-chairs Eugene Stanley 
and Gaoxi Xiao, Technical Co-chairs J·nos Kert ész and Bing-Hong Wang, Local  
Co-chairs Hengshan Wang and Hong-An Che, Publicity Team Shi Xiao and Yubo 
Wang, had spent hundreds of hours pushing the conference half way to its birth. Ever 
since then, I have been amazed to see hundreds of papers flooding in, reviewed and 
commented on by the TPC members. Finally, more than 200 contributions were se-
lected for the proceedings currently in your hands. They include about 200 papers 
from the main conference (selected from more than 320 submissions) and about 33 
papers from the five collated workshops:  

Complexity Theory of Art and Music (COART) 
Causality in Complex Systems (ComplexCCS) 
Complex Engineering Networks (ComplexEN) 
Modeling and Analysis of Human Dynamics (MANDYN) 
Social Physics and its Applications (SPA) 

Complex sciences are expanding their colonies at such a dazzling speed that it be-
comes literally impossible for any conference to cover all the frontiers. We decided to 
mainly cover the following seven topics, which is already a major challenge for a 
conference:  

Structure and Dynamics of Complex Networks 
Complex Biological Systems 
Complex Economic Systems 
Complex Social Systems 
Complex Engineering Systems 
Complex Systems Methods 
Other Complex Systems 

It is our hope that the conference can serve as a bridge for accelerating communica-
tion and cooperation between the participants. It is certainly also our hope that more 
researchers will respond to our invitation in future. 

On behalf of all the Organizing Committee members, we thank all the TPC mem-
bers and reviewers who have carefully helped review and select the contributions.  We 
thank all the local helpers for their endless patience and priceless help. The efforts of 
the ICST and Springer staff are also gratefully acknowledged. Above all, we thank all 
the authors for submitting their research results to us. Without their support, there 
would be no conference. 



 Preface VI 

Last but not least, I would like to take this opportunity to express my personal 
thanks to all the other Organizing Committee members. Team, it has been amazing 
and totally enjoyable to work with you. 

February 2009 Jie Zhou 
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Chaotic and Hyperchaotic Attractors in Time-Delayed 
Neural Networks 

Dong Zhang and Jian Xu 

School of Aerospace Engineering and Applied Mechanics, 
Tongji University, 200092 Shanghai, China 

zhangdong506@yahoo.com.cn, xujian@tongji.edu.cn  

Abstract. It is well known that complex dynamic behaviors exist in time-delayed 
neural networks. Infinite positive Lyapunov exponents can be found in 
time-delayed chaotic systems since the dimension of such systems is infinite. This 
paper presents an infinite-dimension hyperchaotic time-delayed neuron system 
with sinusoidal activation function. The hyperchaotic neuron system is studied by 
Lyapunov exponent, phase diagram, Poincare section and power spectrum. 
Numerical simulations show that the new system’s behavior can be convergent, 
periodic, chaotic and hyperchaotic when the time-delay parameter varies. 

Keywords: neuron system, time delay, hyperchaos. 

1   Introduction 

Chaos theory has been extensively studied in various research fields after Lorenz’s 
observation of the chaotic phenomenon. In recent years, the synchronization of chaotic 
systems has become an active research area [1-4] because of its application to secure 
communication. However, theoretical and experimental models studied thus far 
concern mainly with low dimensional systems with only one positive Lyapunov 
exponent. Consequently, the messages masked by such chaotic systems are shown to be 
readily extracted sometimes once intercepted [5] and so the security of the 
communication system generated by low dimensional dynamical system is fragile. For 
enhancing the security, it is necessary to use high dimensional system to obtain 
hyperchaos with multiple positive Lyapunov exponents. However, on the one hand, the 
cost of equipment would increase substantially as the increasing dimensions of system, 
and on the other hand, the dimension of a high dimensional system is still bounded as 
the degree of freedom is constrained by its dimension.  

Time delay exists in neural network systems inevitably. It is found that simple 
time-delayed neural networks can exhibit very chaotic dynamical behavior [6-8]. The 
dimension of solution space of a time-delayed dynamical system is infinite and so more 
than one positive Lyapunov exponents could be produced just by some low-dimension 
delayed neural networks. Therefore, communication system with a higher security 
level can be designed by means of the time-delayed neuron systems. In recent years, 
some investigations about that have been reported [9-10]. In these studies, each neuron 
has a sigmoid transfer function. Neuron networks with various nonlinear activation 
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functions have also been found to possess chaotic and hyperchaotic behaviors. In this 
paper, hyperchaos is generated from an artificial two-neuron model with activation 
function ( ) sin( )f x x= . The new infinite-dimension system’s behavior is studied by 

Lyapunov exponent, phase diagram, Poincare section and power spectrum when the 
time-delay parameter varies. 

2   Background of the Model 

A class of artificial neural network with single delay considered in this Letter is 
described by the following differential equations with delay:  

( ) ( )
1 1

( )
( ) ( ) ( ) , 1,2 , , .

n n
i

i i ij j ij j i
j j

dx t
a x t b f x t c f x t I i n

dt
τ

= =

= − + + − + =∑ ∑  (1) 

where all 0,ia > ijb and ijc are real numbers, 0τ ≥ represents the time delay, iI is 

external inputs. The input-output transfer function ( )f x is a continuous nonlinear 

function. The model can be rewritten with matrix as 

( ) ( )( )
( ) ( ) ( ) ,

dx t
Ax t Bf x t Cf x t I

dt
τ= − + + − +  (2) 

The difference differential equation (2) can be categorized as a kind of functional 
differential equations [11], and rewritten as  

( ) ( )( )
(0) (0) ( ) ,t t t

dx t
Ax Bf x Cf x I

dt
τ= − + + − +  (3) 

where tx is a continuous mapping defined on[ ,0]τ− as ( ) ( )tx x tθ θ= + , the right-hand 

side of Eq.(3) defines a functional mapping ( )2[ ,0],C Rτ− to 2R , where 

( )2[ ,0],C Rτ− denotes the set of all continuous mapping from [ ,0]τ− to 2R . The 

solution space of Eq.(3) is infinite-dimensional, with initial conditions as any 
continuous functions defined on the closed interval [ ,0]τ− . 

3   Existence of Equilibrium Point and Hopf Bifurcation 

We consider a two-neuron network, in this case the variables in the Eq.(2) can be 
written as 

1 2

1 1 2 2

1 1 2 2

1 2

( ) ( ( ), ( )) ,

( ( )) ( ( ( )), ( ( ))) ,

( ( )) ( ( ( )), ( ( ))) ,

( , ) .

T

T

T

T

x t x t x t

f x t f x t f x t

f x t f x t f x t

I I I

τ τ τ

=

=

− = − −

=

 

(4) 
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and we assume  

( )1 0 0 0
, , , 0,0 .

0 1 0 0
Tp q

A B C I
q p

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (5) 

The model is rewritten as 

( ) ( )
( ) ( )

1 1 2 2

2 2 1 1

( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) ,

x t x t pf x t qf x t

x t x t qf x t pf x t

τ
τ

= − + + −⎧⎪
⎨

= − + + −⎪⎩
 (6) 

where the parameters ,p q are positive real numbers. 

First of all, we prove that the system possesses an equilibrium point * *
1 2( , )x x with a 

proper parameter set. 

Theorem 1. Suppose the function ( )f i  satisfies the Lipschitz condition (i.e., there 

exists a 0 L< < +∞ , such that 1 2 1 2( ) ( )f x f x L x x− ≤ −  for arbitrary 1x and 2x ), 

and max (1 ) , (1 ) 1
q p

p L q L
p q

⎛ ⎞
+ + <⎜ ⎟

⎝ ⎠
, then the system (6) possesses an equilibrium 

point * *
1 2( , )x x , which is unique. 

 
Proof: We define an iterating map 

2 2 1 1
1 2 2 1: : ( , ) (1 ) ( ), (1 ) ( ) , 0 .k k k kq p

F R R x x p f x q f x k
p q

+ + ⎛ ⎞
→ = + + ≥⎜ ⎟

⎝ ⎠
 

 

Set the distance between the arbitrary two points in the series as 

, 1 1 2 2 ,m n m n
m nd x x x x= − + −   

then we have 

1 1 1 1
, 2 2 1 1

1 1 1 1
2 2 1 1

1, 1

(1 )[ ( ) ( )] (1 )[ ( ) ( )]

(1 ) (1 )

max (1 ) , (1 ) .

m n m n
m n

m n m n

m n

q p
d p f x f x q f x f x

p q

q p
p L x x q L x x

p q

q p
p L q L d

p q

− − − −

− − − −

− −

= + − + + −

≤ + − + + −

⎛ ⎞
≤ + +⎜ ⎟

⎝ ⎠

 

 

If max (1 ) , (1 ) 1
q p

p L q L
p q

⎛ ⎞
+ + <⎜ ⎟

⎝ ⎠
, then { }1 2 0,1,2,

( , )k k

k
x x

=
 is a Cauchy series. As 

a result, there exists a limit vector * *
1 2( , )x x , and * *

1 2(1 ) ( ) ,
q

x p f x
p

= +  

* *
2 1(1 ) ( ) .

p
x q f x

q
= +  
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Therefore * *
1 2( , )x x  is the equilibrium point of system (6). It is obvious that the 

equilibrium point is unique. The proof of Theorem 1 is complete. 
Next, we will show that there exists a Hopf bifurcation point in system (6) with a 

proper parameter set. We set ( ) * *
1 2 1 1 2 2( ), ( ) ( , )x t x t x x x x∆ ∆ = − − , and then we obtain the 

following dynamical system: 

( ) ( )
( ) ( )

* * *
1 1 2 2 2 2 1

* * *
2 2 1 1 1 1 2

( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) .

x t x t pf x t x qf x t x x

x t x t qf x t x pf x t x x

τ

τ

⎧∆ = −∆ + ∆ + + ∆ − + −⎪
⎨

∆ = −∆ + ∆ + + ∆ − + −⎪⎩
 (7) 

Suppose that the function ( )f i is differentiable and *( ) 0 ( 1,2)if x i′ ≠ = , then the 

linearized system of (7) is 

* *
1 1 2 2 2 2

* *
2 2 1 1 1 1

( ) ( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) ( ) ,

x t x t pf x x qf x x t

x t x t qf x x pf x x t

τ
τ

′ ′⎧ = − + + −⎪
⎨

′ ′= − + + −⎪⎩
 (8) 

which possesses the equilibrium point (0,0) . The characteristic equation for system (8) is 

* *
2 2

* *
1 1

1 ( ) ( )exp( )
det 0 .

( ) ( ) exp( ) 1

pf x qf x

qf x pf x

λ λτ
λτ λ

′ ′⎡ ⎤+ − − −
=⎢ ⎥′ ′− − − +⎣ ⎦

 (9) 

i.e. 

[ ]2 2( 1) 1 exp( 2 ) exp( ) 0 .h rλ λτ λτ+ − + − + − =  (10) 

where * *
1 21/ ( ) ( )h pqf x f x′ ′= ,

2 2p q
r

pq

+= . We can prove the following result. 

Theorem 2. If
21 1

cot( ) ( , , 0),
2c k arc k Z R

ωτ τ π ω ω
ω ω
⎡ ⎤−= = + ∈ ∈ ≠⎢ ⎥
⎣ ⎦

2

2

3
2

1
r

ω
ω

−≠
+

, 

then Eq.(10) has a pure imaginary root iω , and
Re( )

0
cτ τ

λ
τ =

∂ ≠
∂

, where Re( )λ denotes 

the real part of λ . Hence, there exist Hopf bifurcation phenomena in system (10). 
 

Proof:  Let iλ ω= , we substitute it into the Eq.(10): 

[ ]2 2(1 ) 1 exp( 2 ) exp( ) 0 ,h i i r iω ωτ ωτ+ − + − + − =   

i.e., 

2 2 2(1 ) cos(2 ) cos( ) 1 2 sin(2 ) sin( ) 0 .h r i h rω ωτ ωτ ω ωτ ωτ⎡ ⎤− − − − + + + =⎣ ⎦   

Separating the real and imaginary parts, we obtain 

2 2

2

cos( ) cos(2 ) (1 ) 1 ,

sin( ) sin(2 ) 2 .

r h

r h

ωτ ωτ ω
ωτ ωτ ω

⎧ + = − −⎪
⎨

+ = −⎪⎩
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The solution of above equation is
21 1

cot( ) ( )
2

k arc k Z
ωτ π

ω ω
⎡ ⎤−= + ∈⎢ ⎥
⎣ ⎦

. 

We take the derivative with respect toτ at both sides of Eq.(10) and obtain 

2

2 exp( 2 ) exp( )
.

2 (1 ) 2 exp( 2 ) exp( )

r

h r

λ λ λτ λ λτ
τ λ τ λτ τ λτ

∂ − − − −=
∂ + + − + −

 
 

Let iλ ω= , we rewrite it as follows 

2

2 exp( 2 ) exp( )
,

2 (1 ) 2 exp( 2 ) exp( )

i i ir i

h i i r i

λ ω ωτ ω ωτ
τ ω τ ωτ τ ωτ

∂ − − − −=
∂ + + − + −

 
 

i.e., 

[ ]
2 2

2 sin(2 ) sin( ) 2 cos(2 ) cos( )
.

2 2 cos(2 ) cos( ) 2 sin(2 ) sin( ) 2

r i r

h r i r h

ω ωτ ω ωτ ω ωτ ω ωτλ
τ τ ωτ τ ωτ τ ωτ τ ωτ ω

− − − +∂ =
∂ ⎡ ⎤+ + − + −⎣ ⎦

 

The real part of 
λ
τ

∂
∂

 can be expressed as 

[ ] {
( ) }

2 2 2

4 2 2 2

Re 2 2 cos(2 ) 2sin(2 ) cos( ) sin( ) ( 4)

4 ( 1) 4 ( )cos( ) 4 2cos(2 ) 4cos( ) sin( ) .

h r r r

h r h h r

λ ω ω ωτ ωτ ω ωτ ωτ τ
τ

ω τ τ ωτ τ ωτ ω ωτ ωτ

∂⎛ ⎞ = − + + + + +⎜ ⎟∂⎝ ⎠

+ + + + − +⎡ ⎤⎣ ⎦

 

 

Re( )
Re

c
c

τ τ
τ τ

λ λ
τ τ =

=

∂ ∂⎛ ⎞= ⎜ ⎟∂ ∂⎝ ⎠
, if 

Re( )
0

cτ τ

λ
τ =

∂ ≠
∂

, we obtain 

2 cos(2 ) 2sin(2 ) cos( ) sin( ) 0 .c c c cr rω ωτ ωτ ω ωτ ωτ+ + + ≠   

Solving the inequation and simplifying the result, we obtain
2

2

3
2

1
r

ω
ω

−≠
+

. So the 

proof of Theorem 2 is also complete. 

4   Chaotic and Hyperchaotic Behavior 

Eq.(6) is a simple two-neuron system with time delay. Yet, it seems that the system is 
capable of generating a wide variety of interesting dynamical behaviors. We will 
mainly concern with chaos and hyperchaos phenomena.  

According to the paper [12], if we want to obtain hyperchaos, three requirements 
must be satisfied: 

1) The model is a dissipative system. 
2) The number of terms in the equations giving rise to instability is at least two, of 

which at least one has a nonlinear function. 
3) The dimension of the phase space of autonomous system is at least four. 
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Because 1 2

1 2

2 0
x x

V
x x

∂ ∂
∇ = + = − <

∂ ∂
, there are four terms about the nonlinear function 

f  in the equations and the dimension of a time-delayed system is infinite, the model 

discussed by us can satisfy above necessary conditions easily. 
It is difficult to test if there exists chaos and hyperchaos in a time-delayed system, 

but numerical simulation analysis is a valid method for such a system. In the following 
computer simulation, we fix ,p q and letτ vary. We also adopt the nonlinear activation 

function ( ) sin( )f x x= . The consequence of increasing τ will lead to a limit cycle 

which arises through a Hopf bifurcation. In our simulation of Eq.(6) with activation 
function sin( )x , 3, 5p q= = and the numerical integration was performed using 

fourth-order Runge-Kutta technique.  
For discovering the chaos and hyperchaos phenomena, we firstly calculate and plot 

the two largest Lyapunov exponent of system (6) forτ by employing the method of 
Wolf.  

1 2

a. b.  

Fig. 1. The two largest Lyapunov exponents iλ  

The Fig.1 (a) and (b) show us some important information. According to them, we 
can conclude that:  

1) When the time delay parameter 0τ = , 1 0λ < and 2 0λ < , the Eq.(6) possesses an 

equilibrium point.  
2) Whenτ varies from 0 to 0.1, 1λ comes near to zero from a negative value gradually 

and 2λ is still less than zero. When τ is in the neighborhood of 0.1, a Hopf 

bifurcation maybe occurs and then the system will possess a periodic solution.  
3) Whenτ varies from 0.55 to 0.7, they are either 1 20, 0λ λ> < or 1 20, 0λ λ> = , the 

system has and only has one positive Lyapunov exponent. We should discover the 
chaos phenomenon.  

4) When 0.75 1.4τ< < , 1 0λ > and 2 0λ > , there exist more than one positive 

Lyapunov exponents in the model. We are likely to see the hyperchaos 
phenomenon, which is more complex than general chaos. 
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In the following, we will look for the chaotic and hyperchaotic attractors of system 
with the parameter set given by above paragraphs and validate the program designed by 
us with Wolf algorithm by phase diagram, Poincare section and power spectra. 

 a.                                  b.0 0.1

c.                                 d.
0.6 1

 

Fig. 2. Projections in the plane 2 1( ) ( )x t x t− of attractor of system (6) 

The Fig.2 shows us that from (a) to (d), with the increase of time delay parameter, 
the attractor of system experience equilibrium point, periodic solution, chaos and 
hyperchaos successively. They do consist with the above conclusions. For better 
distinguishing the hyperchaos from chaos, it is necessary to plot the projections of 
attractor in three-dimension space. 

With the Fig.3, we can observe the difference more clearly between a chaotic 
attractor and a hyperchaotic attractor. In the direction of 1( )x t τ− or 2 ( )x t τ− , the 

trajectory of hyperchaotic one is irregular and complicated, as shown in figures (b) and 
(d). For further testifying the existence of chaos and hyperchaos in the system, it will be 
very helpful and useful to plot the Poincare sections and the power spectra.   

We set 1( ) 0x t τ− = and plot the Poincare sections of attractors in Fig.3 (a) and (b). The 

Fig.4 exhibits that they are neither several numerable dots nor a closed line, so they are  
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1( )x t 1( )x t

2( )x t

            0.6                                1

1( )x t 2 ( )x t 1( )x t

a.                                    b.  

2 ( )x t 2 ( )x t

1( )x t 2 ( )x t2 ( )x t 1( )x t

0.6 1
c.                                   d.  

Fig. 3. Projections in 3-dimension space of chaotic and hyperchaotic attractors 

2 ( )x t 2 ( )x t

     a.                                    b.1( ) ( 0.6)x t 1( ) ( 1)x t
 

Fig. 4. Poincare sections of attractors in Fig.3 (a) and (b) 

neither periodic solution nor quasi-periodic solution. Great deals of discrete-distributed 
dots imply the existence of chaos. And obviously, the figure (b) is much more complex 
than (a). 

The Fig.5 show that there exist continuous peak values and noise background in 
signals. These characters are possessed by chaos uniquely. By now, we have obtained 
quite enough proofs to validate the existence of chaos and hyperchaos in the model. 
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Fig. 5. Power spectral density 

5   Conclusion 

In this paper, we show that even a simple neural network model can exhibit chaotic and 
hyperchaotic behaviors. From the plots of the two largest Lyapunov exponents, phase 
diagram, Poincare section and power spectra, we observe the existence of chaotic and 
hyperchaotic phenomena in a two-neuron model with time delay. As the variation of 
time delay parameter τ , the model demonstrates the equilibrium point, periodic 
oscillation, chaotic and hyperchaotic output with different characteristics. Therefore, 
we can control the dynamical behaviors and the degree of chaos in this neural network 
simply by changing the values of parameter. 

The importance of chaotic and hyperchaotic dynamics for the purpose of 
higher-order information processing and secure communication is emphasized in 
recent years [13-16]. The simple artificial neural networks considered here may serve 
as a basic element for the private secure communication which is realized by chaos 
synchronization, chaos masking and so on. 
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Abstract. In multi-input multi-output orthogonal frequency division multiplexing 
(MIMO-OFDM) systems, the multipath components whose delays exceed cyclic 
prefix (CP) cause inter-symbol interference (ISI) and inter-carrier interference 
(ICI), which may degrade system performance severely. In this paper, we propose 
a joint channel estimation and ISI/ICI cancellation scheme in which a limited CP 
is used in a trade-off against high-rate performance in MIMO-OFDM systems. A 
channel estimation scheme based on the criterion of Expectation-Maximization 
(EM) algorithm can be proposed through the use of a training symbol. The EM 
algorithm uses an iterative procedure to estimate channel parameters and can 
estimate channel impulse response (CIR) accurately enough to mitigate ISI/ICI 
influences. Through the accurate CIR estimation, an efficient method has been 
developed to counteract ISI/ICI influences in signal detection in the case where 
the inserted CP length is less than the CIR length. Simulation results show that the 
proposed method can significantly enhance the overall MIMO-OFDM system 
performance after only a few iterations. 

Keywords: multi-input multi-output orthogonal frequency division multiplexing 
(MIMO-OFDM), inter-symbol interference (ISI), inter-carrier interference (ICI), 
Expectation-Maximization (EM) algorithm. 

1   Introduction 

Orthogonal frequency division multiplexing (OFDM) is an attractive technique for 
high-speed data transmission in mobile communications [1], [2]. In OFDM, the 
computationally efficient Fast Fourier Transform (FFT) algorithm is used to transmit 
data in parallel over a large number of orthogonal subcarriers. At the transmitter, the 
OFDM modulator appends at each symbol block head a cyclic prefix (CP), with 
length no shorter than the channel impulse response (CIR) interval, for removing 
inter-symbol interference (ISI). When an adequate number of subcarriers are used in 
conjunction with a CP of adequate length, subcarrier orthogonality is maintained if 
the channel is time invariant within an OFDM symbol. For many high data rate 
systems, the addition of a CP can cause more than a bandwidth expansion, which is a 
very significant loss of a valuable resource. Therefore, the CP interval should not be 
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too large a fraction of the OFDM symbol interval. Since the use of CP results in a 
lowering of spectral efficiency, several approaches have been proposed to cope with 
this problem. OFDM combined with multiple transmit and receive antennas, a.k.a. 
multi-input multi-output (MIMO) OFDM, has become a key communication 
technique over frequency-selective fading channels [3]. In [4], a well-known MIMO-
OFDM system called V-BLAST (Vertical Bell Laboratories Layered Space-Time) 
was proposed for realizing very high data rates. However, interference from other 
antennas causes the receiver performance to degrade. Also, when the CP is not longer 
than the CIR in MIMO-OFDM system, ISI and inter-carrier interference (ICI) will 
greatly affect the receiver performance. A commonly used approach to boost the 
transmission rate in MIMO-OFDM is thus to conserve the length of CP, and rely on 
sophisticated receiver design to combat the residual ISI as well as the induced ICI. 

One conventional approach is to employ a time-domain equalizer (TEQ) to reduce 
the duration of the overall response of the transmission system [5]. However, the TEQ 
technique involves intensive computational complexity, and the optimum design of 
TEQ turns out to be a difficult task [6]. The frequency-domain equalization method 
proposed in [7] offers a decision feedback equalizer based on tentative decisions. 
Other methods include the time-domain channel shortening mechanism [8] and the 
frequency-domain per-tone equalization scheme [9]. The former resorts to a 
shortening filter for “squeezing” the composite channel memory within the CP 
interval, thus limiting the ISI effect; the latter, on the other hand, aims at direct ISI 
and ICI suppression in the frequency domain. Both of the above methods assume 
perfect channel information is available at the receiver. However, channel parameter 
mismatch due to imperfect estimation is inevitable in practice, and can further impair 
the system performance. 

In this paper, we propose a joint channel estimation and ISI/ICI cancellation scheme 
when a limited CP is used in a trade-off against high-rate performance in MIMO-
OFDM systems. A channel estimation scheme can be proposed through the use of a 
training symbol which is based on the criterion of Expectation-Maximization (EM) 
algorithm. The EM algorithm is an iterative procedure to estimate channel parameters 
and it can estimate CIR accurately enough to mitigate ISI/ICI influence. By the 
accurate CIR estimation, an efficient method has been developed to counteract ISI/ICI 
influence for signal detection in the case where the inserted CP length is less than the 
CIR interval. After both the ISI and ICI are cancelled in MIMO-OFDM signals, the 
QR decomposition (QRD)-M algorithm [10] will be used for signal detection. 

2   Signal Model 

A typical baseband model of a MIMO-OFDM system is illustrated in Fig. 1. Consider 
a MIMO–OFDM system with NT transmit antennas, NR receive antennas, and N 
subcarriers, which employs quadrature amplitude modulation (QAM). The original 
data stream is encoded by a 1/2-rate convolutional coder, and the coded data stream is 
interleaved using the method defined by [11] and then each coded bit is mapped into 
one QAM symbol. After modulation, the QAM symbols are fed to an N-point inverse 
discrete Fourier transform (IDFT) to produce the OFDM signal, and a CP of length G 

is inserted in front of each OFDM symbol as a guard interval. Let k
ix  represents the  
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Fig. 1. Structure of a MIMO-OFDM system 

time-domain OFDM signal vector transmitted at i-th transmit antennas during the 

time k, where (0)  (1)  ( 1)
Tk k k k

i i i ix x x N⎡ ⎤= −⎣ ⎦x … , 1 Ti N≤ ≤ . The OFDM 

symbols are transmitted through the multipath fading channel corrupted by additive 

white Gaussian noise (AWGN) noise. Let [ ](0),  (1), , ( 1)  
T

h h h L= −h  

denote the channel impulse response, where L is the channel length.  
Fig.2 depicts the scenario in the receiver highlighting the different propagation 

delays for each path. In the system model, we consider that the received signal 
includes the multipath components with the delay time greater than CP. As 
highlighted by the shaded regions in Fig. 2, the OFDM symbols appearing at the 
receiver are spread by the multipath channel, resulting in ISI and ICI. The 
interferences have to be cancelled for successful demodulation of the symbol within 
the receiver FFT window. Notice that we assume that there is perfect synchronization, 
L is smaller than N and the channel is time-invariant within a burst. At the receiver, 
CP is removed after A/D conversion. In the absence of noise, if the CP length G is 
shorter than the maximum channel delay spread L, i.e., G<L, the received time-
domain signal vector at the j-th received antenna during the time k is 

{ }1
, , ,

k k k k k k k k
j j i i j i i j i i j

i

−= − + +∑y H x A x B x η                            (1) 

where [ (0), (1), , ( 1)]k k k k T
j i i i N= −y y y y  is a signal vector which contains the 

N consecutive received samples and [ (0), (1), , ( 1)]k k k k T
j j j j N= −η η η η , which 

is a color noise vector. Notice that the matrices A and B are N x N matrices that result 
from excess channel responses. The matrix H is an N x N circular matrix of CIR and 
the last (L-G) columns of A are zeros [12]. These matrices can be formed as in (2). 
Therefore, the first term of the right-hand side in (1) indicates the part of signal which  
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Fig. 2. Received signal model combining ISI and ICI due to long delay path 

 
is free of ISI and ICI (assuming that the CP interval is long enough). The second term 
indicates the ICI part which has been added to the matrix A due to G<L. The third 
term shows the ISI part due to interference of previous OFDM symbol. If G is not 
smaller than L, all samples of the sequence are free of interference i.e., A and B are 
zero matrices, and thus neither ICI nor ISI exists. However, if the CP length is 
insufficient, the residual of length equal to L minus G induces ICI within the current 
symbol and the ISI from previous symbol. Since ISI and ICI may degrade the system 
performance severely, a measure must be taken to counteract these interferences when 
the CP length is insufficient. 
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3   Proposed Channel Estimation with EM Algorithm and ISI/ICI 
Cancellation 

The channel estimation is a complicated multi-parameter estimation problem. In our 
systems, one OFDM training symbol is transmitted from each transmit antenna for 
EM-based channel estimation at the receiver. One training sequence is transmitted 
from each transmit antenna for MIMO channel estimation at the receiver. In IEEE 
802.11n TGn Sync proposal [5], preamble (training sequence) transmitted from 
different transmit antenna will be allocated in different sub-carriers in order not to 
interfere with preamble signals from other transmit antennas. Consequently, we can 
regard our 2 x 2 MIMO-OFDM systems as four SISO-OFDM systems during channel 
estimation. However, channel estimation at the receiver should decompose the mixed 
signals into four individual signals. The EM algorithm is an iterative method to 
estimate channel parameters. In order to reduce complexity, based on the EM 
algorithm we jointly estimate channel responses of four paths from each individual 
received signal vectors, 

,
k
j ih  using least-squares (LS) algorithm. 

Based on the signal model (1), we can express the signal model in frequency 
domain by multiplying by a discrete Fourier transform (DFT) matrix as 

{ }1
, , ,

k k k k k k k k k
j j j i i j i i j i i j

i

−= = − + +∑Y Wy WH x WA x WB x Λ  ,               (3)  

where the DFT matrix is defined as 

[ ] 2 /, ,  0 1,  0 1nl Nn l e n N l Nπ−= ≤ ≤ − ≤ ≤ −W  and 
k
jΛ  is AWGN noise 

vector  in frequency domain. Note that, in equation (3), the OFDM signal in time 
domain can be expressed as 

1k H k
i iN

=x W X   where (0), (1),..., ( 1),
Tk k k k

i i i iX X X N⎡ ⎤= −⎣ ⎦X ,  

N : number of subcarriers.                                              (4) 
Thus, the frequency-domain signal model is 

1
, , ,

1
, , ,

1 1 1
{ }

     { ( ) }

k k H k k H k k H k k
j j i i j i i j i i j

i

k k k k k
i trun j i j i j i j

i

N N N

diag ICI ISI

−

−

= − + +

= − + +

∑

∑

Y WH W X WA W X WB W X Λ

X W h Λ
      (5) 
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where k
jY  means that the k-th frequency-domain received signals at the  

j-th received antenna, 
2 / ,  0 1,  0 1nl N

trun e n N l Lπ−= ≤ ≤ − ≤ ≤ −W  and 

, , , ,(0), (1), , ( 1)
Tk k k k

j i j i j i j ih h h L⎡ ⎤= −⎣ ⎦h … . We decompose the observed data k
jY  into 

its NT components, 1
, , , , ,( ) ,  1,2, ,k k k k k k

j i i trun j i j i j i j i Tdiag ICI ISI i N−= − + + =Y X W h Λ  

where 
,

k
j iΛ  is component of  k

jΛ  with 
,1

TN k k
j i ji=

=∑ Λ Λ . 

The EM-based channel estimation consists of the following steps. Note that the 
superscript (α) signifies the α-th iteration numbers. 

( )

( ) ( )

( ) ( ) ( )

, ,

, , ,
1

 1,...,

      : 

           1,...,

ˆ ˆ                ( )

ˆ ˆˆ              ( )

         

T

R

T

k k k
j i i trun j i

N
k k k k
j i trun j i j i j i

i

for j N

E step

for i N

diag
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End
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α α α
β

=

=

=

=
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      : 

          1,...,
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T

k H k
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R

T
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diag
N
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=

=
=
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1
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1
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I
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where β is a real-valued scalar that satisfies 

1

1 ( 0 )
TN

i i
i

β β
=

= ≥∑ .                                   (6) 

This method aims at cancelling the ISI and ICI interferences before the signal 
detection at the receiver. We find a method to reduce the effects of ISI and ICI 
without knowledge of transmitted symbols a priori. We assume that channel 
estimation is accurate, which was discussed in the last paragraph. With channel 

estimates available, we use the previous OFDM symbol, 1k
i

−x  to calculate the ISI 

term 1
,

1

TN
k k
j i i

i

−

=
∑B x  and subtract it from the received signal, 

k
jy  as  

1
,

1,2, ,

, ,
1,2, ,

ˆ

   ( )
T

T

k k k k
j j i j i

i N

k k k k k
j i i j i i j

i N

−

=

=

= −

= − +

∑

∑

y y B x

H x A x η
                                  (7) 

Similarly, we perform ICI cancellation by calculating the ICI term, 
,

1

TN
k k
j i i

i =
∑ A x  

from a coarse estimate of the current symbol, ˆ k
ix  based on available channel 

estimates and add it to the received signal ˆ k
jy  as    

,
1,2, ,

,
1,2, ,

ˆ ˆ

   
T

T

k k k k
j j j i i

i N

k k k
j i i j

i N

=

=

= +

= +

∑

∑

y y A x

H x η
                                                (8) 

Consequently, 
k
jy  is the signal free of interferences (after removing the ISI and 

ICI influences). Note that, ICI cancellation needs the current detected symbol. Thus, 
we can redo ICI cancellation over and over again each time using a more and more 

precise current detected symbol ˆ k
ix  based on (8). So ICI cancellation can be an 

iterative process. After ISI and ICI cancellation are done, we apply the QRD-M 
algorithm to detect signals, hoping to achieve near-maximum-likelihood (ML) 
performance with acceptable computational complexity [10]. 

4   Simulation Results 

Simulations have been conducted to clarify the effectiveness of proposed schemes in 
a 2x2 MIMO-OFDM system. We used 64 subcarriers and a 64-point IFFT/FFT. The 
original data stream was encoded by a 1/2-rate convolutional coder and the 64 QAM  
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Fig. 3. Convergence performance of the proposed method for different SNR when CP interval 
is shorter than the CIR interval 

modulation scheme was adopted for transmitting data and training sequence. CP of 
length G = 4 was used for high spectral efficiency although a sufficient CP length was 
used for calculation of the performance lower bound. The multipath channel models 
in simulations were signal samples from 8 taps (L = 8) with rms delay spread of 
200ns. These channel models represent typical large space environments such as a 
store or a factory [13]. The channels were slow fading and time-invariant within a 
burst. Each tap was generated independently according to exponentially power-
decaying Rayleigh fading characteristics. The signal-to-noise ratio (SNR) is defined 
as the ratio of the transmit power to the AWGN power. 

Fig. 3 shows that the convergence curves of the proposed method for different 
SNR values with rms delay spread=200ns when the CP interval is shorter than the 
CIR interval. This figure shows that the mean-square error (MSE) for the proposed 
channel estimation method can reach a constant within 3 to 5 iterations. MSE of the 
channel estimation reaching a constant implies that an estimation error floor exists. It 
can also be seen that for different SNR values, both the estimation error floor and the 
convergence speed are different. Fig. 4 shows the BER performances of the proposed 
channel estimation scheme, the conventional one-tap frequency-domain equalizer 
scheme and a method considered  decision feedback equalizer for ICI cancellation in 
[7] for 2x2 MIMO-OFDM systems, all for the case when the CP interval is shorter 
than the CIR interval. It is obvious that the proposed method can significantly 
improve the BER performance whereas the conventional one-tap equalizer method 
exhibits an error floor. In addition, the BER performance of the proposed method has 
only a slight degradation compared with the CP-sufficient MIMO-OFDM system. 
Further, we consider a more severe condition under which the channel length is three 
times that of the shortened CP length, i.e., the channel length is twelve and the G is  
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Fig. 4. Comparison of BER performance between the proposed method and other methods 
when CP interval is shorter than the CIR interval (CIR = 8, CP = 4) 

 
Fig. 5. Comparison of BER performance between the proposed method with the different 
iterations and other methods when received signal is under severe ISI/ICI influences (CIR = 12, 
CP = 4). 

still four. Fig.5 illustrates that the proposed method can still improve the BER 
performance whereas the other methods exhibit error floors. However, under such 
severe conditions, we need more iterations of ICI cancellation to approach the 
performance of the CP-sufficient system. 
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5   Conclusion 

In this paper, we propose a joint EM-based channel estimation and ISI/ICI 
cancellation scheme when an insufficient cyclic prefix length is used in a trade-off 
against high-rate performance in MIMO-OFDM systems. With channel estimation 
obtained by the EM-based method, the ISI/ICI cancellation is accomplished at low 
computational cost while giving satisfactory performance. By performing the channel 
estimation only a few iterations, the proposed scheme can jointly accomplish ISI/ICI 
cancellation, giving a BER performance approaching that of a CP-sufficient system. 
Therefore, the proposed scheme is suitable for use for high-speed data transmission in 
mobile communication systems when high spectral efficiency is required. 
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Abstract. Studies of the Internet have typically focused either on the
routing system, i.e. the paths chosen to reach a given destination, or
on the evolution of traffic on a physical link. In this paper, we combine
routing and traffic, and study for the first time the evolution of the traffic
on the Internet topology. We rely on the traffic and routing data of a
large transit provider, spanning almost a month.

We compute distances between the traffic graph over small and large
timescales. We find that the global traffic distribution on the AS graph
largely differs from traffic observed at small timescales. However, vari-
ations between consecutive time periods are relatively limited, i.e. the
topology spanned by the traffic from one time period to the next is small.
This difference between local and global traffic distribution is found in
the timescales at which traffic dynamics occurs on AS-level links. Small
timescales, i.e. less than a few hours, do not account for a significant
fraction of the traffic dynamics. Most of the traffic variability is concen-
trated at timescales of days. Models of Internet traffic on its topology
should thus focus on capturing the long-term changes in the global traffic
pattern.

Keywords: Internet traffic,AS topology, graphdistance,multi-resolution
analysis.

1 Introduction

Most of the studies on traffic dynamics focus on a single link [6,7,11,17,9,24]. In
reality, Internet traffic is the outcome of end-hosts exchanging data, not through
a single link, but over paths 1. The Internet is composed of more than 30, 000
autonomous systems (AS). An AS is a network under a single administrative au-
thority. Each AS chooses independently its paths to reach destinations, among

1 Paths in the Internet are typically asymmetric [16,4], so that packets exchanged
between two hosts follow different paths in the two directions.
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the paths that its neighboring ASs advertise. Typical examples of ASs are In-
ternet Service Provider networks, or university campuses. In this paper, we use
the abstraction of the Internet topology at the AS-level.

When an AS receives traffic that has to be sent towards a destination, it relies
on the interdomain routing protocol, BGP [14], to find the next AS on the path
to reach the destination. Each AS knows the full AS path that will be followed
by its packets to reach a destination. Each path is made of AS-level links or
edges. As topological failures happen within ASs or on the links between two
ASs, and as ASs change their path preferences over time, AS paths may change.
Tracking the actual dynamics in traffic on the AS topology requires to model
the routing state of the considered AS over time [13], as explained in Section 2.

In this paper, we study the dynamics in the set of AS-level edges used for
forwarding traffic, as well as the dynamics of the amount of traffic carried by each
AS-level edge over time, for a large transit AS. This knowledge of the flow of the
traffic in the Internet is important not only for operational purposes like traffic
engineering [12,21,23], but also to understand the Internet as a complex system
[10]. For the first time, we study in this paper the global dynamics of the traffic on
the Internet topology, as seen from a large transit AS. More specifically, we try to
understand the dynamics of the AS-level topology spanned by the traffic. We find
that this topology at small timescales differs considerably from the global traffic
distribution over a long time period. This indicates that modeling Internet traffic
requires models that capture the small timescales behavior of the topological
traffic distribution. This small timescales topological traffic distribution is highly
dependent on the traffic dynamics observed by individual AS-level edges.

We present the data used in this paper and how the traffic is mapped to the
AS-level connectivity in Section 2. In Section 3, we define the distance between
two AS-level graphs, and the distance between two traffic distributions on the
corresponding AS-level graphs. We first study the distance between individual
time intervals and the global traffic topology in Section 4. Then, we analyze
changes of traffic distribution between consecutive time intervals in Section 5.
We rely on multi-resolution analysis to study the variance of traffic on each AS-
level edge across different timescales in Section 6. Finally, Section 7 concludes
this paper.

2 Data and Methodology

We obtained traffic and routing information from the GÉANT network. GÉANT
is the pan-European research network. It carries research traffic from the Euro-
pean National Research and Education Networks (NRENs) connecting universi-
ties and research institutions. GÉANT has a point of presence in each European
country.

To properly reconstruct paths followed by the traffic, a model of the routing
of GÉANT must be built [13]. To compute paths between routers inside its
network, GÉANT uses the ISIS routing protocol. We obtained a trace of its ISIS
messages. With these messages, we keep an up-to-date view of the internal state
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of GÉANT and compute the paths from any router to any other router inside
the GÉANT network during the whole time of the study. Once we know the
internal path followed by the traffic inside the GÉANT network, we can find out
the exit router of GÉANT that forwarded traffic outside the network.

Then, we rely on information from the BGP routing protocol to determine
the global AS-level paths taken by traffic observed by GÉANT to reach its desti-
nations. BGP [14] is the current routing protocol used between ASs. With BGP,
each AS learns the paths to reach each destination in the Internet. In GÉANT,
the BGP routes are collected using a dedicated workstation running GNU Zebra
[25], a software implementation of different routing protocols including BGP.
The workstation has an iBGP session with all the border routers of the network.
Using this technique, it is possible to collect all the BGP routes selected by the
border routers of GÉANT and thus find out the global AS-level path followed by
traffic entering GÉANT towards any destination in the Internet. With this, we
know the set of ASs crossed by traffic entering GÉANT towards any destination,
at any time instant of the study [13].

We also obtained Netflow [8] traces collected from all external links of the
GÉANT network, i.e. all the traffic entering the network was recorded. Netflow
provides the aggregated information of the layer-4 flows, by recording the starting
time, the ending time and the total volume in bytes for each unidirectional TCP
and UDP flow. Netflow was configured with a 1/1000 packet sampling rate. With
this sampling, only one out of 1000 is considered by Netflow. In a large network
such as GÉANT, the amount of traffic prohibits to use low sampling rates as it is
unsafe for the proper operation of the routers. Given that the aim of this paper
is not to study the small timescales, the decision was made to use a granularity
of 15 minutes for the finest timescale.

Once we have a model of the routing of GÉANT, we compute for each Netflow
entry the corresponding AS path the traffic takes to reach its destination, and
attribute the traffic seen to each AS-level link along the path. We call an edge2

e of the AS graph G, a pair ASX − ASY appearing as two consecutive and
distinct ASs in the AS path computed by our model of GÉANT. We attribute
to each edge e the amount of traffic it carries during each time interval. For more
details about this data, we refer to [22].

We study a contiguous 26 days period between May 5 2005 and May 31 2005,
corresponding to 2592 15-minutes time intervals.

3 Distances

3.1 Distance between Two Topologies

In this paper, we define the distance between two graphs G0 and G1 as follows:

DG(G0, G1) = 1 − I(G0, G1)
U(G0, G1)

(1)

2 We use the terms edge and link interchangeably in this paper, but they always refer
to an AS-level edge. An AS-level edge does not correspond to a physical link of the
router-level graph, but may correspond to several physical links on the topology.
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where I(G0, G1) represents the number of AS-level edges in the intersection of
G0 and G1 and where U(G0, G1) represents the number of AS-level edges in
the union of G0 and G1. A graph distance of 0 means that the two graphs are
identical. A distance of 1 means that the two graphs do not have a single AS-level
edge in common.

3.2 Distance between Two Traffic Topologies

As we are not only interested in the AS-level topology, but the traffic that crosses
each AS-level edge, we define a distance between two graphs weighted by the
traffic seen on AS-level edges:

DGtraf (G0, G1) = 1 − Itraf (G0, G1)
Utraf (G0, G1)

(2)

where
Itraf (G0, G1) =

∑
e∈I(G0,G1)

min(TRe(G0), TRe(G1)) (3)

and
Utraf (G0, G1) =

∑
e∈U(G0,G1)

max(TRe(G0), TRe(G1)). (4)

TRe(G) denotes the amount of traffic that edge e has on graph G. Itraf (G0, G1)
is equivalent to the intersection of the two graphs I(G0, G1), but where we con-
sider that the intersection is defined by the sum of the minimum amount of traffic
common to all edges in the graph intersection I(G0, G1). Utraf(G0, G1) is defined
similarly, as the sum of the maximum amount of traffic of all edges in the graph
union U(G0, G1).

4 Distance between Individual Time Intervals and Global
Traffic Topology

Global traffic patterns in the Internet have typically been studied without check-
ing whether the traffic properties do depend on the considered timescale [5,3,15].
Those studies have concluded that a few popular source-destinations (end-hosts
or networks) do account for the majority of the traffic. [19] has shown that this
picture of traffic over-simplifies reality. In practice, only a subset of the source-
destination pairs is stable on timescales smaller than hours. We thus expect that
the AS-level topology spanned by the traffic on small timescales will differ from
the topology spanned over large timescales.

4.1 Graph Similarity

To compare the topology spanned by traffic over short and large timescales, we
build the graphs spanned by traffic for each 15 minutes time interval over the 26
studied days, denoted by Gi, i = 1, ..., 2592. We also build the graph from the
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traffic over the 26 days of the study, denoted by Gglobal. We then compute for
each Gi the graph distance (see equation 1) between Gi and Gglobal.

Figure 1 shows the cumulative distribution of the distance between the Gi

and Gglobal for the 2592 time intervals. For all time intervals, the distance is
larger than 0.57. Less than 43% of the AS-level edges known by Gglobal appear
during any 15 minutes time interval. The distance can be as large as 0.72, hence
sampling only 28% of the existing AS-level edges of Gglobal.
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Fig. 1. Distribution of graph distance between the Gi’s and Gglobal

The graphs of traffic during 15 minutes time intervals are thus very different
from the global traffic over large timescales. The Gi’s and Gglobal cannot be
considered as topologically similar.

4.2 Traffic Similarity

Gglobal contains all AS-level edges for which traffic has been observed over the
26 studied days. Now, we want to compute the distance between the Gi’s and
Gglobal, but in terms of the amount of traffic. Our traffic distance defined in
equation 2 compared the traffic on each edge of the two compared graphs. As
edges of Gglobal cumulate traffic over a far longer time period than the Gi’s, we
divide the amount of traffic seen on each edge of Gglobal by 2592, i.e. we average
traffic over time for each edge. We denote Gglobal where the traffic of each edge
has been averaged by Gtraf

global. The graphs for each 15 minutes time interval where
traffic is attributed on each edge are denoted by Gtraf

i , i = 1, ..., 2592. Then, we
compute the traffic distance as in equation 2 between each Gtraf

i and Gtraf
global.
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Figure 2 shows the cumulative distribution of the distance between the Gtraf
i

and Gtraf
global for the 2592 time intervals. For most (99%) of the time intervals, the

distance is larger than 0.82. This indicates that the global traffic distribution
is very different from the short-term traffic distribution. As already hinted in
[19], the topological traffic distribution observed over large timescales is not
representative of the traffic distribution over shorter time intervals.
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Fig. 2. Distribution of graph distance between the Gtraf
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global

5 Distance between Consecutive Time Intervals

In Section 4, we showed that the traffic over 15 minutes time intervals and over
the whole studied period differs very much, as seen through the graph distance.
The implications of Section 4 reinforce the findings of [19]. These implications
do not mean that modeling Internet traffic on the AS-topology is out of reach.
Rather, the long-term traffic distribution does not represent well the short-term
one, so that short-term traffic changes should be taken into account in a traffic
model. To better understand the short-term dynamics of the traffic on the AS-
level graph, in this section we study changes between consecutive time intervals.

5.1 Graph Distance between Time Intervals

In Section 4.1, it was shown that traffic on the AS-level graph varies much,
at least when distance was with respect to Gglobal. Instead of computing the
distance between the Gi and Gglobal, we compute the distance between Gi and
Gi+1, for i = 1, ..., 2591. The cumulative distribution of those distances is shown
on Figure 3.
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Fig. 3. Distribution of graph distance between Gi and Gi+1
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Fig. 4. Distribution of graph distance between Gtraf
i and Gtraf

i+1

Contrary to the figures in Section 4.1, the graph distance between consec-
utive time intervals is small, betwen 0.1 and 0.2. Consecutive AS-level graphs
spanned by traffic over 15 minutes time intervals are thus close to each other.
This means that the graph of traffic evolves relatively smoothly over time over
such timescales.
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5.2 Traffic Distance between Time Intervals

If we compare the consecutive Gtraf
i instead of the Gi, we obtain the distribution

shown on Figure 4. On this figure, we obtain even smaller distances for the traffic
between consecutive time intervals, typically between 0.06 and 0.1. Only very
few consecutive time intervals have large distances, up to 0.5.

The distances between consecutive time intervals give a far more optimistic
picture of traffic variability on the AS topology than found in Section 4.1. Mod-
eling traffic dynamics should thus require relatively small changes over time.
However, as shown in [19], the traffic on different parts of the AS topology has
different dynamics. In Section 6, we will analyze this dynamics of the traffic on
AS-level edges.

6 Traffic Dynamics on AS-Level Edges

In this section, we seek to find out explanations for the rather large distances
between the Gi’s and Gglobal, and the small distances between consecutive Gi’s.
The dynamics of the traffic on different AS-level edges should explain those
distances between the graphs spanned by the traffic. In Section 6.1 we study
the relationship between the lifetime of AS-level edges and the amount of traffic
they carry. In Section 6.2 we perform a multi-resolution analysis of the traffic
dynamics on AS-level edges.

6.1 Amount of Traffic vs. Lifetime

First, we look at the relationship between the amount of traffic seen by an AS-
level edge and for how many 15 minutes time intervals this edge has traffic at all.
Previous work has shown that traffic observed by an AS has a tree-like structure
rooted at the observing AS and whose leafs are the destination ASs [18,19], and
on average edges farther away from the root see less traffic. We thus expect that
different edges observed different traffic dynamics.

We call the total number of 15 minutes time intervals that an AS-level edge is
observed to carry traffic its lifetime. The x-axis of Figure 5 gives the lifetime. The
y-axis gives the percentage of traffic, in logarithmic scale. The dots in Figure 5
give the percentage of traffic that edges having a given lifetime represent. We see
that most of the dots correspond to large lifetimes. The solid curve in Figure 5
gives the cumulative traffic as a function of edge lifetime. On this curve, we see
that edges that have a small lifetime do not represent a significant fraction of the
traffic. About 80% of the traffic is carried by those AS-level edges that appear
almost all the time.

6.2 Edge Variance Decomposition

From Section 6.1, we know that only edges having a large enough lifetime should
be considered, as other edges do not represent a significant fraction of the total
traffic. Now, we would like to better understand the traffic dynamics on those
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Fig. 5. AS-level edges’ life time and the amount of traffic they carry

edges that capture most of the traffic on the AS topology. Because of known
non-stationarity of Internet traffic [1,20], we do not rely on spectral analysis but
wavelets [2]. Wavelets belongs to multi-resolution analysis and allow to decom-
pose the variance of the traffic on each edge into the respective contribution of
each timescale.

Figure 6 provides the breakdown of the traffic variance within each edge across
the different timescales, as computed through the wavelet coefficients. Timescales
go from 30 min (scale 1) to about 5 days (scale 9), and are indicated with different
colors. Independently for each edge, we stack the relative contribution of each
timescale to the total variance of the traffic of this edge, by starting from the
smallest timescale and successively adding the contribution of larger timescales.

The x-axis of Figure 6 gives the edges, ordered by decreasing amount of traffic.
We observe that edges having most traffic (left of Figure 6) have on average more
of their variance within the larger timescales (8 hours or more). For edges that
do not have much traffic, the lowest three timescales (between 30 minutes and
2 hours) account for almost 30% of their variance. Edges that see a lot of traffic
are thus less bursty on small timescales than edges that see less traffic. The
burstiness of the traffic varies much across edges.

This behavior is consistent with previous studies in the networking literature
that have debated on the traffic variability on different types of links. Studies
of large backbone links have concluded that traffic burstiness tends to a non-
stationarity Poisson process as link capacity increases [1]. Studies of smaller
links and networks on the other hand have found that self-similar processes
better describe traffic [6,7,11,17,9,24]. Figure 6 shows that the process that best
describes traffic burstiness on a given edge has much to do with the amount of
traffic observed on this link.
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From Figure 6, we do not have a feeling of what timescales are really important
if we want to explain the dynamics of most of the traffic. For this, we turn to
Figure 7, where we weight the variance at each timescale by the amount of traffic
seen for the considered edge. As in Figure 6, edges are ordered by decreasing
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amount of traffic on the x-axis. We observe on Figure 7 that the lower 4 timescales
do not contribute to a significant fraction of the total traffic-weighted variance.
Scale 9 (“128 hours”) accounts for about 50% of the traffic-weighted variance.
Scales 6 to 9 account for more than 90% of the traffic-weighted variance. This
means that even though burstiness appears at small timescale below hours, most
of the traffic dynamics happens for large timescales.

We are now in a position to explain the behavior of the graph and traffic dis-
tances observed in Sections 4 and 5. As most of the traffic dynamics is contained
within large timescales, the distance between the traffic graph during a small
time period (e.g. Gi) and the global graph (e.g. Gglobal) will be large. Unless two
graphs are close in time, e.g. consecutive Gi’s, the distance between two traffic
graphs will be significant due to edge dynamics. Models of Internet traffic on
the AS topology need to consider relevant timescales, e.g. hours or more, unless
they will have to deal with complex traffic burstiness that is not important to
reproduce for traffic dynamics on the Internet topology.

7 Conclusion

In this paper, we combined routing and traffic, and studied the evolution over
time of the traffic on the Internet topology. We relied on the traffic observed
by a large transit provider for almost a month, to measure the changes of the
topology spanned by the traffic.

We computed distances between the traffic graph over small and large
timescales. We found that the traffic observed at large timescales differs from
traffic observed at small timescales. However, variations between consecutive
time periods are relatively limited, i.e. the topology spanned by the traffic from
one time period to the next is small. Small timescales, i.e. less than a few hours,
do not account for a significant fraction of the traffic dynamics. Most of the traf-
fic dynamics on the Internet topology happens for timescales of several hours.
The slowly changing traffic pattern is responsible for large distances observed
between the traffic graphs on small timescales and the global traffic graph.

There are several implications of this paper on complex networks. First, mod-
els of the Internet traffic on the topology should concentrate on large timescales,
and try to reproduce the long-term variations of the traffic pattern on the topol-
ogy. Second, other complex networks undergo complex dynamics like the Inter-
net, e.g. road traffic networks or biological networks. Studying the topological
dynamics of those systems will help understand the global behavior of those sys-
tems, and in turn help to understand the functions implemented within them.
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Abstract. Content distribution networks (CDNs) increasingly have
been used to reduce the response times experienced by Internet users
through placing surrogates close to the clients. This paper presents an
object replacement approach based on an evolutionary game generalized
particle model (G-GPM). We first propose a problem model for CDNs.
The CDN model is then fit into a gravitational field. The origin servers
and surrogates are regarded as two kinds of particles which are located
in two force-fields. The cache allocation problem is thus transformed
into the kinematics and dynamics of the particles in the annular and
the round force-fields. The G-GPM approach is unique in four aspects:
1) direct viewing of individual and overall optimization; 2) parallel com-
puting (lower time complexity); 3) multi-objective solution; and 4) being
able to deal with some social interactions behaviors.

Keywords: Content Delivery Networks (CDN), cache resource alloca-
tion, evolutionary game generalized particle model (G-GPM), placement
algorithm, distributed and parallel algorithm.

1 Introduction

Content delivery networks (CDNs) were developed to overcome performance
problems, such as network congestion and server overload, that arise when many
users access popular contents simultaneously. CDNs improve end-user perfor-
mance by caching popular contents on edge servers located close to the users.
CDNs help prevent server overload, since the replicated contents can be delivered
to users from edge servers. Furthermore, since contents are delivered from the
closest edge server and not from the origin server, the request response time is
reduced, and so are the probability of packet loss, and the total network resource
usage.

The placement/replacement strategy is a key component of any CDN which
has a direct and significant impact on the CDN’s performance. Recent research in
replacement strategies starts to use analytical methods to augment simulation-
based evaluation. For instance, in [1], a precise analytical model is developed
to evaluate the LRU policy and its variations. The user Web access behavior
is modeled using a system of differential equations which explicitly take into

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1226–1237, 2009.
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consideration the ages of documents (the time elapsed since these documents
were last accessed). The exact expressions for the hit rate and expected network
latency can then be derived. The benefits of this kind of analytical work are
twofold. First, it provides a theoretical framework to evaluate known policies
and can generate technical insights as to why certain policies are effective in
practice and outperform others. Second, it can lead to the development of new
policies based on the deepened understanding of the structure of the caching
problems and the interactions among various components of the caching system.

In this paper, an analytical approach based on the evolutionary game gener-
alized particle model to the content placement problem is proposed.

Our study differs from the previous work in certain aspects, as follows:

1. We map the origin server-surrogate cache resource allocation problem to the
kinematics and dynamics of particles in two dual particle fields by analytical
mathematical modeling.

2. We embody the game relation between the origin servers and the surrogates
in the process of content delivery.

3. We make use of agents (origin servers and surrogates) and their dynamic
equations for the evolutionary game generalized particle model to solve
content placement problem and overcome some shortcomings of traditional
methods in terms of the ability to deal with interactions such as competition,
collaboration and unilateral behavior among agents. In previous work, there
is no unilateral behavior among the origin servers and among the surrogates
being assumed.

4. We embody the dynamic policy and autonomy behavior of the origin servers
and the surrogates in the CDN.

5. We consider a market-based price mechanism.
6. We can achieve a high degree of parallelism and scalability. The origin servers

and the surrogates can compute and update in parallel their respective poli-
cies according to the dynamic environment.

2 CDN Model

The objective of the content distribution problem is to maximize the reduction
in average client latency by the use of surrogate caches, while the total cost of
service is less than the highest investments the origin servers (publishers) are
willing to make for the caching resources. Fig. 1 illustrates the model of the
content delivery problem. There are I origin servers on the outer circle, and
J surrogates on the inner circle. Origin server nodes and surrogate nodes are
evenly distributed at an even radian along the outer circle and the inner circle,
respectively. The center of the two concentric circles denotes the clients. Related
definitions and expressions in the problem model are explained as follows.

Definitions and Expressions
1. Oi, Sj , λ

j,n
i , λj

i , αi, q :
Assume that there are I different origin servers (Oi) and J surrogates (Sj)
present in the network. Client requests arrive from N different client LANs. Let



1228 X. Feng, F.C.M. Lau, and D. Gao

B
A C

Origin 
servers 

Clients

D

E

1 2

3

Surrogates 

j

i

d ij

Cj ,p j Path 1

Path 2

j
ix

j
iB ,

i 
 , T

i 
, w

i
( )

Pi

S
j

j
i

Fig. 1. The CDN model

λj,n
i denote the total request arrival rate from LAN n at surrogate j for the

content in the ith origin server. Let λj
i =

∑
n

λj,n
i be the total arrival rate to the

surrogate j for the content in origin server i. The clients’ interest for the objects
of the origin servers is distributed according to the Zipf distribution and αi is
the distribution characteristic of the origin server i (0 < αi < 1 ) [2]. Let c be
the standard constant, then the probability that the client x being interested in
the objects of the origin server i is q(x) = c/hαi

.

2. Bj
i , Bi, Ti, Cj , xi, r :

Let Bj
i be the investment of the ith origin server in the jth surrogate. Let

Bi =
∑
j

Bj
i be the total investment of the ith origin server. It is assumed that the

information stored in the servers is continuous and can be replicated continuously
to a surrogate. Total information available at the origin server i is Ti. Let Cj be
the cache space of surrogate j. The origin server replicates its most popular part
of the content to the surrogates so that the cache hit probability is maximized.
Assuming that xi units of cache space are allocated to the origin server i, the
probability that an incoming client request is satisfied at the surrogate is r =∫ xi

0 q(t)dt =
∫ xi

0
c

tαi
dt =

∫ xi

0
(1−αi)/t1−αi

tαi
dt =

(
xi

Ti

)1−αi

.

3. pj , dij , x
j
i :

Let pj denote the price of the unit cache space in surrogate j. Let the pricing
policy, P = (p1, p2, · · · , pJ) , denote the set of prices for unit cache space of all
the surrogates in the network. Let dij denote the additional average delay that
a user request forwarded from surrogate j to the origin server of origin server i

will experience. Let xj
i (xi =

J∑
j=1

xj
i ) be the cache space allocated to origin server

i in surrogate j. If the ith origin server’s investment in the jth surrogate is Bj
i ,
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then the total cache space allocated to the content of origin server i in surrogate
j is xj

i = Bj
i

pj
.

4. wi(dij), mj , β
j
i , Ui :

Let wi(dij) denotes the benefit received by origin server i when the delay of
service of user request is reduced by dij units. Thus, we consider a generalized
version of the content delivery problem, where each origin server receives varying
degree of benefit from the use of surrogates as reflected by the benefit function
wi(). Assume that wi(d) is a concave function. The average reduction in the
user delay or, equivalently, the average net benefit that origin server i generates

by Bj
i investment in surrogate j, is mj = λj

iwi(dij)
(

xj
i

Ti

)1−αi

. Define βj
i =

λj
iwi(dij)

/
(Ti)

1−αi as the gain factor for origin server i from surrogate j. The
utility function, i.e., the total additional average benefit Ui of origin server i is

Ui =
J∑

j=1

βj
i (x

j
i )

1−αi .

3 Evolution of the G-GPM

With our CDN model above, we can now examine the evolutionary model that
can mathematically describe the G-GPM for the content placement problem.
We can identify two types of optimization problems in the CDN model: origin
server’s revenue maximization and surrogate’s revenue maximization.

The theory of evolution is a dynamical theory. The evolutionary dynamics
will drive the G-GPM to the equilibrium state.

Definition 1. Cache and prices dynamic equations of G-GPM are defined, re-
spectively, by

x(t + 1) = x(t) + ∆x(t) (1)

p(t + 1) = p(t) + ∆p(t) (2)

The two dynamic equations are interpreted as “G-GPM evolution” by fictitious
agents (origin server particles and surrogate particles), which set the allocated
cache and prices in motion until an equilibrium is reached.

For fictitious agents—origin server particles (O) and surrogate particles (S),
there are three factors related to allocated cache (x) and prices (p).

– personal utility (u);
– minimal personal utility (to realize max-min fair allocation and to increase

the overall utility) (F);
– interaction among particles (to realize the main object) (I).

According to “differential equation theory”, the variable’s increment to make
it maximum is equal to the sum of negative items from related factors differen-
tiating the variable. So we have the following definitions.
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Definition 2. The increments of cache and prices are defined, respectively, by

∆x ≈ dx

dt
= −λ1

∂uO

∂x
− λ2

∂FO

∂x
− λ3

∂IO

∂x
(3)

∆p ≈ dp

dt
= −γ1

∂uS

∂p
− γ2

∂FS

∂p
− γ3

∂IS

∂p
(4)

λ1, λ2, λ3, γ1, γ2, γ3 are coefficients.

Definition 3. Three factor functions for origin server particles and surrogate
particles are defined, respectively, by

uOi = exp (−Ui) = exp

⎛
⎝−

J∑
j=1

βj
i (x

j
i )

1−αi

⎞
⎠ (5)

FO = k2In
I∑

i=1

exp[u2
Oi

/
2k2] (6)

IO = a1

I∑
i=1

∥∥∥∥∥∥
J∑

j=1

xj
ipj − Bi

∥∥∥∥∥∥ + a2

J∑
j=1

∥∥∥∥∥
I∑

i=1

xj
i + Cj

∥∥∥∥∥ (7)

uSj = exp

(
−

I∑
i=1

xj
i · pj

)
(8)

FS = k′2In
J∑

i=1

exp[u2
Sj

/
2k′2] (9)

IS = b1

∥∥∥∥∥
I∑

i=1

xj
i − Cj

∥∥∥∥∥ (10)

k, a1, a2, k
′, b1 are coefficients.

In order to realize that the smaller Equations 5 and 8 the better, the definitions
of Equations 5 and 8 are changed to some extent.

Definition 4. The utility functions of origin servers and surrogates are defined,
respectively, by

UOi = 1 − uOi = 1 − exp (−Ui) = 1 − exp

⎛
⎝−

J∑
j=1

βj
i (x

j
i )

1−αi

⎞
⎠ (11)

USj = 1 − uSj = 1 − exp

(
−

I∑
i=1

xj
i · pj

)
(12)

We can therefore obtain the iteration velocity of origin server particle and sur-
rogate particle by the equations, respectively.
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vi = duOi/dt =
∂uOi

∂xj
i

dxj
i

dt
(13)

v′j = duSj

/
dt =

∂uSj

∂pj

dpj

dt
(14)

Theorem 1. If k is very small, the increase of FO will cause an increase of the
origin servers’ minimal utility. (Likewise, If k’ is very small, an increase of FS

will cause an increase of the surrogates’ minimal utility.)

Proof. Supposing that

M(t) = min
i

U2
Oi(t) = max

i
[u2

Oi(t)],

Because

M(t) = max
i

u2
Oi(t) ≤

I∑
i=1

u2
Oi(t) ≤ I · max

i
u2

Oi(t)=I · M(t),

we then have[
e

M(t)
2k2

]2k2

≤
[

I∑
i=1

e
u2

Oi
(t)

2k2

]2k2

≤
[
I · e

M(t)
2k2

]2k2

.

Simultaneously taking the logarithm of each side of the equation above will
lead to

M(t) ≥ 2k2In
I∑

i=1

e
u2

Oi
(t)

2k2 ≥ M(t) + 2k2InI,

2k2In
I∑

i=1

e
u2

Oi
(t)

2k2 ≤ M(t) ≤ 2k2In
I∑

i=1

e
u2

Oi
(t)

2k2 − 2k2InI,

2FO(t) ≥ max
i

uOi(t) ≥ 2FO(t) − 2k2InI.

2FO(t) ≥ min
i

U2
Oi(t) ≥ 2FO(t) − 2k2InI.

Since I is the number of origin servers, 2k2InI is constant.
It turns out thatFO(t) at time t represents the minimum among UOi(t) ob-

tained by the origin server Oi, namely, the minimum of the personal profit ob-
tained by an origin server at time t. Hence decreasing FO(t) implies an increase
of the minimal utility of the origin server.

Definition 5. (Max-min Fairness). [3] A feasible allocation of cache space x is
max-min fair if and only if an increase of any cache space within the domain
of feasible allocations must be at the cost of a decrease of some already smaller
cache space. Formally, for any other feasible allocation yj

i , if yj
i > xj

i then there
must exist some i′ such that xj

i′ ≤ xj
i and yj

i′ < xj
i′ .

Definition 6. The set of unit cache space prices of all the surrogates in the
network except the jth one is defined by

P−j = (p1, p2, · · · , pj−1, pj+1, · · · , pJ) (15)
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Theorem 2. Surrogate revenue ri(pj) =
∑
j

xj
i (pj)pj is maximized under a given

fixed pricing policy P−j, when pj satisfies
I∑

i=1

xj
i (pj) =Cj.

It means that the surrogate revenue is maximized when the total origin server
demand is equal to the surrogate cache space. A consequence of this theorem
is that ri(pj) achieves an interior maximum. This is due to the fact that ri(pj)
tends to zero both as pj goes to zero and as pj goes to infinity. Whether the
function ri(pj) is maximized at the price that completely allocates surrogate
cache or at a higher price will depend on whether Cj is above or below this
extremum. However, in many practical cases, the cache capacity is much lower
than the total information available in the network. Thus, the surrogate will be
able to sell all of its capacity without setting a price that is approaching zero.

Theorem 3. The behavior of the origin server Oi that is related to the second
term of the Eq. (3) will always bring about the increase of the minimal profit
obtained by an origin server, and the increment of the minimal profit is directly
proportional to the coefficient vector λ2. (Likewise, The behavior of the surrogate
Sj that is related to the second term of the Eq. (4) will always bring about the
increase of the minimal profit obtained by a surrogate, and the increment of the
minimal profit is directly proportional to the coefficient vector γ2.)

Theorem 4. The behavior of the origin server Oi that is related to the first term
of the Eq. (3) will always result in the increase of the personal profit of origin
server Oi, and the increment of its personal profit is related to coefficient vectors
λ1. (Likewise, The behavior of the surrogate Sj that is related to the first term
of the Eq. (4) will always result in the increase of the personal profit of surrogate
Sj, and the increment of its personal profit is related to coefficient vectors γ1.

Theorem 5. The behavior of the origin server Oi that is related to the third
term of the Eq. (3) will decrease the potential interaction energy function IO,
with the intensity of the decrease being proportional to coefficient vector λ3.
(Likewise, The behavior of the surrogate Sj that is related to the third term of
the Eq. (4) will decrease the potential interaction energy function IS, with the
intensity of the decrease being proportional to coefficient vector γ3.

Theorem 6. (Max-min fair allocation). Max-min fair allocation can be obtained
by the mathematical model for the CDN cache optimization problem as defined
by Eqs. (1–12).

The proofs of Theorems 2–6 are omitted.

Convergence Analysis
Until now, we have discussed the optimal strategies of the origin servers and
the surrogates given that the system is in steady state. However, we have not
discussed whether such a steady state exists or not. Note that, when a surro-
gate reevaluates its pricing policy according to the pricing policies of the rival
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surrogates, the rest of the surrogates will do the same. For each different pricing
policy, the origin servers’ optimal investments will be different as well.

Theorem 7. The origin server-surrogate distribution game has at least one
Nash Equilibrium solution.

The profit for surrogate j is rj(p) − cj , where cj is the cost of the surrogate j’s
cache. We assume that there exists some price p̂j at which demand for the cache
space of surrogate j is zero, regardless of the prices of other surrogates. As an
example, we have the revenue of surrogate j increases until a certain price p∗j ,
beyond which it starts to decrease again. Then, we may limit pj to the interval
[0, p̂j] and still be able to cover the complete range of payoff function. Thus, pj

is convex and compact.
The profit of each surrogate is bounded from below by zero and, since the total

investment of all origin servers is limited, the profit can never exceed
∑
i

Bi − cj .

Based on the Cournot behavioral assumption [4], the surrogate takes its ri-
vals actions as given, supposing that they will remain constant, and chooses
its own best course of action accordingly. The payoff function under this as-
sumption is given by rj(p). There is a unique equilibrium prices for the origin
server-surrogate distribution game; that is, there is a unique best reply function,
Rj(p) = arg maxpj {rj(p)} for surrogate j, which is also continuous. This result
shows that the game has a Nash equilibrium.

When there is a unique equilibrium for the origin server-surrogate distribution
game, the equilibrium prices solve the origin server optimization problem for
all origin servers i = 1, · · · , I , i.e., the solution is globally Pareto optimal.
Assume that each surrogate uses Eq. (4) to update its price. The best price for
surrogate j given the pricing policy P−j is calculated from

∑
i

xj
i = Cj . At the

equilibrium, this condition is satisfied as well. Furthermore, the origin servers
use Eq. (3) to calculate xj

i , which guarantees local optimality of the solution and

the feasibility of the two conditions,
J∑

j=1

xj
ipj ≤ Bi and

I∑
i=1

xj
i ≤ Cj . Uniqueness

of the equilibrium guarantees that the feasible locally optimum solution is also
the global optimum. Under these conditions, the outcome of the origin server-
surrogate game is a solution to the origin server optimization problem.

Pareto optimality is a relevant criterion in a multiobjective problem setting.
At the Pareto optimum, one can find no other feasible solution that can increase
some objectives while not hurting at least another objective.

4 The Parallel G-GPM Algorithm

The results given in the previous sections suggest that we may use a distributed
and parallel evolutionary game generalized particle model approach to solve the
two-stage origin server-surrogate cache resource placement problem. We consider
the following algorithm for this purpose.
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G-GPM algorithm:
1. Surrogates announce in parallel a set of initial prices P(0) = (p(0)

1 ,

p
(0)
2 , · · · , p(0)

J ); the origin servers use Eq. (3) to determine their resource (cache)
demands, x

j(0)
i , i = 1, I, j = 1, J, according to these initial prices as well as the

request rates and the observed delays from the surrogates; initialize the desired
thresholds zO, zS for checking the state equilibrium of origin server particles and
surrogate particles.

2. At iteration k, calculate in parallel the iteration speeds, v
(k)
i , v′

(k)
j , ac-

cording to Eqs. (13)(14) of every origin server particle and surrogate particle,
respectively.

3. If any v
(k)
i ≤ zO and any v′

(k)
j ≤ zS , i = 1, I, j = 1, J , all the origin

server particles and surrogate particles reach their equilibrium state, then finish
with success; otherwise, by Eq. (4), each surrogate j updates in parallel its price,
P(k) = (p(k)

1 , p
(k)
2 , · · · , p(k)

J ), according to the origin server demands; by Eq. (3),
each origin server i calculates in parallel its optimal cache demand for surrogate
j, x

j(k)
i , according to the surrogate prices; then go to step 2.

5 Physical Meaning of G-GPM

G-GPM places emphasis on

– direct view of individual and overall optimizations;
– parallel computing (lower time complexity);
– multi-objective solution;
– being able to deal with some social interactions behaviors.

The mathematical model of G-GPM proposed mention above has its physical
meaning.

From now on suppose that the origin server particle Oi is so arranged in the
big ring origin server particle-field that it can only move along the radial line
that makes the angle of i · 2π/I radian to the horizontal coordinate, where I
is the number of origin servers in CDN. And assume that the distance between
the inside circumference to the outside circumference in the origin server particle
field is normalized to 1. uOi can denote the radial distances from the origin server
particle Oi to the outside circumference of the gravitational field in the origin
server particle field. As mentioned in the above section, the smaller the profit
acquired by the origin server particle Oi, the larger the value of uOi will be.

We suppose that the surrogate particle Sj is so arranged in the small round
surrogate particle-field that it can only move along the radial line that makes
the angle of j · 2π/J radian, where J is the number of surrogates in CDN. And
assume that the radius of the circumference of gravitational field in the surrogate
particle field is normalized to 1. uSj can denote the radial distances from the
surrogate particle Sj to the circumference of the gravitational field in the vertical
surrogate particle field. As mentioned in the above section, the smaller the profit
acquired by the surrogate particle Sj , the larger the value of uSj will be.



Cache Allocation in CDN 1235

Fig. 2. The architecture of an evolutionary game generalized particle model for cache
allocation of distribution subsystem in a CDN with 12 origin servers and 9 surrogate:
(a) a 3D global view of the G-GPM where the rectangles represent a gravitational
field; (b) a left view of the G-GPM, where two force-fields are parallel to each other
and are surrounded by the same gravitational field; (c) the origin server force-field; (d)
the surrogate force-field, where the different types of lines represent different types of
interaction forces

We can therefore obtain the radial velocity of the origin server particles and
the surrogate particles along their radial orbit to the circumference of the particle
field by the iteration speeds vi, v

′
j .

Thus, the evolutionary game generalized particle model is composed of two
dual particle fields, which is illustrated in Fig. 2. In this figure, small round and
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big annular particle fields correspond to the origin servers and the surrogates.
There is no direct connection between the round and the annular particle fields;
however, they will exert their influence on each other through the origin servers’
optimal caching strategy and the surrogates’ optimal pricing strategy. Thus, the
two particle fields constitute a reciprocal dual game particle field. A game occurs
not only among the same kind of particles in each particle field but also between
the two particle fields.

The big annular particle field (origin server particle field) is composed of
particles and vectors, which represent the origin servers and their social interac-
tions, respectively. All the origin server particles are surrounded by the outside
and inside circumferences in the big ring, and spread at random around the
ring by equal radial angles. Each origin server particle is exerted simultaneously
by the gravitational field of the outside circumference, and by the forces that
represent the interactions with other origin server particles, where movements
along the radial orbit from the inside circumference to the outside circumference
are allowed in this ring. FO can denote the energy function of the gravitational
field. IO can denote the interaction energy function. The distance from an ori-
gin server particle to the inside circumference is proportional to the personal
profit acquired by the origin server under the current situation in the CDN. If
an origin server particle has social interaction with respect to another origin
server particle, then there is a linking line between them, whose force strength
and force-displacement property depend upon the interaction occurring between
them. Note that the force can be asymmetric for both sides. As for the small
round particle-field corresponding to the surrogates, the organization is similar.
The distance from a surrogate particle to the center of the circumference in the
small round plane is proportional to the personal profit acquired by the surro-
gate. Like origin servers, the surrogates also interact in various manners with
each other in order to decrease their personal overhead as much as possible.

It turns out that the behavior of both an origin server and a surrogate to
pursue the maximal personal benefit is embodied in the origin server particle in
the big ring particle field, and the surrogate particle in the small round particle
field would try to move along the radial to their corresponding circumferences
as near as possible. We should indicate that we can make use of an appropriate
force to easily represent any kind of social interactions based on mind-reading
among the particles (origin servers and surrogates), including the competition,
cooperation, enticement, deception, avoidance, exploitation, coalition, reciproca-
tion, interference, collaboration, habituation, compromise, preference, etc. And
a force with an asymmetric property between two particles can describe the uni-
lateral interactions such as enticement, avoidance, exploitation, deception, etc.
Moreover, we can easily design a force that has the time-varying non-linear force-
change property to outline the more complicated social interaction among the
autonomous particles if necessary. In the simplest case, for example, a pulling
force can represent the competition between two particles; and a pushing force
can describe the cooperation between two particles, with the force strength re-
flecting the interaction intensity. The larger the resultant forces along the radial
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towards the circumference, the faster the movement along the radial towards the
circumference of the particle. When the resultant force on a particle is equal to
zero, the particle will stop moving, being at an equilibrium.

6 Conclusion

In this paper, we propose an analytical approach based on a novel evolution-
ary game generalized particle model to the content placement problem. The
approach maps the origin server-surrogate cache resource placement problem to
the movement of particles in two dual particle fields by mathematical modeling.
All particles move according to certain rules defined by mathematical model un-
til reaching a stable state; then the solution to the origin server-surrogate cache
resource placement problem is obtained by anti-mapping the stable state.

The evolutionary game generalized particle model approach has embodied
what might be the mysteries of the particle field: movement and interaction of
particles. Moreover, the functors of generation and annihilation, and the relation
of nontrivial commutation and anti-commutation between these functors will be
addressed in our future work.

To conclude, we give a summary of the key terms that characterize our ana-
lytical evolutionary game generalized particle model placement approach.

• The CDN model and the G-GPM architecture
• The movement and interaction of particles
• Interesting game
• Distributed and parallel performance

Content delivery networks accelerate the provision of information in the Inter-
net. The novel analytical evolutionary game generalized particle model proposed
in this paper can help solve a key problem of content placement in the Internet—
the two-stage origin server-surrogate cache resource placement problem.
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Abstract. We briefly review and summarize the results in research of China 
High Technology Networks(CHTN), which can be composed by three levels. A 
weighted framework is put forward and can be used to study some similar 
networks. According to our idea and method, the CHTN is constructed. Then 
the CHTN’s topological properties are investigated, including degree 
distribution, shortest path length, clustering coefficient, degree-degree correla-
tion and community structure. The quantitative results can be helpful for 
promoting management and adjusting structures of the CHTN. 

Keywords: Chinese High Technology Networks, topological properties, network 
science. 

1   Introduction 

Network Science [1,2], which is in the context of network theory and with non-trivial 
topology as well as dynamical features, is widely spread to many disciplines including 
nature science and social science, such as, economics, computer science, biology, 
sociology and engineering field. In the literature of economics, there are two kinds of 
mode to study networks. One is that one can study the industrial organization in a 
networked instrument. For example, in Ref [3] network effects, which are defined as the 
general property that the utility of a product increases with the number of users, are 
summarized along market structure, firm strategies and public policy. In Ref [4] the role 
of product development is studied while company competencies are deal as a network. In 
Refs [5, 6], the model is empirically tested using a database of 308 German companies. 
The results show that both network competence and technological competence have a 
significant positive impact on a company's innovation success. Furthermore, the results 
suggest that a company's technological strategy supports the development of both 
network and technological competencies. Another mode is by modeling the structure 
characteristic, algorithm and dynamics of a network [7-11]. For example, Refs [7, 8] 
study a supply chain (SC) economy and the proposed network model is built upon 
operation links and interface links, representing, respectively, substantial SC operations 
and coordination functions between the operations. It is not only important for managers 
to know how to optimize various elements of product development, e.g., the development 
process, market orientation, and top management support, but also to know which other 
competencies must be addressed to achieve good results. 

The massive and comparative analysis of networks from different fields has 
produced a series of unexpected and dramatic results [12]. But it is still blank to study 
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the Chinese High Technology Network(CHTN) from the view of network science. In 
addition, existing studies on the researches on the CHTN have few papers to its 
network character. After investigated the feature of the CHTN, we organize the 
networks of the CHTN based current Chinese National Statistical data we obtained so 
far. Using the new concepts and measures to characterize the topology of network, we 
depict the CHTN and achieve some tentative results [13-18]. The data used in this 
paper are taken from book [19] and annual statistical reports [20, 21] published by 
several governments situated in Beijing. It’s difficult to access more detailed data 
beyond them. Here we briefly review the some interrelated results and try to give a 
theoretical framework to study such networks. 

2   Classifying the CHTN 

In order to analyze an integrated high technology network, we focused the CHTN on 
three levels: from the level-1 Zhongguancun Science Park(Z-park), the level-2 China 
Torch Program(CTP) to the level-3 China High Technology Industry(CHTI). Z-park 
is experimental zone of China’s overall reform where the State started to implement 
its strategy of “Rejuvenating the Country by Science, Education and Talents”. CTP is 
a guiding program designed to develop new and high technology industries in China. 
Science and Technology Industrial Park(STIP) is a major component of the CTP and 
now the totals of 54 national STIPs have been playing an increasingly important role 
in national economic growth and social development. CHTI has made remarkable 
progress especially since the 1990s, which has not only created the material base for 
China to develop international technology trade, but also has made it possible for the 
Chinese high technology industry to play important role in the global market and 
participate in world competition. The relationships among them are that Z-park is the 
first and leading science park of STIP in China, which become a large part of the 
CHTI. The CHTN Networks are more complex along the three levels. 

Despite of the hierarchy of three levels’ network, we try to investigate their 
topological properties by a unified hybrid network theoretical framework [29]. From a 
complex network viewpoint, the interaction between economical indicator and high 
technology can be described as a network whose vertices(or nodes) represent either 
companies or indicator related to researches, and each edge(or link) represents certain 
relationship between any two of them. It can be summary as following. 

(1) Most networks people concerned are weighted networks. This is motivated by the 
fact that in most of the real cases a complex topology is often associated with a large 
heterogeneity in the capacity and intensity of the connections. Directed network is also 
studied in the STIP [17]. We also enlarge STIP to Hi-tech Park-University Science Park 
Joint Network(HTP-USPJN) in Ref [16] since more nodes can be considered. 

(2) Node has a certain attribute in a network. It can be an entrepreneur or a 
company in the Z-park, or an economic indicator charactering the STIP or the CHTI. 
In a weighted network the value of a node i is equal to its economic indicator and can 
be denoted by ai. 

(3) Edge in the network is constructed according to the idea and principle of hybrid 
between randomness and determinateness, which is crucial differing our series 
models[22] from other existing model that mainly concern the randomness. Since 
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nodes in a province trend to be closer than in different one, they can be linked in a 
determinate way. And partner assistance is also occurred for the node because of 
regional disparity. So diverse attachment mechanisms are taken, e. g. complete graph, 
preference similar to BA [1], random choosing, switch through a threshold and they 
can be investigated in a unification organized way[13-18]. The weight(wij) of a edge 
connected node i and j is defined as 

,

.i j
ij

i ji j

a a
w

a a
µ=
∑

 (1) 

where µ is a constant to magnify the value of wij for the convenience of calculation. 
Also the strength(si) of a node i is defined as 

.i ij
j

s w=∑  (2) 

where j is any neighbor of the node i. 
(4) All the networks are evolving with time. Here the time interval is year, e.g. for 

the Z-park network there are three periods [19]. And we collect data in several years 
under an economic indicator [20-21]. 

3   Analysis of the Data 

To characterize the CHTN, we compute four important topological features in the 
network: degree distribution, shortest path length, clustering coefficient and degree-
degree correlation. Moreover, a software tool named CFinder, which is based on the 
Clique Percolation Method(CPM) [23], is used to detect the network community.  

3.1   Topological Properties 

Degree ki of a node i is the number of edges connected to it. In general, the 
importance of a node is in proportion with its degree. Fig.1 gives a slice of degree 
distribution P(k), or cumulate degree distribution Pc(k) of the networks.  

Several common distributions are unfolded to us, i.e. power-law distribution in 
Fig.1(a) is 

0( )cP k A k γ−= . (3) 

Exponential delay distribution of second order in Fig.1(b) is 

3 5
1 2 4( )

k k

A AP k A A e A e
− −

= + + . (4) 

Poisson distribution is shown in Fig.1(c), and stretched exponential distribution 
(SED)[23] in Fig.1(d) is 

6

( )

( )
ck

A
cP k e

−
= . (5) 

Where Ai (i=0, 1, …, 6) is constant and  γ and c is corresponding exponent 
respectively.  
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Fig. 1. Degree distributions in three levels’ networks. (a)company network in Z-park with 
exponent γ = 2.3. (b)CHTEN-2 for sales revenue at 2005. (c)un-weighted and undirected 
network in STIP when p=0.001 at 2004, which is taken from Ref [17]. (d)weighted and random 
network in HTP-USPJN taken from Ref [16] and exponent c = 1.5. All curves are fitted results. 

The cumulate distributions of node strength s and edged weight w are also 
obtained, and they are all stretched exponential distribution. In the Refs [14-16], 
empirical values of c in different networks, which is stretched exponential in SED, are 
shown, e.g. Fig.2 gives a snapshot of exponent c in Eq.(5) for the cumulative 
distributions of s and w in CHTEN and we can see that for a certain network type, c of 
s and w are all almost same for different years, though they are different for different 
network. We also found that the form of distribution of a network is similar for past 
few years despite network is evolving. It shows that the development of China high 
technology continues to forge ahead. 

The average clustering coefficient(ACC) and average shortest path length(L) of a 
network are introduced to determine whether a network is a small-world one[1, 25]. 
Through numerical calculation, we give the corresponding results in Tab. 1. Almost 
all the networks have small APL and large ACC, which demonstrate they have small-
world effect. It is also found that most of the networks tend to be disassortative rc, 
which is defined by Ref[26] as rc<0, and it indicates that the nodes in the network that  
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Fig. 2. Exponent c VS year in the CHTEN. (a) for the cumulative distribution of s, (b) for the 
cumulative distribution of w, which are all taken from Ref [14]. 

Table 1.  ACC, APL, rc in the three levels of CHTN 

 APL ACC rc Ref 
Z-park 4.8 0.2 <0 [13, 18] 
STIP 1.4~3.2 0.25~0.7 <0 [17] 
HTP-USPJN 1.7~1.9 0.9~1 >0 [16] 
CHTI 1.7~2.4 0.38~0.45 <0 [14, 15] 

have many connections tend to be connected to other nodes with few connections. It 
shows that high technology tends to expand from developed to developing area.  

3.2   Network Community 

Further, we analyze the evolving of network community of the CHTN based on the 
CPM, Not only four types of statistics distributions of community is obtained shown 
in Ref [17], but also the changing of maximum K-clique community shown in Refs 
[14, 15] where clique is maximal complete subgraph and K is corresponding number 
of the nodes. 

Fig.3 give the schematic maps of the community with K=22 in the CHTEN-2 
[14,15] from 2000 to 2005 in order to explore the rule of community in the same size 
of K. Fig.3(a) is the initial community in 2000 and Fig.3(b) is the resulting one in 
2005. In 2000 there are 17 provinces involved in the community and the number of 
industries in each province almost changes in the following five years. Recurring to 
the size of the dotted circle, the developing of high technology in a province is 
portrayed [15]. It can be clearly seen that it is more robust in the eastern regional than 
in the western in China. So persistent efforts should made to coordinate poverty-
alleviation programs of the Chinese eastern and western regions. 
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In the other hand, in the CHTEN-4 by the corresponding province whose industries 
having the same number of cliques, some regional economic, such as Yangtze Delta, 
the Pearl river Delta and the areas surrounding the Bo Sea, can be reflected [14].  

Further, we find that Ps, which is the ratio of the removed edges in CHTEN-2 to 
total edges in CHTEN-1 according to their constructive way, has exponential 
relationship with maximum of K, denoted with Kmax, as Eq.(6). 

max

sp

bK ae c= +  (6) 

where a, b and c are all constants. And Fig.4 gives the function curve in five year for 
four types of network. The data fall into both sides of the curve. Kmax and Ps are all 
decreasing from 2000 to 2004, but it changes in 2005. This potentially implicate that 
the strategy of development of the West Regions effect, and it narrows down the 
difference among provinces. 
 

 

(a) 

Fig. 3. Schematic maps of the community with K=22 in the CHTEN-2 [14,15]from 2000 to 
2005. (a) map of the community in 2000, dotted circle denotes node in the community and 
dotted square is the province else. (b) map of the community in 2005, and smaller dotted circle 
denotes that a node belonging to the province is departing from the community and larger one 
denotes reverse, i.e. becoming a part of the community. 
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(b) 

Fig. 3. (continued) 

 

Fig. 4. Kmax as a function of Ps for four types of network. It is taken from Ref [14]. 
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4   Conclusions and Discussions 

In summary, we have briefly reviewed main parts of our recent work on the CHTN. 
After classifying the CHTN, we show the interrelated results on its characteristics and 
community. Firstly degree distributions in three levels’ networks have a variety of 
forms, such as power-law, Poisson, SED. Further, cumulate distributions of nodes 
strength and edge weight obey SED. Disassortative of the network shows that high 
technology tends to expand from developed to developing area and it will avail to the 
technical exchange. Then community structure of the network can be studied by using 
a software CFinder and by the interrelated data we potentially find some features in 
consistent with realities, such as the growth of high technology is uneven and the 
existing of the regional economic.  

Besides, we present a simple evolving model [15] to embody the tendency that more 
nodes are involved in the CHTN. Using analysis and simulation, we study its cumulated 
weight distribution and determine the exponent of power-law. But it still needs to be 
improved. Recently we suppose that a node in the CHTN can have several attributes and 
they can be used to depict the interact of nodes in some way of randomness and 
determinateness [27]. Maybe they can be combined to discover more feature of the 
CHTN.  

Anyway, the framework in this paper offers us an exciting way to study the networks 
whose relationships between nodes can not be directly obtained. Meanwhile, we also 
discussed several features of the China Top-100 Electronic Information Technology 
Enterprise Network in Ref [28]. And exploring the characteristics of the CHTN in each 
level not only provides a good example of the interplay between structure and economic 
indicator, but also offers a glimpse on the developmental situation of the high technology 
in each province of China. 

The issue of high technology networks is not only associated with China, but also 
with all over whole world as well as with multi-levels for practical applications. It is 
still open and much more challenging for multidisciplinary researchers. 
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Abstract. In the work, we present a method to analyze block & co-
movement effect of stock market by finding out the community structure
in the financial complex network. We choose the stocks from Shanghai
and Shenzhen 300 Index as data source and convert them into the com-
plex network in matrix format which is based on the measurements of
correlation we proposed in this paper. The classical GN algorithm and
the NetDraw tool are applied to obtain the modularity and draw all
the community structures. The results of our work can offer not only
the internal information about the capital flows in the stock market but
also the prediction of variation and trend line of some stocks with delay-
correlation.

Keywords: block & comovement effect, complex network, community
structure, correlative coefficient, Girvan-Newman algorithm, faction,
delay-correlation, prediction.

1 Introduction

Generally, financial market is think of as complex system model [1]. It is the
system composed of considerable agents which are interacted by high non-linear
method. The study of complex systems has recently been recognized as a new
discipline, not only between physics, chemistry and biology, but also between
social sciences, including economics, sociology, and psychology, even if interdis-
ciplinary field. The research on the complex network is developed dramatically
and it is regarded as a strongly powerful tool for describing and analyzing com-
plex system. With the increasing availability of computer power, scientists can
search for regularities and patterns from huge amount of data and empirical
observation more efficiently and conveniently. Community structure is a vital
characteristic in many real complex network. Searching and analyzing commu-
nity structure are rich in significance for the study of structure and feature in
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network. In the last decades, one issue that has received a considerable amount
of attention is the detection and characterization of community structure in net-
works such as clustering algorithm, divisive algorithm and so on [2] [3] [4].

Financial system is chosen in our work because it is a data rich system and
is accumulated with a wealth of high-frequency data supporting the study of
complex network theory and empirical analysis. Comovement effect is a typical
price phenomenon in security market, which refers to some obvious correlations
existing in return-volatility of different securities. In our work, we propose a
method to build up the complex network with correlative coefficient matrix in
the stock market and apply the algorithm of community structure to analysis
the comovement effect in the financial market. The classical GN algorithm is
introduced and used in our work for finding the biggest modularity value Q in
order to obtain the optimal community structure. Then, we utilize NetDraw tool
to draw a detailed community relationship. Finally, we explain and analyze the
cause and characteristics of Chinese block and comovement effect. In addition,
we discuss the investment strategy and feasibility according to our empirical re-
sults which makes theoretical and practical sense.

In Sec.2, we first give a methodology of block & comovement effect in data
collection, measurements of correlation we propose and community structure
algorithm. We then discuss our empirical results with analysis of comovement
effect and application in Sec.3. In Sec.4, we present our conclusions.

2 Methodology of Block & Comovement Effect

2.1 Data Collection

Shanghai and Shenzhen 300 Index is composed of 300 A-shares selected from the
Shanghai and Shenzhen stock markets. It covering the sample of about 60 percent
of the market value has a strong representation of the Chinese stock market.
It is able to reflect effectively the Shanghai and Shenzhen A-share market’s
overall tendency of market conditions and fluctuations in the all characteristics.
Therefore, we choose all 300 A-shares as our source data for further process
in the work. All statistical data of 300 stocks of Shanghai and Shenzhen 300
Index we consider are from Jan.4, 2007 to May.19, 2008, during which it passed
through the Bull market and the Bear market in China, which helps us analyze
the potential comovement of stock in different phases.

2.2 Measurements of Comovement Correlation

In the first place, let us consider the classic linear correlation coefficient. It is
defined as:

ρXY =
Cov(X, Y )√
D(X)D(Y )

(1)

where X and Y are two arrays of random variables (To stock market, array
consists of a sequence of the price of one certain stock ). When this method is
used to quantify the correlation of two stocks, it is easy to make it into practice
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but not so accurate since it is quite possible that the correlation between two
really related stocks are not linear. Hence, we propose an improved measurement
in our work.

Given price time series of certain two stocks, the dpi and dqi denote the
derivative of the price of two stocks at the certain t moment. We can get the
correlation coefficient as follows: ∫ t2

t1

p′iq
′
idt (2)

where the product of two derivative will be positive if the price of two stocks
increase simultaneously, contrarily negative while one increases and the other
decreases. Therefore, the integration will be huge if there exists strong correlation
between two stock during the corresponding period and it trends to 0 by offset the
positive and the negative with no correlation. Actually, with regard to discrete
sequence of price, we set interval of derivative t as 1 day, so the increase of
everyday closing price is what we need in our work. Considering the different
stock price varies in a large range, relative increase is used in order to make
the measurements more accurate and comparable. Then, we have the complete
definition of our correlative coefficient rij :

rij =
1
T

T−1∑
t=1

[
pi(t + 1) − pi(t)

pi(t)
· pj(t + 1) − pj(t)

pj(t)
] (3)

where pi(t) denotes the closing price of stock i at No.t day. rij is normalized by
the sum of product divided by T . So the correlative coefficient rij is independent
of the length of time interval during which the products of increments of closing
price of the two stocks are accumulated. In addition, we substitute the every-
day closing price with values obtained by 3-day moving average of all stocks.
The moving average of 3-day is chosen because the trend line will be relative
smooth and efficient to treat the datasets, i.e., pi = (pi−1 + pi + pi+1)/3. For
the convenience of our data process, we multiply all data with the constant 103.
In this case, coincidently, almost all the correlative coefficient rij ranges from
0 to 1. Figure 1 shows the statistical distribution of coefficient (Compared to
the number of rij between 0.25 and 0.3, those bigger than 0.6 are too few to be
shown clearly in the following histogram):

We build up a matrix to represent the correlation between stocks. The ele-
ments aij means the correlative coefficient between stock No.i and stock No.j.
Due to every 2 stocks have 1 correlative coefficient, there are totally C2

300 = 44850
coefficients in the 300 ∗ 300 symmetrical correlation matrix (The elements on di-
agonal are 0). Consequently, we set a threshold value to determine whether two
stocks are correlative, i.e. via threshold value, we judge whether there is an edge
between 2 vertices in the stock network. If the threshold is too small, the number
of edges between vertices will be too many to detect community well. Similarly,
too large threshold will give rise to too little information and edges to analyze.
Based on the analysis of the number of edges between vertices in the stock net-
work via empirical test, 0.45 is chosen to be the threshold in order to obtain
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Fig. 1. The histogram of correlative coefficient

Fig. 2. The graph of the correlation of 300 stocks

better effect of analysis. Then, two stock are regarded as correlative (existing
an edge) only when their coefficient of the edge is larger than 0.45. Now a new
graph has been initialized with 300 vertices and 1321 edges. Figure 2 [5] is built
up according to the correlative coefficient matrix (Each vertex represents one
stock.).

2.3 Description of Community Structure Algorithm

In this part, we introduce the method and the algorithm we utilize to find the
community structure in stock complex network. M.E.J. Newman and M.Girvan
[2] proposed an algorithm to extract the community structure from complex
networks which is a kind of divisive method. We implement this algorithm by
programming and try to find out some relevant information which indicates the



1252 C. Du, X. Wang, and L. Qiu

blocks and community structure as our target. In general, the GN Algorithm
has the following basic processes:

1. Calculate the betweenness score for each of the edges in the network
2. Find the edge with the highest score and remove it from network
3. Go back to step 2 until the system breaks up into N non-connected vertices

The betweenness is defined as the number of shortest paths passing through
every edge in the network. Obviously, if there are many shortest paths going
through one edge, this edge is crucial to the network and it is quite possible that
if we remove this edge, the whole network will split into two parts (communities)
with strong structural characteristic. To put this algorithm into implementation,
something detailed should be taken into consideration. The one is how to search
and measure the betweenness score for each vertex, and the other is how to
judge a good and effective community in the network. There are many methods
to calculate all the betweenness, such as defining the betweenness like the random
walker betweenness or the current-flow betweenness which are not be mentioned
here [2]. The way we use in our work is to use breath-first search(BFS) algorithm.
Before implement BFS, another concern is that for a certain pair of vertex, there
could have several shortest paths with equal length. We use the process proposed
by M.E.J. Newman and M.Girvan [2]. If there are N shortest paths for one pair
of vertex, we add 1/N to the betweenness of each edge in the N paths. Thus, we
could make the total betweenness a constant. The detailed steps of calculating
the betweenness of each vertex based on BFS:

1. For the source vertex s, we define the distance ds = 0, the power ws = 1,
and the degree degs = 0;

2. Search the graph by BFS. Every time, a vertex j is found from the source
vertex i, considering:
(a) If this vertex is found first time, we set the dj = di + 1, wj = wi,

degi = degi + 1;
(b) If this distance of vertex has been assigned to dj = di + 1, we add the

power wj by wi;
(c) If the distance also been assigned, but dj < di +1, this vertex is ignored.
(d) Repeat step c until the end of search.

3. After the calculation of distance and power, we now use following method
to figure out the betweenness:
(a) We use the sequence of topological sort to process each vertex (degree

of vertex has been calculated). For each vertex j, every time we got a
leaf-node I if there exists an edge between I to j. Then we add the
betweenness of this edge by wj/wi ∗ (sumi + 1), where sumi is the total
weight of vertices which lie under node I in topological order;

(b) Repeat the process until all the vertices are considered;
(c) For the betweenness of the network, we need to set each vertex as source

and do the calculation above.

The complexity of this algorithm is O(mn),where m denotes the number of
edges and n denotes the number of vertices in all. Since our network is a sparse
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network, the complexity comes to O(n2). For the whole process, we need to recal-
culate the betweenness matrix every time we remove an edge from the network.
So the complexity for this algorithm is O(m2n), and O(n3) for sparse network.

For the problem how to define a good community and which step we termi-
nate the split, we use Modularity Q [2] to quantify how well our community is
split. We define a k ∗ k symmetric matrix E whose elements eij is the fraction
of all edges in the network that link vertices in community i to vertices in com-
munity j [6]. Here all edges in the origin network should be considered even if
it is removed during the process. Based on denoting Tre =

∑
i

eii as the sum

of all elements on the diagonal of the matrix and ai =
∑
j

eij as the sum of all

elements in No.i row (or column), the following expression is used to define the
criteria of modularity:

Q =
∑

i

(eii − a2
i ) = Tre− ‖ e2 ‖ (4)

where ‖ x ‖ denotes the sum of all elements in the matrix. Its physical significance
is that the ratio of the edges connecting two same kind vertices (the edges in
community) subtract the expectation of ratio of the edges, arbitrarily, connecting
these two vertices under the same community structure, i.e., if the ratio of the
edges in community is no larger than the expectation by arbitrarily connecting,
then Q = 0. The upper limit of Q is 1, and the closer Q is to this value, the
more obvious the community structure is. Another key point is that each edge
could only exists once in this matrix. To achieve this, we have two methods.
The first one [2] is to split the edge eij half by half with equivalence of eij and
eji elements. The second one we propose is to use the expected value of the
proportion of the number of the edges. For example, we define the value eij as
e′ij ∗ ci/(ci + cj), where e′ij is the previous value of eij , ci denotes the number of
vertices in community i.

We use the above algorithm to process the stock data to try to find any
relationship of blocks. We draw a graph of modularity Q during the process
shown in Figure 3:

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

1 7 13 19 25 31 37 43 49 55 61 67 73 79 85 91 97 10
3

10
9

11
5

12
1

12
7

13
3

13
9

14
5

15
1

15
7

16
3

16
9

17
5

18
1

Q

Fig. 3. The relationship curve between Modularity Q and the number of communities



1254 C. Du, X. Wang, and L. Qiu

In the origin network, we have 116 isolated vertices which have no edge with
other vertices. We will disregard the 116 isolated vertices. In the graph of Q,
we find the maximum Q value 0.127 appears when 38 communities are formed.
In order to illustrate the communities’ relationship better, we use the Faction
algorithm [7] based on Tabu search [8]. The Faction is defined as a group whose
members are connected more tightly to each other than to the members of other
group, which is similar to the self-contained GN algorithm [9]. The NetDraw tool
is used to draw the community relationship graph by the Faction algorithm. This
algorithm is only different from the classical GN algorithm by the criteria of good
communities. In this algorithm, two levels of communities are defined:

1. Definition of a community in a strong sense:
The subgraph V is a community in a strong sense if kin

i (V ) > kout
i (V ),

∀i ∈ V . And each node has more connections within the community than
the rest of the network.

2. Definition of a community in a weak sense:
The subgraph V is a community in a weak sense if

∑
i∈V kin

i (V ) >∑
i∈V kout

i (V ). And the sum of all degrees within V is larger than the sum
of all degrees toward the rest of the network.

In the NetDraw tool, the Faction algorithm is similar to the GN algorithm[7].
When this Faction algorithm is used, we need to set some parameters, and one
of them is the number of communities. We assign the number as 38, which comes
from the result with maximum Q of classical GN algorithm.

3 Discussion of Empirical Results

3.1 Analysis of Block and Comovement Effect

Through the GN [2] and Faction algorithm we describe last section, we get the
block map of 38 community structures in clustering form, which is shown in
Figure 4:

Usually, in a stock market, the nominal sectors are divided according to the
industry, geographical location and also the concept. For example, industry sec-
tors include energy block, steel block, etc; geographical location sectors include
Beijing block, Shanghai block, etc; concept sectors include Olympic block, High-
Tech block, etc. The traditional method of division has its defect because not
all the shares in a block have a strong correlation. The objective of our work is
to find out the accurate blocks in which all the shares are strongly correlative.

In 38 clustering communities we obtain, according to the size and characteris-
tic of community, respectively, we classify them into big community whose size is
more than 8 and corresponding small community; the community whose members
are belonged to the same nominal sector and the community whose members build
up new block with strong correlation. We find stronger correlation(similar Trend
Line) in small community and relatively loose structure in big community. How-
ever, we mainly focus on the second method of category, because the new commu-
nity belonged to origin nominal sector owns stronger correlation and more precise
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Fig. 4. The clustering structural correlation of 300 stocks
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Fig. 5. The Community Structure and Trend Line of new community belonging to
Steel Block

scope when we make the decision of investment; and the stocks composing new
community will offer valuable information about capital flow and portfolio of in-
stitute of investment and internal potential relationship between several stocks
under nominal sector.

In the next step, we will show and analyze some of new community we find
out(Because of limitations of space, we can not list all the results here. The
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Fig. 6. The Community Structure and Trend Line of new community belonging to
Airline Block
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Fig. 7. The Community Structure and Trend Line of new community belonging to
Energy Block

horizontal line and step in part of trend line mean that this stock is suspension
in that period of time). Figure 5 shows the example of new accurate community
of Steel Block.

Figure 6 shows the example of new accurate community of Airline Block:
Figure 7 shows the example of new accurate community of Energy Block: We

can easily find that the stocks in the same new community own similar Trend
Line in above figure.

Following figures include the stocks coming from different nominal sectors and
composing the new potential comprehensive concept block. Figure 8(a) shows
the example of new community with the combination of the Nonferrous Metal
Block and the High Technology Block. Figure 8(b): shows the Trend Line of left
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(a) The graph of whole Community Structure and
Trend Line
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(b) The Trend Line of Left Part of the
community
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(c) The Trend Line of Right Part of
the community

Fig. 8. The new community belonging to the Nonferrous Metal Block and the High
Technology Block
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Fig. 9. The new community belonging to Comprehensive Block
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part of the community, the Nonferrous Metal Block, and Figure 8(c) shows the
Trend Line of right part of the community, the High Technology Block:

Figure 9 shows the correlative stocks involved in the Transportation, Material,
Agriculture and Medicine fields:

By above 2 figures and analysis, we can easily find that the stocks in the same
new community almost change simultaneously which meets empirical situation,
even if they come from various origin nominal sectors.

3.2 Synchronous and Asynchronous Variation and Further
Application

If certain stocks are invested by some capital flows simultaneously, in the com-
munity, the stocks will change synchronously as shown in Figure 10(a), 10(b),
10(c) and 10(d) (The price of the stocks increase or decrease almost in the same
time):
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Fig. 10. The synchronous variation in the community

On the other hand, if certain stocks are invested by different capital flows,
perhaps, there exists some delay-correlation in the Trend Line which we possibly
find by improved method as follows:

1. Move each stock via parallel shift 3, 7, 15 and 30 days, respectively, to other
stocks;
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2. According to the Trend Line, select the corresponding period of time, such
as from 50 to 80 days, and build up the matrix of correlation with the same
measurement;

3. Find positive strong correlation by community structure algorithm;

After these steps, we find out some delay-correlation and list 3 most repre-
sentative results: in Figure 11(a), Xishan Coal and Electricity leads over Inter-
national New Energy about 7 days; in Figure 11(b), Xu Gong Technology leads
over New Huang Pu about 5 days; in Figure 11(c), Huadian Electricity leads
over Tongbao Energy about 3 days in the latter part.
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Fig. 11. Delay-correlation in the market by community structure search

With regard to the results, because the scale of capital flows is relative smaller
to all huge stock market, it is impossible that we can find many obvious com-
munity delay-effect. In addition, only short-term delay are discovered other than
obvious long-term delay effect for large capital stock in Shanghai and Shenzhen
300 Index. Therefore, via our work, we can obtain the following applications:

1. If the stocks of new community are belonged to one origin nominal sector,
we can locate the most correlative stocks accurately from the large range;

2. If the stocks of new community are belonged to different origin nominal
sectors, we can find the internal potential correlation from different nominal
sectors;

3. If we learn the variation of one stock in the community, at this moment, to
gain more returns, we can invest other stocks in that community which are
at the bound of community with small transaction volume and uncertain
tendency;

4. With regard to the stock with delay-effect, so-called leading shares, we can
predict the variation of other stocks according to it and make the decision
to invest them in advance.

4 Conclusion

In this paper, the matrix of correlation from Shanghai and Shenzhen 300 Index
has been proposed and built up first. After the process by community structure
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algorithm and modularity Q of the network, we find the stocks having strong
correlation and obtain the accurate blocks in the Chinese stock market. Based on
the comovement effect in synchronous variation and delay-correlation, we offer
some investment strategy and suggestion coming from empirical analysis as our
further applications.
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Abstract. In this paper, we investigate a weighted self-propelled parti-
cles system, wherein each agent’s direction is determined by its spatial
neighbors’ directions with exponential weights concerning the neighbor
numbers. In order to describe the fact that some agent with more neigh-
bors might have much larger influence on its neighbors, we introduce
a scaling exponent of the neighbor number between 0 and ∞. As the
exponent increases, i.e., the effect of weight becomes stronger, the net-
work of agents becomes much easier to achieve direction consensus in our
simulation. Especially, when the exponent equals to 1, the convergence
efficiency is enhanced.

Keywords: dynamic network, swarm, topological structure, convergence
time, degree of consensus.

1 Introduction

Biological swarms are ubiquitous in nature, such as herds of quadrupeds, school-
ing of fish and flocking of birds, etc. From biology to physics, there has been
a long standing interest in swarm research [1,2, 3,4]. Reynolds created the first
computer simulation of flocking with three heuristic rules known as cohesion,
separation and alignment [5,6], and named it as Biod model. In 1995, Vicsek et
al. performed research on the condition of alignment, and provided a simplified
version of the Boid model [7]. In the Vicsek model, N self-propelled agents are
driven towards different directions with a constant absolute velocity in a squared
zone. At each time step, every agent updates its direction according to the aver-
age direction of agents’ motion in its neighborhood of radius R. The simulation
results in the literature [7] illustrates the fact when the density of the system is
high and the noise is small enough, all agents will converge to the same direction
on a macroscopic scale.

In recent years, as development of research in distributed sensor network [8],
unmanned aerial vehicles [9], underwater vehicles [10] and attitude alignment
for clusters of satellites, etc., Vicsek model as a fundamental model of consensus
has triggered widespread concern. The theoretical explanations [11, 12, 13, 14,
15, 16, 17] demonstrate the sufficient conditions for coordination of the Vicsek
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c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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model which are given in terms of a family of undirected neighbor graphs. In the
standard Vicsek model, the influencing radius and absolute velocity are fixed and
invariable. The influencing radius is randomly chosen according to a power-low
distribution in Ref. [18], which can make the network heterogeneous and enhance
the convergence efficiency. The agent updates its direction and speed adaptively
according to the degree of consensus among its neighbors in Ref. [19] while
according to the local order parameter of consensus and the global consensus
in Ref. [20]. All the above methods and strategies are utilized to enhance the
convergence efficiency.

At present, research of complex network demonstrates that kinds of network’s
topological structures are inhomogeneous [21,22], i.e., the degree of some node
is much larger than others. These nodes affect the structure and the dynamic
process of network a lot. For instance, in the Word Wide Web, the new web
site always connects with the web sites of larger degree; in the financial network
and the traffic network, some hub nodes destroyed may lead to paralysis of the
whole network; in the animal swarming, very few individuals within fish schools
are known to be able to influence the group [24]. In the Vicsek model, although
influencing radius is the same, the neighbor number of each agent is different.
Increasing the radius of some agents can make the network heterogeneous and
enhance the convergence efficiency [18], however, for limited perception capabil-
ity of animal and cost as well as technology of the actual multi-agent system(such
as robot formation and moving sensor network), the influencing radius should
be confined to a small range.

In this paper, we propose a weighted self-propelled agent system, wherein the
weight is determined by an exponent form of each agent’s neighbor number.
The direction of each agent is updated by the weighted average directions of its
neighbor, instead of its neighbors’s average direction. The aim of this work is to
accelerate convergence and its degree of the self-propelled agent system, accord-
ing to the position and interaction of each agent in the network. The simulation
results demonstrate that the convergence time and the degree of consensus in-
crease when exponent is equal to 1. Furthermore, convergence efficiency in the
self-propelled particles system is enhanced as the exponent increases.

2 The Vicsek Model

In the Vicsek model, a group of N agents are moving in a L×L square with the
same and constant speed but towards different directions. At initial time, the
agents are randomly distributed, and their initial directions are also uniformly
distributed in the interval [0, 2π). At each time step, the direction of each agent
is determined by the average directions of all the agents within a circle centered
at the given agent, whose influencing radius is R. At time t, the position of a
specific agent is updated according to:

xi(t + 1) = xi(t) + v0e
iθi(t) (1)
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And its direction is updating as:

eθ
i (t + 1) = ei�θi(t)

∑
j∈Γi(t+1)

eiθj(t)

‖
∑

j∈Γi(t+1)

eiθj(t)‖2
(2)

where �θi denotes the white noise (in this paper, we only consider �θi = 0),
eiθi(t) denotes unit directional vector, and Γi(t + 1) is the set of neighbors for
agent i at time step t + 1.

In order to measure the degree of consensus for all the agents, an order pa-
rameter is introduced as [7,23]:

Vα =
1
N

‖
n∑

i=1

eiθi(t)‖2, 0 ≤ Vα ≤ 1 (3)

A larger value of Vα indicates a better consensus, especially when Vα = 1, all
the agents moving in the same direction. Numerical stimulation claims that, in
the circumstances of high density and low noise, all the particles will definitely
approach to the consensus state, namely having the same direction of velocity
after definite time steps(convergence time) [24,25].

Due to the limitation of influencing radius R, each agent can only commu-
nicate with a certain part of agents in the range of its radius and change its
direction according to this local information. Besides, the absolute velocity v0

determines the changing frequency of neighboring agents. Different influencing
radius and absolute velocities will give rise to diverse convergence time and de-
gree of consensus, which will be numerically investigated in this paper.

In this paper, two aspect of convergence efficiency are defined as:

Definition 1. Convergence time t: when the direction of all the agents in the
system become constant or the sum of change is small enough, the time steps
have past is defined as convergence time.

Definition 2. Degree of consensus: To evaluate the degree of direction consen-
sus among agents, there are two indexes as follows: the first one is shown in
Equ.(3);the other is measured in terms of a ratio, that is, when the model evolves
to a steady state, the proportion occupied by agents with the same direction of
the total number of agents in the network.

3 The New Approach

3.1 The Neighbor Number Weighted Model

The degree is an essential variable in complex network as the neighbor number
in the self-propelled particle system. The agent with more neighbors might have
much larger influences on its neighbors. Thus, we introduce a weight for each
agent into Vicsek model when its direction is updated. We propose that each
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agent influences its neighbors according to the neighbor number of a given agent,
then at time t, its direction is as:

eiθi(t+1) =

∑
j∈Γi(t+1)

Υ
(1)
j (t)eiθj(t)

‖
∑

j∈Γi(t+1)

Υ
(1)
j (t)eiθj(t)‖2

(4)

∑
j∈Γi(t+1)

Υ
(1)
j (t) = 1, Υ

(1)
j ≥ 0, j ∈ Γi(t + 1) (5)

where Υ
(1)
j denotes the weight of the neighbor j of agent i at step t, and it is

defined as

Υ
(1)
j (t) =

nj(t)∑
k∈Γi(t+1)

nk(t)
(6)

where nj(t) denotes the neighbor number of agent i at time step t.

3.2 The Amplified Model

The neighbor number weighted model is presented in section 3.1, which can
enhance the convergence efficiency shown in Fig.1 and Fig. 2. If the weight of an
agent with more neighbors enlarges, the convergence efficiency will be enhanced
compared with the standard Vicsek model. In order to enlarge the weight of
agent with more neighbors, we propose a general equation of weight as

Υ
(λ)
j (t) =

nλ
j (t)∑

k∈Γi(t+1)

nλ
k(t)

(7)

When λ = 0, Eq.7 denotes the standard Vicsek model. When λ > 1, the effect
of neighbor number as weight is amplified. On the other hand, when λ < 1, the
effect of neighbor number as weight is weakened. When λ → +∞, a new model
is proposed as

eiθi(t+1) = lim
λ→+∞

∑
j∈Γi(t+1)

Υ
(λ)
j (t)eiθj(t)

‖
∑

j∈Γi(t+1)

Υ
(λ)
j (t)eiθj(t)‖2

=

∑
j∈Ωi(t+1,1)

eiθj(t)

‖
∑

j∈Ωi(t+1,1)

eiθj(t)‖2
(8)

where Ω(t + 1, 1) denotes the set of the maximum neighbors of the neighbors of
agent i.

The rule of updating direction in the amplified model is as follows: the direc-
tion of each agent is determined by the average velocity direction of agents who
own the most neighbors among the circle with influencing radius and centered
at the given agent at each time step illustrated in Eq.8.
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4 Simulations and Discussions

In order to compare the effect of the standard model with the weighted model,
we consider N agents moving in the whole complex 2D plane without boundary
restrictions [19] instead of in a rectangle with open boundary or periodic bound-
ary conditions [11]. Numerical results of convergence time t based on Vicsek
model when �θi = 0 are shown in Fig. 1(a). Fig. 1(b) shows the convergence
time t′ when the parameter λ is equal to 1. Apparently, the current motion pro-
tocol with the neighbor numbers as weight for updating directions can lead to
faster consensus, that is, the ratio t/t′ is larger than 1, and it ranges from 1.3 to
2 in our numerical simulation.
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Fig. 1. (color online) (a) Plots of convergence time t on the velocity v0 and influencing
radius R. (b) The convergence time t′ as a function of velocity v0 and influencing radius
R. We assume that all the agents move in a squared plane of size L = 10, the number
of agents N = 200, and parameters R and v0 vary from 1.2 to 3 and from 0.01 to 0.1,
respectively. All the data points above are obtained by averaging over 300 different
realizations.

As is shown in Fig. 1, the new approach could get to consensus with higher
efficiency. The self-propelled particle system required the least convergence time
at the point R = 3 and v0 = 0.1, while the most at point R = 1.6 and v0 = 0.1.

For a fixed v0, we can see that t is a decreasing function of R, due to the fact
that bigger R means better connection.

For a fixed R, we can see that when R is larger, the convergence time is an
increasing function of v0, while R is small, the convergence time is a decreasing
function of v0. The law is caused by the following reasons: As is shown in Fig.
2(a), the degree of consensus is an increasing function of R and a decreasing
function of v0 with respect to fixed v0 and fixed R. However, the impact of R is
stronger than v0; thereby when R is smaller, it is not easier to reach consensus,
and the self-propelled particle system becomes no easier to gain consensus as v0

increases. Nevertheless, the agent in the self-propelled particle system with small
R is easy to achieve convergence. On the other hand, when R is larger and as v0

enlarges, the self-propelled particle system is more difficult to obtain consensus,
and thus more convergence time is required.

Numerical results of the degree of consensus when �θi = 0 are shown in Fig.
2(a) and Fig. 3(a). Fig. 2(b) and Fig. 3(b) reports the results of the degree of
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Fig. 2. (color online) (a) Plots of the degree of consensus Vα on the velocity v0 and
influencing radius R. (b) The degree of consensus V ′

α as a function of velocity v0 and
influencing radius R. We assume that all the agents move in a squared plane of size
L = 10, the number of agents N = 200, and parameters R and v0 vary from 1.2 to 3
and from 0.01 to 0.1, respectively. All the data points above are obtained by averaging
over 300 different realizations.
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Fig. 3. (color online) (a) Plots of the degree of consensus Vα on the velocity v0 and
influencing radius R. (b) The degree of consensus V ′

α as a function of velocity v0 and
influencing radius R. We assume that all the agents move in a squared plane of size
L = 10, the number of agents N = 200, and parameters R and v0 vary from 1.2 to 3
and from 0.01 to 0.1, respectively. All the data points above are obtained by averaging
over 300 different realizations.

consensus when the parameter λ is equal to 1. Apparently, the current motion
protocol with the neighbor numbers as weight for updating directions can lead
to higher degree of consensus, that is, the ratio V ′/V is larger than 1.

As is shown in Fig. 4(a), convergence time t decreases as the exponent λ or
influencing radius R increases. In terms of a fixed exponent λ, we can see that
t is a decreasing function of R, due to the fact that increasing R improves the
connectivity of the network. Furthermore, for any given value of the influencing
radius R, t is a decreasing function of λ, implying that if the effect of neighbor
number as weight becomes stronger, it will be faster to obtain consensus. We
also computed the degree of consensus when the self-propelled particle system
gets to convergence. Fig. 4(b) shows the degree of consensus Vα as a function
of the exponent λ with various influencing radius R. This implied that the degree
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Fig. 4. (color online) (a) The convergence time t as a function of the exponent λ for
different influencing radius R. (b) The degree of consensus Vα as a function of the
exponent λ for different influencing radius R. All the data points above are obtained
by averaging over 300 different realizations.

of consensus is increasing as the effect of neighbor number as weight becomes
stronger or network has better connectivity.

5 Conclusion

The collective dynamics of intelligent multi-agents is not only the common phe-
nomena in nature, but also is required in-depth investigation in engineering.
Utilizing the topology structure of mobile network to enhance the convergence
efficiency is rarely reported. In this paper, we introduce the weight based on
the size of neighborhood. The simulation results show that this approach can
accelerate consensus process and improve convergence efficiency. Furthermore,
when the exponent is increasing, the contribution of the weight is larger, the
self-propelled particle system is much easier to obtain consensus.
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14. Grégoire, G., Chaté, H.: Onset of Collective and Cohesive Motion. Physical Review
Letters 92(2), 40–46 (2004)

15. Huepe, C., Aldana, M.: Intermittency and Clustering in a System of Self-Driven
Particles. Physical Review Letters 92(16), 168701–168704 (2004)

16. Aldana, M., Dossetti, V., Huepe, C., Kenkre, V.M., Larralde, H.: Phase Transitions
in Systems of Self-Propelled Agents and Related Network Models. Physical Review
Letters 98(9), 095702–168705 (2007)

17. Nagy, M., Daruka, I., Vicsek, T.: New aspects of the continuous phase transition
in the scalar noise model (SNM) of collective motion. Physical A 373(9), 445–454
(2007)



An Approach to Enhance Convergence Efficiency 1269

18. Yang, W., Cao, L., Wang, X., Li, X.: Consensus in a heterogeneous influence net-
work. Physical Review E 74(9), 037101–037104 (2006)

19. Li, W., Wang, X.: Adaptive velocity strategy for swarm aggregation. Physical Re-
view E 75(9), 021917–021923 (2007)

20. Zhang, J., Zhao, Y., Tiana, B., Penga, L., Zhang, H.-T., Wang, B.-H.,
Zhou, T.: Accelerating consensus of self-driven swarm via adaptive speed.
arXiv:/abs/0711.3896v1 (2007)

21. Watts, D.J., Strogatz, S.H.: Collective dynamics of ’small-world’ networks. Na-
ture 393, 440–442 (1998)

22. Albert-L szl Barab si, ka Albert, R.: Emergence of Scaling in Random Networks.
Science 286, 509–512 (1999)

23. András, C., Eugene, S.H., Tamás, V.: Spontaneously ordered motion of self-
propelled particles. Physical A 30(9), 1375–1385 (1997)

24. Reebs, S.G.: Can a minority of informed leaders determine the foraging movements
of a fish shoal? Animal Behaviour 59(2), 403–409 (2000)

25. Swaney, W., Kendal, J., Capon, H., Brown, C., Laland, K.N.: Familiarity facilitates
social learning of foraging behaviour in the guppy. Animal Behaviour 63(3), 591–
598 (2001)



J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1270 – 1280, 2009. 
© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009 

An Application on Merton Model in the Non-efficient 
Market 

Yanan Feng and Qingxian Xiao 

College of Management, University of Shanghai for Science and Technology, 
Shanghai 200093, China 
Fyn1128@163.com 

Abstract. Merton Model is one of the famous credit risk models. This model 
presumes that the only source of uncertainty in equity prices is the firm’s net 
asset value .But the above market condition holds only when the market is 
efficient which is often been ignored in modern research. Another, the original 
Merton Model is based on assumptions that in the event of default absolute 
priority holds, renegotiation is not permitted , liquidation of the firm is costless 
and in the Merton Model and most of its modified version the default boundary 
is assumed to be constant which don’t correspond with the reality. So these can 
influence the level of predictive power of the model. In this paper, we have made 
some extensions on some of these assumptions underlying the original model. 
The model is virtually a modification of Merton’s model. In a non-efficient 
market, we use the stock data to analysis this model. The result shows that the 
modified model can evaluate the credit risk well in the non-efficient market. 

Keywords: Merton Model; market efficiency; probability of default. 

1   Introduction 

The credit risks influence a national macroscopic decision-making and the economic 
development, even affect the normal steady movement of the global economic, 
therefore, credit risk management has been important to banks, and become the one of 
the important problem on Economics. 

Merton Model is one of the famous credit risks models, In the available credit risk 
models, Merton’s equity-based approach is considered as a pioneering tool for 
measuring default risks. This model presumes that the only source of uncertainty in 
equity prices is the firm’s net asset value. But the above market condition holds only 
when the market is efficient which is often been ignored in modern research [1]. Some 
scholars believed that a realistic market is different from the efficient market, and the 
original Merton Model is based on assumptions that in the event of default absolute 
priority holds, renegotiation is not permitted, liquidation of the firm is costless and in 
the Merton Model and most of its modified version the default boundary is assumed  
to be constant which don’t correspond with the reality. So these can influence the  
level of predictive power of the model. So the Merton model used in a non-efficient 
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market/a real market should be modified. In this paper, we have extended the standard 
Merton approach to estimate the default probability of the firm, introducing 
randomness to the default point and allowing a fractional recovery when default 
occurs, and have used the stock data in the USA to analysis this question. 

2   The Original Merton Model 

Over the last 4 decades, a large number of structural models which is one broad 
category of credit risk models have been developed to estimate and price credit risk. 
The philosophy of these models, which goes back to Black-Scholes and Merton, is to 
consider corporate liabilities (equity and debt) as contingent claims on the assets of 
the firms. Models that adopt contingent claim analysis are also referred to as Merton 
type models. This model hypothesis that whether the company defaults completely 
decided by the company asset value, when the company asset value drops to some 
trigger point , the default event would occur. The Merton model does not rely on the 
rating by some external agencies and inputs of the model are equity prices which are 
determined by the markets and easily observable by everyone , and for the stock price 
often renews, therefore this model can be also provide an indication which relates 
with the realistic situation of the company momentarily. 

The Merton model [2] (1974) suppose the market is effective, and is based on the 
work of Black and Scholes (1973) on option pricing and offers a framework for 
valuing debt issued by a firm. The model is designed in two distinguished layouts: 
first, the risky debt is priced in terms of the market value of firm’s assets and its 
volatility; second, even though the market value of firm’s asset and its volatility are 
unobservable, they are estimated from the value of firm’s equities and its volatility. 
These insights lead to develop a coherent framework for measuring credit risk. 

The firm issues two classes of securities: equity and debt. The equity receives no 
dividends. The debt is a pure discount bond where a payment of B  is promised at 
dateT ,and the default boundary is assumed to be constant. If at date T  the firm’s 

asset value ( A
TV ) exceeds the promised payment B , the debt-holders are paid the 

promised amount and the shareholders receive the residual asset value, ( BV A
T − ). If 

the asset value is insufficient to meet the debt-holders’ claims the firm defaults, the 
debt-holders receive a payment equal to the asset value, and the shareholders get 
nothing. The payoff of the debt-holders at timeT can be expressed as below: 

{ }0,A
TVBMaxB −−  

(1) 

The first term of (1), B , represents the payoff from investing in a default-free zero 
coupon bond maturing at time T  with face value B . The second term, 

{ }0,A
TVBMaxB −− , is the payoff  from a short position in a put option on firm’s 

asset with a strike price B  and maturity dateT . Thus, the risky debt is equivalent to  
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the combination of: (i) a default free bond paying B  at time T  and (ii) a put option 

on the firm’s asset with strike price B and maturity T . Consequently, pricing the 
risky debt involves the following steps. Step 1: valuing the put option using Black–
Scholes pricing formula; step 2: subtracting the value of the put option from the value 
of risk free debt. 

The firm’s asset value ( A
TV ) and its volatility are the determinants of the value of 

the put option, but both are unobservable. However, it is possible to use prices of 
traded securities issued by the firm to estimate these variables. The first step in this 
procedure is to deduce functional relations between a firm’s underlying assets and its 
equity. To this end, we can state the payoff of the equity-holder at date T: 

⎩
⎨
⎧ ≥−

otherwise

BifVBV A
T

A
T

,0

,
 (2) 

⎩
⎨
⎧ ≥

otherwiseV

BifVB

T

A
T

,

,
 (3) 

It can be observed that (2) is simply the payoff from holding a long position in a 
call option on firm’s assets with strike price B and maturity T .Using Black–Scholes 
formula for pricing call option we can derive a relationship between market value of 
firm’s equity and the market value of assets. 

It is apparent that the model described above is the genesis for understanding the 
link between the market value of the firm’s assets and the market value of its equity. 
It can also be applied for estimating the default probability of a firm. The default 
probability is the probability that the firm will fail to service obligations. In that 
scenario, shareholders will not exercise their call option to buy the assets of the firm 

for B  at time T . Therefore, The risk-neutral probability, TP , that the firm will 

default by time T is the probability that shareholders will not exercise their call option 
to buy the assets of the firm for B  at time T . 

Supposes the firm’s assets value obey in geometry Brownian movement. 

ttVtVt dWVdtVdV σµ +=  (4) 

The firm’s asset volatility , Vσ ;the expectation rate of  return of  the firm’s 

asset, µ ; the standard Brownian movement, { }tW . 
We can from the random analysis theory get the result: 

( ) ( )⎥
⎦

⎤
⎢
⎣

⎡ −+−⎟
⎠
⎞

⎜
⎝
⎛ −= tTVVtT WWtTVV σσµ 2

2

1
exp

 

(5) 
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And that  
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(6) 

 
The equation (5)shows the probability of default of the firm is related  to a payment 

of B ; the payment time ( tT − ),the firm’s asset volatility , Vσ ;the expectation rate 

of  return of  the firm’s asset, µ ;and the firm’s first asset value A
tV . 

3   The Modified Merton Model 

The first limitation of the Merton Model is that the only source of uncertainty in 
equity prices is the firm’s net asset value .But the above market condition holds only 
when the market is efficient .In an non-efficient market, Behaviors of investors in the 
equity market are generally governed by the market sentiment. As an example, post-
election uncertainty or uncertainty in policies of newly elected government may 
induce a panic among investors which subsequently may lead a major downfall in 
equity prices. Thus any upturn/downturn in equity prices might be a consequence of 
any of the hundreds unforeseen events such as frauds or war or draught or hike/fall in 
oil prices, etc. These events are not predictable; however, playing on market 
sentiment they change the overall supply/demand and consequently disrupt the 
stability of the market. Another kind of factors that regulates the behavior of rational 
investors is firm-specific and does not depend on market behavior. The firm-specific 
factors, e.g. strike, rise/fall of sale, etc. induce an upward or downward shift in the net 
asset value of the firm which lead to a change in the equity price. Thus equity price 
changes might be consequent upon alteration of the firm’s financial strength or any 
exogenous factor that plays on the market sentiment or, otherwise, any combined 
effect of the above two factors. These two factors are uncorrelated when any shift in 
the firm’s net asset value is not governed by the market sentiment and vice-versa. 
Therefore, we can assume that equity E , of a firm is a linear combination of effects 
of two factors F and M , where F  is the factor specific to the firm and M  is the 
factor relates to the market. Thus, 

( )MFE αα −+= 1 , ( )10 << α  (7) 
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Where α is the relative weight to the factor F . Any change in equity price is 
observable from the market; however, influence of either F or M  on the equity 
price cannot be separated directly. We can segregate the effect of F  and M  from 
the equity price under certain reasonable assumptions which are described below.  

The factors F  and M  can be viewed as two assets which are formed a portfolio, 

E . Therefore, the price of the equity at time T , E
TP  , is a is a linear combination of 

the price of the asset F , F
TP and the price of the asset M , M

TP  : 

( ) M
T

F
T

E
T PPP αα −+= 1  

(8) 

Eq. (8) can be represented in terms of betas: 

( ) MFE βααββ −+= 1  (9) 

Where 
( )

( )M

MI

I PVar

PPCov ,=β （ MFEI ,,= ）, More explicitly, Iβ  explicates 

the relationship between the price on the asset and the price of the market portfolio. 

Case 1. The price of the asset F  is uncorrelated with that of the asset M , 0=Fβ   

Therefore, 

Eβα −= 1  (10) 

Using the value ofα , the price of the asset F  can be evaluated from Equation (8) 
as below: 

E

M
TE

E
TF

T

PP
P

β
β

−
−

=
1

 

(11) 

If we assume that effects market sentiment is summarized into the market 

index, TS , M
TP must have following relationship with TS . 

( )SSP T
M

T −=  
(12) 

So that: 

E

E
F P

P
β−

=
1

 

(13) 

Case 2. The price of the asset F is correlated with that of the asset M , 0≠Fβ . As 

any change in the net asset value of the firm would lead to a similar change in F
TP , 

we can estimate using historical data on firm’s net asset value (NAV) and the market 

index, S. Thus, Fβ  can be estimated using following formula: 
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For  1=Mβ , in this case, 

F

E

β
βα

−
−

=
1

1

 

(15) 

Using the value ofα , the price of the asset F can be evaluated from Eq. (9) as 
below: 
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=
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(16) 

When the historical series on firm’s net asset value (NAV) is not available, 

alternatively we can estimate Fβ by the iterative procedure. Let us denote the 

approximation of Fβ  and F
TP  in the ith iteration as ( )iFβ , ( ) 00 =Fβ and ( )iP F

T  

respectively. Accordingly, ith approximation of F
TP as follows: 

( ) ( )( ) ( )( )
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M
TEF

E
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β
βββ

−
−−−−−

=
1

111

 

(17) 

( ) ( )
( )M

MF

F PVar

PiPCov
i

),(=β
 

(18) 

The process converges if ( ) ( ) εββ <−− 1kk FF , Accordingly, we can obtain a 

desired degree of accuracy by considering a smaller ε . 

Therefore, F
TPα may equivalently be considered as a price of the equity in an 

efficient stock market. Consequently, Black-Scholes option pricing formula can be 
applied on it. 

The second limitation of the original model is the equity receives no dividends [3]. 
However, we will allow cash dividend payments since they can affect the market 
value of common equity. The total amount of proposed cash dividend payments δ is 

assumed to be prepaid now at time 0=t .Therefore the change in the firm’s market 

value at time 0=t will be: ( ) δ−=0Vd . 

The Merton Model is based on assumptions that in the event of default absolute 
priority holds, renegotiation is not permitted and liquidation of the firm’s is costless. 
These questionable assumptions imply full recovery in case the firm defaults, as we 
know that direct and indirect costs of financial distress such as lawyer fees, 
administration expenses or loss opportunities due to the firm’s uncertainty can result 
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in debtholders receiving less than the firm’s value. Additional default costs can arise 
also from possible deviation on the absolute priority rule, when equityholders gain at 

the expense of debtholders. If we will let [ ]1,0∈R , be a random variable expressing 

the recovery rate as %of the debt’s also that the firm is neither allowed to repurchase 
shares nor to issue any senior or equivalent claims, we get the following payoffs to 
equityholders and stockholders at time T : 

⎩
⎨
⎧ ≥−

otherwise

BifVBV A
T

A
T

,0

,
 (19) 

⎩
⎨
⎧ ≥

otherwiseRB

BifVB A
T

,

,
 (20) 

The third limitation of the original model is that the default boundary is assumed to 
be constant. Hence, the estimation risk neutral expected default probabilities cannot 
capture changes in the relationship of asset value to the firm’s default point that were 
caused from changes in firm’s leverage. These changes are critical in the 
determination of actual default probability. Moreover, the simplifying assumption of a 
constant default boundary is the major reason that the model results in unrealistic 
estimated short term credit spreads that differ from those observed empirically. In 
order to capture the uncertainty associated with leverage, we will assume that the 
default barrier evolves as a geometric Brownian motion with a constant drift equal to 

Bµ and a constant diffusion rate equal to Bσ : 

ttVtVt WdBdtBdB ′+= σµ
 

(21) 

Where 
′

tW is a standard Brownian motion. Moreover, we will assure that the source 

of randomness that drives the default point 
′

tW is independent from the source of 

randomness that drives the asset value tW . Finally, we will assure that the source of 

randomness that drives the default point 
′

tW  is diversifiable in order to ensure the 

existence of the unique risk probability measure P . 
Following our assumptions, at time horizon T  the market value of firm’s assets 

equals  

( ) ( ) ( )⎥
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⎤
⎢
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⎜
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2
1
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(22) 

And the market value of the default point equals 

( ) ( )⎥
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⎤
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2
1
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(23) 
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Therefore, default occurs at the maturity of debt T  if: 

( ) ( ) ( )⎥
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(24) 

 

 

Taking the natural logarithm of the above inequality we have: 
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Thus, we can rewrite the probability of default as: 
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4   Empirical Analysis 

4.1   Sample 

In this paper, the samples are the listed companies in the USA rated by the Standard 
Poor’s. The importance of the stock market is growing in national economy .The 
SP500 becomes the index which can represent the movement on the national 
economy. So we choose the SP500 to be the market index. The stock transaction data 
time interval is from January 1, 2006 to January 1, 2007.From the Standard Poor’s 
webpage, the firms which the credit rate above BBB have not in default. Therefore, 
the samples are the listed companies under the BB level on the New York stock 
exchange which including in the SP500 index. We sample 27 firms random which 
satisfying the above conditions and belonging to BB level from the OSIRIS. The 
comparative default probability is the data released by Standard Poor’s on December 
31, 2007.It is the actual result. 

4.2   The Relativity between a Firm’s Asset Value and the Market Index 

In the USA, the historical series on firm’s net asset value (NAV) are not available, we 

can’t evaluate the relativity directly. so we get the ith iteration as ( )iFβ , and ( )iPF
T  

based on Eq.(17) (18),then by Eviews evaluate the relativity. 
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4.3   Evaluation on Parameter of the Model 

1. The firm’s option value: the firm’s option value=closing price of circulation 
stock×the number of circulation stock . 

2. The firm’s option volatility: the firm’s option volatility is replaced by the volatility 
of the circulation stock option. Selects date closing price from January 1st, 2006 to 
January 1, 2007 to determine the date fluctuation rate, again and the year 

fluctuation's rate based on the relations: NEE σσ ′=  (N expresses stock 

transaction number of days in one year)[4]. Then the firm’s asset volatility, the 
firm’s asset and the firm’s asset expectation return rate .Based on the Black-
Scholes option theory and Ito’s Lemma. The relation of the firm’s option and the 
firm’s asset can be evaluated from the equation below: 

( ) ( )21 deBdVE r
ttt Φ−Φ= − τ  (27) 

( )
V

t

t
E E

Vd σσ 1Φ=  (28) 

τσ
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⎛ ++⎟
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⎜
⎝
⎛

=

2

1
2
1

ln
, τσVdd −= 12 ,

 
( )⋅Φ is the standard normal 

distribution. A payment of B ; the payment timeτ , the firm’s asset volatility , Vσ ; 

and the firm’s first asset value tV .We get the result by the Newton algorithm. 

3. The expectation rate of return of the firm’s asset and the debt [5]: 

2

2
1

log
1

ˆ V
t

T
V V

V

T
σµ +=  (29) 

2

2
1

log
1

ˆ B
t

T
B B

B

T
σµ +=  (30) 

The constant diffusion rate Bσ  got from the history dates in the accounting table 

several years by Eviews. 
4. The debt’s  term and the risk-free rate: in this paper, it is estimated that the default 

probability of  the firms in one year, So 1t =−T .The U.S. federal funds rate is 
regarded as benchmark interest rates, thus we select federal fund rate 5.25% in 
2006.   

5   Empirical Findings 

We get the probability of the default of the firm based on the Merton model and the 
modified model by the software Matlab7.1. 
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Table 1. The expected default probability and the actual default probability 

Ticker symbol Original 
model (%) 

First modified 
model (%) 

Further modified 
model(%) 

Actual 
result(%) 

SVU 1.76e-004 2.55e-004 2.59e-003 0.35 
S 4.80e-003 5.74e-003 3.2e-002 0.35 
TSN 6.47e-004 7.61e-004 8.10e-004 0.35 
TSO 2.11e-006 2.33e-006 8.72e-006 0.35 
GT 1.12e-003 3.13e-003 1.1e-002 0.35 
DTV 2.17e-011 4.71e-010 4.80e-007 0.35 
X 9.91e-004 4.33e-005 1.98e-003 0.35 
ODP 9.10e-009 1.06e-008 1.64e-008 0.35 
Q 0.1671 0.2739 0.4225 0.35 
LEN 2.61e-004 3.81e-003 3.05e-003 0.35 
PHM 3.30e-002 3.67e-002 8.12e-002 0.35 
GME 1.3oe-010 9.16e-009 4.46e-007 0.35 
DVA 2.17e-006 4.93e-007 6.80e-005 0.35 
EP 3.73e-002 3.90e-002 0.31 0.35 
RSH 1.4381 1.3762 0.1308 0.35 
MTW 4.23e-003 4.59e-003 1.85e-002 0.35 
STZ 5.28e-014 7.36e-014 8.32e-014 0.35 
NYT 8.66e-003 2.83e-002 0.31 0.35 
LSI 4.88e-007 8.933e-007 8.90e-003 0.35 
MEE 3.08e-003 6.61e-005 0.3440 0.35 
FTR 6.53e-003 2.51e-002 0.10369 0.35 
MYL 1.16e-007 3.86e-007 4.39e-006 0.35 
AIV 1.55e-019 3.42e-014 1.13e-011 0.35 
MIL 7.36e-009 3.72e-007 3.98e-007 0.35 
AMT 5.34e-010 2.65e-009 7.07e-009 0.35 
SWN 2.75e-007 8.11e-007 8.27e-007 0.35 
RRC 3.01e-004 4.15e-004 6.77e-003 0.35 

 
The original model presumes that the only source of uncertainty in equity prices is 

the firm’s net asset value. But the above market condition holds only when the market 
is efficient .From Table 1, the probability of the default calculated by the primitive 
Merton model is lower than the result evaluated by the first modified model which 
only extend the assumption that the actual market is non-efficient , the primary cause 
is the domestic market is non-effective, stock price's uncertainty is influenced by the 
firm’s asset value and the market factor, the firm’s net asset value is not the only 
source of the uncertainty in equity prices. Secondly, by the further modified model 
which extend the other assumption including that the equity receives no dividends, the 
default boundary is assumed to be constant the expected probability of default has  
closed to the actual default probability further, thus the further model which extend 
some assumption belonging to the original model has closed to the actual market .The 
result shows that the modified model can evaluate the credit risk well in the non-
efficient market. 
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Abstract. Many published papers analyzed the forming mechanisms and 
evolution laws of OO software systems from software reuse, software pattern, 
etc. There, however, have been fewer models so far merely built on the 
software components such as methods, classes, etc. and their interactions. In 
this paper, a novel Software Evolution Model based on Software Networks 
(called SEM-SN) is proposed. It uses software network at class level to 
represent software systems, and uses software network’s dynamical generating 
process to simulate activities in real software development process such as new 
classes’ dynamical creations and their dynamical interactions with already 
existing classes. It also introduces the concept of node/edge ageing to describe 
the decaying of classes with time. Empirical results on eight open-source 
Object-Oriented (OO) software systems demonstrate that SCM-SN roughly 
describes the evolution process of software systems and the emergence of their 
complex network characteristics. 

Keywords: software networks, evolution model, software complexity. 

1   Introduction 

With the development of software development technologies, the size of software 
systems is becoming larger and larger, together with the structure of software 
systems. It makes the development, testing, maintenance and management of software 
systems a hard work. It is often the case that software development is out of control. 
Researchers always can not view the structures and evolution laws of software 
systems in whole perspectives, which make themselves in the darkness about the 
essences of software systems. Hence, it is a challenge for people in software 
engineering (SE) to recognize, measure, management and control the complexity of 
software systems [1]. 

In resent years, researchers in the field of statistical physics and complex system 
used complex networks (software network) to represent software systems by taking 
software components as nodes and their relationships as edges. It provides us a new 
way to analyze software complexity. In 2002, Valverde et. al. are the first to carry out 
researches on software networks [2]. They obtained the class diagrams from source 
codes by reverse engineering tools. Then, they used undirected diagrams to represent 
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software systems and revealed some complex network characteristics in software 
networks. Later on, lots of literatures got similar conclusions on the class diagrams of 
many OO software systems [3] [4] [5]. But the pioneering researchers are mainly 
from complexity science and statistical physics, what they focus on is to find out 
complex network statistical characteristics in software systems, usually ignoring 
studying the forming mechanisms and evolution laws of software systems. 

A novel software evolution model based on software networks (SEM-SN), with 
reference to the recent advancements in the area of weighted complex networks 
studies [6] [7] [8] [9] [10], is proposed in this paper. Its main focus is to study the 
evolution process of software systems from forming mechanisms and evolution laws 
and give some insights to the reasons for why so many software systems share 
complex network characteristics. The experiments on eight open-source OO software 
systems show that SEM-SN can roughly depict the emergence of complex networks 
properties of real software systems, and it provides us a new angle of view to analyze 
the software complexity. 

The rest of this paper is organized as follows. In section 2, a brief introduction to 
existing software evolution models will be given. Section 3 details SEM-SN model. 
In section 4 the proposed SEM-SN will be applied to simulate the forming process of 
software networks obtained from eight open-source OO software systems. Section 5 
concludes the paper. Implication of the discoveries is given and future work is 
proposed. 

2   Related Work 

There have existed some typical software networks evolution models. Sergi Valverde 
and Ricard V.Sole found the duplication rule of node growth in cell networks [11] 
[12], and based on which they presented a model of network growth by duplication 
and divergence [13]. Christopher R.Myers, based on refactoring process which 
captures some of the salient features of the observed systems [14], presented a model 
for software system evolution. He Keqing, Peng Rong et. al. proposed an OO 
software network evolution growth method and its algorithms according to the 
analysis of the growth features of software patterns [15].  

Though this is not the first work on evolution models of software systems, we will 
cover a different angle: SEM-SN uses software network at class level to represent 
software systems, and uses software network’s dynamical generating process to 
simulate software development process. It quantifies nodes (class) and edges 
(interactions between classes) in software network by strength values, dynamically 
update the strength values on nodes and edges, fully take into consideration the 
influences of newly added nodes to the existing software network, and introduces the 
concept of node/edge ageing to describe the decaying of classes with time. 

3   SEM-SN Model 

Software systems as artificial complex systems are the collective pearls of wisdom. 
The components in software systems possess purposiveness and autonomy to a certain 
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degree. And the interactions between autonomy and flexibility to environment 
ultimately drive the development and evolution of software systems. The emergence 
of complex network characteristics in software networks is from such a software 
evolution. In this section, we will detail the principles of SEM-SN, and the model 
algorithm. 

3.1   Principles of SEM-SN 

Classes are key software components in OO software systems, and they are gathered 
up by interactions such as dependency, inheritance, association, etc to compose a 
software system to fulfill certain functions. In this paper, software systems are 
represented by software network at class level by taking classes as nodes, and their 
relationships as edges. The definition of software network at class level is as follows: 

Definition 1. Software Network at Class Level (SNCL). Every class maps to a single 
node in SNCL, and the relationships between classes are represented by edges. Here 
we only take into consideration three kinds of class-class relationships such as 
dependency, inheritance and association. And the edge directionality is discarded, 
i.e., we only consider undirected version of SNCL. And here we consider only the 
presence of relationships and neglect the multiplicity such as A depends three times 
on B. See fig.1 for an example. Therefore SNCL can be described as: 

),( EdgesNodesNetworkSNCL =  (1) 

Where NetworkSNCL is an undirected network denoting SNCL; Nodes are classes; 
Edges denotes the relationships between classes. 

 

Fig. 1. A simple example of SNCL 

In the following, the principles of SEM-SN will be detailed on four aspects: edges 
in SNCL, nodes in SNCL, the growth of SNCL and node/edge aging. 

Edges in SNCL. As is shown in fig.1, edges in SNCL do not share the same meaning. 
Some denote dependency relationship (such as the type of return value of Method1 in 
ClassA is type ClassB). Some denote inheritance relationship (such as Class ClassD is 
a subclass of Class ClassC). Some denote association relationship (such as Class 
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ClassD has a type ClassC member attribute Attribute1, and ClassE has type ClassC 
and ClassB member attributes Attribute2 and Attribute3 separately). But there is lack 
of a quantified criterion to differ different relationships in literatures. So here we do 
not take into account detailed relationship semantics, i.e. all relationships have been 
treated all equal and have the same importance. But we can find intuitively that edges 
existing between two important nodes which have more edges attached have a 
relatively more important role. If we delete such edges, the functions and 
performances of the system will be greatly affected. In SEM-SN, we will use the 
strength values on the edges to make this distinction. In SEM-SN, the strength value 
of each edge is determined by the degree of the nodes on its two sides, which will be 
detailed in Definition 3, 3.2.  

Nodes in SNCL. Classes in software systems usually have different importance on 
the whole system. Abstract classes are usually easy to be inherited [1], classes which 
are design patterns themselves will be widely used in the system, classes to fulfill 
basic functions are easy to be referenced, etc. Such kinds of classes usually have more 
edges attached to them. So the importance of the classes usually can be revealed by 
the number of edges attached to it. As we talked above, edges attached to nodes have 
different importance, so in software systems, we can not simply use the number of 
edges to describe the importance of the nodes. To distinguish the importance of each 
class in software systems, SEM-SN puts a strength value (defined in 3.2 Definition 4) 
to a node to quantify the strength of the node according to the strength value of edges 
attached to it. 

Software networks growth. In software development process, new classes will be 
added into the software system from time to time. And the new classes always will 
interact with a certain number of existing classes in software systems by dependency, 
inheritance, association, etc. This interaction will definitely put some influences on 
the nodes and edges, and finally influence the whole system. Hence, in SEM-SN, in 
order to depict such kind of dynamical influences, the strength value of nodes and 
edges should be updated real time with the newly added nodes until the size of SNCL 
reach a certain size. And the probability that a node will be linked to newly added 
node is depend on their strength value. It will be detailed in 3.2 Definition 5. 

Node/edge aging. In software development the newly added classes always denote 
some new functions to the system, and they will be frequently used in a certain period 
of time, but with the time steps, they will become increasingly rarely used. In SEM-
SN this phenomenon is called aging. So in SNCL, the strength value of nodes and 
edges should also decrease with time steps. In SEM-SN node aging is realized 
indirectly by the edge aging. It will be detailed in definition 7, 3.2. 

3.2   Basic Definitions 

In this subsection, some basic concepts used in SEM-SN will be given first.  

Definition 2. Degree [1]. Define the degree of a node as the number of edges 

attached to it. ik is usually used to denote the degree of node i.  
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Definition 3. Edge Strength value. When a new node is added to SNCL, it will 
interact with other already existing nodes by adding certain number of edges to them. 
In SEM-SN the strength value of the newly added edge will be given according to  

∑
∈

↔ =

1'

'

_

Seti
i

i
NewNodei k

k
edges  

(2) 

Where
iNewNodeNewNodei edgesedges ↔↔ = __ denotes the strength value of edge linking 

node i and node j; ik denotes the degree of node i; 1Set denotes the node set which 

consists of nodes already existing in software networks; 'i is a node chosen 

from 1Set . 

Definition 4. Node Strength value. In SNCL, the strength value of a node is closely 
associated with the edges between the nodes. SEM-SN ignores the complexity of the 
node (class) itself such as how many methods/attributes/lines it has, and computes the 
strength value of the node only through the edges attached to it according to  

∑
∈

↔=
2

__
Setj

jii edgesnodes  (3) 

Where inodes _ denotes the strength value of the node i; jiedges ↔_ denotes the 

strength value of edge linking node i and j; 2Set denotes the node set which consists 
of nodes that linked to node i by edge. 

Definition 5. Creating Operator. Generate a new node NewNode with strength 
value 0, and link it to n already existing node ),...,2,1( niExistNodei = with )'(' nmm <  
edges. The new node NewNode will be linked to node i according to probability: 

∑
∈

→ =

3

_

_

Setj
j

i
iNewNode nodes

nodes
P  

(4) 

Where iNewNodeP → denotes the probability that NewNode will be linked to node i; 

inodes _ denotes the strength value of node i; 3Set is a node set denoting the 

already existing nodes in SNCL. After adding a new edge to SNCL, the strength value 
of the nodes and edges should be given according to (2) and (3). 

SEM-SN uses roulette wheel selection [16] to select the nodes to be linked to 
NewNode. The selection procedure can be described as follows:  

int RouletteWheelSelection 
{//begin 

double sum=0.0; 
double r=0.0; 
r=random(0,1); 
for(int i=0;i<n+1;i++) 
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{ 
sum=sum+p[i]; 
//p[i] is the probability to select node i 
If(sum<r && r<=sum+p[i+1]) 
{ 

j=i+1; 
return j;//j is the selected node 
Break; 

} 
} 

}//end 

The edge number m’ is randomly selected from 1 to (m+1). m is an integer. 

Definition 6. Dynamic updating Operator. When node j is linked to new node 
NewNode, the strength value of the node should be updated according to: 

NewNodeiii edgesnodesnodes →+= ___  (5) 

Where NewNodeiedges →_ is the strength value of the edge linking node i to NewNode. 

At the meanwhile, the degree of nodes, edge strength value and probability 

iNewNodeP → all should be updated correspondingly.  

Definition 7. Aging Operator. Here, we introduce the concept of node/edge aging, 
i.e., each node and edge has its age, and he will gradually aging with time steps. The 
aging process of edges is shown as: 

timeStep
jiji Dedgesedges )1(__ −= ↔↔  (6) 

Where )1,0(∈D  is the aging factor; timeStep denotes the time step of algorithm 

running (it is equal to the number of added nodes); the other denotations have the 
same meaning as talked above.  

And the node aging is implicitly included in (6) by the updating process of strength 
value according to (5). 

Definition 8. Clustering Coefficient [1]. The clustering coefficient of a network 
describe how well connected the nodes are. Fist, define the coefficient of the node Ci. 
Suppose that a node i has Ki neighbours; then at most ki(ki-1)/2 edges can exist 
between them. Let Ci denotes the fraction of these allowable edges that actually exist. 
That is: 

)1(

2

−
×=

ii
i kk

existthatedgesactualthe
C  (7) 

The clustering coefficient for the whole system as the average of the clustering 
coefficient for each node: 
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Where N is the number of nodes. 

Definition 9. Average path length [1]. Define the average path length l: 

∑
<−

=
ji

ijd
NN

l
)1(

2
1

1
 

(9) 

Where ijd is the shortest path length between node i and node j; N is the number of 

nodes. The average path length can be used to assess the overall property of the 
network. 

3.3   SEM-SN Model Algorithm 

Based on the analysis above, in this subsection the model algorithm of SEM-SN will 
be detailed. 

The SEM-SN model algorithm can be described as: 

STEP 1. Initialize the parameters of SEM-SN model algorithm, including the number 
of node in software N, the size of initial SNCL N0, the number of edges to be added 
for each newly added node m, and the aging factor D. 

STEP 2. Generate a completely coupled SNCL with N0 nodes; calculate the initial 
strength value of edges and nodes according to (2) and (3). But when calculate the 
initial strength value of edges, the NewNode in (2) should be replaced by any already 
existing nodes. So the initial strength value of edges is 2/N0, the initial strength value 

of nodes is 2(N0-1)/N0. Then calculate iNewNodeP → . 

STEP 3. Execute creating operator according to Definition 5, then execute dynamic 
updating operator according to Definition 6 to update the strength value of nodes 

/edges, degree of nodes and iNewNodeP → . 

STEP 4. Execute the aging operator, and then execute dynamic updating operator to 
update related data. 

STEP 5. Judge the number of existing nodes existN , if NNexist ≥ , then go to STEP6; 

else go to STEP3. 

STEP 6. Calculate the number of nodes and edges, average path length and clustering 
coefficient. 

STEP 7. Finish executing the algorithm and output the relevant statistical data. 
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4   SEM-SN Model 

In this section SEM-SN will be applied to simulate the evolution process of SNCLs 
obtained from eight open-source OO software systems including Freetype, 
gchempaint, 4tp, Prospectus and so forth. The statistics for these software systems are 
all chosen from [5]. The source code of these systems can be downloaded from [19]. 
And some useful tools [17] [18] can be used to extract the data listed in [5]. 

4.1   Parameter Setting 

Table 1 shows the parameter settings for each experiment. The denotations in Table 1 
denote the same meaning as talked above. Where N is set to be the number of classes 
in the real software systems; N0 should be adjusted according to the size of software 
systems, its value between 3 and 12 in this paper; the value of m also should be 
adjusted according to the size of software systems, its value is between 2 and 10 in 
this paper; D is a real number between 0 and 1. 

Table 1. Parameter settings for each experiment 

Dataset N N0 m D 

Freetype 224 11 2 0.3 

gchempaint 27 4 3 0.3 

4yp 54 4 3 0.3 

Prospectus 99 4 3 0.3 

Openvrml 159 5 4 0.3 

Dm 162 8 2 0.1 

Yahoopops 373 8 3 0.45 

Gpdf 162 4 3 0.3 

4.2   Numerical Experiments 

Apply SEM-SN to simulate the evolution process of eight open-source OO software 
systems and the results shown in Table 2. Nm is the number of nodes obtained by  
 

Table 2. Data Comparision 

Dataset N Nm L Lm d drand dm C Crand Cm 

Freetype 224 224 363 361 4.29 4.71 3.56 0.193 0.014 0.11 

gchempaint 27 27 41 42 2.85 3.26 2.83 0.204 0.102 0.15 

4yp 54 54 90 91 3.28 3.44 3.01 0.069 0.059 0.07 

Prospectus 99 99 168 174 3.80 3.77 3.50 0.14 0.034 0.13 

Openvrml 159 159 335 343 3.53 3.53 3.14 0.08 0.026 0.10 

Dm 162 162 254 251 4.32 4.45 3.43 0.304 0.022 0.12 

Yahoopops 373 373 711 712 5.57 4.47 3.35 0.336 0.01 0.12 

Gpdf 162 162 300 293 4.02 3.93 3.33 0.303 0.022 0.10 
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Fig. 2. Log-log plot of the degree distribution for each experiment 
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SEM-SN; L is the number of edges in real software systems, and Lm is that obtained 
by SEM-SN; d is the average path length in real software systems, drand is that in a 
random network, and dm is that obtained by SEM-SN; C is the cluster coefficient in 
real software, Crand is that in random network; Cm is that obtained by SEM-SN. Fig.2 
shows the degree distribution curve which denoted by diamond in a log-log 
coordinate. 

4.3   Analysis  

We have measured Nm, Lm, dm and Cm in all SNCLs generated by SEM-SN described 
above. Comparison with real software networks and random networks shows that the 
SNCLs generated by SEM-SN are instance of small-worlds (see Table 2). For every 
software networks, we have observed that Cm>>Crand and randm dd ≈ . Further research 

into the degree distribution of the eight OO software networks reveals that they both 
demonstrate the power law distributions (Fig.2), as the same results have been 
reported before [3] [4] [5]. What’s more, Nm, Lm, dm and Cm are very close to that in 
the real software networks, which demonstrates that SEM-SN can roughly describe 
the evolution process of real software networks. SEM-SN only needs to adjust three 
parameters and can get simulated software networks with similar properties as real 
software networks. We may roughly infer that the dynamical interaction between 
classes may contribute to the emergence of real software systems sharing some 
complex network characteristics.  

5   Conclusions  

In this paper we represent the software systems by software networks at class level, 
and study the forming mechanisms and evolution laws behind from nodes and their 
dynamical interactions, and finally propose SEM-SN model. In experiments, SEM-
SN has been applied to simulate the evolution process of software networks at class 
level obtained from eight open-source OO software systems. The results show that the 
networks generated by SEM-SN roughly have the same characteristics as real 
software networks. Thus SEM-SN gives some insights to the emergence of complex 
network characteristics in real software systems.  

Although SEM-SN shows some feasibilities in simulating the evolution process of 
some software networks obtained from real software systems, the broad validity of our 
model demands further demonstration. Thus, the future work include: (1) investing the 
relationships between the parameters in experiments through correlation analysis; (2) 
judging whether there exists a threshold in parameters for the simulated software 
networks to share complex networks properties; and (3) taking into consideration more 
other factors in real software development to more precisely simulate software 
development and reveal the evolution mechanisms of software systems.  
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Abstract. Traditional measurements provide an effective tool to study
the complex large systems in the real world. These global quantities only
analyze the general statistical properties and interconnectivity structure
of the entire network. However the complicated interactions among the
locals are indeed the origin to emergent complex behavior. So in this
paper we present a new measurement to reveal the local structure prop-
erties - topology potential, which reflects the differential position of each
node in the topology. It is flexible by adjusting the influence factor.
We demonstrate our measurement in US politics books network. Ex-
periments confirm that topology potential has inherently implied the
traditional measurements to some extent.

Keywords: topology potential, potential distribution, complex network,
degree, betweenness.

1 Introduction

The outburst of activity in the field of complex networks in recent years has been
rather spectacular and amazing. And the statistical properties analysis provide
an effective tool to study the complex large systems in the real world.Typically
the structure of complex networks is characterized in terms of global properties
[1][2], such as average shortest path length, clustering coefficient [3], assortativ-
ity [4] and other measures, especially, the degree distribution [5]. However, these
global properties may sometimes fail to provide insight into the mechanisms re-
sponsible for the formation or growth of these networks. And the relationship
among them is not clear. Often complex structure of networks is influenced by
system-dependent local constraints on node interconnectivity [6]. Both nodes
characteristics and links properties may vary over time. Thus alternative ap-
proaches that take into consideration of the local structure in real-world complex
networks are therefore necessary.

In this paper we present a novel measurement-Topology Potential. It present
a unified description framework for traditional measurements. The paper is or-
ganized as follows. In section 2 we give the derivation and function definition of
topology potential. Section 3 we focus on the discussion of influence factor and
optimization algorithm. In section 4 we do experiments on the US politics books
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network. Compared with different influence factors, we prove the reasonable of
optimal factor. Furthermore, Evidences show that the new measurement has
inherently implied the traditional measurements. Then conclude with Section 5.

2 Topology Potential

According to the field theory in physics, potential in a conservative field is a
function of position, which is inversely proportional to distance and directly
proportional to magnitude of particle’s mass or charge. Inspired from the above
physical idea, we introduce field into network topological structure to describe
the relationship among nodes being linked by edges and to reveal the general
characteristic of underlying importance distribution.

Given the network G= (V, E), V is the set of nodes, E is the set of edges and
|E|=m. So topology potential can be defined as the differential position of each
node in the network, that is to say, the potential of node in its position. Each
node’s influence will quickly decay as distance increases. Hence, we define the
topological potential in the form of Gaussian function. The potential of node
vi∈ V in the network can be formalized as:

ϕ(vi) =
∑
j∈N

(mj ∗ exp−(
dij

σ
)2). (1)

Where dij is the distance between node Vi and Vj ; parameter σ is used to control
the influence region of each node, called influence factor; mi ≥ 0 is the mass of
node Vi (i=1, ...,n), which meets a normalization condition

∑
i∈N mi=1.

As the modularity structure of real-world network implies that the interaction
among nodes has local characteristic. In essence the topological potential score of
each node can reflect nodes importance in the topology by optimizing influence
factor, which can reveal the ability of each node influenced by the other nodes
in the network, and vice versa.

3 Influence Factor in Topology Potential

Complex systems in nature usually behave different forms as different types
of node in the topology, such as peripheral nodes, satellite connectors, global
hubs, etc. Therefore position difference of nodes in topology can be regarded
as the ability of interaction or influence region. We adopt two ways to obtain
the influence factor of node potential. On the one hand, number of influence
region can be specified by users in the context of priori knowledge. The value is
ranging from 1 hop (the neighbors of each node) to the diameter of network. This
way is relatively subjective and need to know some priors in advance. On the
other hand, potential entropy has been introduced to measure the uncertainty
of topological space, similar to the essence of information entropy. Intuitively,
if each node’s potential value is different, then the uncertainty is the lowest
accounting for the smallest entropy. So a minimum-entropy method can be used
for the optimal choice of influence factor σ. This way is more reasonable and
without any pre-defined knowledge.
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3.1 Definition of Optimal Influence Factor

Given a topological potential field produced by a network G=(V, E), let the
potential score of each node v1,...,vn be ϕ(v1),...,ϕ(vn) respectively, potential
entropy H can be introduced to measure the uncertainty of topological potential
filed, namely

H = −
∑
i∈N

ϕ(vi)
Z

log (
ϕ(vi)

Z
). (2)

Where Z is a normalization factor. Clearly, For any σ ∈ (0, +∞), H satis-
fies 0≤H≤log(n) and reaches maximum value log(n) if and only if ϕ(v1) =
ϕ(v2)=,...,=ϕ(vn).

3.2 Optimization Algorithm of Influence Factor σ

Input: Initial search range [a,b],precision threshold e;
Output:optimized s
Begin
Given sl = a+(1-t)(b-a),sr = a+t(b-a); t =
(sqrt(5)-1)/2; Hl =H(sl) and Hr = H(sr);
While |b-a|>e do

If Hl < Hr then {
Let b = sr, sr = sl, Hr = Hl;
sl = a+(1-t)(b-a) and Hl = H(sl);
}
Else {
Let a = sl, sl = sr, Hl = Hr;
sr = a+ t(b-a) and Hr = H(sr);

} End while
If Hl < Hr then {s = sl}
Else {s = sr};
Return s;
End.

3.3 Discussion about the Range of Influence Factor

According to the properties of Gaussian function, for a given σ, its influence
region approximates to 3σ√

2
. More details are presented in Table 1. Where nl(v)

is the numbers of neighbors of node v within l hop (1 < l < D) and D is the
diameter of network.

Essentially topology potential and its’ distribution have inherently implied
traditional measurements, such as degree, closeness, clustering coefficient etc.
It present a unified description framework for measurements characterization of
complex networks, furthermore optimal choice of influence factor σ make the
result of network analysis more reasonable.
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Table 1. Range of influence factor and the formula of topology potential

Range of σ Interaction among nodes Formula of topology potential
0<σ<

√
2

3
no interaction among nodes
and value of potential is 1;

ϕ(vi) = 1

√
2

3
≤σ<2

√
2

3
influence its neighbors, equiv-
alent to the degree of nodes;

ϕ(vi) = 1+deg(vi)∗exp−( 1
σ
)2

2
√

2
3
≤σ<

√
2 influence its neighbors nodes

within two hops;
ϕ(vi) = deg(vi) exp−( 1

σ
)2 +

1 + n2(vi) ∗ exp−( 2
σ
)2

n
√

2
3
≤σ<

√
2 min(n+1,D)

3
influenced by nodes within
min(n+1, D) hops;

ϕ(vi) = exp−( l
σ
)2 ∗∑

l∈min(n+1,D) nl(vi)+1
σ≥

√
2D
3

influence within D hops, equal
to closeness of nodes;

ϕ(vi) = 1 +
∑

l∈D nl(vi) ∗
exp−( l

σ
)2

4 Experiment

We evaluated our topology potential on the US politics books network compiled
by V. Krebs. Nodes represent US politics books sold by the online bookseller
Amazon. Edges represent frequent co-purchasing of books by the same buyers
[7]. It is an undirected and unweighted network, which has 105 nodes and 441
edges. Average distance is 3.078755 and diameter of the whole network is 7.

We apply topology potential to measure the differentiation of each node in
the network. During this experiment each node is supposed to be equal in mass,
indicating the same influence. First we analyze how different influence region to
impact on the same network, where regions vary from the optimal, 1 hop to 7
hop. Table 2 shows the top 8 largest nodes of different regions. Here the optimal
sigma is 0.942463.

Table 3 shows the potential values of optimal, 3 hops and 7 hops, selected
from the above ranges randomly. Using different influence regions to evaluate
position differentiation of each node, we can see that wider of influence region,
larger of node potential value.

Table 2. Top 8 largest nodes of different regions in US politics network

Optimal 1 hop 2 hop 3 hop 4 hop 5 hop 6 hop 7 hop
13 13 13 13 31 31 31 31
9 9 9 9 13 10 10 59
85 85 4 4 9 13 59 10
4 4 85 31 4 9 50 50
73 73 73 73 73 73 8 8
67 67 67 85 67 4 73 15
74 74 74 67 10 59 15 77
31 31 31 74 85 67 13 73
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Table 3. Potential values of optimal, 3 hops and 7 hops in US politics network

O-Node O-Value 3-Node 3-Value 5-Node 5-Value 7-Node 7-Value
13 9.109617 13 20.401069 31 43.727529 31 62.478852
9 9.109617 9 20.265734 10 41.552984 59 61.395356
85 8.460847 4 19.436460 13 41.142943 10 61.233185
4 8.460847 31 19.172210 9 40.712326 50 60.996966
73 8.136463 73 18.590559 73 40.533031 8 60.806942
67 7.812078 85 18.589094 4 40.027302 15 59.634202
74 7.812078 67 18.527396 59 39.835405 77 59.510396
31 7.487693 74 17.613376 67 39.710532 73 59.235671

Fig. 1. Comparison among values of node topology potential with different influence
regions on US politics network. Note that the optimal σ is better than any other factors
because it can reflect the largest differentiation of the node position in the network. As
depict with the red square of solid.

Fig. 2. Comparison among node values of different measurements on US politics net-
work. Note that trend of optimal sigma is close to the degree and PageRank. While
the trend of closeness with blue is relatively flat. It is hard to reflect differentiation of
node position. There are also many nodes in betweenness with values of 0.
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In order to compare the trend of different influence regions impact on the
same network. We deal with normalization to node potential value, illustrated
in Figure 1.

To validate how range of influence factor impact on other traditional measure-
ments, as discussed in part 3.3. We compare all the results on the US politics
network depicted in Figure 2. Here we adopt the optimal σ (0.942463). Evidences
prove the topology potential is approximately equivalent to results of degree and
other popular method PageRank. However closeness of node is hard to reflect
the differentiation of node position in topology. And a lot of nodes’ betweenness
equal 0. That is not reasonable for differentiate nodes importance.

5 Conclusion

Here we introduce topology potential to evaluate interaction ability of node
and locality of complex networks structure. It is very flexible by adjusting in-
fluence factor and inherently reflect traditional measurements. The presented
measurement here lays foundations for future theoretical studies on networked
data mining. This work has been supported by Program No. 2007CB310803.
Future studies will be focus on community member identification, community
discovery, backbone reduction, etc.
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Abstract. With the rapidly grown evidence that various systems in nature and 
society can be modeled as complex networks, community detection in networks 
becomes a hot research topic in many research fields. This paper proposes a 
new genetic algorithm for community detection. The algorithm uses the 
fundamental measure criterion modularity Q as the fitness function. A special 
locus-based adjacency encoding scheme is applied to represent the community 
partition. The encoding scheme is suitable for the community detection based 
on the reason that it determines the community number automatically and 
reduces the search space distinctly. In addition, the corresponding crossover and 
mutation operators are designed. The experiments in three aspects show that the 
algorithm is effective, efficient and steady.  

Keywords: complex network, community detection, genetic algorithm, 
modularity. 

1   Introduction 

Recent researches indicate that a large body of diverse systems in many different 
domains can be represented as complex networks [1, 2]. Examples include the 
internet, WWW, social networks, citation networks and etc. Most of these networks 
are generally sparse in global yet dense in local. They have vertices in a group 
structure that the vertices within the groups have higher density of edges while 
vertices among groups have lower density of edges [3]. This kind of structure is called 
the community which is an important network property and can reveal many hidden 
features of the given networks. Hence, community identification is a fundamental step 
for discovering what makes entities come together, but also for understanding the 
overall structural and functional properties of large network [4]. 

Since the community has played a crucial rule in complex network, community 
structure identification has created a great interest among physics and computer 
society. There has been many methods and algorithms proposed so far to reveal the 
underlying community structure in complex networks. The algorithms require the 
definition of community that imposes the limit up to which a group should be 
considered a community [23]. A community detection algorithm’s success in finding 
communities heavily depends on how it defines a community. A popular quantitative 
definition called network modularity Q, proposed by Girvan and Newman [16], is 
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widely used as a quality metric for assessing the partitioning of a network into 
communities. Most of the recent algorithms use the network modularity as quality 
metric like Newman’s fast algorithm for very large networks [9] and the algorithm 
using extremal optimization [23]. The search for the largest modularity value is a NP-
hard problem, since the space of all possible partitions grows faster than any power of 
the system size [21]. For this reason, recent many algorithms adopt various heuristic 
strategies to optimize this metric. However, many algorithms have a high computa-
tional complexity, and thus they are not suitable for a complex network with a large 
size. As a consequence, it is desire to design a high efficient algorithm.  

This paper proposes a new genetic algorithm for community detection (GACD). 
The algorithm optimizes the modularity Q to obtain the community partition. A high 
efficient locus-based adjacency encoding scheme is applied to represent the 
community partition. The genetic representation not only reduces the search space 
distinctly but also determines the community number automatically. Based on the 
encoding scheme, the novel crossover and mutation operators are designed. These 
designs make the complex of GACD linear growth with the edges and vertices 
number of the network. Three experiments are done to validate the performance of 
GACD in three aspects. The first experiments use seven real social networks and 
compare GACD with three popular methods including GN [7], GN fast [18] and GA 
proposed by Tasgin and Bingol [22] (GATB). The results show that GACD obtains 
the maximum Q for most problems and it is much faster than GN and GATB. The 
second experiment on the random network and the email network shows that GACD 
is steady. In addition, the third running time experiment on a scalable network 
confirms that GACD has a linear complexity with the size of the network.  

2   Related Works 

There have been many different approaches and algorithms to analyze the community 
structure in complex networks. The algorithms use methods and principles of physics, 
artificial intelligence, graph theory and even electrical circuits. The spectral bisection 
methods [10] and the Kernighan-Lin [11] algorithm are early solutions to this 
problem in computer society. The spectral approach bisects graph iteratively, which is 
unsuitable to general networks. For the Kernighan-Lin algorithm, it requires a priori 
knowledge about the sizes of the initial divisions. In social network analysis (SNA), a 
group of algorithms focus on the discovery of the so-called cohesive sub-structure [3], 
including the cliques [12], and quasi-cliques [13, 14] ect. These dense sub-structures 
often impose extra restrictions on the community definitions. Meanwhile, the average 
size of these sub-structures is always small, so people may get a great number of 
them, which actually hides the global organization of the network. Another widely 
used technique in SNA is the hierarchical clustering [8] which groups similar vertices 
into larger communities.  

One of the most known algorithms proposed as far, Girvan-Newman (GN) 
algorithm, is a divisive method by iteratively cutting the edge with the greatest 
betweenness value [7, 16]. The algorithm can generate an optimized division of the 

network with )( 3mO  time complexity according to the optimized network. Radicchi 
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et al have proposed a similar methodology with GN [17] by using the edge-clustering 

coefficient as a new metric with a smaller time complexity )( 2mO . To further 

improve the efficiency, Clauset, Newman and Moore have also proposed a fast 

clustering algorithm [18] with )log( 2 nnO  time complexity on sparse graph which 

combine pairs of nodes to generate the maximal Q∆  iteratively until it becomes 

negative.(where m is the edge number and n is the node number) 
An important issue in community detection is how to quantitatively measure the 

quality of the community partitions. A quantitative definition, network modularity, 
proposed by Grivan and Newman [7, 16] has been widely used in recent studies as the 
quality metric for assessment of partitioning a network into communities: 

∑ −=
i

iii ae )(Q 2  where i is the index of the communities, iie is the fraction of edges, 

that connects two nodes inside the community i, to the total number of edges in the 
network and iia is the faction all the edges whose at least one node in the community i 

to the total number of edges in the network. This measure essentially compares the 
number of links inside a given module with the expected values for a randomized 
graph of the same size and same degree sequences. Some other quantitative measures 
have also been proposed. The Hamiltonian-based method introduced by Reichardt and 
Bornholdt (RB) is based on considering the community indices of nodes as spins in a 
q-state Potts model [19]. Recently Arenas, Fernandez and Gomez (AFG) proposed a 
multiple resolution procedure that allows the optimization of modularity process to go 
deep into the structure [20]. The modularity Q is the special case of these two 
criterions. Once the modularity is chosen as the relevant quality function, the problem 
of community detection becomes equivalent to modularity optimization. The 
optimization problem is not trivial, since the decision version of modularity 
maximization is indeed NP-complete [21]. 

Many heuristic search algorithms have been applied to solve the optimization 
problem. The extremal optimization method, applied by Duch and Arenas, uses the 
artificial intelligence method in a recursive divisive manner [5]. The simulated 
annealing is used to obtain more results, but this method is computationally very 
expensive [24]. In addition, the genetic algorithm, as an effective optimization 
technique, has also been used to optimize Q [22]. However, the inefficient genetic 
representation makes the algorithm unsuitable for large scale problem in fact. Arenas, 
Fernadez and Gomez introduce the tabu heuristic to optimization the modularity, 
which also obtained a good performance [25].  

The current algorithms are successful approaches in community detection. 
However, most algorithms have large time complexities that make them unsuitable 
for very large networks. In addition, some algorithms have data structures like 
matrices etc, which are hard to implement and use in very large networks. Most of the 
algorithms also need some priori knowledge about community structure like number 
of communities etc. However, it is impossible to know these values in real-life 
networks. All these factors make it desire to design a simple but high effective 
algorithm. 
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3   Genetic Algorithm for Community Detection 

This section introduces the new genetic algorithm for community detection in detail, 
including the main components of the genetic algorithm: the framework of the 
algorithm, the crucial genetic representation and the corresponding operators etc. 

3.1   Framework of the Algorithm 

Our algorithm is based on optimization of network modularity using genetic 
algorithm. A genetic algorithm (GA) is a search technique used in computing to find 
exact or approximate solutions to optimization and search problems. Genetic 
algorithms are categorized as global search heuristics which is inspired by 
evolutionary biology. Genetic algorithms are implemented as a computer simulation 
in which a population of abstract representations (called chromosomes or the 
genotype of the genome) of candidate solutions (called individuals or phenotypes) to 
an optimization problem evolves toward better solutions. The evolution usually starts 
from a population of randomly generated individuals and happens in generations. In 
each generation, the fitness of every individual in the population is evaluated, 
multiple individuals are stochastically selected from the current population (based on 
their fitness), and modified (crossover and mutation) to form a new population. The 
new population is then used in the next iteration of the algorithm. Commonly, the 
algorithm terminates when either a maximum number of generations has been 
produced, or a satisfactory fitness level has been reached for the population. The 
framework of the algorithm used in the paper can be seen in Fig.1. 

To apply GA to the community detection problem effectively, there are much work 
to be done. As for the community detection problem, a special genetic representation 
should be designed to encode a community partition, and the corresponding genetic 
variation operators need to be designed. These choices are nontrivial and are crucial 
for the performance and particularly for the scalability of the algorithm. Some 
encodings may work well for networks with a few tens or hundreds of data points, but 
their performance breaks down rapidly for larger scale. The design of effective GA 
for community detection requires a close harmonization of the encoding, and the 
operators, so that the effective search space is reduced and the search can be guided 
effectively.  

3.2   Genetic Representation 

The biological and social complex networks are usually represented as graphs 
consisting of nodes and links, and then the communities to be detected are groups of 
nodes. When GA is applied to community detection, a community partition must be 
encoded in a character string (i.e. genotype) with the genetic representation, and 
inversely the genotype (i.e. a solution of the problem or an individual in the 
population) also can be decoded into a community partition. We employ the locus-
based adjacency representation and illustrate it in Fig.2. In this graph-based 
representation, each individual g consists of n genes nggg ,,, 21 and each ig  can 

take one of the adjacent nodes of node i. Thus, a value of j assigned to the ith gene, is 
then interpreted as a link between node i and j: in the resulting partition solution, they  
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Procedure GACD(size, gens, ]1,0[],1,0[ mc pp )

//size is the size of the population size.  gens is the running generation. 
// mc pp ,  are the crossover and mutation ratio respectively, and 1mc pp .

:P
for each i in 1 to size do

//initialization 

),(

)(

)(_:

i

i

i

sPfillin

sevaluate

isolutioninitializes

end for 
for g in 1 to gens do
//main loop

i := 0; :P
while i < size do

if random deviate R(0,1)< cp

then
      ),(, 11

''
iiii sscrossoverss

    else  

      
)(

)(

11
'

'

ii

ii

smutates

smutates

end if 
2: ii

),();,(

)();(

1
''''

1
''

ii

ii

sPfillinsPfillin

sevaluatesevaluate

end while 
),( 'PPPupdate

end for 
return P[0] 

end procedure 
)(_ isolutioninitialize  //initialize individual i according to the genetic representation. 

)( isevaluate  //evaluate the fitness of is  according to modularity Q.

),( isPfillin  //add individual is into P, and sort P in the decreasing order of their 

fitness.

),( 'PPPupdate //select first size individuals with maximal fitness from PP and

fill in P in order.  
)(),,( 1 iii smutatesscrossover  //crossover and mutation genetic operator respectively. 

 

Fig. 1. Main framework of GACD 

 

Fig. 2. Illustration of the locus-based adjacency representation. (a) shows the topologic of the 
graph representing a complex network. (b) shows one possible genotypes. (c) shows how (b) is 
translated into the graph structure, for example node 0 links to node 3, since gene 0g is 3. (d) 

shows the partition result. 
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procedure decode 
current_cluster := 1 
for each i in 1 to N do 

 cluster_assign := -1 
end for 
for each i in 1 to N do 

ctr := 1 
if iassigncluster _ = -1 then

1:

:

:

_:_

ctrctr

iprevious

gneighbour

clustercurrentassigncluster

ctr

i

i

while 1_ neighbourassigncluster

do

    

1:

:

_

:_

:

ctrctr

gneighbour

clustercurrent

assigncluster

neighbourprevious

neighbour

neighbour

ctr

end while 

if
_

_

clustercurrent

assigncluster
ctrprevious then

1: ctrctr
while 1ctr do

    
neighbour

previous

assigncluster

assigncluster
ctr

_

:_

ctr:=ctr-1
end while 

else
current_cluster:=

current_cluster+1
end if 

end if 
end for 

  number_of_clusters:=current_cluste

end procedure 

 

Fig. 3. Efficient decoding of the locus-based adjacency representation 

will be in the same community. The decoding of this representation requires the 
identification of all connected components. All nodes belong to the same connected 
component are then assigned to one community. Note that, using a simple 
backtracking scheme, this decoding step can be done in linear time and the pseudo-
code is illustrated in Fig.3. 

According to the genetic structure, we find that the encoding approach can not 
represent all partition of nodes. For example, the genetic representation could not 
combine two disconnected subgraphs into one community. Someone could argue that 
the solutions with a good community structure may be not in the solutions space 
constructed by the genetic representation. Fortunately, Brandes etc. have analyzed the 
basic structural properties of the clustering with maximum modularity and proposed 
the following theoretical results [21]. 

 
Property 1. There is always a clustering with maximum modularity, in which each 
cluster consists of a connected subgraph. 

Property 2. A clustering of maximum modularity does not include disconnected 
clusters.       

Although the modularity optimization has resolution limit [24], the community 
partition with a large modularity usually is a good solution. Since the genetic 
representation contains all possibility of connected subgraphs, these properties  
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Fig. 4. Illustrate an example of the crossover operator. The position of genes selected from the 
source chromosomes are 8g  in A and 0g in B. 

promise that the community with a good structure can be represented with the genetic 
representation. Moreover, the representation is well-suited for the use with standard 
crossover operators such as uniform, one-point or two-point crossover. 

3.3   Operators 

Based the locus-based adjacency representation, the crossover operation in GACD is 
done by selecting two chromosomes randomly as illustrated in Fig.4. For simplicity, 
the chromosomes taking place in crossover are called source and destination 
respectively. First, a gene is selected randomly from the source chromosome, and then 
we iteratively search the gene values that the gene link to and transfer these values in 
source chromosome to the corresponding genes in the destination chromosome. An 
example of the operation of crossover on the encoding employed is shown in Fig.4. 
The exchange of gene segments is bidirectional. The crossover operator has the 
following advantages: (1) it is prone to replicate the good structures generated by 
evolution to the new individual; (2) it is efficient to generate the individual with 
different structure. The computational complexity is )(lO (where l is the length of the 

gene segment, namely the size of the community selected.) l is usually smaller than n. 
In the mutation operation, we randomly select some genes and assign them with 

other randomly selected adjacent nodes.  
In the initialization process, we randomly generate some individuals. For each 

individual, each gene ig  randomly takes one of its adjacent nodes of node i. 

3.4   Discussion 

When GA is applied to a real problem, the most important issue is to design a suitable 
encoding scheme according to the characteristic of the problem. A good encoding 
scheme not only deduces the scope of the search space, but also facilitates to design 
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the operators. As a consequence, the encoding scheme decides the performance of GA 
to some extent. The locus-based adjacency encoding scheme used has several major 
advantages for community detection. Most importantly, there is no need to fix the 
number of communities in advance, as it is automatically determined in the decoding 
step. Many methods need some priori knowledge like community number or 
threshold settled, whereas GACD need not any additional knowledge beforehand. 
Another important advantage is that the search space constructed by the 
representation is reduced distinctly. In the former genetic algorithm, Tasgin and 
Bingol [22] use a number ranging from 1 to n to represent the community a node 

belonging to, which cause the search space with the complexity )( nnO . Brandes etc. 

cast the problem of maximizing modularity into an integer linear program (ILP) [21] 

with the complex )2(
2nO in the search space. Since each node only links to its 

adjacent node, the complex of the search space constructed by locus-based adjacency 

representation is )( ndO (d is the degree of nodes). For most real problems, d is much 

smaller than n. The reduced searching space makes GACD search the more accurate 
solution with less time-consuming. 

The fitness evaluation function (i.e., calculating the Q value) is the most time-
consuming process in the algorithm. Calculating the objective value has the 
complexity )(mO , and the decoding process has the complexity )(nO . As a 

consequence, the fitness evaluation based on an individual has the 
complexity )( nmO + . The whole complexity of GACD is ))(( nmgsO + which is 

linear with the scale of the network. (g is the running generation, and s is the 
population size.) The running generation and population size directly affect the 
performance of the algorithm. However, increasing the population size or running 
generation does not yield better results after some point. As the constant parameters, 
these values (i.e., g, s) do not increase the time-complexity of the algorithm. As we 
know, most community detection algorithms have a large time-complexity [5]. 
Compared with these algorithms, the complexity of our algorithm is small.  

4   Experiments 

In order to validate the performance of GACD, this paper does the experiments in 
three aspects. The first experiment compares GACD with other three well known 
algorithms by seven popular social networks to verify the efficiency and effectiveness 
of GACD. The second experiment validates the steady of the algorithm through the 
running result on random network and real network with the obvious community 
structure. The third experiment observes the relationship of the running time and the 
size of the network. The experiments are carried out on a 3.4GHz and 2G RAM 
Pentium Ⅳ computer running Linux. 

To validate the efficiency and effectiveness of GACD, we compare GACD with 
other three algorithms including GN, GN fast and GATB. Seven real social networks 
coming from ref [15] are used in the paper. These test problems are used widely as 
benchmark in community detection [6, 7, 9, 16, 18, 22]. The networks have different 
scales with the number of vertices ranging from 34 to 22963. The parameters of GA  
 



1306 C. Shi et al. 

Table 1. Parameters setting in the experiment 

 Vertice 
Number 

Edge Number Population 
Size 

Running 
generation cp  mp  

Karate (P1) 34 78 50 20 0.8 0.2 
Football (P2) 115 616 50 70 0.8 0.2 
Enron (P3) 120 576 50 100 0.8 0.2 
Celegansneural (P4) 297 1179 50 100 0.8 0.2 
Tomcat (P5) 1607 6235 500 500 0.8 0.2 
Internet (P6) 8712 23305 500 500 0.8 0.2 
as-22july06 (P7) 22963 48436 500 2000 0.8 0.2 

Table 2. Comparing results of four different algorithms. N represents the number of 
communities; Q is the modularity Q value; and T represents the running time (the unit is 
second). P1-P7 is the problems in Table 1. 

GN GN Fast GATB GACD 
N Q T N Q T N Q T N Q T 

P1 5 0.401 1 3 0.381 1 5 0.379 1 4 0.419 1

P2 10 0.597 2 7 0.577 1 10 0.575 1 11 0.604 1

P3 7 0.484 1 5 0.483 1 15 0.436 1 5 0.508 1

P4 33 0.312 200 4 0.369 1 79 0.274 1 6 0.369 1

P5 27 0.8 13230 27 0.8 4 234 0.734 659 43 0.797 85 

P6 -- -- -- 29 0.520 34 3630 0.151 6938 150 0.530 550

P7 -- -- -- 39 0.637 114 -- -- -- 192 0.639 2138
 

and GACD are same, and they are shown in Table 1. The experimental results are the 
average values of ten runs, and they are shown in Table 2. For most problems, GACD 
achieves the maximum Q, which shows that GACD is an effective algorithm for 
community detection. Considering the running time, GN Fast is fastest, and GACD is 
faster than other two algorithms. For the problem with large scale (e.g., P6, P7), GN is 
not able to obtain a result in the reasonable time, since the algorithm needs a huge 
memory. It is similar to GATB. Through GATB and GACD both are based on genetic 
algorithm, their different genetic representations cause the different performance. 
Since the complex of the search space constructed by GACD is smaller than that of 
GATB, GACD finds the larger Q value with less time. GATB uses a number ranging 
from 1 to n to represent the community a node belonging to, which causes that there 
exists so many clusters (up to n) in the beginning phrase. It costs huge memory to 
store the clusters, and it makes the algorithm very inefficient in fact.  

Note that since the core of GACD is stochastic, different runs could yield in 
principle different partitions. We have performed 50 runs of the algorithm for the 
email network with the obvious community structure and for a random network with 
the same number of links and nodes to check the consistency of the proposed method. 
In Fig. 5, we present the results of the fraction of times a couple of nodes are 
classified in the same partition. The community structure is clearly revealed for the 
email network; whereas this structure is inexistent for the random network. The 
experiment demonstrates that GACD is a steady algorithm. 
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                          Random                                                     Email 

Fig. 5. Fraction of nodes classified in the same partition over 50 realization of the algorithm. 
The color of the position (i,j) corresponds to the fraction of times that node i and j belong to the 
same partition. 

 

Fig. 6. Relationship of the running time and the size of network. (a) is the relationship of the 
running time and the vertices number. (b) is the relationship of the running time and the edge 
number.  

 
In order to further validate the efficiency of GACD, we do experiments to observe 

the relationship of the running time and the size of the network. The example is the 
network used in ref [24]. The scalable network K-m,n is made of m identical 
complete graphs with size of n nodes, and a link connects two adjacent complete 
graphs. In the experiment, n is 20, m ranges from 50 to 250 with an interval of 20. To 

compare the running time fairly, the population size is 200, cp and mp are 0.8 and 0.2 
respectively, and the stopping criterion of GACD is that the algorithm has converged 
(i.e. the best individual and worst individual have the same fitness). The result is the 
average of 10 runs as shown in Fig. 6. It is clear that the running time increases 
linearly with the vertices number and edge number, which confirm the complexity of 
GACD (see section 3.4). 
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5   Conclusion 

This paper proposes a new genetic algorithm for community detection (GACD). GACD 
optimizes the modularity Q to detect community with a special genetic algorithm. The 
locus-based adjacency encoding scheme is used to represent a community partition. The 
encoding scheme is suitable for the community detection, and has the following 
advantages: (1) the search space can be reduced distinctly; (2) the community number 
can be determined automatically; (3) the decoding process is highly efficient. According 
to the encoding scheme, the effective crossover and mutation operators are designed. 
The theorem analysis shows that GACD has a linear complexity with the vertices and 
edge number of the network. Three experiments are done to verify GACD’s 
performance. In first experiment, seven real social networks are used to validate the 
effectiveness and efficiency of GACD. Compared with GN, GN fast and GATB, GACD 
finds the maximum Q for most problems, and its running time is smaller than GN fast 
and GATB. The second experiment shows that GACD is steady for the network with 
the apparent community structure. Through observing the relationship of the running 
time and the size of network, the experiment further confirms that the running time of 
GACD is linear growth with the scope of the network.  

Recently, Fortunato and Barthelemy have showed mathematically that the 
optimization of modularity has a resolution limit that is, modularity optimization fails 
to find small communities in large networks [24], and thus the modularity optimiza-
tion may be not a good method to community detection. However, the genetic 
algorithm (especially the genetic representation) we proposed can be used as a general 
optimization technology in complex network.  
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Abstract. The host-seeking behavior of mosquitoes is very interest-
ing. In this paper, we propose a novel mosquito host-seeking algorithm
(MHSA) as a new branch of biology-inspired algorithms for solving TSP
problems. The MHSA is inspired by the host-seeking behavior of
mosquitoes. We present the mathematical model, the algorithm, the mo-
tivation, and the biological model. The MHSA can work out the theo-
retical optimum solution, which is important and exciting, and we give
the theoretical foundation and present experiment results that verify this
fact.

Keywords: Bio-inspired algorithm, traveling salesman problem (TSP),
mosquito host-seeking algorithm (MHSA), distributed and parallel algo-
rithm.

1 Introduction

Some combinatorial optimization problems (COP) such as the traveling salesman
problem (TSP) belong to a family of NP-complete problems [1] whose computa-
tional complexity increases exponentially with the number of parameters. The
TSP is probably the best known COP and is NP-complete. The TSP is the prob-
lem to find the shortest path or circuit through n cities. The TSP and its variants
have many practical applications—e.g., robot control, mobile computing, vehi-
cle routing, automated guided vehicles scheduling, integrated circuits design,
X-ray crystallography. Therefore, the TSP has attracted many researchers from
different fields such as artificial intelligence, operations research, mathematics,
physics, biology, etc. Although the TSP is easily formulated, it exhibits all as-
pects of COP as well as has served and continues to serve as the benchmark
problem for new algorithmic ideas.

During the last decades, many algorithmic strategies have been proposed for
finding near-optimum solutions to the TSP, including genetic algorithm (GA) [2],
evolution strategies [3], evolutionary programming [4], ant colony optimization
(ACO) [5], particle swarm optimization (PSO) [6], artificial immune system
(AIS) [7], artificial neural network (ANN) [8], cellular automaton, generalized
cellular automaton, cellular neural network, reaction and growth model, simu-
lated annealing algorithm (SAA) [9] and elastic net (EN) [10]. Nature-inspired

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1310–1321, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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algorithms (NAs) are among the best algorithms to solve dynamic TSPs nowa-
days. The algorithms mentioned above are all NAs, of which SAA and EN are
physics-inspired algorithms, and the others are bio-inspired algorithms. There
are some common features shared by all NAs:

– They draw from observations of physical processes that occur in nature.
– They mimic different natural systems and processes using mathematical

models and algorithms.
– They have inherent parallelism.
– They are mainly used to solve COPs, such as the TSP.
– COPs are optimized using the NAs step by step (iteration).

In this paper, by means of the TSP, we will propose a new algorithm, called
Mosquito Host-Seeking Algorithm (MHSA), which is a bio-inspired computing
technique inspired by host-seeking behavior of mosquitoe swarms. We want to
develop the MHSA as a new, biology-based, nature-inspired approach that has
a substantive theoretical foundation, as well as the common features of NAs as
mentioned above. We hope the MHSA can describe complex, high-dimensional,
highly nonlinear, micro-evolutionary and random behaviors and dynamics arising
from interactions of entities. It turns out that the MHSA is easy to use, and its
simplicity implies greater flexibility, making the approach very easy to adapt to
a wide range of optimization problems besides the TSP.

Table 1. The main notations in TSP

Notations Meanings Related to
n total number of TSP cities problem

Ci the j-th city (i = 1, n) problem
(xi, yi) coordinates of city Ci problem

distance between city pair (Ci, Cj)
dij (i, j = 1, n) problem

dij =
√

(xi − xj)2 + (yi − yj)2

pij path between Ci and Cj

xij if xij = 1, then pij can be passed;
or else xij = 0, then dij = ∞, problem

pij cannot be passed
Z the shortest path through n cities solution

(1)if rij = 1, then Z pass pij ;
rij or else rij = 0, then Z not pass pij . solution

(2)when xij = 0, then rij = 0.

2 Problem Description for TSP

The TSP is to find the shortest path through n cities. The main notations in
any TSP instance and the TSP matrix M(t) are shown in Table 1 and Table 2,
respectively.

Mathematical description for TSP is as follows:

Minimize: Z =
∑
i,j

dij · rij

s.t. 1. rij ∈ {0, 1};
2. rij = rji;
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3.
∑
i

rij = 2;

4.
∑
j

rij = 2.

Table 2. TSP Matrix M(t)

Cities C1 ··· Cj ··· Cn

C1 r11,x11,d11 ··· r1j ,x1j ,d1j ··· r1n,x1n,d1n

.

.

.
.
.
.

.

.

.
.
.
.

Ci ri1,xi1,di1 ··· rij ,xij ,dij ··· rin,xin,din

.

.

.
.
.
.

.

.

.
.
.
.

Cn rn1,xn1,dn1 ··· rnj,xnj,dnj ··· rnn,xnn,dnn

3 Mosquito Host-Seeking Model

In the real world, both male and female mosquitoes are nectar feeders, but the
female of many species is also capable of drinking blood. That is, only female
mosquitoes search the host (object) to attack. Female mosquitoes hunt their
blood host by detecting carbon dioxide (CO2) and 1-octen-3-ol (C8H16O) from
a distance. Female mosquitoes have host-seeking behavior, but male ones do
not. As shown in Fig. 1, a swarm of mosquitoes are randomly searching the host
(object) to attack. We can summarize three steps of mosquitoes host-seeking
behavior as follows (see Fig. 2):

1. The mosquito looks for carbon dioxide or smelling substance;
2. It distinguishes the smell it loves, and then seeks towards a high-concentration

location;
3. It makes a descent when it feels the radiated heat of the host.

Fig. 1. A swarm of mosquitoes Fig. 2. Steps of mosquitoes host-seeking behavior

The MHSA treats every entry of the TSP matrix M(t) as an artificial
mosquito, mij . The n-city TSP solving process is hence transformed into host-
seeking behavior of a swarm of artificial mosquitoes (n × n mosquitoes). The
mij ’s form the matrix M(t). For convenience, we let mij represent both an entry
of the matrix as well as its corresponding artificial mosquito.
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Fig. 3. Mosquito host-seeking model

As shown in Fig. 3, all artificial mosquitoes (a swarm) are evenly distributed
at an even radian surrounding a host. Each artificial mosquito is being attracted
to seek towards the host by carbon dioxide, smelling substance, and radiated
heat. The radial distance between an artificial mosquito and the host repre-
sents the corresponding artificial mosquito’s personal utility—that is, an arti-
ficial mosquito’s success value of host-seeking. The higher the consistency of
carbon dioxide and smelling substance, the faster the artificial mosquitoes try
to move towards the host. When all artificial mosquitoes stop moving, being in
an equilibrium state, we arrive at an optimum solution to the TSP.

In more details, each artificial mosquito mij has a grayscale value rij , which
will constantly change between 0 and 1 as the artificial mosquito moves. When all
mosquitoes are in an equilibrium state, all rij will be 1 or 0. rij = 1 represents
the artificial mosquito mij attacking the host, as well as the path pij being
black (the shortest path Z passes through this path). On the contrary, rij = 0
represents that mij did not attack the host, as well as pij being white (Z does
not pass through the path).

In addition, each artificial mosquito mij has a sex value xij . xij = 1 represents
mij is female, and xij = 0 represents mij is male. Only grayscale values rij of
female artificial mosquitoes will change with the motion of mij . rij of male
artificial mosquitoes will always be 0—that is, the corresponding path pij will
always be white.

Motion of mij
(1)⇔ uij

(2)⇔ rij
(3)⇔ Z.

(1)(2)(3): MHS mathematical model and MHS algorithm. They will be pro-
posed in the next section.
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(a) t = 0 (b) t = t1

(c) t = t2 (d) t = end

Fig. 4. An example of TSP (7 cities)(t1 < t2)

The solving process of an example TSP using MHSA is shown in Fig. 4.
The grayscales of all the paths between two cities change in parallel during the
computing process.

For the example TSP in Fig. 4, the solution is Z: C1 → C2 → C3 → C4 →
C5 → C6 → C7 → C1.

r12 = r21 = 1, r23 = r32 = 1, r34 = r43 = 1, r45 = r54 = 1, r56 = r65 = 1,
r67 = r76 = 1, r71 = r17 = 1, the other rij = 0.

4 Mathematical Model of MHS

We define in this section the mathematical model of MHS for the TSP that
involves n cities.

Firstly, we introduce a variable cij , which is weight of city pair (Ci, Cj).

– When t = 0, cij(t = 0) = max
i,j

dij − dij ;

– When t > 0, cij(t > 0) ∈ [0, 1].

In the mosquito host-seeking model, cij represents the relative strength of
artificial mosquito mij . The larger cij , the stronger the artificial mosquito mij ,
and the easier it seeks and attacks the host.
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cij and rij will evolve with the motion of artificial mosquitoes.
Let uij(t) be the radial distance between an artificial mosquito mij and the

host at time t, and let J(t) be the utility sum of all artificial mosquitoes, which
we define as follows.

uij(t) = exp ( −cij(t)rij(t)xij(t) ) ;

J(t) =
n∑

i=1

n∑
j=1

uij(t) (1)

At time t, the attraction function, P (t), which is caused by the host is defined
by

P (t) = ε2 ln
n∑

i=1

n∑
j=1

exp[−u2
ij(t)/2ε2] − ε2 ln nn (2)

where 0 < ε < 1. The larger P (t) is, the better.
The attraction of host causes the artificial mosquitoes to move to increase the

corresponding artificial mosquitoes’ minimal personal utility.
At time t, artificial mosquitoes’ interaction behavior function, Q(t), is defined

by

Q(t) =
n∑

i=1

|
n∑

j=1

rij(t)xij(t) − 2 |2 −
∑
i,j

∫ uij

0

{[1 + exp(−10x)]−1 − 0.5}dx (3)

Artificial mosquitoes can move towards the host along their own radial orbit
under the the influence of these factors:

– the personal host-seeking behavior,
– the aggregate host-seeking behavior,
– the attraction of the host,
– the motion that is related to social coordinations among the swarm of arti-

ficial mosquitoes.

The four kinds of attraction factors can all contribute to the artificial
mosquitos’ movements towards the host. What is more, these factors produce
hybrid attraction forces of the host. The general hybrid attraction function for
artificial mosquito mij , Eij(t), can be defined by

Eij(t) = −λ1uij(t) − λ2J(t) − λ3P (t) − λ4Q(t) (4)

where 0 < λ1, λ2, λ3, λ4 < 1 .
In order to dynamically solve the TSP, the artificial mosquito mij may alter-

nately modify rij and cij , respectively, as follows:

dcij(t)/dt = −λ1
∂uij(t)
∂cij(t)

− λ2
∂J(t)
∂cij(t)

− λ3
∂P (t)
∂cij(t)

− λ4
∂Q(t)
∂cij(t)

(5)

drij(t)/dt = −λ1
∂uij(t)
∂rij(t)

− λ2
∂J(t)
∂rij(t)

− λ3
∂P (t)
∂rij(t)

− λ4
∂Q(t)
∂rij(t)

(6)

where ∂Q(t)
∂uij(t)

= −{[1 + exp(−10(t)uij(t))]−1 − 0.5}.
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The motion equations for artificial mosquito mij are defined by⎧⎪⎨
⎪⎩

duij(t)/dt = Ψ1(t) + Ψ2(t)
Ψ1(t) = −uij(t) + γvij(t)

Ψ2(t) = [−λ1 − λ2
∂J(t)

∂uij(t) − λ3
∂P (t)

∂uij(t)
− λ4

∂Q(t)
∂uij(t) ]{[

∂uij(t)
∂rij(t) ]

2 + [∂uij(t)
∂cij(t)

]2}
(7)

where γ > 1. And vij(t) is a piecewise linear function of uij(t) defined by

vij(t) =

⎧⎪⎨
⎪⎩

0 if uij(t) < 0
uij(t) if 0 ≤ uij(t) ≤ 1
1 if uij(t) > 1,

(8)

5 The Parallel MHS Algorithm for TSP

Given the coordinates of n cities and xij , our mosquito host-seeking algorithm
(MHSA) is as follows.

1. Initialize the number of artificial mosquitoes to be n × n. Initialize the sex
of all artificial mosquitoes to be xij . Initialize all grayscale values rij of arti-
ficial mosquitoes mij to be the average values. Initialize all weight cij to be
dij . Select the related coefficients ε, λ1, λ2, λ3, λ4 to be 0.8, 0.05, 0.05, 0.9, 0.9,
respectively.

2. Calculate the uij(t) of each mij by Equation (1) in parallel, and duij(t)/dt.
3. For each artificial mosquito mij , calculate drij(t) by Equation (6) and dcij(t)

by Equation (5) in parallel.
4. For each artificial mosquito mij , update in parallel the grayscale value rij(t)

by rij(t + 1) = rij(t) + drij(t)/dt; update in parallel the weight cij(t) by
cij(t + 1) = cij(t) + dcij(t)/dt.

5. If all duij(t)/dt = 0, then finish successfully. Otherwise, go to step 2.

6 Proving the MHS Model

In the following, we derive some formal properties of the mathematical model
presented above.

Proposition 1. Updating the weights cij and grayscale values rij by Eq. (5)
and Eq. (6) respectively amounts to changing the speed of artificial mosquito
mij by Ψ2(t) of Eq. (7).

Denote the j-th terms of Eq. (5) and Eq. (6) by 〈 dcij(t)
dt 〉j and 〈 drij(t)

dt 〉j ,
respectively. When rij is updated according to (6), the first and second terms
of (6) will cause the following speed increments of the artificial mosquito mij ,
respectively:

〈duij(t)/dt〉r1 = ∂uij(t)
∂rij(t)

〈drij(t)
dt 〉1 = λ1[

∂uij(t)
∂rij(t)

]2; (9)

〈duij(t)/dt〉r2 = ∂uij(t)
∂rij(t)

〈drij(t)
dt 〉2 = λ2

∂uij(t)
∂rij(t)

∂J(t)
∂rij(t)

= λ2
∂uij(t)
∂rij(t)

∂J(t)
∂uij(t)

∂uij(t)
∂rij(t)

= λ2
∂J(t)

∂uij(t) [
∂uij(t)
∂rij(t)

]2 (10)
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Similarly, the third and the fourth term of Eq. (6) will cause the following speed
increments of the artificial mosquito mij :

〈 duij(t)/dt 〉r3 = −λ3
∂P (t)

∂uij(t)
[∂uij(t)
∂rij(t)

]2 ;

〈 duij(t)/dt 〉r4 = −λ4
∂Q(t)

∂uij(t)
[∂uij(t)
∂rij(t)

]2.

Similarly, for Eq. (5), we have 〈duij(t)/dt〉cj , j = 1, 2, 3, 4. We thus obtain
4∑

j=1

[ 〈 duij(t)/dt 〉cj + 〈 duij(t)/dt 〉rj ]

= [−λ1 − λ2
∂J(t)

∂uij(t)
− λ3

∂Pt)
∂uij(t)

− λ4
∂Q(t)

∂uij(t) ]{[
∂uij(t)
∂rij(t) ]

2 + [∂uij(t)
∂rij(t)

]2} = Ψ2(t).

Therefore, updating c
(j)
ij and r

(j)
ij by (5) and (6), respectively, gives rise to the

speed increment of artificial mosquito mij that is exactly equal to Ψ2(t) of Eq. (7).

Proposition 2. The first and second terms of Eqs. (5) and (6) will enable the
artificial mosquito mij to move towards the host, that is, the personal utility of
the artificial mosquito mij increases, in direct proportion to the value of (λ1+λ2).

According to Eqs. (9) and (10), the sum of the first and second terms of Eq. (5)
and (6) will be
〈duij(t)/dt〉r1 + 〈duij(t)/dt〉r2 + 〈duij(t)/dt〉c1 + 〈duij(t)/dt〉c2

= [λ1 + λ2
∂J(t)

∂uij(t)
]{[∂uij(t)

∂rij(t)
]2 + [∂uij(t)

∂cij(t)
]2}

= (λ1 + λ2)x2
ij(t)[r

2
ij(t) + c2

ij(t)][−uij(t)]2

≥ 0.
Therefore, the first and second terms of (5) and (6) will cause uij(t) to mono-
tonically increase.

Proposition 3. For MHS, if ε is very small, then decreasing the attraction forces
P (t) of the host (Eq. (2)) amounts to increasing the minimal utility of artificial
mosquitoes.

Supposing that H(t) = max
i,j

{−u2
ij(t)}, we have

[exp(H(t)/2ε2)]2ε2 ≤ [
n∑

i=1

n∑
j=1

exp(−u2
ij(t)/2ε2)]2ε2 ≤ [nn exp(H(t)/2ε2)]2ε2 .

Taking the logarithm of both sides of the above inequalities gives

H(t) ≤ 2ε2 ln
n∑

i=1

n∑
j=1

exp(−u2
ij(t)/2ε2) ≤ H(t) + 2ε2 ln nn.

Since nn is constant and ε is very small, we have

H(t) ≈ 2ε2 ln
n∑

i=1

n∑
j=1

exp(−u2
ij(t)/2ε2) − 2ε2 ln nn = 2P (t).

It turns out that the attraction force P (t) at time t represents the maximum
of −u2

ij(t) among all the artificial mosquitos mij , which is the minimal personal
utility of the artificial mosquitoes at time t. Hence the increase of the attraction
function P (t) will result in the increase of the minimum of uij(t).
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Proposition 4. Updating cij and rij according to Eqs. (5) and (6) amounts to
increasing the minimal utility of the artificial mosquitoes in direct proportion to
the value of λ3.

The speed increment of artificial mosquito mij , which is related to the attraction
function P (t), is given by

〈 duij(t)
dt 〉3 = 〈 duij(t)/dt 〉r3 + 〈 duij(t)/dt 〉c3

= λ3
∂P (t)

∂uij(t)
{[∂uij(t)

∂rij(t) ]
2 + [∂uij(t)

∂cij(t)
]2}.

Denote by 〈dP (t)
dt 〉 the differentiation of the attraction function P (t) with

respect to time t arising from using Eqs.(5), (6). We have

〈dP (t)
dt 〉 = ∂P (t)

∂uij(t)
〈duij(t)

dt 〉3

= λ3[
∂P (t)

∂uij(t)
]2{[∂uij(t)

∂rij(t)
]2 + [∂uij(t)

∂cij(t)
]2}.

= λ3ω
2
ij(t)u

2
ij(t)x

2
ij(t)[r

2
ij(t) + c2

ij(t)][uij(t)]2

≥ 0.
where,

ωij(t) = exp[−u2
ij(t)/2ε2]/

n∑
i=1

n∑
j=1

exp[−u2
ij(t)/2ε2].

It can be seen that using Eqs. (5) and (6) give rise to monotonic increase of
P (t). Then by Proposition 3, the increase of P (t) will result in the increase of
the minimal utility, in direct proportion to the value of λ3.

Proposition 5. Updating cij and rij by Eqs. (5) and (6) gives rise to monotonic
increase of the whole utility of all artificial mosquitoes, in direct proportion to
the value of λ2.

Similar to Proposition 2, it follows that when an artificial mosquito mij mod-
ifies its cij and rij by Eqs. (5) and (6), differentiation of J(t) with respect to
time t will not be negative—i.e., 〈dJR(t)

dt 〉 ≥ 0, and it is directly proportional to
the value of λ2.

Proposition 6. Updating cij and rij by Eqs. (5) and (6) gives rise to monotonic
decrease of the artificial mosquitoes’ behavior interaction function Q(t), in direct
proportion to the value of λ4.

As in the above, we have

〈duij(t)
dt 〉4 = −λ4

∂Q(t)
∂uij(t)

{[∂uij(t)
∂rij(t)

]2 + [∂uij(t)
∂cij(t)

]2}; and

〈dQ(t)
dt 〉 = ∂Q(t)

∂uij(t)
〈duij(t)

dt 〉4
= −λ4[

∂Q(t)
∂uij(t)

]2{[∂uij(t)
∂rij(t)

]2 + [∂uij(t)
∂cij(t)

]2}
≤ 0.

7 Simulations

We give the experimental results here which demonstrate the effectiveness of
the MHSA in handling large-scale TSP problems. We show the actual times
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and iterations used to solve TSP problems on a cluster, which can verify the
efficiency and parallelism of our MHSA. All the experiments presented in this
section were carried out on a cluster where each machine has a Pentium 4 2.0
GHz CPU with 512 Kbytes of L2 cache and 512 Mbytes of DDR SDRAM, and
the machines are interconnected via Fast Ethernet.

7.1 Effectiveness of MHS Algorithm

We pick a number of TSP problems of different scales to test our MHS algorithm.
No matter how large the scale is, the MHSA can always converge and obtain the
solution to the TSP.

In the real world, there is little collaboration among mosquitoes. Each
mosquito seeks the host all by itself. In our mosquito host-seeking model, each
artificial mosquito evolves and moves in parallel almost without information ex-
change. Therefore, the MHSA has inherent parallelism, but only approximate
solutions can be obtained. As shown in Fig. 5 and Fig. 6, even if the MHSA can
converge and obtain better solutions to the TSP, the MHSA is easy to jump into
local optima.

Fig. 5. The results of 20-city and 50-city TSPs using MHSA

Fig. 6. The results of 100-city and 300-city TSPs using MHSA

7.2 Efficiency and Parallelism of MHS Algorithm

The MHS algorithm provides a valuable alternative to traditional methods be-
cause of its inherent parallelism. The grayscale values and weights, rij , cij , can
be computed and updated in parallel without any information exchange, which
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Table 3. Convergence times and speeds of MHSA with scale

Scale 16 parallel nodes 8 parallel nodes 1 parallel node
cities time(s) iterations time(s) iterations time(s) iterations

110 0.983 242 1.90 166 16.767 176
160 2.583 600 5.74 348 58.827 393
200 5.453 1046 12.62 602 169.793 816
225 10.8 1759 25.87 973 343.651 1312
250 15.868 2227 42.034 1293 569.017 1832
275 29.419 3327 63.617 1722 1044.953 2842
300 38.901 4159 99.039 2276 1571.968 3711
320 63.718 5711 130.258 2679 2113.836 4351
340 84.762 6806 183.987 3410 3358.083 5839
360 118.984 8404 247.028 4122 4276.371 6758
375 155.671 9816 336.842 4988 5839.789 8245
390 262.693 12544 446.898 5834 8130.714 9963
405 307.017 13909 578.865 6845 9729.199 11014
420 374.298 15629 699.978 7718 13528.261 13064
435 425.01 17180 861.57 8609 15294.553 14319
450 594.781 19854 997.091 9528 18108.043 15921
465 698.079 21922 1641.718 11881 25035.577 18459
480 774.948 23927 1418.417 11523 27951.384 20024
495 987.354 26780 2122.651 13738 37178.713 22961
510 1332.217 30418 2196.459 14275 38786.457 24314

is the foundation of the MHSA’s parallelism. The experimental results have veri-
fied the good parallelism of the MHSA (see Table 3). We use 1, 8, 16 computing
nodes of the cluster, respectively.

As shown in Table 3, the convergence time and the number of iterations in-
crease steadily when the TSP scales up. Table 3 includes the sequential version
which comes from our experimental results using one computing node of the
cluster. The other parts are for the parallel version, with using 4 and 16 com-
puting nodes of the cluster. “Iterations” and “time” are the number of iterations
and the time the MHSA takes to converge.

Fig. 7. Convergence times of MHSA with scale

As shown in Fig. 7, the convergence time of the sequential version increases
exponentially with the scale, which is similar to all existing exact methods. When
parallelized, the convergence time drops significantly, which speaks for the high
parallelism of MHSA.
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8 Conclusion

In this paper, we propose a novel mosquito host-seeking algorithm as a new
branch of nature-inspired algorithms for solving TSP problems. The MHS al-
gorithm is inspired by the host-seeking behavior of mosquitoes. We discuss the
mathematical model, the algorithm, the motivation, and the biological model,
and give experimental results of the MHSA being applied to the TSP. The MHSA
can work out the theoretical optimum solution, which is important and exciting.
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A More Strict Definition of Steady State Degree 
Distribution 

Xiaojun Zhang1 and Zheng He2 

1 School of Applied Mathematics 
2 School of Management and Economics 

University of Electronic Science and Technology of China, Chengdu, P.R. China, 610054 

Abstract. Accurate definitions of related concepts are prerequisite for further 
understanding of evolving network. To be an important concept, steady state 
degree distribution has been widely used. However, as we find out, all current 
definitions have a common default from mathematics point of view. In this paper, 
we first point out the shortcoming of current definitions through a special type of 
evolving network, and then provide a more strict definition of steady state degree 
distribution from stochastic process point of view.  

Keywords: Steady state degree distribution, evolving network, stochastic process. 

1   Introduction 

Since Barabási, Albert and Jeong established scale-free network model in 1999 [1], 
extensive research on the evolution of complex network have been done in both 
theoretical and empirical areas. As a result, various evolving network models have been 
proposed such as power-law growth models [2], logarithmic growth model [3], 
exponential growth model [4], extended evolving model [5], evolving mortal network 
model [6], and local-world evolving network model [7]. For these models, much 
attention has been caught on how to calculate and derive the statistical characteristics of 
complex network like connectivity, clustering coefficient and degree distribution under 
the limit conditions. In particular, due to its importance in depicting the network 
topology and features like robustness and fragility, degree distribution especially the 
steady state degree distribution ( )kP  has been widely explored by means of mean-field 

approach [1], rate-equation [8], master-equation [9] as well as Markov chains methods 
[3][10]. For example, Barabási, Albert and Jeong suggested that the steady state degree 
distribution of scale-free random network subjects to power-law distribution [1]. 
Dorogovtsev and Mendes [4] and Derek et al.[11] pointed out that steady state degree 
distribution of random evolving network subjects to exponent distribution. Meanwhile, 
Volz [12] provided an evolving network whose steady state degree distribution subjects 
to Poission distribution.  

So far, the most representative definitions of steady state degree distribution ( )kP  

are provided by Barabási et al.[1], Krapivsky et al.[8], Dorogovtsev et al.[9], and 
Mohanty et al.[13] separately. Despite these definitions has been widely used in related 
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literature, there is still a common default from point of mathematics, that is, they all 
think if ( )k,tPlim

t +∞→
 exists, then ( ) ( )k,tPlimkP

t +∞→
=  must be steady state degree 

distribution. However, in this paper, we give a kind of evolving network to show that 

even if their ( ) ( )k,tPlimkP
t +∞→

=  exist, they may not be a distribution i.e. ( ) 1<∑
k

kP . 

Furthermore, a more strict definition from stochastic process perspective is given at the 
end of the paper. 

2   Evolving Network and Steady State Degree Distribution 

Evolving network refers to the network whose topology structure is dynamic with time. 
The evolving rule denoted as R  in this paper is defined as ways by which network 
evolves. The initial condition or state show the original network before the evolution 
starts. According to this definition, many common networks like random network, 
small-world network and scale-free network are all evolving networks, in which the 
first two are finite evolving networks and the last one is infinite evolving network. 

Here, we define ( ){ }0≥t,tG  as evolving process of a network, where t  is the time 

parameter; ( )tG  represents the network at t  time step; ( )0G denotes the initial 

condition and ( ) 0≥t,tgi  represents a sample function, which is the real evolving 
process of network. In the following section, we first explain some important concepts 
that have been used in the literature of evolving network.  

Definition 1. Let tm,t,t,t X,,X,X 21  represent all possible degree distributions of 

evolving network ( )tG  and 1,tp denote the probabilities of all possible degree 

distributions. ( )tKG  termed as degree distribution variable, shows a possible degree 

distribution of ( )tG . Then the distribution law of ( )tKG  is ( ){ } j,tj,t pXtKGP == , 

tm,1,2,3,j =  ( ){ }0≥t,tKG  can be defined as degree distribution process of 

( ){ }0≥t,tG .  

Definition 2. Let ( )tK  represent the degree of a vertex in evolving network ( )tG  and 
( )k,tP  denote the probability that the degree of this vertex is k , that is 
( ) ( ){ }ktKPk,tP == . Here we define ( )tK  as average degree distribution and 
( ){ }0≥t,tK  as average degree distribution process.  
For each k , we have  

( ) { }∑
=

=⋅=
tm

i
j,ti,t kXPpk,tP

1  
(1) 

so we can denote ( ) ( )[ ]tKGEtK = ； 

Among all the definitions of degree distribution, the most representatives  
are transient degree distribution by Barabásī et al. [1], transient frequency by 
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Krapivsky et al. [8], average degree distribution by Dorogovtsev et al.[9]. In fact, 
all these definitions are equivalent to our average degree distribution ( )tK . Based 

on these definitions, all literature above further define ( ) ( )k,tPlimkP
t +∞→

=  as steady 

state degree distribution. Although the definition above has been widely accepted in 
evolving network literature, nevertheless, we argue that their definitions are not 
accurate from mathematics point of view because even if ( ) ( )k,tPlimkP

t +∞→
=  exists, 

there are still possibility that ( )kP  is not a distribution, i.e. ( ) 1<∑
k

kP . Below 

some cases will be given to explain our findings. 

3   Two Special Types of Evolving Network 

3.1   Evolving Network That ( )k,tPlim
t +∞→

 Does Not Exist 

1R  (Evolving Rule 1): At the time t  ( t  is a positive integer): 

(1) add a new node with the probability ( ) ( )πtcostp −= 1
2

1
 and let it connect to other 

nodes in the network ( )1−tG ;  

(2) delete a node in the network ( )1−tG  with the probability ( )tp−1 .  

And we denote the new network as ( )tG . 

Initial condition： ( )0G  is a complete graph with m  nodes. 

At the time ( ),,,tt 32112 =−  there is only one degree distribution 112 ,tX − ， 

{ } 1112 ==− mXP ,t ；  

( ){ } 112 112 ==− − ,tXtKGP
 (2) 

at the time ( ),,,tt 3212 =  there is also only one degree distribution 12 ,tX ， 

{ } 1112 =−= mXP ,t ； 

( ){ } 12 12 == ,tXtKGP
 (3) 

Hence ( ) ( ),,,tXtK ,t 3211 == ，that is 

( ) ( ),,,k
kt

kt
m,tP 321

20
121 =

⎩
⎨
⎧

=
−==

 

(4) 

( ) ( ),,,kkt
ktm,tP 321120

211 =
⎩⎨
⎧

−=
==−

 
(5) 

Neither ( )m,tPlim
t +∞→

 nor ( )1−
+∞→

m,tPlim
t

 exists.  
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3.2   Evolving Network That ( )k,tPlim
t +∞→

 Exists But ( )kP  Is Not a Distribution  

Considering a evolving network according to the rule 2R , 
At time t  ( t  is a positive integer): 

(i) add a new node tV  to the network ( )1−tG ; 

(ii) connect tV  to the first ⎥⎦
⎤

⎢⎣
⎡ −

2

1t
 nodes ranked by degree with strict descend sort; 

(iii) randomly connect tV  to a node with degree ⎥⎦
⎤

⎢⎣
⎡

2

t

.  

where ⎥⎦
⎤

⎢⎣
⎡ −

2

1t
 is the maximum integer no more than 2

1−t
. 

And we denote the new network as ( )tG . 

Initial condition: ( )0G  is an isolate node 0V .  

 
Fig. 1. Represents a realization simulated by 2R  at 20=t  

There are total 21 nodes in the network, in which only one node with degree 
( )10201 ≠≤≤ k,kk  and two nodes with degree 10.  

When 1=t ,the distribution of 11,X  is { } 1111 ==,XP ; 

( ){ } 11 11 == ,XKGP
 (6) 

When 2=t ,the distribution of 12 ,X  is { }
3

2
112 ==,XP , { }

3

1
212 ==,XP ; 

( ){ } 12 12 == ,XKGP
 (7) 
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In the case 3≥t ,  

{ } ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡≠≤≤

+
==

2
1

1

1
1

t
k,tk,

t
kXP ,t

 ,
1

2

21 +
=

⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡=

t

t
XP ,t

 

( ){ } 11 == ,tXtKGP
 (8) 

then  

( )
( )

( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

⎥⎦
⎤

⎢⎣
⎡=+

>
⎥⎦
⎤

⎢⎣
⎡≠≤≤+

=

 
2

t
 12

0
2

111

kt/

tk

t
k,tkt/

k,tP

 

(9) 

For all 1≥k ，we have 

( ) ( ) 0==
+∞→

k,tPlimkP
t  

(10) 

( )∑ =
k

kP 0
 

(11) 

Obviously here ( )kP  is not a distribution. 

In fact, for any 10 <≤ p ，we can construct a kind of evolving network satisfying 

( )∑ =
k

pkP . They can evolve according to the rule 3R ,  

At time t  ( t  is positive integer):  

(i) add a new node tV  to the network ( )1−tG ; 

(ii) connect tV  to the node 0V with the probability p ; 

(iii) with complementary probability p−1 , connect tV  to the first ⎥⎦
⎤

⎢⎣
⎡ −

2

1t
 nodes 

ranked by degree with strict descend sort and randomly connect tV  to a node with 

degree ⎥⎦
⎤

⎢⎣
⎡

2

t

. 

And we denote the new network as ( )tG . 

Initial condition: ( )0G  is an isolate node 0V . 

Thus for the average degree distribution ( )tK , we have  

( ) ( ){ }1111 =+=+ tKP,tP  

( ){ } ( ) ( ){ }
1

11
1

1
1

1

+
⋅=⋅−+⎥⎦

⎤
⎢⎣
⎡

+
⋅=+

+
=

t

t
tKPp

t

t
tKP

t
p

 

( ){ }
1

1
1

1

+
⋅=+

+
⋅=

t

t
tKP

t
p

 

( )
1

1
1

1

+
⋅+

+
⋅=

t

t
,tP

t
p
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For any 1>k ，when t  is sufficiently large ( 22 +≥ kt ), 

( ) ( )
1

1
+

⋅=+
t

t
k,tPk,tP

 
(12) 

Hence 

( ) ( )
⎩
⎨
⎧

≠
===

+∞→ 10
1

k
kp

k,tPlimkP
t

 
(13) 

( )∑ =
k

pkP
 

(14) 

As shown in the cases above, we can conclude that there is a default in present 
definition on steady state degree distribution. So in this paper, we provide a more strict 
definition from stochastic point of view (see Definition 3).  

Definition 3. Let ( ){ }0≥t,tK  represent the average degree distribution process of 

( ){ }0≥t,tG ，the distribution law of ( )tK  is ( ){ } ( )k,tPktKP == ；if there exists 

random variable K  whose distribution law is ( )kP  i.e. ( )∑ =
k

kP 1 and   

( ) ( )k,tPlimkP
t +∞→

=
 

(15) 

then K  can be defined as steady state degree distribution of ( ){ }0≥t,tG . 

4   Conclusion  

Accurate definitions of related concepts are prerequisite for further understanding of 
evolving network. To be an important concept, steady state degree distribution has been 
widely used. However, as we find out, all current definitions have a common default 
from mathematics point of view, which thinks that if ( )k,tPlim

t +∞→
 exists, then 

( ) ( )k,tPlimkP
t +∞→

=  must be steady state degree distribution. However, our finding 

argues that in some cases, despite ( )k,tPlim
t +∞→

 exists, ( )kP  may not be a distribution 

(i.e. ( )∑ =
k

kP 1). Finally, we provide a more strict definition of steady state degree 

distribution from stochastic process point of view.  
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Abstract. An interesting phenomenon about phyllotaxis is the diver-
gence angle between two consecutive primordia. In this paper, we con-
sider a dynamic model based on Max-Min principle for generating 2D
phyllotactic patterns studied in [2,5]. Under the hypothesis that the in-
fluence of the two predecessors is enough to fix the birth place of the
new generated primordium, analysis and numerical experiments are con-
ducted. We then propose a new measurement for evaluating the pattern
uniformity (sparsity) of different divergence angles. It is found that the
golden angle gives very good sparsity but there are other angles give even
better sparsity under our proposed measurement.

Keywords: Divergence Angle, Golden Angle, Max-Min Principle, Phyl-
lotactic Patterns.

1 Introduction

The study of geometric and numerical patterns in plants is known as “phyl-
lotaxis”. It is a central subject in plant morphogenesis which deals with the ar-
rangements of plant organs such as leaves, bracts, branches, petals, florets, scales,
etc. One can see phyllotactic patterns macroscopically when viewing shoot tips.
A basic hypothesis is that these phyllotactic patterns result from the conditions
of appearance of the primordia near the tip of the growing shoots. The general
arrangement of these features is laid down right at the start, as the primordia
form [6,8]. The center of the tip is occupied by a stable circular region, which
is called “apex”. Around the apex, one by one, tiny lumps called “primordia”.
Each primordium migrates away from the apex which new ones continue to be
formed. Eventually, the lump develops into a leaf, petal etc.

The arrangement of sunflower seeds is a common phenomenon. The seeds
occur in two families of spirals-one winding clockwise, the other counterclock-
wise, and appearing to fit through each other. The numbers of the clockwise and
counterclockwise spirals are two successive numbers in Fibonacci sequence. Di-
vergence angle, the angles between successive primordia, as seen from the center
of the apex, called as divergence angle, are pretty equal, and usually very close
to 137.5◦. The most efficient packing, the one that makes the most solid and
robust seed head, occurs when the divergence angle is equal to the golden angle,
137.5◦ [9].

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1329–1336, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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Douady and Couder [3] used a physical analogue to implement a laboratory
experiment: A circular dish filled with silicone oil and placed in a magnetic field.
Let tiny drops of magnetic fluid fall at regular intervals into the center of the
dish. The drops were polarized by the magnetic field, and they repelled each
other; they were given a boost in the radial direction by making the magnetic
field stronger at the edge of the dish than it was in the middle. The patterns that
appeared depends on how big the intervals between drops were. A very prevalent
pattern was the one in which successive drops lay on a spiral with a divergence
angle very close to 137.5◦, the golden angle, giving a sunflower seed pattern of
interlaced spirals-one winding clockwise and the other counterclockwise whose
numbers are two consecutive numbers in the Fibonacci series.

Douady and Couder [3] assume that the elements repel each other, like equal
electrical charges or magnets with the same polarity. This repulsion ensures that
the outward motion keeps going, and that each new primordia appears as far
as possible from its immediate predecessors [3]. It was suggested that a new
primordium appears with a periodicity T near the tip in the largest gap left
between the previous primordia and the apex [4]. Under this assumption, Atela,
Golé and Hotton provided a Max-Min dynamical model to study 3D pattern
formation [2]. They choose the point on the apex circle where the minimum
distance with all existing primordia is the maximum as the birth place of the
new primordium. Furthermore, they suggest that one only needs to consider some
primordia “before” the new born one instead all primordia. Later, they study
2D pattern formation problem under Max-Min principle, where they consider
the influence of all existing primordia [5].

Inspired by the early work in [3] and the dynamical system model [2,5], we
implement the Max-Min principle to discuss 2D phyllotaxis problem. The model
in our study only considers the interaction between the new born primordium
with its two predecessors.

The remainder of this paper is structured as follows. In Section 2, we present
our Max-Min model. In Section 3, we provide a measure to evaluate the uni-
formity of patterns and some numerical results. Finally, concluding remarks are
given in Section 4 to address further research issues.

2 The Max-Min Principle

In this section, we present the mathematical model based on the Max-Min prin-
ciple for the development of 2D phyllotactic patterns. The followings are the
assumptions of the model based on the proposed Max-Min principle [2,5].

(i) The stem apex is axisymmetric represented by a circle of given radius R0

from a center in a plane surface;
(ii) Identical primordia are generated with a periodicity T at the periphery of

the apex;
(iii) Due to the shoot’s growth, primordia move away from the center. Here we

assume that the area of the circle between the primordium and the origin
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grows at a constant speed, the distance between the primordia and the circle
equals to

R0 + V
√

t.

In fact, one can also consider R0 + V ts where 0 < s (say s = 1) to obtain
similar results.

(iv) Outside of the region of radius R0, there is no further reorganization leading
to changes of the angular positions of the primordia.

To facilitate our discussion, we label the primordia according to their emer-
gence sequence. We define θi to be the angle between the straight line joining the
origin and the ith primordium and the positive x axis. Then at the emergence
of the kth primordia (k > i), the coordinate of the ith primordia is given by

((R0 + V
√

k − i) cos θi, (R0 + V
√

k − i) sin θi).

To decide the position of the birth of a new primordia on the disc of radius
R0 (suppose the kth one), one only needs to find the angle θk. We assume that
for a given point around the periphery of the apex (R0 sin θ, R0 cos θ), we use
the usual Euclidean distance:

E(di) =

√(
(R0 + V

√
k − i) cos θi − R0 cos θ

)2

+
(
(R0 + V

√
k − i) sin θi − R0 sin θ

)2

(1)

to measure the influence of the ith primordium to this point. We adopt the
Max-Min principle [2,5]: to minimize the influence of other primordia is to maxi-
mize the minimum distances with other primordia. We then define the following
objective function for our model:

θk = max
0≤θ<2π

{
min

i∈{1,2,...,k−1}
{E(di)}

}
. (2)

Here we hypothesize that only the (k − 1)th and the (k − 2)th primordia make
contribution to determine the birth place of the kth primordium. Thus Defini-
tion (2) can be simplified as follows (this makes the problem mathematically
tractable) :

max
0≤θ<2π

{
min

i=k−1,k−2
{E(di)}

}
. (3)

It is straightforward to check that θk, the optimal angle of (3), satisfies the the
following equality:

E(dk−1) = E(dk−2). (4)

This yields

V 2 +2(
√

2−1)R0V +2R0(R0 +V ) cos(θk −θk−1)−2R0(R0 +
√

2V ) cos(θk −θk−2) = 0.

(5)
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Actually in the numerical experiments, θk − θk−1 converges to an angle α. By
(5), cos(α) satisfies

4R0(R0+
√

2V ) cos2 α−2R0(R0+V ) cosα−(2R2
0+(4

√
2−2)R0V +V 2) = 0 (6)

or equivalently

4(1 +
√

2τ) cos2 α − 2(1 + τ) cos α − (2 + (4
√

2 − 2)τ + τ2) = 0 (7)

where τ = V/R0. In fact, there is one-to-one relation between τ and α, see for
instance the proof in Appendix. If τ is given, it can be shown that there exists
a unique α satisfying

cosα =
(1 + τ) −

√
(1 + τ)2 + 4(1 +

√
2τ)(2 + (4

√
2 − 2)τ + τ2)

4(1 +
√

2τ)
. (8)

On the other hand, if α is given, it can be shown that there exists a unique τ
satisfying

τ = −(1 − cosα)(2
√

2(1 + cosα) − 1)

+
√

(1 − cosα)2(2
√

2(1 + cosα) − 1)2 − 2(1 − cosα)(1 + 2 cosα).

The golden pair is (τ, θ) = (1.8058, 137.5◦).
Figure 1 reports the phyllotaxis generated under the following parameters

n = 600, V = 1.8058, R0 = 1 (9)

where n is the number of primordium. Almost all the divergence angles of the
simulated packing are equal to 137.5◦, which is golden angle. In the rest of this
paper, without special announcement, numerical experiments are all done under
the parameter pair n = 600, R0 = 1.
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Fig. 1. The packing pattern with the golden divergence angle
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3 Uniformity of Packing and Simulation Results

3.1 Uniformity of Packing

From the simulation results, there are some divergence angles which can form
packing patterns similar to sunflower. To measure the uniformity of packing,
we define the following indicator. Under different velocity v, the area that the
corresponding pattern covers varies. Thus to make a fair uniformity (sparsity)
measurement, we firstly map the packing pattern into a disk with radius equals
to one. We then define the uniformity measurement as the sum of the minimum
distance of each node with others

I(n, V, R) =
1
n

n∑
i=1

min
j

d(i, j). (10)

where d(i, j) is the distance between the ith and jth primordium, then divide
this sum by n the number of primordia. It is obvious that the bigger the value
is, the more even (sparse) the packing is.

3.2 Simulation Results

Figure 2 illustrates the relationship between the velocity V and the uniformity
I(n, V, R) of the corresponding pattern. There are many local maximum points
and local minimum points.

Figure 3 shows packing patterns with corresponding divergence angles, gen-
erated by V corresponding to several local minimum points respectively. Under
the velocity V of these local minimum points, the patterns generated are not
uniformly sparse. On the other hand, we illustrate the patterns generated by V
corresponding to those local maximum points respectively in Figure 4. These
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rm
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Fig. 2. Relationship between v and pattern uniformity I(n, V, R)
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Fig. 3. (a)V =1.053, α = 130.91◦ (b)V =1.247, α = 132.63◦ (c)V =1.518, α = 135.00◦

(d)V = 1.765, α = 137.15◦ (e)V = 1.916, α = 138.46◦
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Fig. 4. (a)V =1.194, α = 132.17◦ (b)V =1.303, α = 133.13◦ (c)V =1.717, α = 136.73◦

(d)V = 1.839, α = 137.79◦

Table 1. Comparison among pattern information generated by V of some local maxi-
mum points

V = 1.8058 V = 1.194 V = 1.303 V = 1.717 V = 1.839
The divergence angle 137.50◦ 132.17◦ 133.13◦ 136.73◦ 137.52◦

I(n, V, R) 0.06669 0.06951 0.06883 0.06863 0.06914

patterns are uniform and similar to the pattern with divergence angle 137.5◦.
We note that V = 1.8058 which generates the golden angle pattern is among the
x-coordinates of local maximum points in Figure 2.

Table 1 shows the comparison among velocity, divergence angle and uniformity
of their corresponding patterns shown in Figures 2 and 4. We find that there
exist some sparse patterns with higher uniformity (sparsity) than the pattern
with the golden angle.

3.3 Conclude Remarks

In this paper, we implement the Max-Min principle [2,5] to determine the place
of birth of a new primordia in a 2D setting. There are some questions remain
open. First we expect to extend the model to a 3D setting. Second under our
new measurement of uniformity, there are other angles different from the golden
angle which perform very well. We are looking forward to examining the reasons.
Furthermore, we will further explore the Min-Distance Principle approach for
patterns under low uniformity.

Acknowledgment. Research supported in part by HKRGC GrantNo. 7017/07P,
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J.: The Possible and the Actual in Phyllotaxis: Bridging the Gap between Empirical
Observations and Iterative Models. J. Plant Growth Regul. 25, 313–323 (2006)

6. Jean, R.V.: Mathematical Approach to Patterns and Form in Plant Growth. Wiley,
New York (1984)

7. Marzec, C., Kappraff, J.: Properties of maximal spacing on a circle related to phyl-
lotaxis and to the golden mean. J. Theoret. Biol. 103(2), 201–226 (1983)

8. Steeves, R.V., Sussex, I.M.: Patterns in Plant Development. Cambridge University
Press, Cambridge (1989)

9. Vogel, H.: A better way to construct the sunflower head. Mathematical bio-
sciences 44, 145–174 (1979)

A Appendix: The Calculation of θk

Since we have E(dk−1) = E(dk−2), it yields

((R0 + V ) cos θk−1 − R0 cos θk)2 + ((R0 + V ) sin θk−1 − R0 sin θk)2 =
((R0 +

√
2V ) cos θk−2 − R0 cos θk)2 + ((R0 +

√
2V ) sin θk−2 − R0 sin θk)2.

(11)

We can deduce the value of θk by the following steps. By direct verification of
the above equation, we have

V 2 + 2(
√

2 − 1)R0V + 2R0(R0 + V )(cos θk cos θk−1 + sin θk sin θk−1)
−2R0(R0 +

√
2V )(cos θk cos θk−2 + sin θk sin θk−2) = 0.

(12)

Further, we can write the above formula as

V 2 +2(
√

2−1)R0V +2R0(R0 +V ) cos(θk −θk−1)−2R0(R0 +
√

2V ) cos(θk −θk−2) = 0.

(13)
Assuming α is the angle between θk and θk−1, θ is the angle between θk−1 and
θk−2, then we have

V 2 + 2(
√

2 − 1)R0V + 2R0(R0 + V ) cosα − 2R0(R0 +
√

2V ) cos(θ + α) = 0.

We suppose for a uniformed phyllotactic pattern, the angle between each two
consecutive primordia tends to a same value. Thus α = θ holds and we have

4R0(R0 +
√

2) cos2 α − 2R0(R0 + V ) cosα − (2R2
0 + (4

√
2 − 2)R0V + V 2) = 0.
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Thus we have

cos α =
R0(R0 + V ) −

√
R2

0(R0 + V )2 + 4R0(R0 +
√

2V )(2R2
0 + (4

√
2 − 2)R0V + V 2)

4R0(R0 +
√

2V )

(14)
because

R0(R0 + V ) +
√

R2
0(R0 + V )2 + 4R0(R0 +

√
2V )(2R2

0 + (4
√

2 − 2)R0V + V 2)

4R0(R0 +
√

2V )
> 1.

(15)
This is true because

R2
0(R0+V )2+4R0(R0+

√
2V )(2R2

0+(4
√

2−2)R0V +V 2) >
(
4R0(R0 +

√
2V ) − R0(R0 + V )

)2

.

(16)

The kth primordia fills in the biggest gap which gets the minimum repelling en-
ergy by its consecutive two ancestors, the (k−1)th and (k−2)th. The divergence
angle between two consecutive primordia should be bigger than 90◦ and smaller
than 180◦. Since√

R2
0(R0 + V )2 + 4R0(R0 +

√
2V )(2R2

0 + (4
√

2 − 2)R0V + V 2) > R0(R0 + V ),
(17)

we have

cos α =
R0(R0 + V ) −

√
R2

0(R0 + V )2 + 4R0(R0 +
√

2V )(2R2
0 + (4

√
2 − 2)R0V + V 2)

4R0(R0 +
√

2V )
< 0.

(18)
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Abstract. The dynamic nature of mobile ad hoc networks makes it diffi-
cult to consider a specific model for their topology which might change in
a short period of time. Using the knowledge about the location of nodes,
several relatively efficient position based routing algorithms have been
proposed but almost all of them are sensitive to the network topology.
Ant colony optimization based routing algorithms form another family of
routing algorithms that usually converge to optimum routes. In our pre-
vious work we proposed POSANT, a position based ant colony routing
algorithm for mobile ad-hoc networks. Although POSANT outperforms
other routing algorithms in most cases, there are network topologies in
which POSANT does not perform well. In this paper we introduce Hyb-
Net, a hybrid ant colony optimization based routing algorithm for mobile
ad hoc networks which adapts itself to different network topologies. We
carry out an empirical analysis of the performance of our algorithm and
compare it with other routing algorithms. Our results show that HybNet
almost always performs efficiently, even in some complex and variable
network topologies.

1 Introduction

A mobile ad-hoc network might have a highly dynamic topology because mobile
nodes can freely join it, leave it or move inside it. For example, a network may
have more nodes in daytime than at night. Also the network graph might be
dense in some parts and sparse in other parts. This dynamic nature of mobile
ad-hoc networks increases the difficulty of message routing.

A position based routing algorithm uses the knowledge about the location of a
node, its neighbors and the destination node to make a local routing decision at
that node. To obtain the position of the destination node, position based rout-
ing protocols assume a location service (e.g. Greed Location Service(GLS)[11,3],
Simple Location Service(SLS)[3] and Reactive Location Service(RLS)[3]) is avail-
able that provides location information on the nodes in the network. The strategy
adopted by a location service is out of the scope of this paper and we just assume
that a location service provides such information.

GPSR[9], Compass routing [10] and Greedy routing [6] are examples of reac-
tive position based routing algorithms. These algorithms perform very well in
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networks with specific topology characteristics but their performance might be
poor in some other networks (the performance metrics are discussed later in the
paper). Position based routing algorithms typically perform very well in dense
networks, while in sparse networks they might fail to find a route or the found
route might be much longer than the shortest path.

Algorithms which are based on ant colony optimization (ACO) form another
family of routing algorithms. ANTNET[5] and ANTHOCNET[4] are examples
of ant colony based routing algorithms. These algorithms eventually converge to
routes whose lengths are very close to the length of the shortest path [5], [7]. In
our previous work we proposed POSANT[8], a position based ant colony rout-
ing algorithm which outperforms the other ACO routing algorithms in terms of
convergence time or routing overhead in most cases. However, in some network
topologies the performance of POSANT is relatively poor and its convergence
time is much longer than other ant colony routing algorithm. To address this
problem, in this paper we present a routing algorithm that, like POSANT, adopts
a position based ant colony strategy. Unlike POSANT, which is based on some
assumptions about the network topology (POSANT assumes the optimum route
passes through nodes whose directions are close to the direction of the destina-
tion node), the strategy presented in this paper does not consider any specific
assumption about the network topology. The routing algorithm presented in
this paper is a hybrid routing algorithm that uses a combination of position-
aware and position-unaware ant-colony strategies; so it is called HybNet. This
algorithm performs well in networks with complex topologies where the other
routing algorithms might face difficulties and perform poorly. The applications
of this algorithm includes cases where the network topology includes dense and
sparse regions, empty regions, and especial shapes and also cases where the trans-
mission range of nodes can be highly irregular. In addition, HybNet is suitable
for cases where a large amount of data is transmitted after route establishment
and thus it is important to find optimum routes (i.e. an example is video and
audio streaming).

In the next section we first describe the network model and give a definition of
the routing problem. We then explain the related works including typical position
based and ant colony based routing algorithms. Section 3 defines HybNet and
Section 4 contains the simulation results of HybNet and a comparison with
POSANT, ANTNET, ANTHOCNET and GPSR routing algorithms. Section 5
contains conclusions.

2 Network Model and Related Routing Algorithms

We represent a mobile ad-hoc network as a planar graph with an edge between
each pair of nodes that can communicate directly (i.e. all communications are
bi-directional and a node will maintain a link to another node if they are able
to exchange messages directly). The transmission range of a node in a specific
direction is a line segment in that direction from that point to the farthest point
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it can directly send messages to. We assume each node can have different trans-
mission ranges in different directions, as in the reality where the existence of an
obstacle or noise makes the transmission radius of a node irregular. Furthermore
due to different power consumption, different nodes may have different transmis-
sion ranges. Different regions of a network graph may have different topological
characteristics, e.g. a network graph may be dense in some regions and sparse
in other regions. It is assumed that each node knows its position, the position of
its neighbors and the position of the destination node. To reach a destination,
a message follows a path of intermediate nodes. The length of this path is mea-
sured in terms of hop-count (i.e. the number of edges on the path). The time
required for a packet to move from one node to a neighbor node is assumed to be
the same for all nodes (i.e. we do not consider distance between two neighboring
nodes, buffering, congestion and other causes of packet delay in this paper). So
the delay of a packet (i.e. the elapsed time since the moment that the packet is
launched from the source node until the moment that the packet is received by
the destination node) is a linear function of the length of its path to the desti-
nation. We suppose the route finding algorithm starts as soon as a data packet
needs to be sent from a source to a given destination (reactive routing) so the
routes should be established in the shortest possible time.

In the remaining of this section we briefly describe some related works.
GPSR[9] and Compass routing [10] are examples of position based routing

algorithms. These algorithms do not guarantee to find a shortest path to the
destination [6,2,9]. An example of a case when these algorithms find a path to a
destination which is longer than the shortest path is presented in Figure 1(a).

Figure 1(b) shows an example where these algorithms fail to find a route to
a destination.
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Fig. 1. (a) The route (from S to D) found by GPSR and DIR is SABCEFD while the
shortest path is SGHID. (b) DIR and GPSR fail to find a route from S to D.

There are several other position based routing algorithms but they have sim-
ilar shortcomings of either not guaranteeing to find a path to the destination
or finding a path which is much longer than the shortest path [6,2]. Although
position based routing algorithms have the above disadvantages, they have some
useful characteristics: typically no routing table or passed traffic history is main-
tained and no control packet needs to be exchanged. So these algorithms are sim-
ple to implement and the overhead of routing is small. Moreover failures occur
rarely when the network graph is dense [6].
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Ant colony optimization (ACO) is a stochastic approach for solving combina-
torial optimization problems like routing in computer networks. ANTNET [5],
ANTHOCNET [4], ARA [7] and POSANT [8] are examples of ant colony op-
timization based routing algorithms. POSANT is an ant colony optimization
based routing algorithm which uses the knowledge about the position of nodes
as a heuristic to increase its efficiency. In general, ACO routing algorithms even-
tually converge to a group of routes which are very close in length to the optimum
route [5,7,12]. In most cases the convergence of ANTNET is slow. ANTHOC-
NET and ARA broadcast an ant in the route discovery phase. Although an ant
is a small control packet, broadcasting implies a large overhead on the network
especially when the size of the network is large. In ANTHOCNET, an ant carries
a list of its visited nodes, so its size will grow as it goes far from the source node
and the routing overhead will increase. As a result, ARA and ANTHOCNET
are not scalable. POSANT in most cases has a relatively short convergence time
but in some cases its convergence time may be longer than the convergence time
of ANTNET.

3 HybNet Routing Algorithm

In this section we introduce HybNet, a routing algorithm which performs effi-
ciently in networks with complex topologies. While a complex topology or a fast
topology transform might affect the performance of other routing algorithms,
the efficiency of HybNet remains relatively high. HybNet has three main phases,
route establishment, data transmission and link management. We suppose there
is a set of data packets in a source node S, waiting for a route to be estab-
lished between S and a destination. First, only forward and backward ants are
transmitted and after the algorithm decides that the routes are established, data
packets are transmitted.

Consider a destination node D and a network graph G. For each node N in G,
we partition its neighbors into three zones called zone1, zone2 and zone3. If H is
one of the neighbors of N , θH is defined as the angle between line segments NH
and ND. Node H belongs to zone1 if θH ≤ π/4, zone2 if π/4 < θH < 3π/4, and
zone3 if 3π/4 ≤ θH ≤ π, see Figure 2 (this definition is similar to the definition
of zones in POSANT [8]).

H

Fig. 2. (a) θH is the angle between NH and ND. (b) Different zones of N for destination
node D.
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3.1 Pheromone Trails

In HybNet, for a specific destination two pheromone trails, a greedy trail and a
regular trail, may be assigned to each of the outgoing links of a node. For each
node we assign these trails to each of its outgoing links if the node is reached by
at least one forward ant heading to the destination. Suppose A is a node in the
network that receives an ant for the first time heading to destination D, and B
is one of the neighbors of A. To initialize the value of the greedy trail on AB, we
use a greedy policy, the assigned values decrease with the zone number. Having
three values νgr1, νgr2 and νgr3 such that νgr1 > νgr2 ≥ νgr3, an amount of
pheromone equal to νgri will be assigned to the greedy trail of AB if B belongs
to zonei. To the regular trail, that can also depend on the zone, one of the
three values νreg1, νreg2, νreg3 is assigned. However, in our experiments we used
νreg1 = νreg2 = νreg3.

Each node maintains a table which contains the values of the pheromone trails
assigned to its outgoing links for different destinations. Whenever a forward ant
for a specific destination arrives at a node, this table will be searched. If no
pheromone trail for this destination exists, the pheromone initialization process
assigns pheromone trails for this destination to all the outgoing links of that
node. If a node doesn’t receive any packet for the destination for a specific period
of time, the corresponding pheromone trails will be deleted from the pheromone
trail table of that node. This time period is defined to be in the order of seconds.
Also the entries in the BR table (to be defined later in this section) for that
destination will be deleted after that time.

3.2 Route Establishment

For establishing routes between a given source S and a destination D, HybNet
launches n forward ants from S heading to D at regular time intervals. In our
experiments we set n to be 1. Assigning big values to n might slightly decrease
the route establishment time but it also increases the overhead of the algorithm.
In addition to the pheromone trial table, each node maintains another table
which we call Back Routing (BR) table. When a forward ant enters a node from
one of its neighbors, an entry in the BR table will be created that stores the
identifier of the neighbor the forward ant is coming from, the sequence number
of the ant, and the identifier of the destination. At each node a forward ant
makes a stochastic decision in two steps to select the next hop. In the first step
it decides which of the greedy or regular pheromone trails to use for making a
stochastic decision in the second step. In the second step, it selects the next hop
stochastically using the values of the selected pheromone trails. In the destination
node, each received forward ant will be dropped and a backward ant will be sent
back to the source node. Using information in the BR tables, the backward ant,
which includes the sequence number of the corresponding forward ant, takes the
same route but in reverse to reach the source node. The decision of a forward
ant to use either greedy pheromone trails or regular trails is marked in the BR
table. When a backward ant reaches a node, the BR table will be searched for the
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corresponding forward ant. Based on the type of the pheromone trail (i.e. greedy
or regular) used by that forward ant, we call this backward ant greedy or regular
backward ant (a regular backward ant in a node may be a greedy backward
ant in another node). At each node, a backward ant reports the length of the
traveled path from the destination to that node. Each node keeps the average
and standard deviation of reported distances to the destination by the greedy
and regular backward ants. For simplicity, we call them greedy average, greedy
standard deviation, regular average and regular standard deviation. When a
node receives a greedy or regular backward ant, it updates the greedy or regular
standard deviations and averages.

To reduce the effect of old backward ants, we define two fixed size windows in
each node that contain recently received backward ants. One window is assigned
to greedy backward ants and the other one is assigned to regular backward ants.
The average and standard deviation of reported distances to the destination will
be calculated only for the backward ants residing in the window. When a new
backward ant is received we put it in the corresponding window and discard the
oldest ant if the maximum widow size has been reached. Selecting an appropriate
maximum window size is important. If the maximum window size is too small,
the average delay calculated from the window information would be too far from
the real average. If the maximum window size is very big, existence of very old
ants would affect the result for a long time. Suppose αgr, σgr and αreg, σreg are
the average and standard deviation of the delays reported by greedy and regular
backward ants residing in the corresponding windows. These averages are used
by the future forward ants to decide on the use of greedy or regular trails for
selecting the next hop. Suppose Pgr is the probability that greedy trails are used
and Preg denotes the probability that regular trails are used by a forward ant.
Pgr and Preg are calculated using Equation 1.

Pgr =

⎧⎨
⎩

1 if σgr < t and αgr < αreg

0 if σreg < t and αreg < αgr

Cgr otherwise
(1)

Preg = 1 − Pgr

In the above equation t is a threshold value and when the standard deviation
of the reported distances to the destination is less than this value, we conclude
they have taken paths with almost the same lengths. Cgr is a constant value
that determines which type of pheromone trails has higher chance to be used
at the beginning of the route establishment. In the second step, the ant should
be forwarded to one of the neighbors using the values of the pheromone trails
of the selected type. This is done using a stochastic decision similar to other
ACO routing algorithms. Suppose the algorithm decides to use greedy trails to
select the next hop. Consider a forward ant is currently residing in node N with
k neighbors H1, H2, ..., Hk. Suppose φgri is the value of the greedy pheromone
trail assigned to NHi. The ant will select Hi as the next hop with probability
pi which is calculated using the following equation:

pi =
φgri∑k

j=1 φgrj

(2)



A Hybrid Ant-Colony Routing Algorithm for Mobile Ad-Hoc Networks 1343

Algorithm 1. HybNet routing algorithm
{S is the source node, D is the destination node and C is the current node}
if C = S then

put one compass packet in C’s buffer
end if
for each clock time do

if C = S then
if one of the conditions in section 3.3 is true then

put one data packet in C’s buffer
else

put one forward ant in C’s buffer
end if

end if
for each message m in C’s buffer do

if (m→type = ForwardAnt) or
(m→type = DataPacket) then
NextHop = SelectNextHop()
send m to NextHop
if NextHop = D then

m →type = BackwardAnt
end if

else if m→type = BackwardAnt then
find NextHop in C’s BackRouting table
send m to NextHop
IncreasePheromone(NextHop,m)
update regular and greedy averages
if NextHop = S then drop m

else if m→type = Compass then
find NextHop using compass routing algorithm
send m to NextHop
if NextHop = D then

m →type = BackwardCompass
end if

else if m→type = BackwardCompass then
find NextHop in C’s BackRouting table
send m to NextHop
if NextHop = S then

enter greedy mode and drop m
end if

end if
end for
Evaporate()

end for

An analogous equation is used if the algorithm decides to use the regular
trails. Moving from node B to node A, a backward ant increases the amount of
the corresponding pheromone trails stored in AB. It uses a Formula 3 to update
the greedy pheromone trail on AB.
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φgrAB = φgrAB + g(d) × ω(AB) (3)

In the above formula d is the number of traveled nodes from the destination
to node B by the backward ant, g(d) is a decreasing function of d, ω is a weight
function and its value depends on the zone of A in which B is residing.

ω(AB) =

⎧⎨
⎩

w1 ≥ 1 if B is in zone1 of A
w2 = 1 if B is in zone2 of A
w3 ≤ 1 if B is in zone3 of A

(4)

This weight function helps the algorithm to converge faster because in most
cases the shortest path passes through nodes which are closer in direction to the
destination.

For updating regular trails, we use Equation 5. In this equation g and d are
the same as in Equation 3.

φregAB = φregAB + g(d) (5)

An evaporation process modifies the value of pheromone trails in regular time
intervals. It is done by multiplying the value of each pheromone trail by a number
µ < 1 at regular time intervals (Eq. 6). This is to reduce the effect of ants
happened to take non-optimum routes to reach the destination as the time passes
by.

φAB = µ · φAB (6)

We complete the definition of HybNet by proposing an algorithm to enhance
its performance. At the beginning of route establishment process, a special con-
trol packet which we call compass packet is sent to the destination. This packet
uses compass routing algorithm [10] to reach the destination. Upon receiving
this packet, the destination destroys it and sends a backward compass packet
back to the source node. The backward compass packet takes the same path as
the compass packet but in reverse to reach the source node. When the source
node receives this packet, it enters the greedy mode. In this mode when launch-
ing a forward ant, the source node marks it by setting a flag. The first time a
node like A receives a marked forward packet, it uses Equation 7 to update the
greedy pheromone trails on its outgoing links and also increases the value of Cgr

in Equation 1.
φgrAB = φgrAB · u(AB) (7)

In the above formula B is one of the neighbors of A and u(AB) is a weight
function whose value is dependent on the zone of A in which B is residing.

u(AB) =

⎧⎨
⎩

u1 > 1 if B is in zone1 of A
u2, u1 ≥ u2 ≥ 1 if B is in zone2 of A
u3 = 1 if B is in zone3 of A

(8)

If the marked forward ant is the first forward ant for a specific destination
which arrives to A, the above update takes place after initializing the pheromone
trails in the routing table of A.
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The motivation of using a compass packet is that compass routing finds a
route whose length is close to the length of the optimum route in most cases
when the average degree of nodes is high. Moreover, the overhead of sending a
single control packet in the network is negligible while using this packet may
significantly reduce the convergence time. Here we considered compass routing
algorithm because it is a robust porition based routing algorithm however, any
other position based routing algorithm could be considered.

3.3 Sending Data Packets

Sending data packets starts after routes are established between the source and
the destination. As we mentioned earlier, each node which is involved in the
route establishment process maintains greedy and regular averages and standard
deviations of the reported distances to the destination. To decide which time is
the best to start sending data packets, HybNet uses the standard deviations and
averages kept in the source node for that destination. Sending data packets too
late increases delay and sending them too early increases packet loss and the
delay caused by following bad routes. HybNet stops launching control packets
from the source node and starts sending data packets instead, if one of the
following conditions becomes true:

σgrsrc < t and αgrsrc < αregsrc or
σregsrc < t and αregsrc < αgrsrc or
σgrsrc < t and σregsrc < t.

In the above, t is the threshold of Equation 1, and αgrsrc, αregsrc, σgrsrc and
σregsrc stand for the average and standard deviation of the reported distances to
the destination for greedy and regular trails of the source node. If σgrsrc is small
enough, we can assume that at the source node the forward ants that decided
to use the greedy trails in the first step (i.e. we mentioned that each stochastic
decision is made in two steps) followed paths with almost the same length to
reach the destination. The same can be assumed if σregsrc is small enough. So
when σgrsrc < t and σregsrc < t we can say that the algorithm has converged to
a route or a group of routes with similar lengths, and it is a reasonable time to
start sending data packets. If the first condition is true then the ants which used
regular trails at the source node in the first step experienced more delay than
the ants used greedy trails. Also since σgrsrc is relatively small, the probability
that this condition changes is low. Regarding Equation 1 for calculating the
values of Pgr and Preg, in this case the packets will use greedy trails to select
the next hop and so will use the routes that the algorithm is converged to. The
same could be used to justify the second condition. In HybNet, data packets are
treated like forward control packets. Since ACO routing algorithms eventually
converge to optimum or almost-optimum routes [5,12], at least one of the above
conditions eventually becomes true and sending data packets will be started. Our
experiments, presented in the next section, confirm that sending data packets
starts relatively fast in practice.
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3.4 Link Management

Failure recovery. If the link between two nodes like A and B breaks while a
connection is running between a source S and a destination D, HybNet performs
a failure recovery as follows. For each active connection, each involved node
defines a mode that can have two values, proper mode and broken mode. Initially
each node is in the proper mode. If A realizes that the link to B is broken and
there are pheromone trials corresponding to link AB for D in the pheromone
table of A, its mode will be changed to broken mode. In the broken mode, if A has
another outgoing link to which pheromone trails are assigned for destination D,
the stochastic data routing will be continued. Otherwise, A informs its neighbors
that there is no route from A to the destination anymore. Upon receiving this
message, each node enters broken mode and follows the same algorithm as if the
link to A is broken. If A receives duplicate packets while it is in the broken mode,
it will inform its neighbors that there is no route to D from A. It is to prevent
loops after a link failure. When a node receives a backward ant which should
pass through a broken link, the backward ant will be dropped. If the source node
has only one outgoing link that contains pheromone trails for D and this link
breaks or a message from this link is received that states there is no route to D,
a new route establishment process will begin and sending data packets will be
suspended until new routes are established. After a specific time which is defined
to be in the order of milliseconds is passed from the moment that the link failure
is detected, the mode of A will be changed to the proper mode.

Handling new links. When a new node joins the network, or when a node
moves and approaches some other nodes, new links may appear in the network.
Suppose node A figures out that it can directly communicate with a new node
C. Also suppose A has routing information about some destinations like D in
its pheromone table. HybNet assigns a greedy pheromone trail to link AC as
follows. A calculates the average of the value of the greedy pheromone trails
for destination D in its pheromone table. If C is located in zone1 of A (i.e. for
destination D), then a pheromone trail whose value is equal to this average will
be assigned to AC. Otherwise if C is located in the other two zones, the half
of this average will be assigned to this link. Similarly we assign a regular trail
for each destination to AC. The only difference is that we assign the average of
the value of regular pheromone trails regardless of the zone of A in which C is
residing. In the case that node C does not have routing information for D (i.e.
because node C is a new node or it is not reached in the routing process before),
after it receives a packet heading to D, a pheromone initialization process (i.e.
as explained before) assigns pheromone trails to its outgoing links. The same
approach is applied in node C for assigning pheromone trails to CA (i.e. for the
destinations that node C has routing information about them).

4 Performance Evaluation

In this section we evaluate the performance of HybNet and compare it with
POSANT, ANTNET, ANTHOCNET and GPSR routing algorithms. To perform
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Table 1. Parameters of different algorithms and their values in our experiments

Algorithm Parameter Value Description
n 1 number of generated forward

ants at each clock time
t 1 standard deviation threshold

(νgr1, νgr2, νgr3) (20,1,1) pheromone initialization
(νreg1, νreg2, νreg3) (10,10,10) pheromone initialization

µ 0.95 pheromone evaporation
HybNet (ω1, ω2, ω3) (1.2,1,0.8) used in Equation 4

(u1, u2, u3) (10,1,1) used in Equation 8
cgr 0.5 used in Equation 1

window size 50 defined in route establishment
phase

POSANT t 1 standard deviation threshold [8]
(ν1, ν2, ν3) (20,1,1) pheromone initialization [8]

ANTHOCNET α1 2 defined in [4]
a 20 defined in [4]

this evaluation, we simulated the mentioned routing algorithms and tried them
on different sets of network graphs.

It is assumed that it takes one millisecond for each packet to go from one
node to a neighbor node and this time is always the same all over the network.
Table 1 lists the parameters of different routing algorithms considered in this
section and their corresponding values used in our experiments.

4.1 Values of the Parameters

In this section, we evaluate the effect of each parameter of HybNet on its per-
formance. To evaluate the effect of a parameter, we assign different values to it
while the other parameters are fixed and try HybNet on a set of randomly gen-
erated network graphs. This set includes 100 graphs with 60 nodes distributed
randomly and uniformly over an area of size 500× 500. The transmission ranges
of nodes vary from 50 to 70 units. For each network 10 source-destination pairs
are selected randomly and the result is averaged. In the following comparisons,
except the parameter whose effect is studied, the other parameters have the
values listed in Table 1. The performance is evaluated in terms of delivery rate
that is the ratio of the number of packets received by the destination node to
the number of packets sent by the source node, and average packet delay that is
the average time that takes for the sent packets to reach the destination. When
all packets experience the same delay, we can conclude that the algorithm is
converged to routes with almost the same length. So the standard deviation of
delays can be used to estimate the average convergence time.

In Fig. 3 and 4, the effect of n, the number of generated forward ants at each
clock time by the source node, on the performance of HybNet is studied. As
these figures show, the performance becomes better when two forward ants are
launched at each clock time, but it does not change significantly when n is 3.
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Fig. 3. Average delivery rate of HYBNET with different values assigned to n

(a) (b)

Fig. 4. (a) average (b) standard deviation of packet delay of HybNet with different
values assigned to parameter n

The effect of the other parameters of HybNet on its performance is evaluated
similarly but because of space limitations we do not present the results here.

4.2 General Network Topologies

In this section we compare the performance of different routing algorithms by
trying them on a set of 200 randomly generated network graphs. Each graph
has 90 nodes distributed randomly and uniformly over an area of size 500× 500
square unit. The transmission range of each node varies from 40 to 60. For each
network, 5 source-destination pairs are selected randomly and the results are
averaged.

If a routing algorithm fails to deliver a packet to the destination, the sender
must somehow detect this failure and try to resend the packet hoping that this



A Hybrid Ant-Colony Routing Algorithm for Mobile Ad-Hoc Networks 1349

30%

40%

50%

60%

70%

80%

90%

100%

1 11 21 31 41 51 61 71 81 91

Time(Clock number)

D
el

iv
er

y 
ra

te

ANTHOCNET

ANTNET

POSANT

HYBNET

GPSR

Fig. 5. Average delivery rate of HybNet, ANTNET, POSANT, GPSR, and ANTHOC-
NET

4

5

6

7

8

9

10

11

12

1 26 51 76 101 126 151 176

Time(Clock number)

D
el

ay
(H

o
p

 C
o

u
n

t)

ANTHOCNET

ANTNET

POSANT

HYBNET

Fig. 6. Average packet delay of HybNet, ANTNET, POSANT and ANTHOCNET

time the algorithm delivers it. This increases the traffic in the network and also
the delay experienced by the receiver. Thus it is very important to guarantee a
high delivery rate. In Figure 5 the average delivery rate of HybNet, ANTNET,
ANTHOCNET, POSANT and GPSR is compared. This figure shows how the
average delivery rate varies with time. As the time progresses, the delivery rate
increases and eventually becomes almost 100% for all algorithms except GPSR.
As the graph shows, HybNet has the highest delivery rate among the others after
ANTHOCNET (which broadcasts ants). GPSR has a relatively low delivery rate.
It is because this algorithm fails in some cases as a result of irregular transmission
ranges of the nodes. ANTNET reaches 100% delivery rate slower than the other
ant based algorithms. The average packet delays are compared in Figure 6. This
figure shows how average packet delays of the algorithms vary by time. The
average delay of HybNet reaches to its minimum faster than the others. As
the time passes on, all the algorithms converge to the paths with almost the
same lengths and the packets experience almost the same delay. Because of the
relatively low delivery rate of GPSR in this network model, this algorithm is not
considered for this comparison. The reason for the fluctuations in ANTHOCNET



1350 S. Kamali and J. Opatrny

graph is that we chose α1 to be 2 which means routes which are longer than the
shortest path by at most 2 hops are also used for packet routing.

4.3 Complex Network Topologies

The effect of highly irregular network graph shapes on the performance of dif-
ferent routing algorithms is studied in this section. As we mentioned earlier,
one of the main contributions of this paper is to propose a routing algorithm
that unlike other routing algorithms, performs well regardless of the network
topology characteristics. Although POSANT, which uses information about the
position of nodes to enhance its performance as an ant colony routing algorithm,
performs fairly good in most cases, there are special cases that make this algo-
rithm to perform poorly. As an example consider the graph in Figure 8. To
make a comparison, we generated 100 networks with nodes distributed over an
area whose shape is shown in Figure 7. Each graph has 60 nodes. Each node is
placed randomly within the area except the source and destination nodes which
are placed in fixed points shown in Figure 7. This is a challenging example for
most routing algorithms. In Figure 9 the average delivery rate of the different
algorithms is compared. HybNet has the highest delivery rate after ANTHOC-
NET. GPSR has a very low delivery rate so it is not presented in this graph.
POSANT has a relatively poor delivery rate at the beginning. Figure 10 com-
pares the average delay of the mentioned routing algorithms. Because GPSR has
a very low delivery rate, it is not considered for this comparison. HybNet has
the shortest delay after ANTHOCNET. Also as the graph shows, ANTNET has
a shorter convergence time than POSANT. This comparison shows that in some
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Fig. 10. Average delay of different routing algorithms in a set of graphs with a special
shape when the source and destination nodes are fixed

network graphs where nodes are spread over a very irregular area, the conver-
gence time of POSANT might be very long. Also in these cases position based
routing algorithms may have a very low delivery rate. HybNet has a relatively
short convergence time in these cases.

4.4 Mobility of Nodes

In this section the performance of HybNet when nodes move inside the network
is evaluated. We used a variation of Manhattan mobility model [1] in which
nodes move at a constant speed. In this mobility model, each node takes a
step in the same direction as its previous step with probability 50%. Also it
can take an orthogonal step (i.e. turn left or right) with probability 25% (i.e.
for each direction). The results presented in this part are acquired after trying
HybNet on a graph with 100 nodes spread over an area of size 500 × 500. The
transmission range of nodes is between 50 and 70. In each experiment each node
starts from the same initial position and moves regarding the above movement
pattern independent of the other nodes. In Figure 11, the average delay and
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Fig. 11. Average packet delay and delivery rate of HybNet when (a) nodes do not move,
(b) nodes move with speed 1 unit/clock and (c) nodes move with speed 2 unit/clock

delivery rate of HybNet when the nodes do not move is compared with the cases
that nodes move with speed 1 and 2 units per clock. Regarding the fact that
each node has a transmission range between 50 and 70 units, and each clock
time is 1 millisecond, a speed of 2 units per clock is quite fast in the real world.
The sudden drops in delivery rate happens when a path between the source and
destination nodes breaks as a result of nodes movement. As the figures show,
HybNet’s link management strategies perform well in making the algorithm to
converge to other routes and increasing the delivery rate. Since all nodes in the
network including the source and destination nodes move, the length of shortest
paths might vary, partly causing the fluctuations in the average delay.

4.5 The Overhead of the Algorithms

Parameters which are very important in evaluating the overhead of a routing
algorithm are the size and the number of the exchanged control messages. Pro-
ducing a huge number of control packets might increase the traffic in the network
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Table 2. Total number of generated ants

Clock time 0 5 10 300
HybNet 2 6 11 301

POSANT 2.53 12.67 25.35 756.4
ANTNET 1 5 10 300

ANTHOCNET 1 10488 125048 125048

and decrease the scalability of the routing algorithm. In Figure 12 the number
of generated ants by ANTHOCNET in different clock times is shown. As the
graph shows, a burst of ants is generated at the beginning of route establish-
ment when the algorithm broadcasts ants. The number of generated ants by
HybNet, POSANT and ANTNET is constant in each clock time. HybNet gener-
ates n ants in each clock time (i.e. n is 1 in our experiments). ANTNET generates
1 ant in each clock time and POSANT generates at most 3 ants at each clock
time. The total number of ants generated by HybNet, POSANT, ANTHOCNET
and ANTNET is compared in Table 2. The total number of ants generated by
ANTHOCNET grows exponentially at the beginning while it is a linear function
of time in HybNet, POSANT and ANTNET. The huge number of generated
ants by ANTHOCNET when it establishes a new route makes it impractical as
a reactive routing algorithm. Each ant in ANTHOCNET contains a list of its
visited nodes, so its size grows up as it goes far from the source node making the
overhead even worse. The small number of generated ants by HybNet, POSANT
and ANTNET doesn’t affect the network’s traffic.

5 Conclusions and Future Work

The topology of a mobile ad hoc network affects the performance of the currently
existing routing algorithms. In this paper a routing algorithm called HYBNET
is proposed which adapts itself with most network topologies. HYBNET uses a
hybrid approach for establishing routes between a source and destination. This
hybrid approach gives the algorithm a flexibility to perform well in complex
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network topologies. In most cases HYBNET converges relatively fast to opti-
mum routes using a small number of control packets. This algorithm, like most
ACO routing algorithms, does not fail to establish routes when the network in-
cludes nodes with irregular transmission ranges. Our simulations confirm that
HYBNET has higher delivery rate and a shorter packet delay than ANTNET,
POSANT and GPSR in our network models. Also its overhead in terms of gen-
erated control traffic is much less than ANTHOCNET. Overall, HYBNET is a
robust routing algorithm which performs well in mobile ad hoc networks with
complex and variable topologies.

The number of parameters defined in HybNet make it difficult to apply this
algorithm in real systems. A part of our future work is to address this problem by
proposing mechanisms to automatically find the optimum value for each param-
eter. As it was shown in section 4, the performance of HybNet deteriorates when
nodes move at very high speeds. Finding algorithms to enhance the performance
of HybNet in such situations is another part of our future work.
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Abstract. To solve the problem of heterogeneity of user requirements
in grid resource allocation, a grid resource scheduling algorithm based
on utility function is proposed by analyzing the relationship between the
executing time and cost and the user utility function, the theory of eco-
nomics is used to solve the optimal problem of the user utility function.
The result of experiment shows, when the system finished the same set of
gridlets, the algorithm achieves better performance not only in cost than
the algorithm based on the time optimization when they spent equal
time, but also in time than the algorithm based on the cost optimization
on the assumption that they consumed the equal quantity of cost.

Keywords: grid, resource allocation, utility function, optimization.

1 Foreword

Grid computing as a significant emerging realm are mainly used in large-scale
sharing of resources and high-performance computing[1-2]. In the grid, because
of the distributedness, heterogeneity and dynamic of resources, scheduling and
allocation of resources are very complicated[3-4]. Conventional resource schedul-
ing algorithms are from the perspective of provider of resources, using theory of
optimization to solve scheduling problems, to decide the quantity of resources
which consumers can schedule, but it often faces the restriction of the invariabil-
ity of the number of the variable, and the operation is centralized, so it does not
adapt the demand of load balance, high fault tolerance of modern computing.

From the viewpoint of economics, the market in the economic activity is a
resource distribution mechanism based on the independent distribution, that is,
participants in the market based on market prices and their own preferences
make decision. The market mechanism through the price fluctuation reflect the
dynamic change of resource supply and demand condition, through supply and
demand balance to achieve optimal allocation of resources, so it has good per-
formance of the dynamic characteristics of grid. When the user’s needs involve
the factors of time and cost, the market mechanism is suitable to solve the grid
resource allocation problem[5]. This paper proposes a grid resource allocation
strategy based on the optimization of the utility, considering the factors of cost
and time, to produce a reasonable budget under the premise that the grid user
can complete its task.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1355–1362, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009



1356 J. Chen, J. Peng, and X. Cao

2 Scheduling Algorithm Based on the Time Optimization
and Scheduling Algorithm Based on the Cost
Optimization

Monash University of Australia Rajkumar Buyya proposes two resource schedul-
ing algorithms, one is based on the time optimization, the other is based on the
cost optimization [6-7], and he designed the Gridsim simulator to simulate the
scheduling algorithms. In the simulation system, the use of resources is valuable,
that is, the cost of different computing power’s resource is different, which user
has to pay corresponding price to use the corresponding resources. There are
two parameters Deadline and Budget in the task which the user submits. The
Deadline parameter denotes that the duty must be completed before this dead-
line, if there are no resources to meet the condition, then the system gives up the
execution of the task; the Budget parameter denotes that the total price which
must be paid to complete the task which can not exceed the budget, otherwise
the system gives up the execution of the task.

In this way, in the process of task execution, the user’s QoS requirements are
static[8-10], either based on the optimal time or based on the optimal cost, it
can not reflect that the QoS requirements are dynamic in the process of task
execution. This paper according to these two parameters constructs a utility
function based on the deadline and the budget. The algorithm reflects that
the QoS requirements are dynamic, and ensures that users can get the biggest
benefits from the task scheduling, thus improves the utilization of grid resources
and meet the QoS requirement at the same time.

3 A Grid Resource Scheduling Algorithm Based on the
Utility Optimization

3.1 The Algorithm’s Economic Model

In the grid environment, the resources provider obtains the benefit through the
resources transfer, and the resources user completes the large-scale work which
is unable to complete on its own resources through purchasing resources. Such
model lets us very naturally think that we can manage grid resources through
the economic model in real life.

The use of economic model can realize optimized allocation strategy of dis-
tributed resources through the market behavior, which is the main reason for
the introduction of economic model. The market in the economic activity is a
resource distribution mechanism based on independent distribution, that is, par-
ticipants in the market based on market prices and their own preferences make
decision, and the grid resource distribution needs to realize the similar indepen-
dent decision-making exactly. The Grid is a heterogeneous, dynamic distributed
environment, the use of resources and supplies are constantly changing. Through
the introduction of economics, especially the market mechanisms based on price,
in which the price fluctuation reflects the dynamic change of resource supply and



A Grid Resource Scheduling Algorithm Based on the Utility Optimization 1357

demand condition, achieving optimal allocation of resource through supply and
demand balance can greatly represent the dynamic characteristics of grid.

The grid resource scheduling algorithm based on utility optimization consists
of three parts, from bottom-up followed by the resources layer, proxy layer and
user layer.

1. The resources layer consists of one or more resources, they are the resource
providers. They enter the grid resources market through being registered by the
resources agent. The registration information includes CPU type, CPU quantity,
memory size, operating system and its version, and so on.

2. Proxy layer includes three kinds of agents: resource agent, user agent and
information service agent. The resource agent represents the grid resources, the
user agent represents the grid users, the information service agent is the place
that the resource provider and the resource consumer carries on the transac-
tion, namely grid resource market. When one computing resource joins into the
computing grid, its corresponding resource agent registers its information into
the information service agent; Correspondently, when one computing resource
withdraws the computation grid, its corresponding resources agent withdraws
its information from the information service agent.

3. The user layer is the grid users or the applications, they are the resources
consumers. They propose their own demand to the grid resources market through
the user agent. The demand includes CPU type, CPU quantity, memory size,
operating system and its version, deadline, budget, and so on.

3.2 The Algorithm’s Utility Function

The grid resource allocation method should be based on the specific needs of
the user to choose a suitable computing resource to perform the task. Utility
represents the degree of user satisfaction obtained from receiving a service or
occupying a resource. Cobb-Douglas utility function of the economics reflect the
balance between different model variables, so this paper introduces this utility
function to describe the heterogeneity between user needs, reflecting the grid
user’s preferences and objectives.

For any two commodities S and R, the utility function is

U(S, R) = (S)θ(R)1−θ (1)

And a is a real number in the range of [0,1], S, R respectively denote the
quantity of two kind of commodity. The function describes commodity S’s degree
of preference relatively to commodity R.

In general, the utility function is monotonous, but considering the request
for minimum of the execution time and cost, we introduce a utility function
equivalent to (1), and conduct the modeling of the grid resource scheduling with
this function, computing the utility of time relative to cost.

U(S, R) = a ln(S) + (1 − a) ln(R) (2)

S�Deadline, R�Budget.
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The meaning of utility function (2) is: grid users spent R grid currency in S
seconds to complete the work.

3.3 Utility Optimization

The complete competitive market mechanism is based on the price, which when
the resources supplies are more than the demand, the price declines, stimulating
consumption; when the resources supplies are less than the demand, the price
increases, restraining consumption, until the system achieves a balanced state,
which the total demand is equal to the aggregate supply, the price of resources
at this time is the equilibrium price. Under this equilibrium state, each resources
user can satisfy the maximum benefit, at the same time the benefit of resources
provider is maximum, which the total utility of system is maximum.

Economic theory has proved that, when the price is equal to marginal rate
of substitution, the price is the equilibrium price. The allocation of resources at
this time can achieve Pareto optimal.

∂U/∂S

∂U/∂R
=

aR

(1 − a)S
= P (3)

The user demand function is based on the principal of maximizing the user
utility to determine the best resource allocation plan, we can get the user demand
function from (3):

S = max(
aR

(1 − a)P
, 0) (4)

3.4 Algorithm Design

From 3.2 and 3.3 sections, the key to solve grid resources scheduling problem
through the market mechanism is to get equilibrium price P. In particular, the
core problem needed to be solved is how to get equilibrium price P when many
grid users apply resources in the grid resource market, that is, the optimal allo-
cation of resources.

To get equilibrium price P, the grid resources market use following iterative
algorithm:

Step 1. The grid resource market accepts the resource application from the grid
user, and the user specify the minimum resource requirement in the application;

Step 2. According to the principle of first-come-first-serve, determine that the
sum of minimum resource requirement can’t exceed the processing capability of
the grid resource during within a time frame of time length T;

Step 3. Execute step 4-13 in each T time section;
Step 4. Take the grid resources’ current price P as the initial price, determine

price adjustment rate V, iteration-terminating parameter R;
Step 5. Return the price P to the grid user;
Step 6. Grid user obtains the optimal resource demand amount under the

price P according to formula (4), the optimal resources demand subtracts the
processing capability of grid resources to obtain total excess demand Z;
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Step 7. If |Z|�R, then the current price P is the equilibrium price, distribute
resources according to the optimal resources demand amount, this resource dis-
tribution finished, return to step 1;

Step 8. Get new price P according to formula P = P + ZV ;
Step 9. If the P is not positive, then adjust the rate V according to the formula

V = V/2, return to Step 8;
Step 10. Return the price P to the grid user;
Step 11. Grid user obtains optimal resources demand amount under the price

P according to formula (4), the optimal resources demand subtracts the process-
ing capability of grid resources to obtain total excess demand Z’;

Step 12. If |Z ′|�|Z|, then adjust the rate V according to the formula V = V/2,
return to Step 8;

Step 13. Adjust Z to Z’, return to step 7.

Algorithm flow chart as shown in Fig. 1:

Fig. 1. The flow chart of the utility optimization algorithm

The basic idea of the algorithm is based on the Tatonnement process of eco-
nomics: when the resources supplies are greater than the demand, namely Z is
less than zero, the price declines; Otherwise, when the resources supplies are
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less than the demand, namely Z is greater than zero, the price increases, and
the price fluctuation speed is proportional to the Z’s absolute value. The eco-
nomic theory has already proved that the Tatonnement process converges to the
equilibrium price, and the convergence rate is very quick [11].

4 Simulation Experiment

4.1 The Condition of Simulation Experiment

The simulation is run on the grid simulator GridSim[12], comparing the schedul-
ing algorithm based on utility optimization proposed by this paper to the
scheduling algorithm based on the time optimization and the scheduling algo-
rithm based on the cost optimization proposed by Rajkumar Buyya. The con-
figuration of computer running the simulation is as follows: Inter (R) Celeron
(R) CPU2.40GHz, 1G Memory, Windows Server 2003, JDK1.4.2. We establish
simulation environment through Visual Modeler, create a simulation system for
the six heterogeneous computing resources, fix the deadline of execution time
is 300 units of time, the budget starts from 32000 to 35000, and the length of
stride is 500. The user submits ten gridlets.

4.2 The Simulation Experiment Result and Its Analysis

In the simulation experiment, three different scheduling algorithms separately
complete the computing task of ten gridlets. We compare the performance of
the three algorithms from the cost, time and the number of gridlets completed.
The results are in Fig. 2, Fig. 3, Fig. 4.

From the simulation result figures we can know: Overall, the scheduling algo-
rithm based on the cost optimization is less than the scheduling algorithm based
on the time optimization in the actual cost, the scheduling algorithm based on
the time optimization is less than the scheduling algorithm based on the cost
optimization in the actual time, but the scheduling algorithm based on utility

Fig. 2. The actual cost of three grid scheduling algorithms
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Fig. 3. The actual time of three grid scheduling algorithms

Fig. 4. The actual number of gridlets completed of three grid scheduling algorithms

optimization, because of considering dynamic change of QoS requirements, con-
sidering the factors of cost and time through the utility function, reflecting the
heterogeneity of user requirements, achieves that, under the condition of com-
pleting the same quantity of gridlet grid task, when the time consumed is the
same, the cost of this algorithm is less than the scheduling algorithm based on
the time optimization, and, when the cost is the same, the time of this algorithm
is less than scheduling algorithm based on the cost optimization.

5 Concluding Remarks

The grid resource scheduling is an important research topic in grid computing
area. This paper models the grid resource scheduling with economics method,
considers the factors of cost and time, proposes a grid resource scheduling al-
gorithm based on utility function, which reflects the heterogeneity of user re-
quirements through the utility function, and optimizes the algorithm with the
theory of economics, namely the equilibrium point of market transaction is the
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optimal allocation of grid resources. The results show that, the scheduling algo-
rithm based on utility optimization has better performance than the scheduling
algorithm based on the time optimization and the scheduling algorithm based
on the optimization of cost, and can better meet the dynamic changes of the
user QoS requirements.

What the present simulation experiment considered is the single-user, multi-
task environment, in order to make the simulation experiment reflects the grid
environment better, the next step is to construct a utility function which better
reflect the heterogeneity of user requirements in multi-user, multi-task environ-
ment, and evaluate the performance of the scheduling algorithm based on utility
optimization further.
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Abstract. We have understood more precise about the Internet characteristics by 
the rapid development of the measure, which help us to design new network. In 
this paper, we analysis the characteristics, including the power-law, hiberarchy 
and community structure mainly. We propose a new model based on hierarchical 
framework in accordance with the actual process of internet construct. The model 
can generate a network topology with multi-ASes and multi-Tiers(MAMT). The 
result can be applied on new protocol design or network performance evaluate. 

Keywords: Internet, topology modeling, complex network, router level. 

1   Introduction 

Nowadays, Internet has become more and more complex. The research on the 
generating method of Internet topology is very important for (1) some new applica-
tions or experiments is not allow on Internet, for some of them will hurt Internet itself, 
such as the simulation of worm spread in the large scale network. The simulation  
require a virtue network topology for experiment. (2) some protocols require different 
network topology to evaluate their performance, Such as multicast protocol.(3)The 
research on network topology is important to the network security. We require to 
control the action on network online from the nation security point, such as the project 
of NMS(Network Modeling and Simulation) [1]in charged by DARPA. 

The earliest Internet topology model is Waxman [2], proposed by Waxman in 
1988. It is a random model and applied for many years till 1996. In 1996, Doar 
proposed Tiers model [3], which reflect the hiberarchy character of Internet. Zegura 
et. proposed Transit-Stub model [4] for the hiberarchy character. In 1999, Faloutsos et 
al. discover that there exist power-law in the topology of Internet [5], which arouse a 
climax of research on Internet topology. The arithmetic of power-law can be classed 
into two types: one arithmetic assign the node degree with power-low, such as PLOD 
[6] and PLGR(Model A) [7], and another make the node degree satisfied power-low 
by simulating the process of internet evolving, such as BA [8], ESP [9] and GPL [10]. 

In fact, a good arithmetic of network topology should not only reflect the characters 
of the network, but also reflect the fact of the network construct process and satisfy the 
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requires of network design, such as design some protocols. BA shows the mechanism 
of power-low of topology: growth and preferential attachment. [11] discovery that 
preferential attachment is not effect in whole network but in local world of the node 
[12] describe a model of Internet construct with multi-local-world. It reflects the 
characters more similar to the real internet data. 

The topology of Internet has not only power-law character, but also the hiberarchy 
and community structure. We often divided the network into some autonomous 
system. When we design new routing protocol(include BGP and IGP), the topology of 
multi-ASes and multi-Tiers is demand.  

In this paper, we aimed to propose a new model to reflect the process of internet 
construct and satisfy the demand of some new protocols.  

The remainder of the paper is organized as follows. We first introduce the main 
character and explain the reason to the point of network construct, then we present our 
MAMH model of network topology generating. Finally we simulate it and the result 
show that the model reflect the characters. 

2   Topology Characters Analysis 

As a complex network, Internet shows some complex characters, such as hiberarchy, 
power-law and modularity. 

2.1   Hiberarchy 

Whereas Internet is a self-organize system, Internet Service Provider(ISP) provide the 
service. The inter-connection between ISPs is hiberarchy. A strict hiberarchy is that a 
small global ISP at the top, the lower is national ISP, regional ISP and local ISP. 

But in fact, with the new hosts, routers and links appear or disappear, or to acquire 
the shorter path, ISP will make some shortcut links between the routers(or hosts),which 
will destroy the Internet hiberarchy  to some extent. 

To analysis the hiberarchy of internet topology, the model of Tiers [3]and Transit-
stub[4] is proposed. 

 

Fig. 1. Strict hiberarchy of Internet topology 

2.2   Power Law 

In 1999, Faloutsos discover that the Internet topology present power law from the 
data of NLANR(National Lab for Applied Network Research), three pieces of BGP 
data collected in 1997 to 1998 and a piece of traceroute data in 1995. 

National ISP National ISP

Regional ISP

Local ISP Local ISP Local ISP Local ISP

National ISP

Local ISP 

Global ISP

Regional ISPRegional ISPRegional ISP
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Barabasi and Albert analysis the mechanism and declare that growth and 
preferential attachment is the two basic reason. And the model which can generate the 
topology with power law is called model BA. For some special condition, more and 
more model is made based on model BA[6-10]. 

2.3   Community Structure 

Community structure in complex network refer that there exist some flocks, nodes in 
the same flock connect very compactly, but between different flock connect thin. 
There is clear borderline between communities or community and non-community. 

[13] shows that there is community structure in Internet topology.  

2.4   The Reason Anslysis 

In fact, the three character is not isolated, but a entia. The topology of internet has not 
only power-law character, but also the hiberarchy and community structure. We can 
explain it with the style of internet construction. 

One of the internet traits is self-organize. But the process of constructing internet is 
by some corporations with special principle, which will bring the next three characters 
in network topology: 

• Hiberarchy of network programming: to the ISP, it is usually obey on the 
hiberarchy principle of group company to divided company to branch 
company, which will arouse the hiberarchy of network topology.  

• Modularization of network construction: for the protection of economy and 
guarantee of QoS and satisfaction of network security, the company will add the 
nodes(routers and other network equipments) and links in the network of itself.  

• preferential attachment of network construction: the connection, whether the 
network in one company or between different company, will attachment with 
the node of larger degree. When a node connect with another node in other 
company, ‘the other company’ usually has more users. 

A typical topology can be showed with the next sketch map.  

Tier-i+1

Tier-i

Tier-i-1

AS-nAS-m

 

Fig. 2. Real network with hiberarchy 
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3   A Multi-ASes-Multi-Tiers Internet Topology Model(MAMT) 

We propose the next model of network topology evolving, which called MAMT in 
this paper. 

3.1   MAMT 

Initial condition: a network topology has 0m  nodes and 0e  edges, which located in 

m   AS and n  tiers. 

Step 1: A new node added the s th−  AS with probability p ; 

Step 2: Add this node to the t th−   tier of s th−  AS with probability q ; 

We call the t th−  tier of s th−  AS stΩ  

Step 3: Operating in same AS and same tier, which reflect the change of ISP 
programming the MAN : 

1) add 1m  edges form the new node to the other node in stΩ , with the probability 

atα , the other node is chosen with the probability given by  

( )
st

st

i
i

j
j

k
P k

kΩ

∈Ω

=
∑

 
(1) 

This process repeat 1m . 

2) delete 2m  edges in the same AS and same tier, with the probability atβ . To do 

this, first,a node is selected randomly, and then a node is chosen with the probability 
given by  

1
( ) 1

1st

st

st

i
i

j
j

k
P k

N kΩ
Ω

∈Ω

⎛ ⎞
⎜ ⎟= −⎜ ⎟− ⎜ ⎟
⎝ ⎠

∑
 

(2) 

Delete the edge connected the two node. This process repeat 2m . 

Step 4: Operating between tiers but in same AS, which reflect the change of ISP 
programming the WAN. 

1) add 3m  edges to the next up tier in the same AS with the probability aα . To do 

this, first,a node is selected randomly, and then a node is chosen with the probability 

given by (1), add anew edge between the two node. This process repeat 3m . 
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2) delete 4m  edges in the same AS and same tier, with the probability aβ . To 

do this, first, a node is selected randomly in stΩ , and then a node in , 1s t−Ω is chosen 

with the probability given by(2). This process repeat 4m . 

Step 5: Operating between ASes, which reflect the connecting the change that ISPs 
inter-connect  

1) add 5m  edges to the next up tier in the same AS with the probability tα . To do 

this, first,a node in stΩ  is selected randomly, and then a node in the different AS is 

chosen with the probability given by, 

2

2

( )
( )

( )
j

j
i

i

N a
p a

N a
=
∑

 

(3) 

add a new edge between the two node. This process repeat 5m . 

For Eqs.(3), the benefit of ISP is squared to the number of users. We assume the 
number of users is direct ratio to the number of routers.  

2) add 6m  edges to the next up tier in the same AS with the probability tβ . To do 

this, first,a node in stΩ  is selected randomly, and then a node in the different AS is 

chosen with the probability given by, 

2

2

( )
( ) 1

( )
j

j
i

i

N a
P a

N a
= −

∑
 

(4) 

Delete the exist edge between the two node. This process repeat 6m . 

In the up process 1at at a a t tα β α β α β+ + + + + = . 

3.2   Arithmetic Analysis 

We analysis the arithmetic by mean-field theory. One can obtain the degree distribu-

tion of a node i  in the stΩ  can be derived analytically as follows. 

( )ik t is the degree of node i  at time t  and we assume it is continuous. 

Step 1: A new node added the s th−  AS with probability p ; 

0ik

t

∂ =
∂  

(5) 
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Step 2: Add this node to stΩ  with probability q ; 

0ik

t

∂ =
∂  

(6) 

Step 3: Operating in stΩ : 

1) add 1m  edges form the new node to the other node in stΩ , with the probability 

atα  

1

st

i at i

j
j

k m k

t mn k

α

∈Ω

∂⎛ ⎞ =⎜ ⎟∂⎝ ⎠ ∑
                                          (7) 

2) delete 2m  edges in the same AS and same tier, with the probability atβ . 

2 1 1 1
1 1

1
st st st

st

i at i

j
j

k m k

t mn N N N k

β
Ω Ω Ω

∈Ω

⎡ ⎤⎛ ⎞
⎛ ⎞⎢ ⎥∂ ⎜ ⎟= − + − −⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟∂ −⎝ ⎠⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
∑

 

(8) 

Step 4: Operating between tiers but in same AS 

1)add 3m  edges to the next up tier in the same AS with the probability aα  

3 31

1
st

st

i a a i

j
j

k m m k

t mn N mn k

α α
Ω

∈Ω

∂ = + ⋅
∂ − ∑

                                 (9) 

2) delete 4m  edges in the same AS and same tier, with the probability aβ   

4 41
1

1
st

st

i a a i

j
j

k m m k

t mn N mn k

β β
Ω

∈Ω

⎛ ⎞
∂ ⎜ ⎟= − − −⎜ ⎟∂ − ⎜ ⎟

⎝ ⎠
∑

                       (10) 

Step 5: Operating between ASes. 

1) add 5m  edges to the next up tier in the same AS with the probability tα  

2

5 5
2

1

1
i

st j

ai t t i

a j
j j

Nk m m k

t mn N mn N k

α α
Ω

∂ = +
∂ − ∑ ∑

                             (11) 
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2) add 6m  edges to the next up tier in the same AS with the probability tβ   

2

6 6
2

1
1 1

1
i

st j

ai t t i

a j
j j

Nk m m k

t mn N mn N k

β β
Ω

⎛ ⎞⎛ ⎞
∂ ⎜ ⎟⎜ ⎟= − − − −⎜ ⎟⎜ ⎟∂ − ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
∑ ∑

              (12) 

By combining Eqs(5~12). Together, one has  

1 2 1 1 1
1 1

1
st st st

st st

i at i at i

j j
j j

k m k m k

t mn k mn N N N k

α β
Ω Ω Ω

∈Ω ∈Ω

⎡ ⎤⎛ ⎞
⎛ ⎞⎢ ⎥∂ ⎜ ⎟= − + − −⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟∂ −⎝ ⎠⎢ ⎥⎜ ⎟
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∑ ∑
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j
j

m m k

mn N mn k
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4 4 51 1
1

1
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j
j
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mn N mn k mn N

β β α
Ω Ω
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2 2

5 6 6
2 2

1
1 1

1 1
i i

j st j

a at i t t i

a j a j
j j j j

N Nm k m m k

mn N k mn N mn N k

α β β
Ω
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2

1 3 4 2 5 6
21 1 1 1

i

st j
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j
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α α β β α β
Ω
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( )
2

6
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1 1
2

1
i
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a
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mn N mn N

ββ α β α β
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1 1
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mn mn
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2 2
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                 (13) 
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At step t， 

1 3 5 2 4 6[ ( ) ] /
st

j st at a t at a t
j

k e m m m m m m t mnα α α β β β
∈Ω

= + + + − − −∑
  

1 3 5 2 4 6( ) /at a t at a tm m m m m m t mnα α α β β β+ + − − −    (for large t ) 

      

1A ht

B

+

                                                                                         (14) 

/ /
st stN m tpq mn tpq mnΩ = + dt      (for large t )                      (15) 

/ /
ia st

s

N m tpq m tpq m= +∑ ndt     (for large t )                     (16) 

2 2

2 2

1
i

j

a

a
j

N At Bt C A

N Dt Et F D m

+ + = =
+ +∑

                                            (17) 

Eqs.(13) at large time t  is 

 ik

t

∂ =
∂

2 2

2 2
i i

st j st j

a ai

j a a
j

N Nk Q S
P R T K

k N N N NΩ Ω

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟+ + ⋅ + + ⋅ +
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∑ ∑ ∑

 

i

B Q R S T
k P K

ht dt m dt m
⎛ ⎞ ⎛ ⎞= ⋅ + + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

i

B Q S
k P K

ht dt dt
⎛ ⎞ ⎛ ⎞′ ′= ⋅ + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

i

B S
k P K

ht dt
⎛ ⎞′ ′= ⋅ + +⎜ ⎟
⎝ ⎠

 

iP k S
K

t t

′′ ′⎛ ⎞′+ +⎜ ⎟
⎝ ⎠

                                                                         (18) 

One obtains from Eqs.(18): 

( )
1

P P
i

K S
k t Ct t Ct

P P
′′ ′′′ ′

= − − ≈
′′ ′′−

(for large t )                  (19) 

Since 1( )i ik t m=  
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So that  

1( )
P

i
i

t
k t m

t

′′
⎛ ⎞

= ⋅⎜ ⎟
⎝ ⎠

                                             (20) 

The probability density of it  is 

0

1
( )i ip t

m tp
=

+
                                                       (21) 

So that  
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Using 
( ( ( ) ))

( ) ip k t k
p k
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∂

one has  

1 1
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P
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Where 

5 6
1 3 4

1 3 5 2 4 6

( ) /( 1)t t
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m m
m mn m m mn

mP
m m m m m m

α βα α β

α α α β β β

−+ + + −
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+ + − − −
 

The power-law of internet is 2~3 from the real data. So P′′  should satisfied 

1
1

2
P′′< < , one obtains 

2 2
1 3 4 5

2 6

3 4 6 2 5

( 1) (2 1) (2 1) ( 1)

( 1)( ) ( 1)

(2 1) ( 1) ( 1) ( 1)

at a a t
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α β β β α
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⎪ + − > +⎨
⎪ + − + − − + − < − −⎩  

(24) 

3.3   Simulation 

In order to validate the topology characters, let 0 10m = , 0 19e = , 9m =  3,n =  

0.2,p =  0.3,q =  
0.3,atα =

 
0.1,atβ =

 
0.2,aα =

 
0.1,aβ =

 
0.25,tα =
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0.05tβ = . 1 2 3 4 6 1m m m m m= = = = = , 5 2m = . We obtain three topology 

with nodes number 1000. 
The topology has hiberarchy natural for each new node has special tier. 
 

 

Fig. 3. The degree of a network generating by MAMT (red line is a beeline with slope -2.16) 

The degree of nodes is figure as fig.3. It shows that the topology satisfy power law.  
We generating another three topology with node number 2000, 5000 and 10000. 

Using the define of modularity in [13], the result about the modularity of the network 
can be describe to the next table. 

Table 1. Average modularity of the simulation topology 

Node scale Average modularity  
2000 0.408 
5000 0.426 
10000 0.455 

The result shows that the topology generating by MAMT has power low character 
and modularity. 

4   Conclusion 

We analysis the characters of internet and derived from the process of internet 
construct. Our algorithm can obtain a MAMT topology, which satisfy power low and 
has modularity. It is helpful to design new type network and new routing protocol.  
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Abstract. In this article, we propose a firm-growing model, and then
collect empirical data to test model validity. The simulation results agree
well with the empirical data. We next explore the effect of communication
patterns on the growth and structure of firm’s social network and find
that the extents to which employees reluctantly interact within or across
departments significantly influence the structure of firm’s social network.

Keywords: firm-growing model, communication pattern, firm’s social
network structure.

1 Introduction

It is generally recognized that knowledge and the capability to create, learn
and transfer knowledge is the source of firms’ sustainable competitive advantage
[1][2]. And the theory of social capital advocates that the structure of firms’ social
network, e.g., density, diversity and range, have significant effects on individual
and organizational knowledge creation and transfer, as well as the performance
[3][4]. In order to identify what fators could influence the evolution of firm’s
social network and consequently the structure of social network, some researchers
obtain the snapshot of social network by using the traditional social research
method, e.g., survey, case study and experiment[5]. However the cross-sectional
data, which is observed at a single point in time, is not sufficiently rich enough to
represent the dynamic subject, resulting in the failure to prove the cause-effect
relationship between fators and structure of social networks.

The study of complex networks has recently attracted attentions across dis-
ciplines and also experienced a fast development. The application of complex
network theory in the area of human society has also proved valuable. With
progress in information technology, some researchers have investigated the struc-
ture of collaboration networks and social networks of interpersonal interactions
maintained over the Internet. Some examples of such networks are scientist col-
laboration networks [6], e-mail networks [7], blog networks [8], and web-based
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social networks of artificial communities [9]. Furthermore, Guimera [10] explore
the effect of team assembly mechanism on the structure of collaboration network
structure and team performance. So this article also employs the complex net-
work theory in exploring the growth of firm’s social networks in order to identify
the factors that significantly influence the structure of those networks.

There are definitely physical and invisible boundaries among employees, e.g.
physical distance, hierarchical boundaries and organization silos, and it is these
boundaries that divide employees into groups [11][12]. These boundaries impede
the communication across groups, therefore the mechanisms of communication
within groups are different from those across groups. Moreover, there are two
major patterns of communication influencing the formation and development
of relationships between employees: (1) formal or compulsory interactions, e.g.,
the interactions formed in regular meeting of groups, between team members
assigned to a single task, via direct reporting relationship between the subordi-
nate and superior; (2)informal ones, e.g., chance encounters at:lunch, the water
cooler, the copier, waiting for elevator, or around the coffee machine, strangers
gather because of homophile or shared interest. In order to apply these features
in an understanding of the evolution of firm’s social networks, we propose, in
this article, a firm-growing model in which the communications within the sin-
gle group are different from those across the group boundaries in section 2. In
section 3, we collect the empirical data and these data are compared with the
simulation results in section 4. In section 5, we extensively explore how the orga-
nizational communication patterns affect the structure of social network, which
offers insight into the formation and evolution of complex social networks and
finally implications for management practice are suggested.

2 Model

In this section, we propose a firm-growing model in which the mechanisms of
communication within the single group are different from those across the group
boundaries, and both formal and informal communications apply. We exploit
three generic features of organizational social networks: (i) a firm’s social net-
work is not static, but rather it grows through the continuous addition of new
employees and through formal and informal interactions; (ii) employees are allo-
cated to different functional groups (departments), which means that the actors
in the network are not homogeneous; and (iii) concomitant with the hetero-
geneous characteristics of actors, the interactions between employees too are
heterogeneous.

Using the language of a firm’s growth to make the description more concrete,
our growing network model is defined by the following rules:

2.1 Initialization

For simplicity, we assume that in a lattice of size L × L , each cell i represents
one position in a company and also has its coordinate (xi, yi) , which stands for
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individuals’ physical location in the firm. So the physical distance between cell
i and cell j follows Equation (1).

Dij=
√

(xi − xj)2 + (yi − yj)2 (1)

And there are totally g functional groups or departments, for simplicity we
use the term group instead of department. As we know, at the time when a
new and small company is established, there are usually few employees in each
department. So we set the number of employees in each group to be three, with
one being the leader, the other two the subordinates. And then we connect every
pair of the three employees of a single group.

2.2 Addition

At each time step, the firm recruits one employee as a result of the firm’s expan-
sion. This new employee i is randomly assigned to one of the current g functional
groups. Let’s assume Group m. Then in Group m, the probability to connect
the new employee i to an old one j is

Paij ∝ e−Dij K(j)∑
j∈m e−Dij K(j)

(2)

where K(j) denotes the neighbors or degrees of employee j .

2.3 Connecting within the Group

At each time step, there are two kinds of connections. One is between the leader
and subordinates. Because of the unparalleled role the leader plays in the group,
the members intend to communicate more with the leader than others, the prob-
ability for interaction between leader and subordinates follows the stochastic
rule. The other connection is between subordinates. The probability, Pwij , of
two given subordinates i and j interacting depends on the number of friends i and
j each already has. We represent these factors by functions f . The possibility
becomes

Pwij=f(i)f(j) (3)

f(i)= 1
eβk(i)+1 (4)

where β is adjustable constant. It is apparently that each employee has limit
time and energy to interact with definite friends, so those who have more friends
are reluctant to acquaint with new friends; however those who have fewer friends
tend to make new friends. Equation (3) reflects this effect, as β representing the
extents to which an individual’s apathy to communicate with others in the same
group in Equation (4).

2.4 Connecting across Groups

At each time step, we launch certain number of projects that will need a random
variable n groups (n ≤ g ) to participate, and these projects represent the for-
mal and informal interactions across departments. For each selected group, one
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member will be chosen, and this is determined separately by two mechanisms: (i)
the first one demands the most experienced employee to join in; (ii) the second
would randomly choose any one. The first mechanism corresponds to the organi-
zation’s formal interactions. The second one reflects the organization’s informal
interactions. For the reason that a single person has finite time and attention,
he cannot participate in infinite projects. So we set a limit on the number of
projects that each employee could participate. Some researches show that the
tenure can be an indicator of employees’ working experience [13], and then we
use the tenure of each employee to represent his experience. In this paper, tenure
is simply the number of time steps since the employee was recruited. For all the
members of each project, each one is connected to every other. And we employ
one parameter P to adjust the effects of both mechanisms. The possibility for
the first mechanism to take effect is P , and the possibility for the second one
is (1−P ). The parameter P also implies the degrees to which employees’ reluc-
tance to interact across groups. When P is high, there are certain experienced
employees who participate the inter-groups communication, while the rest are
spared from the across-groups interactions. When P is low, more employees take
an active part into the informal inter-groups communication.

Finally this simulation won’t terminate until each cell has been filled with
an employee. The result of the communications is the formation of relationships
between employees, the aggregate of which is the firm’s social network.

3 Empirical Data

In order to test the validity of firm-growing model, we collected the real firm’s
social network data by survey. In fact some management scholars and sociologists
collect the data of firm’s social network mainly by survey, while tracking email
messages or repository logs are used too [14]. As a result of using survey, the
process should be done carefully and then it costs much effort, which limits the
amount of employees from whom we collected information. Despite this shortage,
the method of survey helps to identify and capture the relationships between
employees accurately, and some valuable findings have been made [15].

Two main qualities of relationships between employees are often discussed
and studied by management scholars. The first is the tie strength, which is a
concept ranging from weak ties at one extreme to strong ties at the other and
characterizes the closeness and interaction frequency of a relationship between
two actors [3][16]. The second is knowledge transfer [17]. Both types of rela-
tionships are relatively easy to identify and they are also the results of mutual
communication between employees. So we collect the information on these two
kinds of relationships between employees. If any pair of employees has either of
these qualities, there is a link connecting them.

We developed the questionnaires by adopting several questions from the Ref.
[18][19]. Then we conducted our survey in the R&D department of a Sino-
German joint venture company (denoted here as Firm A), and in the R&D
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department in a China state-owned company (denoted here as Firm B). Ninety-
two engineers in Firm A and 94 engineers in Firm B completed the questionnaire,
with the response rate being 100% and 93% respectively. Both R&D departments
have the development of new products as their mission; automobile electronics for
Firm A, and telecommunication equipment for Firm B. Both R&D departments
have been divided into several groups or teams to develop different components.
Since their establishment both departments have experienced rapid expansion
- each originally had fewer than twenty members. The following comparison is
made based on the information collected from the questionnaires.

4 Comparison between Empirical Data and Simulation
Results

In this section, we analyzed the complex network features of the real network
and also compare these properties with those of simulation results. Firstly, we
introduce some parameters.

According to Ref. [20], network efficiency measures how efficiently it exchange
information, and is defined as:

E= 1
N(N−1)

∑
i
=j∈G

1
dij

(5)

Where dij indicates the path length of the shortest path between i and j , N is
the amount of employees of the network, G is the set of vertices in the network.

The major difference between social network and other networks, including
technological and biological network, is that social network shows assortative
mixing [21]. Newman defined different assortativity coefficients according to the
discrete and scalar characteristics of vertex respectively [22]. The discrete assor-
tativity coefficient rdiscrete is defined as:

rdiscrete=
∑

i eij−
∑

i aibi

1−
∑

i aibi
=Tre−‖e2‖

1−‖e2‖ (6)

In Equation (6), eij is the fraction of connections that link an individual of
Group i to the one of Group j. It satisfies the sum rules∑

ij eij=1
∑

j eij=ai

∑
i eij=bj (7)

ai,bi are the fractions of each group of end of a connection that is linked to
employees of Group i.

And we also calculated the scalar assortativity coefficient rscalar .

rscalar=
∑

jk jk(eik−qjqk)

σ2
q

(8)

qk= (k+1)Pk+1
z

(9)

In Equation (8), σqis the standard deviation of the distribution qk , and qk is the
excess degree of the vertex at the end of an edge which is distributed according
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Table 1. Comparison between calculations of empirical data of Firm A, Firm B and
those of the simulation results. For simulation 1, β = 0.8, P = 0.96; for simulation 2,
β = 0.8, P = 0.79;

N < k > C Crand E Erand rscalar rdiscrete

Firm A 85 4.81 0.4430 0.0393 0.5092 0.5402 −0.2125 0.6163
Simulation 1 100 5.02 0.4786 0.0871 0.4013 0.5181 -0.1953 0.6163

Firm B 90 4.13 0.4221 0.0341 0.2873 0.3564 -0.2032 0.8621
Simulation 2 100 4.28 0.5465 0.0852 0.2038 0.4730 -0.2201 0.8663

to Equation (9),where P is the probability that a randomly chosen vertex will
have degree k and z =

∑
k kPk is the mean degree in the network.

The basic network measurements of the Firm A’s and Firm B’s social net-
work and the corresponding simulation results are listed in Table 4. Here we
calculated the average degrees, clustering coefficient C, network efficiency E
and assortativity coefficient based on the scalar and discrete vertex properties.
We also presented the clustering coefficient C and network efficiency E of the
random graph of Erdos and Renyi [23], in which edges are placed at random
between a fixed set of vertices. The size and the possibility of the connection of
the random graph are according to Firm A and Firm B respectively.

Several values deserve closer attention. First, from the values of C and E of
both the empirical data and the random networks, we can conclude that both
Firm A and Firm B social networks show the small-world effect. The results
demonstrate that E ≤ Erand but C � Crand. Second, the values of rscalar of
both social networks are negative, which is inconsistent with the findings of Ref
[24]. By contrast, the values of rdiscrete are positive, and relatively high. The
comparison shows that the firm’s social network is different from other social
network.

4.1 Degree Distribution

Many empirical studies have shown that the degree distribution is mostly be-
tween a power law and an exponential decay [25][26]. Here we show in Fig. 1 the
accumulative degree distribution of both real social network and the correspond-
ing simulation results, which is a smooth function decreasing monotonously. As
discussed in Refs. [27][28], we can describe the distribution with a shifted Pois-
son distribution. This shows that the number of relationships varies, but most
of the values are located around the average.

4.2 Clustering

As mentioned in [21], clustering is one of the distinctive features of social net-
works. This is also the case of the firm’s social networks, which show a large
clustering coefficient, with C = 0.443 for Firm A and C = 0.4221 for Firm B. In
Fig. 2, we plot the clustering coefficient as a function of the degree,C(k) , that
is, the average clustering coefficient of vertices of degree k.
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Fig. 1. Accumulative degree distribution of real networks and the corresponding sim-
ulation results with N = 100, β = 0.8, P = 0.79 and N = 100,β = 0.8, P = 0.96
respectively. The solid circles represent the empirical data. The empty squares repre-
sent the simulation result.

Fig. 2. The correlation between the local clustering coefficient and the node degree for
the real social network, and their corresponding networks gained from the simulation
with N = 100, β = 0.8, P = 0.79 and N = 100, β = 0.8, P = 0.96 respectively. The
solid circles represent the data of the real network, and the empty squares represent
the simulation result.

4.3 Betweenness

The betweenness of a vertex i is the number of geodesic paths between other
vertices that run through it [29]. In Fig. 3, we also plot the relation of degree-
Betweenness B(k) for Firm A and Firm B.

Based on these comparisons of some measurements between the empirical
data and simulation results in Table 1, Fig. 1, 2, 3, we may argue that the firm-
growing model introduced in this article is capable of fitting the real firm’s social
network.
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Fig. 3. The correlation between the local betweenness and the node degree for the
Firm A’s and Firm B’s interpersonal relationships network, and the network gained
from the simulation with N = 100, β = 0.8, P = 0.79 and N = 100, β = 0.8, P = 0.96
respectively. The solid circles represent the data of the real network, and the empty
squares represent the simulation result.

5 Effects of Communication Patterns on Firm’s Social
Network Structure

When proving the validity of the firm-growing model, we explored extensively
the evolution of the firm’s social network and the influence of communication
patterns on network structure by investigating the dependence of clustering co-
efficient C , scalar and discrete assortativity on the model parameters β and P .

As presented in Fig. 4, C for fixed β monotonously increase with P , and C for
fixed P monotonously and sharply decrease with β. Generally, it can be tuned
in the range of [0.20, 0.96]. The clustering property of our model is tunable in a
broad range by varying β and P , which makes it more powerful in modeling the
real social networks.

As shown in Fig. 5, scalar assortativity coefficient for fixed β decreases with
P but there is exception when β = 0.01 (appears as 0 in the graph), while scalar
assortativity coefficient for given P decreases with β. For the value of β less than
0.3, the model generates assortative mixing networks, meanwhile the model also
display disassortative mixing when the value of β is greater than 0.3.

Also as shown in Fig. 6, discrete assortativity coefficient for fixed β, increases
with P , while discrete assortativity coefficient for given P decreases with β. We
can note that the value of discrete assortativity coefficient is above zero, which
demonstrates that the model produce the networks of assortative mixing within
groups. And this simulation result is consistent with our general knowledge that
the social network is positive correlation.

As mentioned in Section 2, the parameters β and P respectively represent
the degrees to which individuals are reluctant to communicate within groups or
across groups. In one case of lower value of β , individuals readily initiate the
intra-group communication according to Equ. (3) and (4), which brings more



1382 L. Chen et al.

Fig. 4. Dependence of clustering coefficient on both β and P . The network size N=225.
Simulation results are obtained by averaging over 500 different realizations.

Fig. 5. Dependence of scalar assortativity coefficient on both β and P . The network
size N=225. Simulation results are obtained by averaging over 500 different realizations.
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Fig. 6. Dependence of discrete assortativity coefficient on both β and P . The network
size N=225. Simulation results are obtained by averaging over 500 different realizations.

chances for the employees of fewer neighbors to connect to those similar to them
and results in a relatively larger value of clustering coefficient, and this is consis-
tent with the positive value of scalar assortativity coefficient, which implies that
employees with more neighbors tend to connect with those of more neighbors,
and employees with fewer friends tend to connect with those of fewer friends. In
the other case of higher value of β , due to the individuals’ apathy to communi-
cate within groups, there are few connections between those with fewer degrees,
which leads to lower value of clustering coefficient, thus the value of scalar assor-
tativity coefficient is negative, which reflects that employees with fewer neighbors
tend to connect with those of more neighbors, and vice verse. When the value
of P is low, the employees activate the inter-groups interactions, which leads
to relatively low density of assortative mixing within groups, corresponding to
the low value of discrete assortativity coefficient; while the value increases, the
intension to communicate across groups declines to one extreme that only few
employees participate the formal inter-groups communication, resulting in high
density of assortative mixing within groups, namely high value of discrete as-
sortativity coefficient. Actually in the real world of firms, especially the large
manufacturers, as a result of bureaucracy and the divisions of departments, the
inter-department communications are not advocated, and the intra-department
interactions are not encouraged, or even if encouraged there are still some fac-
tors hindering communication, such as the organization silos and the physical
distance [11][12], namely the values of β and P are relatively high, thus the scalar
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assortativity coefficient is negative and the discrete assortative coefficient is rel-
atively larger, just as what we can note in Table 1. In contrast, the advantage
of communication between scientists within the same field is relatively obvious.
Many available platforms, such as the research association, annual international
conferences, seminars, publications, personal website or blog, visiting position,
bring about opportunities for scientists of the same discipline to interact with
each other, corresponding to lower value of β and contributing to the positive
scalar assortative coefficient, as demonstrated in [30].

6 Conclusion

Since the structure of firm’s social network has crucial effect on the organiza-
tion’s knowledge creation, learning and transfer, which have been recognized as
the source of organization’s sustainable competence advantage, some researchers
make efforts to identify the factors that influence the growth and structure of
firm’s social network, in order to obtain the guideline for management practice.
However the traditional social research methods are unable to prove the cause-
effect relationship between antecedents and structure of social network due to
the weakness of cross-sectional data. However the development of complex net-
work study offers another possibility to accomplish the task. In this article, we
proposed the firm-growing model, and compared the simulation results with em-
pirical data. The agreement of the simulation results and empirical data justified
the validity of the model. And then we explored extensively the effect of com-
munication patterns, represented by parameters of β and P , on the growth and
structure of firm’s social network. The theoretical contributions of this article
are: first, this article helps to bridge a gap between the social network study
and organization management practice, and finds that the extends to which
individuals’ reluctance to communicate within groups or across groups impact
significantly the structure of firm’s social network; second, this article is just one
of few attempts to model the evolution of firm’s social network, and the agree-
ment between the simulation results and empirical data strengthens the validity
of this model.

This research has limitations. The first limitation is that the network growth
model only considered the addition of new employees and ignored employee’s
leaving the organization due to resignation or retirement. The second limitation
is that, in the real world there are a number of factors driving the intra-group
interactions, e.g. homophily, identity, physical proximity, and task-related; but
in this network growth model we only considered the number of neighbors one
has.

The future research can consider these two limitations and improve this firm’s
growing model. Actually there are other types of relationships, such as trust,
friendship, energy relationship, and these types of relationships also play vital
roles in the knowledge transfer and collaborations. The future study can dig more
deeply into the firm’s social network by focusing on these types of relationships.
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Abstract. Upon an outbreak of a dangerous infectious disease, people generally 
tend to reduce their contacts with others in fear of getting infected. Such typical 
actions apparently help to reduce the outbreak size. Thanks to today’s broad 
media coverage, the fear factor may also contribute to preventing an outbreak 
from happening at all. We are motivated to conduct a careful study on modeling 
and evaluating such effects with a complex network approach. As a first step of 
this study, we consider the relatively simple case where involved individuals 
randomly remove a certain fraction of links between them. Analytical and 
simulation results show that such an action cannot effectively prevent an 
epidemic outbreak from happening. However, it may significantly reduce the 
fraction of all the people ever getting infected when an outbreak does happen. 

Keywords: complex networks, scale-free networks, fear factor, epidemic 
threshold, average outbreak size, prevalence size. 

1   Introduction 

When a dangerous infectious disease is detected and known by public, especially 
revealed by the media, people generally tend to reduce their contacts with others in 
fear of getting infected. Such reactions can be easily observed in past experiences, 
e.g., during the outbreak of Severe Acute Respiratory Syndrome (SARS) [1].  It can 
be expected that such a fear factor helps to reduce the number of infected or even 
prevent an epidemic outbreak from happening. Detailed evaluations on its effects, 
however, have never been conducted to the best of our knowledge.   

We are motivated to conduct a careful study on the effects of fear factor by 
adopting a complex network approach, where individuals are modeled as nodes 
(vertexes) and the contacts between them for possible disease propagation are 
modeled as links (edges) [2]-[4]. An infectious disease can spread between nodes via 
links. As a first step of this study, we consider a relatively simple case where a certain 
fraction of the links is randomly removed. It can be viewed as a benchmark for the 
more “realistic” cases which we will investigate in our future studies. 
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Epidemic spreading in networks is strongly influenced by the pattern of 
connectivity in the underlying contact networks [5]-[7]. Statistical studies on real-life 
complex networks, including human society and sexual contact network etc., show 
that many of them share some nontrivial features. One of the most noticeable features 
is that they are usually scale-free networks of which the nodal degrees follow a 
power-law distribution [8]. Specifically, the probability that a node is connected to k  
other nodes  

( ) ~ ,rP k k −  (1) 

where the exponent r  usually ranges between 2 and 3 [9]-[10]. In such networks, a 
small number of nodes tend to connect to a virtually infinite number of other nodes. 
This feature significantly affects epidemic propagation in the scale-free networks.  

Existing research shows that epidemic spreading in infinitely large scale-free 
networks with an exponent 3r ≤  does not possess any epidemic threshold, below 
which the infection cannot produce a major epidemic outbreak or an endemic state [5]-
[7], [11]. In other words, a disease can easily survive and cause an outbreak in scale-free 
networks even if its spreading capability is very weak. Further studies on the finite-size 
scale-free networks show that the epidemic threshold remains to be low and decreases 
with an increasing network size [12]. In such studies, it has been assumed that the 
network topologies remain static throughout the disease propagation procedure. 

In this paper, we investigate the disease propagation in a scale-free network with a 
fraction of its links being randomly removed. As a case study, we mainly evaluate the 
Susceptible-Infected-Remove (SIR) [13]-[14] model on top of the well-known 
Barabasi-Albert (BA) model [8]. Simple as it is, the special case nevertheless 
provides some insights into the effects of the fear factor. Specifically, analytical and 
simulation results show that the random removals of links cannot efficiently increase 
the epidemic threshold but may significantly reduce the number of nodes ever getting 
infected throughout the outbreak.  

The rest part of this paper is organized as follows: In Section 2, we introduce an 
analysis of network topology after random link removals. Section 3 studies the SIR 
model in scale-free networks after link removals. Considering that some nodes may 
become orphan nodes due to link removals, we propose different models where the 
orphan nodes are taken or not taken into account in calculating the outbreak size, 
respectively. Finally, Section 4 concludes the paper. 

2   Contact Network with Fear Factor 

Consider a random scale-free network with a given nodal-degree distribution ( )P i . 

Assume that a fraction (1 )ρ−  of all the links are randomly removed from this 

network due to the fear factor. Then each link in the network is included in the subnet 
for disease propagation with a probability ρ  and left out with a probability (1 )ρ−  

(as shown in Fig. 1). The procedure can be viewed as a random sampling of links in 
the original network. Hereafter we term ρ as the sampling probability and the subnet 

as the sampled subnet. Apparently, the topology of the subnet is substantially 
different from that of the original network. 
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Fig. 1. Sampling on the network: each link is picked randomly with a probability ρ to be 
included in the subnet 

To study the topological changes of a given random network after sampling, the 
probability-generating function (PGF) [15] is employed as a compact and 
conventional tool. Specifically, a random network with a degree distribution ( )P i  can 

be defined in terms of its probability-generating function 0 ( )G x  [5] as follows 

0
0

( ) ( ) ,i

i

G x P i x
∞
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=∑  (2) 

where ( )P i  can be derived from 0 ( )G x  as 0
0
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d G
P i

i dx == . Note that for networks 

without any un-connected nodes, (0)P  always equals to zero. 

Let the degree distribution of the sampled subnet be * ( )P k (Hereafter, we use the 

“ * ” to indicate functions for the sampled subnet.). The probability that a node of 
degree i  in the original network is connected to k  other nodes ( )k i≤  in the 

sampled subnet is given by the binomial formula,  
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    (4) 

Equation (4) describes the degree distribution of the sampled subnet, including 
those orphan nodes (those nodes with degree zero). If orphan nodes are to be excluded 
from the subnet, PGF of the subnet would be 
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* 0 0
0

0

(1 ( 1)) (1 )
( ) .

1 (1 )

G x G
G x

G

ρ ρ
ρ

+ − − −
=

− −
 (5) 

It makes sense to remove orphan nodes since they will neither be infected by others 
nor infect any other nodes during the epidemic outbreak. Certainly in real life, seldom 
anyone will go total isolation even when in panics. Most people may choose to keep 
at least a few links (e.g., with their family members) despite of the risk of getting 
infected. Such a case however requests different analyses, and hence is out of the 
scope of this paper.  

It is easy to see that the sampled subnet of a scale-free network does not remain as 
a scale-free network [16]. Similar conclusion has been drawn on random node 
sampling in [17]. Therefore disease propagation in the sampled subnet reveals some 
different features from those in the original networks, as we shall discuss below. 

3   Epidemic Spreading in the Sampled Subnet 

3.1   Analysis of the Classic SIR Model 

Diseases spread through human populations by contacts between infective individuals 
(those carrying the disease) and susceptible individuals (those who are healthy yet 
vulnerable to the disease). Meanwhile, the infected individuals will be finally 
removed (either immunized or dead). Such a procedure can be concisely described by 
the well-known SIR model. For the case where people can be re-infected, SIS model 
[13]-[14] may have to be adopted which will be discussed in a separate report. 

As that in [5], the generalized SIR model can be described as follows: denote the 
probability that the disease propagates from an infective individual i  to a susceptible 
individual j  in a unit time as ijr , which can be drawn from an arbitrary distribution 

( )P r . Meanwhile the time τ  for which individuals remain infected can be drawn 

from an arbitrary distribution ( )Q τ . The SIR epidemic process on a network is 

equivalent to the bond percolation on the same network with a uniform bond 
occupation probability [5], [18] - [21] 

0

1 ( ) ( ) .rT P r Q e drdττ τ
∞

−= − ∫  (6) 

T is called the transmissibility of disease, which reflects the transmission capability of 
the disease. The value of T ranges between 0 and 1. For different cases where T is 
lower or higher than the epidemic threshold (denoted as cT ) respectively, the size of 

infections is measured differently. Specifically, for cT T< , we define the average 

outbreak size [5] as the average number of nodes ever getting infected where the 
disease starts with a randomly chosen initial carrier; while for cT T≥ , the average 

relative size of the infected giant component versus the whole network is measured, 
termed as the prevalence size [5]. 
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In a random network with a degree distribution ( )P k , following a randomly 

chosen edge, the probability of reaching a node with a degree k  is proportional to 
( )kP k , corresponding to the generating function 

1 '
0

1 '
0

( ) ( )
( )

( ) (1)

k

k

k

kP k x G x
G x

kP k G

−

= =∑
∑ . (7) 

Following the bond percolation theory for epidemic spreading in networks [5], 
[18]-[21], we can get the expressions for calculating the epidemic threshold cT  and 

the average outbreak size s< >  that 

'
0

' ''
1 0

(1)1
,

(1) (1)c

G
T

G G
= =  (8) 

'

0

'

1

(1)
1 ,

1 (1)

TG
s

TG
= +

−  (9) 

The prevalence size for cT T≥  is then given as 

01 ( ),S G u= − where 11 ( ).u T TG u= − +  (10) 

Since it is generally not easy to get a close-form expression of the parameter u , S 
is normally calculated using numerical methods. 

3.2   Epidemic Spreading in the Sampled Subnet with Orphan Nodes 

The PGF for the sampled subnet has been shown in Eq. (4). Therefore the epidemic 
threshold is governed by 

*'
* 0

*' * ''

1 0

(1)1

(1) (1)
c

G
T

G G
= = . (11) 

From Eq. (4), we can easily derive that *' '
0 0(1) (1)G Gρ=  and *'' 2 ''

0 0(1) (1)G Gρ= . 

Hence 

* 1
c c

T T
ρ

= , (12) 

where cT  is the epidemic threshold of the original network. Equation (12) indicates 

that link removals can only slowly increase the epidemic threshold. For example, a 
50% link removals merely double the (originally very low) epidemic threshold. Such 
observations are also revealed in numerical simulations presented in Fig. 2. Therefore, 
we draw the conclusion that link removals cannot easily prevent an epidemic outbreak 
from happening. 
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Consider a particular scale-free network model – an N-node BA model with a 
degree distribution 2 3( ) 2 /P k m k= , an average degree 2k m< >= , and a maximum 

nodal degree 1/ 2
mk mN= [22]. Applying the continuum theory, we have 

2

2'
* 0

'' 2
0

2

2
( )(1)1 1 1

( 1) ( )(1) 2
( 1)

1 1

ln

m

m

k

k m
c k

k

m

m
dk

kP k kG
T

k k P kG m
k dk

k

m N

ρ ρ ρ

ρ

= = =
−

−

=

∫∑
∑

∫   (13) 

We compare the analytical results in Eq. (13) with numerical results. As shown in 
Fig. 2, there is a good match between them. A linear relationship between the inverse 
epidemic threshold and the sampling probability can also be clearly observed. 

 

 

Fig. 2. Dependence of epidemic threshold *
cT  on the sampling probability ρ . The rectangle 

boxes represent the numerical simulation with orphan nodes while the diamond boxes indicate 
the results without orphan nodes. Analytical results are shown by the solid lines. The embedded 
sub-figure shows the linear relationship between the inverse epidemic threshold * 1( )cT −  and 

sampling probability ρ . The simulation results are based on a BA model with 10,000 nodes 

and an average nodal degree of 4k< >= .  

From Eqs. (4) and (9), the average outbreak size is given by 
*' '

* 0 0
*' '' '
1 0 0

(1) (1)
1 1

1 (1) 1 (1) / (1)

TG T G
s

TG T G G

ρ
ρ

= + = +
− −

 (14) 

Hence for a N-node BA model, we have  

* 2
1

1
1 ( ln 1)

2

T m
s

T m N

ρ

ρ
< >= +

− −
 (15) 
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Fig. 3. The average outbreak sizes corresponding to different sampling probabilities on top of a 
BA model with 10,000 nodes and an average degree 4k< >= . 0.06T = . The rectangle and 
diamond boxes represent the numerical results while including and excluding orphan nodes, 
respectively. The corresponding analytical results are respectively presented by the solid and 
dashed lines. 
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Fig. 4. The mismatches between the approximately calculated (represented by rectangle boxes) 
and measured ( )P k  (represented by diamond boxes). The measured results come from a BA 

model with 10,000 nodes and an average degree 4k< >= . 

Analytical and simulation results are presented in Fig. 3. We see that the average 
outbreak size is slightly decreased, which is not a surprise since, without an epidemic 
outbreak, the average number of nodes getting infected is quite low even in the 
original network. 

The results in Fig. 3 do not show a very good match between analytical and 
simulation results especially under high sampling probabilities. We believe that the 
mismatch is mainly due to two different reasons: (i) The finite-size BA model is not 
strictly a random network model [23]; and more significantly, (ii) the equation 

2 3( ) 2 /P k m k=  is a good approximation only when k is of a large enough value. For 
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example, where 2m = and 2k = , from the above equation we shall have (2) 1P = , 

while the real value of (2)P  measured from the network is about 0.5194. For more 

details, Fig. 4 shows the mismatches between the measured and approximately 
calculated ( )P k in a 10,000-node BA model for different values of k.    

When transmissibility is higher than the threshold *
cT , Eq. (13) can be re-written as 

follows for calculating the prevalence size  

* *
01 ( ),S G u= −  where *

11 ( ).u T TG u= − +  (16) 

Similar to that for Eq. (10), numerical methods normally have to be adopted to 
solve the above equation. In the BA model, however, the approximated ( )P k does not 

always allow a feasible solution of u. Therefore only the simulation results have been 
presented in Fig. 5. We see that though even a relatively low sampling probability  
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(b)  

Fig. 5. The prevalence sizes corresponding to different sampling probabilities on top of a BA 
model with 10,000 nodes and an average degree 4k< >= . 0.2T =  in sub-figure (a) and 0.6 in 
sub-figure (b). The rectangle and diamond boxes represent the numerical results with and 
without orphan nodes, respectively. 
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(e.g., 0.6ρ = ) does not lead to a significantly enhanced epidemic threshold, it does 

help to decrease the prevalence size significantly (by more than 3/4 from 0.20186  to 
0.04639) under moderate transmissibility (when 0.2T = ). For the case with strong 
transmissibility (e.g., 0.6T = ), the effects in reducing prevalence size becomes less 
significant as shown in Fig. 5(b). This can be understood: under high transmissibility, 
reducing the number of contacts cannot easily significantly reduce the probability of 
being infected.  

3.3   Epidemic Spreading in the Sampled Subnet Excluding the Orphan Nodes 

For the sampled subnet excluding the orphan nodes, with the normalized PGF in Eq. 
(5) and following the same procedure as that in Section 3.2, we have the threshold as 

* '
* 0

*' * ''

1 0

(1)1

(1) (1)

1
c c

G
T

G G
T

ρ
= = = , (17) 

which equals to that of the case with orphan nodes. This matches the straightforward 
observation that the epidemic threshold is not affected by whether we take orphan 
nodes into account or not.  

Considering the average outbreak size for cT T< , from Eq. (9), we have  

*' '
* 0 0 0

*' '' '

1 0 0

(1) (1) /(1 (1 ))
1 1

1 (1) 1 (1) / (1)

TG T G G
s

TG T G G

ρ ρ
ρ

− −
= + = +

− −
. (18) 

Comparing with Eq. (14), we can see Eq. (18) has one more term 01/(1 (1 ))G ρ− − , 

which suggests that by excluding the orphan nodes, the average outbreak size 
becomes larger. This can be easily explained: those (usually) unrealistic cases 
infecting only an orphan node (with an outbreak size 1) have been excluded while 
calculating the average outbreak size.  

For a N-node BA model, the average outbreak size can be approximately expressed 
as  

1/ 2
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(19) 

Analytical and simulation results are presented in Fig. 3.  
For *

cT T≥ , Eq. (10) can be revised as follows for calculating the prevalence size  

* *
01 ( ),S G u= − where *

11 ( ).u T TG u= − +  (20) 

Once again only the simulation results are presented in Fig. 5 since u is not always 
solvable based on the approximated ( )P k .  We see that the conclusions on the effects 

of link removals in reducing prevalence size remain unchanged. Moreover, by 
excluding the orphan nodes, the relative size of the infected giant component, i.e., the 
prevalence size, becomes larger.  



1396 Y. Wang et al. 

4   Conclusions  

Under the threat of a dangerous infectious disease, people tend to reduce their 
contacts with others in fear of getting infected. We investigated the effects of such 
common reactions. Our preliminary study showed that such behaviors may not 
efficiently prevent an outbreak from happening. However, they could be helpful in 
reducing the size of infected.  

Studies in this paper are based on the simple assumption of random link removals. 
In our future research, more realistic cases will be investigated. Specifically, we will 
evaluate the effects of fair factors on epidemic behaviors where links connected to 
high-degree nodes have a higher chance to be removed than those connected to low-
degree nodes: while high-degree nodes usually have a large number of dispensable 
links, low-degree nodes may cherish the last a few links they have, typically 
connecting them with their families and close friends etc., even when there is an 
outbreak of a dangerous epidemic disease. An (arguably) even more realistic and 
more difficult case may be that link removals are based on local information of 
epidemic spreading. For example, a node may tend to remove more of its links when 
there are more confirmed infected nodes in its neighborhood area. Such a case will 
also be studied in our future research.  
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Abstract. There are many researchers proposed social network models in recent 
years, and most of them focus on clustering coefficient property of a small-world 
network and power law degree distribution of a scale-free property. In social 
network topology, we observed the network is consisted of many nodes with 
small connectivity and a few high-degree nodes. In the small connectivity part, 
there are many nodes which have only one degree. Most of past social network 
models can not generate this part. In this paper, we proposed a social network 
model based on topology vision and with tunable high hub connectivity. At the 
same time, we suggested a new characteristic of social network, condensed 
clustering coefficient, to replace the original clustering coefficient. Finally, this 
study also includes the analysis of real social network data. 

Keywords: Social Network, Network Model, BA Model, Small-World, Scale-
Free, Clustering Coefficient, Condensed Clustering Coefficient. 

1   Introduction 

Social networks are a description of relationship between people. The relationships 
include friends, co-authorships, human sexual relations, and other interactions 
between people. In this study, an individual person is as a node and the relationship 
between two persons as an edge. If there is any relationship between two persons, one 
edge is added between the two nodes. Therefore, a social network is constructed. 
Recent research about social network analysis [1] [2] [3] [4] [5] [6] focused on 
observing clustering coefficient property, and power law degree distribution 
phenomena. In this paper, we proposed a social network model based on topology 
vision and with tunable high hub connectivity. 

In last ten years, many social network models were proposed [6] [7] [8] [9] [10] 
[11] [12] [13] [14] [15] [16]. The social network model has been used for the 
simulation of epidemiological transmission [17] [18], rumor spreading [19] [20], 
opinion formation [21] and the spread of computer viruses in email network [22]. 
Since social networks can be found in many aspects of our lives, it is worth to 
investigate how they work precisely. 

In this paper, some background knowledge is in Section 2. In Section 3, the data of 
real social network from Internet is analyzed. In Section 4, a social network model is 
proposed, which both have scale-free property and high clustering coefficient. In 
addition, the network model contains tunable high-hub connectivity property. The 
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simulation results are shown in Section 5. Conclusions and our discussion for future 
works are presented in Section 6. 

2   Background Knowledge 

In this chapter, some characteristics of network topology which are used in this study 
are introduced. A network consists of a set of nodes and many edges between the 
nodes. In this paper, the network is simplified as a connected network with non-
weighed and non-directed edge. 

2.1   Average Shortest Path 

The average shortest path is the average of shortest path between all pair nodes in the 
network. The average shortest path (sometimes called average distance) between 
network nodes, denoted by L, is calculated by the formula. 
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where δ(i,j) is the distance of shortest path between node i and node j, and N is the 
number of nodes in the network. The L indicates the average distance to communicate 
from one node to the other. 

2.2   Power Law Degree Distribution 

The power law degree distribution is a property of a scale-free network. A scale-free 
network is inspired by empirical studies such as the Internet backbone network [23], 
web documents link network [24], and email network [25] [26]. The main 
characteristic property of a scale-free network is that it consists of a few large 
connected nodes and many nodes with small connectivity. 

In 1999, Barabási and Albert [27] proposed the BA model to descript the scale-free 
network. The network of BA model grows by adding one new node at a time, denoted 
by t, which randomly connects to m nodes already in the network. The connecting 
probability depends on the node degree it was connected to. For node i with node 
degree ki, the connecting probability Π(ki) is denoted by 

∑ =

=∏
N

j j

i
i

k

k
k

1

)( ,
 

(2) 

The connectivity distribution pr(k) of the resulting network, which is defined by the 
probability of a node having k edges. The connectivity distribution for scale-free 
networks is a decaying function of k’s power following 

γ−= kkpr )( . (3) 

This phenomenon is sometimes called power law distribution and γ is the tail index.  
The BA model for scale-free network construction with a preferential attachment 
strategy creates a scale-free network with tail index γ=3. 



1400 P.-N. Hsiao 

2.3   Clustering Coefficient 

In 1998, Watts and Strogatz (WS) [5] proposed the small-world phenomena. The 
small-world network is between regular and random network. In the small-world 
network, the clustering coefficient is large, and the average shortest path is small. 

The clustering coefficient describes how close among the neighbors of a node. The 
formula of calculating clustering coefficient of node i is the ratio of actual number of 
edges connecting these nodes in its k neighbors to the number of edges in a fully 
connected network of the k nodes, denoted by Ci, 

)1(

2

−
=

ii

i
i kk

E
C , (4) 

where Ei is the number of edges in the sub-network formed by node i and its Ei 
neighbors. The clustering coefficient of the entire network is defined as the average of 
all nodes. 

N

C
C

N

i i∑ == 1 . (5) 

2.4   Condensed Clustering Coefficient 

In a social network, there are some nodes which only have one degree. We defined 
the O is the ratio of how many nodes which only have one degree to the total nodes in 
the network. If there are more nodes which only have one degree, the O will be 
higher. For the nodes which only have one degree, their clustering coefficient will be 
zero, since the Ei in (4) will be zero. Because we did not include the self-loop in 
shortest path L in (1) which is zero, we consider the condensed clustering coefficient 
C’, which is also not to include the Ci which is zero. For the C’, the formula is 

O

C
C

−
=

1
' . (6) 

2.5   S-Metric 

In 2005, Lun Li et al. proposed the s-metric. In a society, the famous people represent 
high-degree nodes in a social network. The s-metric measures the level of high-degree 
nodes connectivity. Let g be an undirected graph with edge-set ε, and let degree of 
node i be di, then the metric is defined as 

∑ ∈
=

ε),(
)(

ji jiddgs , (7) 

and the smax is the maximum value of s(g). The value of s(g)/smax , denoted by S, 
describes the level of a large hub connected to another large hub, and the more high-
hub nodes are connected, the higher value of S is. 



 A Social Network Model Based on Topology Vision 1401 

3   The Real Network Data 

We collected the real network data from the Opel Astra Club (OAC) in Taiwan [28] at 
June 2008. This is a forum based website. Most of users in the website own and drive 
an Opel Astra car. They can post articles to forum, upload photos to album or send 
private messages to other users. We analyzed their private message database. If user 
A sent a message to user B, and user B also sent a message to user A, in addition, they 
kept the message in their inbox and not deleted, then we added one edge between 
node A and node B. In the website, the total number of the private message database 
was 21,691, and total number of users which had used private messages was 1,378. 
After deleting duplicated records, the construct connected network was consisted of 
835 nodes and 2,223 edges. 

Table 1. The results of the Opel Astra Club 

 OAC 
Node N 855 
Average shortest path L 3.574 
Average shortest path in random network Lrandom [29] 3.882 
Average degree k 5.691 
One degree in the network O 0.339 
Tail index γ 1.439 
Clustering coefficient C 0.0979 
Condensed clustering coefficient C’ 0.1481 
Clustering coefficient in random network Crandom [30] 0.0067 
S-metric S 0.645 

 0.001

 0.01

 0.1

 1  10  100

P(
k)

degree k  

Fig. 1. The degree distribution plot of the OAC 
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Fig. 1 shows the degree distribution plot of the OAC network. In this figure, we 
can see clearly the degree distribution following a straight line, which indicates 
distinguished scale-free property. Table 1 shows the results of the average distance L, 
clustering coefficient C, tail index γ and s(g)/smax value of the OAC network. The tail 
index γ is below 3, which indicates scale-free property. The clustering coefficient is 
much higher than corresponding random network, which indicates that there are many 
neighbor nodes have the same neighbor nodes.  

4   New Model 

In topology vision, we found that there are many nodes which only have one degree 
in social networks, which will appear in the position which is 1 of x-axis of degree 
distribution. In BA model, it cannot generate any nodes which only have one degree. 
At the same time, we reviewed many social network papers which have presenting 
degree distribution of real network; most of them have lots of nodes which only have 
one degree. Therefore, we decide to design a model to fit it. 

Our model is based on BA model, and then modified for clustering coefficient 
property and high-hub connectivity. In the real social network data, there are lots of 
nodes which degree number is one, but if we use the BA model to construct a 
network, every node has at least m edges. There are not any nodes which have only 
one degree unless the m is 1, but this will cause the average degree 2m is limited to 2. 
Therefore, we modified the growing stage of BA model. The algorithm of this model 
is described as follows: 

Step1: Initialize stage: Add m nodes into the network, and add one node which 
connects to the m nodes by m edges. There are m+1 nodes and m edges in the network 
in this stage. 
Step2: Growing stage: We defined four functions at this stage: First Attach (FA): The 
edge is connected between the new adding node and the exist nodes of the network 
which follow preferential attachment; Friend Function (FF): The edge is connected 
between the two unlinked neighbor nodes of previous link nodes. The two neighbor 
nodes have weight by its degree number in connecting condition; smax Function (SF): 
The edge is connected between the two unlinked nodes which follow smax property; 
Random Function (RF): The edge is connected between any two unlinked nodes 
which are random chosen. 

After initialize stage, we have (N-(m+1)) loops to add nodes and edges. Let total 
degree number be K, therefore the average edge, denoted by Eloop, at every loop 
should be added is 

))1((2 +−
−=
mN

mK
Eloop . (8) 

At every loop, it begins with adding one new node and connecting to the network 
by preferential attachment, which is FA. Other edges connect between two nodes 
which are FF or SF or RF by parameter f and x. The three functions are included in 
the Attach_edge function of our algorithm. The parameter f stands for clustering 
coefficient part and parameter x represents high-hub connectivity part. In addition, we 
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define a variable β to check whether need to do once more edge attaching, since the 
Eloop may be not integer, but the times number of a for-loop is integer. Our model is 
demonstrated as the following pseudo codes: 

Our_model(N, m, K, f, x) 
{ 
  Initialize_stage(m); 
  Eloop = (K - m) / 2(N -(m+1));  
  For i = (m + 1) to N 
    Growing_stage(m, Eloop, i, f, x); 
  End_For 
} 
 
Growing_stage(m, Eloop, i, f, x) 
{ 
    First_Attach(i); 
    Extra_m = Eloop - m; 
    β  = Extra_m; 
    For j = 2 to m 
      Attach_edge(f, x); 
      If (β  ≥ 1) 
        Attach_edge(f, x); 
        β  = β  - 1; 
      Else 
        β  = β  + Extra_m; 
    End_For 
}  
 
Attach_edge(f, x) 
{ 
  if (!Is_attach(f)) 
    If (!Is_attach(x)) RF; 
    Else SF; 
  ElseIf (!FF)  
    If (!Is_attach(x)) RF; 
    Else SF; 
} 

5   Simulation 

We used our model to simulate the social network for comparison with the OAC 
network experimental results. The results of simulation are shown in Table 2. In this 
table, some cells are colored in gray to indicate that their values are 5% smaller or 
bigger than those in empirical data. 

In the simulation of the OAC, we used parameters f=0.10 to 0.25 and x=0.05 to 
0.30. In clustering coefficient C, the suitable f is 0.15, and x is from 0.15 to 0.30. In 
condensed clustering coefficient C’, the suitable f is 0.20, and x is from 0.05 to 0.20. 
In shortest path L and s-metric S, all parameters are suitable. The tail index γ of the 
OAC is 1.439, but our model only generates 1.52 to 1.68 under the parameters. The 
one degree in the network O of the OAC is 0.339, but our model only generates 0.19  
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Table 2. The simulation results with the OAC 

 OAC Simulation x=0.05 x=0.10 x=0.15 x=0.20 x=0.25 x=0.30 
L 3.574  3.718 3.703 3.685 3.669 3.654 3.641 

O 0.339  0.204 0.210 0.216 0.222 0.233 0.244 
γ 1.439 f=0.10 1.682 1.666 1.645 1.634 1.622 1.611 

C 0.0979  0.0671 0.0686 0.0702 0.0721 0.0739 0.0758 

C’ 0.1481  0.0843 0.0868 0.0895 0.0927 0.0963 0.1003 

S 0.645  0.666 0.667 0.669 0.671 0.673 0.674 

L 3.574  3.694 3.675 3.657 3.641 3.626 3.611 

O 0.339  0.198 0.208 0.214 0.220 0.230 0.241 
γ 1.439 f=0.15 1.654 1.643 1.629 1.605 1.582 1.570 

C 0.0979  0.0905 0.0923 0.0944 0.0975 0.100 0.102 

C’ 0.1481  0.1128 0.1165 0.1201 0.1250 0.1299 0.1344 

S 0.645  0.652 0.653 0.654 0.656 0.658 0.659 

L 3.574  3.669 3.641 3.623 3.604 3.588 3.573 

O 0.339  0.197 0.204 0.208 0.215 0.222 0.230 
γ 1.439 f=0.20 1.650 1.621 1.593 1.578 1.569 1.561 

C 0.0979  0.115 0.117 0.120 0.122 0.124 0.126 

C’ 0.1481  0.1432 0.1470 0.1515 0.1554 0.1594 0.1636 

S 0.645  0.644 0.644 0.645 0.646 0.646 0.647 

L 3.574  3.636 3.614 3.593 3.573 3.554 3.535 

O 0.339  0.192 0.200 0.207 0.211 0.216 0.222 
γ 1.439 f=0.25 1.621 1.601 1.572 1.556 1.541 1.526 

C 0.0979  0.143 0.146 0.149 0.151 0.153 0.155 

C’ 0.1481  0.1770 0.1825 0.1879 0.1914 0.1952 0.1992 

S 0.645  0.630 0.630 0.631 0.634 0.637 0.640 
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Fig. 2. The log-log degree distribution plot of our model with node N=855, degree k=5.691, and 
parameter f=0.15, x=0.20. The slope of the line is -1.605. 
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Fig. 3. The clustering coefficient C with node N=2000, degree k=4 to 9, parameter f=0.5, and 
parameter x=0 to 1 

to 0.24 under the parameters. The reason is that we use only two parameters to tune 
our social network, and that is a little difficult to control six characteristics. In this 
simulation, we choice f=0.15 and x=0.20 to plot the degree distribution as Fig. 2, and 
it demonstrates scale-free property. 

Furthermore, we used other parameters to simulate the social network. The 
parameters in Fig. 3, 4, 5, 6 and 7 are node N=2000, degree k=4 to 9, and parameter 
f=0.5. Fig. 3 shows the clustering coefficient relation with parameter x=0 to 1, and 
when x is large, C is large. The reason is that, when x is large, there will generate 
more high-degree nodes. The more high-degree nodes cause higher clustering 
coefficient since the neighbor nodes of high-degree nodes maybe become their 
neighbors’ neighbor nodes. 

Fig. 4 demonstrates the tail index relationship with the same parameters of Fig.3. 
The more x makes, the less γ is. The reason is that, the large x is, the larger hub-
nodes become. The more large hub-nodes make, the less tail index γ is. Fig. 5 shows 
the s-metric relationship with the same parameters of Fig. 3, and this is absolutely 
for large x made large S. Fig. 6 displays the one degree in the network relationship 
with the same parameters of Fig.3. The more x makes, the more O is. Since the 
more x makes more hub-nodes, and cause the other nodes have less degree, and the 
more O is. Fig. 7 demonstrates the condensed clustering coefficient relationship 
with the same parameters of Fig. 3. This figure is like Fig. 3, and then divides by 
(1-O). That presents the clustering coefficient eliminates the nodes which only have 
one degree. 
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Fig. 4. The tail index γ with node N=2000, degree k=4 to 9, parameter f=0.5, and parameter x=0 
to 1 
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Fig. 5. The s-metric S with node N=2000, degree k=4 to 9, parameter f=0.5, and parameter x=0 
to 1 
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Fig. 6. The one degree in the network O with node N=2000, degree k=4 to 9, parameter f=0.5, 
and parameter x=0 to 1 
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Fig. 7. The condensed clustering coefficient C’ with node N=2000, degree k=4 to 9, parameter 
f=0.5, and parameter x=0 to 1 
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6   Conclusion and Future Work 

In this paper we proposed a social network model based on topology vision, and try to 
define a new characteristic which is condensed clustering coefficient. The condensed 
clustering coefficient did not include the nodes which only have one degree, since 
their value of clustering coefficient is zero. 

The social network analysis can be used in business for improving knowledge 
creation and sharing, and city planning for designing spaces to support human 
interaction [31] [32]. Besides, it can also be used for the simulation of 
epidemiological transmission [17] [18], the rumor spreading [19] [20], opinion 
formation [21], and computer virus dissemination [22]. Our model is compared with 
the OAC network which is formed by forum, and fit it approximately. Therefore, we 
think that our model is suitable in simulation of rumor spreading and opinion 
formation. 

Using social network model to simulate epidemiological disease spreading allows 
us to predict its damage under different measures. We believe that this study 
constitutes a valuable contribution to understanding the phenomena of social network. 
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Abstract. In this paper, we study a class of resource allocation prob-
lems with changing resource capacities. The system consists of competi-
tive agents that have to choose among several resources to complete their
tasks. The objective of the resource allocation is that agents can adapt
to the dynamic environment autonomously and make good utilisation
of resources. We propose an adaptive strategy for agents to use in the
resource allocation system with time-varying capacities. This strategy is
based on individual agent’s experience and prediction. Simulations show
that agents using the adaptive strategy as a whole can adapt effectively
to the changing capacity levels and result in better resource utilisation
than those proposed in previous work. Finally, we also investigate how
the parameters affect the performance of the strategy.

Keywords: Experience, Prediction, Attitude, Attractiveness.

1 Introduction

Resource allocation is an important problem that has attracted much research
interest. It has been studied extensively and theoretically in a wide range of
domains. In a multi-agent resource allocation system, different agents compete
for different limited resources to complete their tasks. The objective of resource
allocation is to find an allocation that is feasible and optimal, which means that
the resources are fully utilised and all agents are able to complete their tasks so
that the social welfare of all agents are maximised.

The approach for solving resource allocation problems may be either cen-
tralised or distributed. For the centralised approach [1,2], a central controlling
authority or resource management decides on the final allocation of resources
among agents. The centrilised allocation mechanism can be complex and the
problem can be NP-complete [3]. For the distributed approach [4,5,6,7], agents
may cooperate or act independently of one another. They can coordinate explic-
itly or implicitly with one another to achieve a consensus on the allocation of
resources. No centralised allocation mechanism is needed in this approach.

Based on these two approaches, a lot of work has tackled the resource al-
location problems with constant capacities [2,7,8]. However, in the real world,
the capacities of resources may change with time. Galstyan et al. [9] study a
class of resource allocations with changing capacities. They model the situation
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as a Minority Game and propose an approach for solving this kind of resource
allocation game. Although this approach is distributed and agents can adapt
to the dynamic environment autonomously, there are still some inadequacies in
their approach. First, agents make decisions based on their neighbors’ actions,
which is local information. Second, the strategies which are generated randomly
at the beginning prescribe agents’ actions. The actions cannot change during the
game. These may cause that this approach can not be applied to the allocation
of resources with different changing capacities.

One objective in decision-making problems is to maximise utility [10]. How-
ever, human behaviors may violate this rule as many experiments show [11]. The
reason behind is that people have attitudes towards risk according to Prospect
Theory [11]. Moreover, attitudes can be changed by favorable or unfavorable ex-
periences according to the theory of Conditions of Learning in psychology [12].
Based on these two theories, we design an adaptive strategy for agents to use in
the resource allocation system. Using this strategy, each agent has an attitude
towards a choice and makes decisions based on its experience and prediction.
Simulations show that this strategy has better performance than those proposed
in previous work in terms of resource utilisation.

The remainder of the paper is organised as follows. In Section 2, we give an
overview of the related work in the resource allocation problem. In Section 3, we
present the adaptive strategy. In Section 4, we implement various simulations
and compare our result with some related work for performance evaluation. We
also discuss how the parameters affect the strategy’s performance. In the last
section, we conclude the paper and present some possible future work.

2 Related Work

In recent years, there have been a lot of work on resource allocation techniques.
The two main approaches are centralised [1,2,3] and distributed [4,5,6,7]. In this
section, we introduce some related work on a class of resource allocation that
can be formulated as a game in an idealistic environment.

Arthur [13] introduces the El Farol Bar problem, which is a widely studied
example of complex adaptive systems. In this problem, each agent makes an
independent decision every week on whether to attend the bar. If the number
of agents that attend the bar does not exceed the bar’s capacity, the agents
that attend the bar will feel enjoyable. Later, Challet and Zhang [14] introduce
Minority Game as a simplified formal version of the El Farol Bar problem. In
this game, an odd number of agents have to choose between two sides in order
to be on the minority side. Each agent uses a number of predictors to make the
decision and keeps track of the predictors. Due to lack of space, we refer readers
to [15] for further details.

Another approach for tackling the resource allocation problem is proposed by
Galstyan et al. [9] who study the resource allocation games with time dependent
capacities. They propose that agents use a set of strategies to decide which
resource to choose and use a simple reinforcement learning scheme to update
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the accuracy of strategies. A strategy is a lookup table based on the actions of
agents’ neighbors at the previous time step and suggests agents to choose which
resource at this time step. At each time step, each agent chooses the strategy
with the highest score to make the decision. At the end of each time step, each
agent assesses the performance of its strategies, adding (subtracting) a point
if the strategy has predicted the winning (losing) choice. The winning (losing)
choice is that the resource the agent chooses is not overloaded (overloaded). Their
results indicate that for a certain number of neighbors, the system of agents can
adapt effectively to some changing capacity levels.

Lam and Leung [8] propose an adaptive strategy for resource allocation mod-
eled as minority game. The strategy is based on the history information h and
the net payoff ux for choosing a resource x. The history information h is the
ratio of the number of times that a resource x is not overloaded over the size of
the history H . Each agent has an initial attitude ax towards a choice. At each
time step, each agent calculates the attractiveness ((1 − ax) × h + ax × ux) of
each resource to make the decision and chooses the resource with the largest
attractiveness. At the end of each time step, each agent updates its attitudes as
follows. If the agent chose to use a resource x and the resource was not over-
loaded, then ax is increased by a+; if the agent chose to use a resource x and
the resource was overloaded, then ax is decreased by a−. Simulations show that
agents using the adaptive strategy are able to make good utilisation of resources
with constant capacities.

3 An Adaptive Strategy

3.1 Problem Specification

We consider the following resource allocation problem. There are Q available
resources, each having different capacities C = {C1, ..., CQ} and a set A =
{A1, ..., AN} of N agents. The capacity of one resource is referred to the total
units of the resource. Each agent has one task to execute at each time step. All
agents compete for the resources to execute their tasks. Each task only needs
one unit of resources and occupies one time step to complete. The resources can
be shared by multiple agents. The capacities of the provided resources can be
constant, but they generally vary over time. The total amount of capacities is
equal to or greater than the number of agents at any time, which means that
there are always sufficient resources. At the end of each time step, each agent
completes its task if it chooses a not overloaded resource. If the number of agents
choosing the resource is less than or equal to the capacity of the resource, then
the resource is not overloaded. Otherwise, the resource is overloaded. In this
case, not all agents choosing the resource can complete their tasks. We are only
interested in the case of sufficient resources in this paper because this case can
make it possible that all agents are able to complete their tasks.

In the system, there is no central information or no communication among
agents. The only information available to all agents for making a resource choice
decision are the history information from the past resource allocation records and
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the capacities of the resources during the previous time steps. A past resource
allocation record is a record of whether a resource is under-utilised or over-
utilised at the previous time step. A correct decision means that an agent chooses
a not overloaded resource. The system can be considered as a multi-choice game,
i.e. each of N agents decides to choose one of the Q resources at each time step.
It is a new start of the game after each time step since the system completes a
resource allocation for each time step.

The objective of the resource allocation problem is to make good utilisation
of resources in the dynamic environment. Dynamics means that capacities of
resources vary over time. Good utilisation of resources means that the resources
are little under-utilised or over-utilised. Agents in the system need to be able to
coordinate themselves well, so that they can adapt effectively to the dynamic
environment.

3.2 An Adaptive Strategy

Based on the work by Lam and Leung [8], we propose an adaptive strategy for
agents to use in the resource allocation problem with changing capacities. Using
this strategy, each agent keeps an experience for each resource. It records the
number of correct decisions it has made for each resource statistically. If an agent
makes decisions only based on its experience, it will choose the resource which
is not overloaded most of time in the past. The experience et

r for resource r at
time step t is defined as follows:

et
r =

nt
r

t
(1)

where nt
r is the number that the agent chooses resource r and resource r is not

overloaded till time step t. For example, at time step t, the system has proceeded
for 10 time steps, and the number of the agent choosing a not overloaded resource
r is 6, then the value of experience for resource r is et

r = 6
10 .

Each agent also keeps a prediction for each resource. The prediction for a
resource is the ratio of the current predicted capacity of the resource over the
total amount of capacities of all resources. If an agent makes decisions only based
on its prediction, it will choose the resource with the largest predicted capacity.
The prediction pt

r for resource r at time step t is defined as follows:

pt
r =

⎧⎪⎪⎨
⎪⎪⎩

Ct
r∑Q

i=1 Ct
i

t = 1 or t = 2

[Ct−1
r +(Ct−1

r −Ct−2
r )]×f∑Q

i=1 Ct−1
i

t > 2
(2)

where Ct
r is the capacities of resource r at time step t, Ct

i denotes the capacity
of resource i at time step t, and f is a scaling factor. At time step t = 1 and
t = 2, we assume that the current predicted capacity of each resource is equal
to its current capacity. At time step t > 2, the current predicted capacity is
approximated by a linear function of the previous resource capacities.
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Inspired by Prospect Theory [11], we associate to each agent an attitude to-
wards a choice. Actually, some agents may rely more on the experience and some
may rely more on the prediction. To model this phenomenon, we introduce an
attitude ar ∈ [0, 1] as a weight to calculate the weighted value of the experience
et

r and the prediction pt
r. If an agent’s attitude is close to 0, the agent is more

experience-relying and it tends to choose the resource which is not overloaded
most of the time. If an agent’s attitude is close to 1, the agent is more prediction-
relying and it biases the selection towards the resource with the largest capacity.
The weighted value is called the attractiveness of the resource. The resource with
the largest value of attractiveness is the most attractive to agents. So at each
time step, each agent chooses the resource with the highest value of attractive-
ness. Formally, an agent calculates the attractiveness attrt

r of resource r at time
step t as follows:

attrt
r = (1 − at

r) × et
r + at

r × pt
r (3)

where at
r is the attitude for resource r at time step t.

By the theory of Conditions of Learning in psychology [12], attitudes will be
changed by favorable or unfavorable experiences. So agents using the proposed
adaptive strategy adjust their attitude at

r adaptively. At the end of each time
step, each agent updates its attitudes: if the agent has chosen the resource and
the resource is not overloaded, then the attitude for the resource at

r is increased
by a∆. If the agent has chosen the resource and the resource is overloaded, then
at

r is decreased by a∆. a∆ is an adjusting rate. The adjusting rate is important
to agents’ adaptation. Without it, agents cannot adapt to the environments.

Galstyan et al. [9] introduce the deviation of resource utilisation from the
optimal resource utilisation as a measure of efficiency. The cumulative deviation
for the number of agents choosing the resource At

i from the capacity of the
resource Ct

i over a certain time is defined as follows:

σ2
i =

1
T

t0+T∑
t=t0

(At
i − Ct

i )
2 (4)

The average deviation over Q resources is as follows:

σ2
tot =

1
Q

Q∑
i=1

σ2
i (5)

We use the average deviation as a quantitative measure criterion for resource
utilisation in the following experiments.

In the situation that the capacities of some resources may be very large and
some may be very small, the prediction of the small capacity may weigh very
little when compared with the value of the experience in the calculation of at-
tractiveness. So we introduce the scaling factor f to reinforce the value of the
prediction. In the following experiments, we can see that the appropriate scaling
factor can help to achieve lower average deviation of resource utilisation.
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4 Experimental Evaluation

4.1 Simulations

In this section, we investigate the overall performance of the system in dynamic
environments where agents use the proposed adaptive strategy described in Sec-
tion 3. We investigate the performance of the adaptive strategy not only in the
same experiment setting as [9], but also in other experiment settings. We de-
fine the number of agents choosing the resource as the resource load. The good
overall performance is that the resource load follows the resource capacity well,
which results in little under-utilisation or over-utilisation of resources.

First, we examine the resource allocation problem using the proposed adap-
tive strategy in the same experiment setting (Experiment Setting 1) as [9]. The
number of agents is N = 1000 and the number of resources is Q = 3. The total
amount of capacities of the three resources is C = 1000. The capacity of the first
resource varies over time: Ct

1 = (1
3 + 1

6 sin 2πt
T ) × C; the capacity of the second

resource varies over time: Ct
2 = (1

3 − 1
12 sin 2πt

T ) × C, where the periodicity is
T = 1000. The capacity of the third resource is Ct

3 = C − Ct
1 − Ct

2.
We plot the time series of resource load for only two resources since the third

one is fully determined by the first two. To account for agents’ heterogeneity, the
attitudes ar for each agent are generated randomly. The adjusting parameters
for all agents are a∆ = 0.01. The scaling factor is f = 4. For each simulation,
we take 100 independent trials and average the results. The simulation results
are shown in Fig. 1. It can be seen that the resource load follows the resource
capacity very well, which means that the number of agents choosing a particular
resource is always close to the capacity of the resource. This results in very little
under-utilisation or over-utilisation of resources.

Next we investigate the performance of the adaptive strategy in other experi-
ment settings with different changing functions. The slopes of changing functions
in [9] are changing all the time, while the slopes of changing functions below are
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Fig. 1. Resource load using the adaptive strategy under Experiment Setting 1
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not always changing, but keep constant for some time and then change to other
slopes for another time. The capacities of the first and second resources vary as
follows (Experiment Setting 2):

Ct
1 =

⎧⎨
⎩

100 + 0.5 × t 1 ≤ t ≤ 200
200 + (t − 200) 200 < t ≤ 400
400 + 2 × (t − 400) 400 < t ≤ 600

Ct
2 =

⎧⎨
⎩

800 − 2 × t 1 ≤ t ≤ 200
400 + (t − 200) 200 < t ≤ 400
200 − 0.5 × (t − 400) 400 < t ≤ 600

Another experiment setting is more complicated. The changing functions have
both changing slope and constant slope. The purpose is to investigate how agents
using the adaptive strategy perform in different situations. The capacities of the
first and second resources vary as follows (Experiment Setting 3):

Ct
1 =

⎧⎪⎪⎨
⎪⎪⎩

(2
5 + 1

12 sin 2πt
T ) × C 1 ≤ t ≤ 500

400 500 < t ≤ 700
400 + (t − 700) 700 < t ≤ 950
650 + (t − 950) 950 < t ≤ 1200

Ct
2 =

⎧⎪⎪⎨
⎪⎪⎩

(2
5 − 1

12 sin 2πt
T ) × C 1 ≤ t ≤ 500

400 500 < t ≤ 700
400 − (t − 700) 700 < t ≤ 950
150 + (t − 950) 950 < t ≤ 1200

where the periodicity is T = 1000.
We implement the simulations using the adaptive strategy for these two sit-

uations. The adjusting parameters for all agents in Experiment Setting 2 are
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Fig. 2. Resource load using the adaptive strategy under Experiment Setting 2
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Fig. 3. Resource load using the adaptive strategy under Experiment Setting 3

a∆ = 0.02. The scaling factor is f = 6. In Experiment Setting 3, a∆ = 0.02 and
f = 4. The attitudes for each agent are also generated randomly. The results are
shown in Fig. 2 and Fig. 3 respectively. We can see that agents also follow the
changes in the capacity levels very effectively.

To measure the performance of the system quantitatively, we use Equation
(5) to calculate the average deviation of resource utilisation for each of the three
experiments. The results are shown in Strategy 1 column of Table 1. These
numbers are very small which indicate that the system is very close to the optimal
allocation. The results suggest that the adaptive strategy enables agents to make
good use of the resources in systems with time-varying capacities adaptively.

Table 1. Average deviation

Experiment Strategy 1 Strategy 2 Strategy 3
1 372.2851 14233.49 18220.76
2 431.4749 12030.83 17823.87
3 267.4422 13990.60 32395.81

4.2 Comparisons with Related Work

In this section, we conduct the simulations in the above three experiment set-
tings using other strategies. First, we implement the simulations using Lam and
Leung’s strategy. The strategy of Galstyan et al. is another approach. We use
their strategy to do the simulations. Also, we compare the simulation results
with the results using the proposed adaptive strategy. We want to investigate
that whether the system using the proposed adaptive strategy can make better
utilisation of resources than other strategies.
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Comparision with Lam and Leung’s strategy. Using Lam and Leung’s
strategy [8] described in Section 2, agents’ initial attitudes towards each re-
source are generated randomly. The adjusting parameters for all agents are
a+ = a− = 0.02. The size of the history is H = 5. Lam and Leung [8] con-
sider the payoff of choosing a not overloaded resource as the preference over
the resource. They generate the preferences for each agent randomly in their
simulations. The preferences are fixed once they are generated.

We plot the time series of resource load using Lam and Leung’s strategy with
preference. The results are shown from Fig. 4 and Fig. 6. It can be seen that the
resource load also does not follow the resource capacity very well. The average
deviations of resource utilisation are shown in Strategy 2 column of Table 1.
Also, we can see that the average deviations using Lam and Leung’s strategy with
preference are much larger than those using the proposed adaptive strategy. This
may be because the preferences are fixed once they are generated rather than
change with time. As the capacities are varying over time, the preferences do not
contain any information about capacities. This may lead to that the collective
behavior of agents cannot adapt to the dynamic environments very effectively.
So Lam and Leung’s strategy [8] may work very well in static environments, but
not very well in dynamic environments.

Comparison with the strategy of Galstyan et al. In the simulations using
the strategy of Galstyan et al. [9], each agent randomly chooses two neighbors
(K = 2) and also randomly generates two strategies (S = 2), which means the
actions that suggest agents which resource to choose at the next time step are
also generated randomly. Each agent’s neighbors are fixed throughout the game,
but neighbors’ actions are updated at the end of each time step.

The simulation results are shown from Fig. 7 and Fig. 9. It can be seen that
agents using Galstyan et al.’s strategy do not adapt effectively to the dynamic
environments. The average deviations shown in Strategy 3 column of Table 1 are
also much larger than those using the proposed adaptive strategy. The reason
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Fig. 4. Resource load using Lam and Leung’s strategy under Experiment Setting 1



An Adaptive Strategy for Resource Allocation with Changing Capacities 1419

100 200 300 400 500 600
0

100

200

300

400

500

600

700

800

Time

R
es

o
u

rc
e 

lo
ad

resource 1 capacity
resource 1 load

(a) Resource 1

100 200 300 400 500 600
0

100

200

300

400

500

600

700

800

Time

R
es

o
u

rc
e 

lo
ad

resource 2 capacity
resource 2 load

(b) Resource 2

Fig. 5. Resource load using Lam and Leung’s strategy under Experiment Setting 2
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Fig. 6. Resource load using Lam and Leung’s strategy under Experiment Setting 3

behind may be that the strategies do not change once they are generated. Agents
are limited to choose the resources appearing in the strategies. Another possible
reason is that the strategies are randomly generated at the beginning, which is
not sensible.

From the comparisons, we can conclude that the proposed adaptive strategy
performs better than Lam and Leung’s strategy [8] and the strategy of Gal-
styan et al. [9] in terms of resource utilisation.

4.3 Discussions

In this paper, we present an adaptive strategy for agents to use in the resource al-
location system. Our approach is applicable to multi-agent systems where agents
have a choice among several resources with time-varying capacities. However, one
issue of this approach is that the strategy is parameterised by the adjusting rate
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Fig. 7. Resource load using the strategy of Galstyan et al. under Experiment Setting 1
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Fig. 8. Resource load using the strategy of Galstyan et al. under Experiment Setting 2

and the scaling factor in calculating the attractiveness of the resource. In this
section, we focus on investigating how the adjusting rate and the scaling factor
affect the performance of the strategy.

In Experiment Setting 1 using the adaptive strategy, we plot the average
deviation of resource utilisation versus the adjusting rate with different scaling
factors in Fig. 10(a). The adjusting rate ranges from 0.01 to 0.1. The scaling
factor ranges among 2, 3, 4, 5 and 10. From this figure, we can see that when the
scaling factor is fixed, larger adjusting rate results in larger average deviation.
The minimal average deviation occurs at the point with the adjusting rate equal
to 0.01. In Fig. 10(b), we plot the average deviation of resource utilisation versus
the scaling factor with different adjusting rates. The scaling factor ranges from
2 to 10. The adjusting rate ranges from 0.01 to 0.05. From this figure, we can
see that when the adjusting rate is fixed, the point with the scaling factor equal
to 4 is a transition point. The system reaches the minimal average deviation at
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Fig. 9. Resource load using the strategy of Galstyan et al. under Experiment Setting 3
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Fig. 10. Average deviation

this point. From these two figures, we can see that the appropriate parameters
for Experiment Setting 1 are the adjusting rate equal to 0.01 and scaling factor
equal to 4. Other parameters result in larger average deviations.

It is important to set the appropriate parameters. If the adjusting rate is too
large, agents may over-adapt to the dynamic environments. On the other hand, if
the adjusting rate is too small, agents may not adapt fast enough to the dynamic
environments. For the scaling factor, if it is too large, it may cause the value of
the prediction to dominate the value of the experience in the calculation of the
attractiveness; if the scaling factor is too small, it may have little effect on the
value of the prediction.

We study the system experimentally in different situations with a wide range
of parameters. The parameters for the experiments in Section 4.1 have been
tuned and lead to the minimal average deviations of resource utilisation. How-
ever, the relationship between the appropriate parameters and the changing
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capacities still needs further investigation. Still another interesting question is
how we may characterise the system, such as the changing law of the capacities.

5 Conclusions and Future Work

In this paper, we propose an adaptive strategy for agents to use in the resource
allocation system with time-varying resource capacities. We investigate the per-
formance of the system using the strategy in different dynamic environments.
The simulation results demonstrate that agents using the proposed adaptive
strategy as a whole can adapt very effectively to the changing capacity levels
and result in very little under-utilisation or over-utilisation of resources.

We also compare our strategy with other strategies. The results show that
agents using the proposed adaptive strategy are able to make better utilisation,
i.e. the average deviations of resource utilisation from the optimal allocation are
smaller than those of related work. However, the strategy is parameterised by
the adjusting rate and the scaling factor. How to determine the values of these
parameters is of interest and we are going to investigate it further. On the other
hand, we are also going to investigate the characterisation of the time-varying
resource capacities.

In this paper, we have assumptions that each task only needs one unit of
resources to complete in one time step. In real resource allocation systems, the
situation may be more complicated. Each agent may have multi-task and each
task may need more than one unit of resources to complete in more than one
time step. The resources may not be available if some tasks already occupy
them. So another aspect of future work is to extend the adaptive strategy in
more complicated environments, such as resource allocation problems in load
balance [6][16].
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Abstract. We propose a method to construct a proposal density for the
Metropolis-Hastings algorithm in Markov Chain Monte Carlo (MCMC)
simulations of the GARCH model. The proposal density is constructed
adaptively by using the data sampled by the MCMC method itself. It
turns out that autocorrelations between the data generated with our
adaptive proposal density are greatly reduced. Thus it is concluded that
the adaptive construction method is very efficient and works well for the
MCMC simulations of the GARCH model.

Keywords: Markov Chain Monte Carlo, Bayesian inference, GARCH
model, Metropolis-Hastings algorithm.

1 Introduction

It is well known that financial time series of asset returns show various interesting
properties which can not be explained from the assumption that the time series
obeys the Brownian motion. Those properties are classified as stylized facts[1].
Some examples of the stylized facts are (i) fat-tailed distribution of return (ii)
volatility clustering (iii) slow decay of the autocorrelation time of the absolute
returns. The true dynamics behind the stylized facts is not fully understood.
There are some attempts to make physical models based on spin dynamics[2]-[9]
and they are able to capture some of the stylized facts.

In finance volatility is an important quantity to measure risk. To forecast
volatility, various empirical models to mimic the properties of the volatility
have been proposed. In 1982 Engle[10] proposed Autoregressive Conditional Het-
eroskedasticity (ARCH) model where the present volatility is assumed to depend
on squares of the past observations. Later Bollerslev[11] proposed Generalized
ARCH (GARCH) model which includes additional past volatility terms to the
present volatility estimate.

A conventional approach to infer GARCH model parameters is the Maxi-
mum Likelihood (ML) estimation where the GARCH parameters are obtained
as the values which maximaize the likelihood function of the GARCH model.
The maximization of the likelihood function can be done by the maximization
tool available in computer libraries. A practical difficulty of the maximization
procedure is that the output results are often sensitive to starting values.
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An alternative approach, which recently becomes popular, is the Bayesian
inference. Usually the Bayesian inference procedure is performed by MCMC
methods. There is no unique way to implement MCMC methods. So far a vari-
ety of methods to MCMC procedure have been developed[14]-[19]. In a recent
survey[18] it is shown that Acceptance-Rejection/Metropolis-Hastings (AR/MH)
algorithm works better than other algorithms. In the AR/MH algorithm the
proposal density is assumed to be a multivariate Student’s t-distribution and its
parameters are estimated by the ML technique. Here we develop a method to
determine parameters of a multivariate Student’s t-distribution, which does not
rely on the ML method. In our method the proposal density is also assumed to be
a multivariate Student’s t-distribution but the parameters are determined by a
MCMC simulation. During the MCMC simulation, the parameters are updated
adaptively using the data generated so far. We test our method using artificial
GARCH data and show that the method substantially reduces the correlations
between the sampled data and works well for GARCH parameter estimations.

2 GARCH Model

The GARCH(p,q) model to the time series data yt is given by

yt = σtεt, (1)

σ2
t = ω +

q∑
i=1

αiy
2
t−i +

p∑
i=1

βiσ
2
t−i, (2)

where ω > 0, αi > 0 and βi > 0 to ensure a positive volatility. Furthermore the
stationary condition given by

q∑
i=1

αi +
p∑

i=1

βi < 1 (3)

is also required. εt is an independent normal error ∼ N(0, 1). In many empirical
studies it is shown that (p = q = 1) GARCH model well captures the properties
of the financial time series volatility. Thus in this study we use GARCH(1,1)
model for our testbed. The volatility σ2

t of the GARCH model is now written as

σ2
t = ω + αy2

t−1 + βσ2
t−1, (4)

where α, β and ω are the parameters to be estimated.
Let θ = (ω, α, β) be a parameter set of the GARCH model. The likelihood

function of the GARCH model is written as

L(y|θ) = Πn
i=1

1√
2πσ2

t

exp (− y2
t

σ2
t

). (5)

This function plays a central role in ML estimations and also for the Bayesian
inference.
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3 Bayesian Inference

In this section we briefly describe the Bayesian inference which estimates the
GARCH parameters numerically by using the MCMC method. From the Bayes’
theorem the posterior density π(θ|y) with data y = (y1, y2, . . . , yn) is given by

π(θ|y) ∝ L(y|θ)π(θ), (6)

where L(y|θ) is the likelihood function. π(θ) is the prior density for θ. The
functional form of π(θ) is not known a priori. Here we assume that the prior
density π(θ) is constant. π(θ|y) gives a probability distribution of θ when the
data y are given.

With this π(θ|y) values of the parameters are inferred as the expectation
values of θ given by

〈θ〉 =
1
Z

∫
θπ(θ|y)dθ, (7)

where
Z =

∫
π(θ|y)dθ. (8)

Z is a normalization constant irrelevant to MCMC estimations.

3.1 MCMC

In general the integral of eq.(7) can not be performed analytically. The MCMC
technique gives a method to estimate eq.(7) numerically. The basic procedure of
the MCMC method is as follows. First we sample θ drawn from the probability
distribution π(θ|y). Sampling is done by a technique which produces a Markov
chain. After sampling some data, we obtain the expectation value as an average
value over the sampled data θ(i) = (θ(1), . . . , θ(k)),

〈θ〉 = lim
k→∞

1
k

k∑
i=1

θ(i), (9)

where k is the number of the sampled data. The statistical error for k indepen-
dent data is proportional to 1√

k
. In general, however, the data generated by the

MCMC method are correlated. As a result the statistical error will be propor-

tional to
√

2τ
k where τ is the autocorrelation time between the sampled data.

The autocorrelation time depends on the MCMC method we employ. Thus it is
desirable to choose a MCMC method generating data with a small τ .

3.2 Metropolis-Hastings Algorithm

The most general and simple method to draw values from a given probability
distribution is the Metropolis method[12] or its generalized version, Metropolis-
Hastings method[13]. Let P (x) is a probability distribution from which data x
shall be sampled. First starting from x, we propose a candidate x′ which is drawn
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from a certain probability distribution g(x′|x) which we call proposal density.
Then we accept the candidate x′ with a probability PMH(x, x′) as the next value
of the Markov chain:

PMH(x, x′) = min
[
1,

P (x′)
P (x)

g(x|x′)
g(x′|x)

]
. (10)

If x′ is rejected we keep the previous value x.
When g(x|x′) = g(x′|x), eq.(10) reduces to the Metropolis accept probability:

PMetro(x, x′) = min
[
1,

P (x′)
P (x)

]
. (11)

4 Adaptive Construction of Proposal Density

Disadvantages of the MH method are that the candidate drawn as the next value
is not always accepted and in general the data sampled by the Markov chain are
correlated, which results in increasing statistical errors.

If the proposal density is close enough to the posterior density the acceptance
in the MH method can be high. The posterior density of GARCH parameters
often resembles to a Gaussian-like shape. Thus one may choose a density similar
to a Gaussian distribution as the proposal density. Following [17,18], in order
to cover the tails of the posterior density we use a (p-dimensional) multivariate
Student’s t-distribution given by

g(θ) =
Γ ((ν + p)/2)/Γ (ν/2)

detΣ1/2(νπ)p/2

[
1 +

(θ − M)tΣ−1(θ − M)
ν

]−(ν+p)/2

, (12)

where θ and M are column vectors,

θ =

⎡
⎢⎢⎢⎣

θ1

θ2

...
θp

⎤
⎥⎥⎥⎦ , M =

⎡
⎢⎢⎢⎣

M1

M2

...
Mp

⎤
⎥⎥⎥⎦ , (13)

and Mi = E(θi). Σ is the covariance matrix defined as

νΣ

ν − 2
= E[(θ − M)(θ − M)t]. (14)

ν is a parameter to tune the shape of Student’s t-distribution. When ν → ∞ the
Student’s t-distribution goes to a Gaussian distribution. At small ν Student’s
t-distribution has a fat-tail.

For our GARCH model p = 3 and θ = (θ1, θ2, θ3) = (α, β, ω), and thus
Σ is a 3 × 3 matrix. We determine these unknown parameters M and Σ by
MCMC simulations. First we make a short run by the Metropolis algorithm and
accumulate some data. Then we estimate M and Σ from the data. Note that
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there is no need to estimate M and Σ accurately. Second we perform a MH
simulation with the proposal density of eq.(12) with the estimated M and Σ.
After accumulating more data, we recalculate M and Σ, and update M and
Σ of eq.(12). By doing this, we adaptively change the shape of eq.(12) to fit
the posterior density. We call eq.(12) with the estimated M and Σ ”adaptive
proposal density”.

5 Numerical Simulations

In order to test the adaptive construction method we use artificial GARCH data
generated with a known parameter set and try to infer the parameters of the
GARCH model from the artificial GARCH data. The GARCH parameters are
set to α = 0.1, β = 0.8 and ω = 0.1. Then using these parameters we generated
2000 data. For this artificial data we perform MCMC simulations by the adaptive
construction method.

Implementation of the adaptive construction method is as follows. First we
start a run by the Metropolis algorithm. The first 3000 data are discarded as
burn-in process or in other words thermalization. Then we accumulate 1000 data
for M and Σ estimations. The estimated M and Σ are substituted to g(θ) of
eq.(12). We re-start a run by the MH algorithm with the proposal density g(θ).
Every 1000 update we re-calculate M and Σ and update g(θ). We accumulate
199000 data for analysis. To check ν parameter dependence on the MCMC esti-
mations we use ν = (4, 6, 8, 10, 12, 20) and perform the same MCMC simulation
for each ν. Later we find that ν dependence on the MCMC results is weak.
Therefore the results from ν = 10 simulations will be mainly shown.

Table 1. Results of parameters

α β ω

Adaptive (ν = 10) 0.10374 0.7789 0.11532
standard deviation 0.019 0.045 0.034

statistical error 0.00006 0.0002 0.00014
2τ 2.3 ± 0.2 3.0 ± 0.3 3.4 ± 0.8

Metropolis 0.1033 0.7797 0.1149
standard deviation 0.019 0.045 0.034

statistical error 0.0005 0.0017 0.0012
2τ 440 ± 90 900 ± 190 830 ± 170

For comparison we also make a Metropolis simulation and accumulate 600000
data for analysis. In this study the Metropolis algorithm is implemented as
follows. We draw a candidate θ′ by adding a small random value δθ to the
present value θ:

θ′ = θ + δθ, (15)
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where δθ = d(r−0.5). r is a uniform random number in [0, 1] and d is a constant
to tune the Metropolis acceptance. We choose d so that the acceptance becomes
greater than 50%.

10000 12000 14000
MC time

0.05

0.1

0.15

0.2

α

Adaptive

10000 12000 14000
MC time

0.05

0.1

0.15

0.2

α

Metropolis

Fig. 1. Monte Carlo histories of α from the adaptive construction method with ν =
10(left) and the Metropolis algorithm(right)

Fig. 1 compares the Monte Carlo history of α generated by the adaptive
construction method with that by the Metropolis algorithm. It is clearly seen
that the data α generated by the Metropolis algorithm are very correlated. For
other parameters β and ω we also see similar behavior.

To quantify the correlation we measure the autocorrelation function (ACF).
The ACF of certain successive data x is defined by

ACF (t) =
1
N

∑N
j=1(x(j)− < x >)(x(j + t)− < x >)

σ2
x

, (16)

where < x > and σ2
x are the average value and the variance of x respectively.

Fig. 2 shows the ACF for the adaptive construction method and the Metropo-
lis algorithm. The ACF of the adaptive construction method decreases quickly
as Monte Carlo time t increases. On the other hand the ACF of the Metropolis
algorithm decreases very slowly which indicates that the correlation between the
data is very large.

Using the ACF, the autocorrelation time τ is calculated as

τ =
1
2

+
∞∑

i=1

ACF (i). (17)

Results of τ are summarized in Table 1. The values of τ from the Metropolis
simulations are very large, typically several hundreds. On the other hand we see
very small correlations, 2τ ∼ 2 − 3 for the adaptive construction method. Thus
the adaptive construction method works well for reducing correlations between
the sampled data.
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Fig. 2. Autocorrelation functions for the adaptive construction method with ν = 10
(left) and the Metropolis algorithm (right)
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Fig. 3. V11 and V23 as a function of the data size

We examine how the covariance matrix Σ varies during the simulations. Here
let us define a symmetric matrix V as

V = E[(θ − M)(θ − M)t], (18)

and θ = (θ1, θ2, θ3) = (α, β, ω). Instead of Σ, we analys this V since V should
be same for all ν and it is easy to see the convergence property.

In Fig. 3 we show how V11(= Vαα) and V23(= Vβω) change as the simulations
are proceeded. We see that V11 and V23 converge to some values. We also find
similar behavior for other Vij . The final output of the matrix elements of V from
the simulations is as follows.

V =

⎛
⎝ 3.6 × 10−4 −5.8 × 10−4 2.6 × 10−4

−5.8 × 10−4 2.1 × 10−3 −1.4 × 10−3

2.6 × 10−4 −1.4 × 10−3 1.2 × 10−3

⎞
⎠ . (19)

From this result we find that V12(= Vαβ) and V23(= Vβω) are negative, and
V13(= Vαω) is positive. Fig. 4 also displays these correlation properties.

Fig. 5 shows values of the acceptance at the MH algorithm with the adaptive
proposal density of eq.(12). Each acceptance is calculated every 1000 updates
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Fig. 4. Scatter plot of sampled data for (α, β), (β, ω) and (α, ω)
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Fig. 5. Acceptance at MH step with the adaptive proposal density

and the calculation of the acceptance is based on the latest 1000 data. At the first
stage of the simulation the acceptance is low because M and Σ are not calculated
accurately as shown in Fig. 3. However the acceptances increase quickly as the
simulations are proceeded and reaches plateaus. Typically the acceptances are
more than 70% except for ν = 4. Probably ν = 4 proposal density is less efficient
because the tail of the proposal density is too heavy to cover the tail of the
posterior density.

Fig. 6 shows results of the GARCH parameters estimated by the MCMC
methods. The values of the GARCH parameters are summarized in Table 1.
The results from the adaptive construction method have much smaller error
bars and are consistent each other. On the other hand the Metropolis results
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Fig. 6. Results of the GARCH parameters estimated by MCMC methods. The results
at ν = 40 are from the Metropolis simulations. The error bars show statistical errors
only and they are calculated by the jackknife method.

have larger error bars although the number of the sampled data is larger than
that of the adaptive construction method. This is because the data sampled
by the Metropolis algorithm are long-correlated. The all results with standard
deviations agree with the input GARCH parameters (α = 0.1, β = 0.8 and
ω = 0.1). This indecates that the MCMC estimations are correctly done.

6 Summary

We proposed a method to construct a proposal density used in the MH algo-
rithm. The construction of the proposal density is performed using the data
generated by MCMC methods. During the MCMC simulations the proposal
density is updated adaptively. The numerical results show that the adaptive
construction method significantly reduces the correlations between the sampled
data. The autocorrelation time of the adaptive construction method is calculated
to be 2τ ∼ 2 − 3. This autocorrelation time is similar to that of the AR/MH
method[18] which uses the ML estimation. Thus the efficiency of the adaptive
construction method is comparable to that of the AR/MH method. This is not
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surprising because both methods construct the essentially same proposal den-
sity in different ways. Therefore the adaptive construction method serves as an
alternative efficient method for GARCH parameter inference without using ML
estimations.
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Abstract. Let (X, ‖ · ‖) be a Banach space, f : X → X continous
Freche’t differentiable map.Denote the set of almost periodic point by
A(f).In this paper,we prove that there exists an uncountable set Λ such
that f |Λ is distributionally chaotic,and Λ ⊂ A(f).

Keywords: distributional chaos, Banach space,almost periodic point.

1 Introduction

This paper is mainly concerned with distributional chaos in the following discrete
dynamical system

xn+1 = f(xn) n ≥ 0,

where f : X → X is a map and (X, ‖ · ‖) is Banach space.
Research on chaos and chaotification in dynamical systems attracted interest

from many scientists and mathematicians. In 1975, Li and Yorke [1] investigated
a discrete dynamical system governed by a continuous map on the real line R
and obtained the well-known result:“period 3 implies chaos.”Since then,people
have studied the chaotic system in various sense. The following definitions of
chaos are often used in theoretical research at the moment. Chaos in the sense
of Devaney [2,3], Smale horseshoe [4], Topological mixed system [5] and distri-
butional chaos. The paper that period 3 implies chaos published by Li and Yorke
in 1975 shows that periodicity and the properties of chaos are very important
and are very closely related concepts in a non-linear system.

In 1994, Schweizer-smital investigated a discrete dynamical system governed
by a continuous map on the real line R and obtained the result.If f has positive
entropy,then there exists an uncountable distributional chaotic set in which each
member is an ω−limit point. Later,many papers published thus for are concerned
with chaos and chaotification for discrete dynamical systems in Rn [3,5,6-11] and
infinite-dimensional system [6,10,11] which are very useful and applicable dis-
cussing existence of chaos for higher dimensional discrete dynamical systems
and studying the chaotic behavior of partial differential equations (PDES) and

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1435–1440, 2009.
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ordinary differential equations (ODES) [7,12-19]. In this paper,we study distri-
butional chaos of discrete dynamical systems governed by map in general Banach
spaces,where maps are continuously differentiable in some domains.

The main results of this paper are stated as follows.

The Main Theorem. Let (X, ‖ · ‖) be a Banach space and let f : X → X be
map with a fixed point z ∈ X and satisfies

1) f is continuously Freche’t differentiable in a neighborhood of z. Df(z) in
an invertible linear map and satisfies

‖ Df(z) ‖0> 1

2) f has a homoclinic orbit Γ to z, is continuously differentiable in neighbor-
hood of any point x on Γ , Df(x) is an invariable linear map and satisfies

‖ Df(x) ‖0> 0

Then f has an uncountable distributional chaotic set in which each point is
almost periodic point.

The rest of the paper is organized as follows. In section 2, we list some concepts
and lemmas which are needed in the sequel. In section 3, we will give proof of
the existence of distributional chaotic set.

2 Basic Definitions and Lemmas

In this section, we list some definitions and prepare several lemmas.
For a continuous map f : X → X , we will denote the set of almost periodic

points and the set of recurrent points of f by A(f) and R(f) respectively,with
the usual definitions, fn will denote the n-fold iterate of f .

For x, y in X , any real number t and positive integer n, let

ξn(f, x, y, t) = #{i | d(f i(x), f i(y)) < t, 1 ≤ i ≤ n},

where we use #(·) to denote the cardinality of a set. Let

F (f, x, y, t) = lim inf
n→∞

1
n

ξn(f, x, y, t), F ∗(f, x, y, t) = lim sup
n→∞

1
n

ξn(f, x, y, t).

Definition 1. Call x, y ∈ X a pair of points displaying distributional chaos if
(1) F (f, x, y, t) = 0 for some t > 0,
(2) F ∗(f, x, y, t) = 1 for any t > 0.

Definition 2. f is said to display distributional chaos if there exists an uncount-
able set D ⊂ X such that any two different points in D display distributional
chaos.

Since the criteria of distributional chaos obtained in this paper are related to a
symbolic dynamical system. We first recall its relevant properties as follows.
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Let S = {0, 1}, Σ = {x = x1x2 . . . | xi ∈ S, i = 1, 2, . . .} and define ρ :
Σ × Σ → R as follows: for any x, y ∈ Σ, if x = x1x2 . . . and y = y1y2 . . ., then

ρ(x, y) =
{

0 if x = y
1
2k if x �= y and k = min{n|xn �= yn} − 1

It is not difficult to check that ρ is a metric on Σ.The space (Σ, ρ) is compact
and called the one-sided symbolic space on two symbols.

Define σ : Σ → Σ by σ(x1x2 . . .) = x2x3 . . . for any x = x1x2 . . . ∈ Σ. Then
σ is continuous and called the shift on Σ.

Definition 3. Let (X, f) and (Y, g) be dynamical system, if there exists a home-
omorphism h : X → Y such that ∀x ∈ X satisfying h ◦ f(x) = g ◦ h(x), then f
and g topologically conjugate.

Definition 4. Let f : X → X and g : Y → Y be continuous, where X and Y
are compact metric spaces. If there exists a continuous surjection h : X → Y
such that g ◦ h = h ◦ f , then

(1) h(A(f)) = A(g),
(2) h(R(f)) = R(g).

Definition 5. (see[20]) There exists an uncountable set T on the one-sided sym-
bolic space satisfying

(1) T ⊂ A(σ),
(2) σ|T is distributionally chaotic,

Now, we turn to study properties of continuous Freche’t differentiable maps in
Banach space. For convenience, denote a closed ball and an open ball centered
at z in the Banach space (X, ‖ · ‖), respectively by

B̄r(z) = {x ∈ X :‖ x − z ‖≤ r}, Br(z) = {x ∈ X :‖ x − z ‖< r}

and introduce the following notion:

‖ L ‖0= inf{‖ Lx ‖: x ∈ X with ‖ x ‖= 1}

for a linear map L : X → X . If a linear map L : X → X has a bounded linear
inverse map, then L is called an invertible linear map.

[see ref.[21] Definition 4.17]

Definition 6. Let (X, d) be a metric space, f : X → X be a map.
(1) A point z ∈ X is called an expanding fixed point (or a repeller) of f in

B̄r(z) for some constant r > 0, if f(z) = z and there exists a constant λ > 1
such that

d(f(x), f(y)) ≥ λd(x, y), ∀x, y ∈ B̄r(z),

where B̄r(z) = {x ∈ X : d(x, z) ≤ r} is a closed ball centered at z. The constant
λ is called the expanding coefficient of f in B̄r(z). Furthermore, z is called a
regular expanding fixed point of f in B̄r(z) if z is an interior point of f(Br(z)).
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(2) Assume that z ∈ X is a regular expanding fixed point of f . Let U be the
maximal open neighborhood of z in the sense that for each x ∈ U with x �= z
there exists k ≥ 1 with fk(x) /∈ U and for each x ∈ U with x �= z, f−n(x) is
uniquely defined in U and f−n(x) → z as n → ∞. U is called the local unstable
set of f at z and is denoted by Wu

loc(z).
(3) Assume that z ∈ X is a regular expanding fixed point of f . A point x ∈ X

is called homoclinic to z if x ∈ Wu
loc(z), x �= z, and there exists n ≥ 1 such that

fn(x) = z.

Lemma 1. Let (X, ‖ · ‖) be a Banach space and let f : X → X be a map with
a fixed point z ∈ X, assume that

1) f is continuously Freche’t differentiable in a neighborhood of z, Df(z) is
an invertible linear map and satisfies

‖ Df(z) ‖0> 1

2) f has a homoclinic orbit Γ to z, z is continuously differentiable in a neigh-
borhood of any point x on Γ , Df(x) is an invertible linear map and satisfies

‖ Df(x) ‖0> 0

Then, for each neighborhood U of z, there exist a positive integer n and a cantor
set Λ ⊂ U such that fn : Λ → Λ is topologically conjugate to the symbolic
dynamical system σ : Σ → Σ.

Proof. For a proof see [22].

Lemma 2. Let X be a compact metric space with metric d, f : X → X a
continuous map and N > 0 an integer. Then f is distributionally chaotic if and
only if fN is too.

Proof. For proof see [23].

3 Proof of Main Theorems

In this section, we establish a criterion of distributional chaos for continuous
differentiable map in some domain of a Banach space.

Proof. By the Lemma 2.3, there is a homeomorphism h : Λ → Σ and there exists
a positive integer n such that for any x ∈ Λ

h ◦ fn(x) = σ ◦ h(x)

where Λ ⊂ X is a cantor set,for simplicity, let g = fn. According to Lemma 2.2,
there is an uncountable set T ⊂ A(σ) which is distributionally chaotic and σ|T
has the only ergodic measure u. For y ∈ T , by Lemma 2.1, there exists x ∈ A(g)
such that h(x) = y. Let

D = {x | x ∈ A(g), h(x) = y and y ∈ T }.



Almost Periodicity and Distributional Chaos in Banach Space 1439

Then D ⊂ Λ and D is an uncountable set. To complete the proof, it suffices to
show that D is a distributional chaotic set for g.

First of all, we prove that for any x1, x2 ∈ Λ, if F (σ, h(x1), h(x2), t) = 0 for
some t > 0, then F (g, x1, x2, s) = 0 for some s > 0. Since g = fn,then g : Λ → Λ,
σ : Σ → Σ be continuous map.For given t > 0, by uniform continuity of h, there
exists s > 0 such that for any p, q ∈ Λ, ρ(h(p), h(q)) < t provided ‖ p − q ‖< s.
since we easily see that h ◦ gi = σi ◦ h, it follows that if ρ(gi(x1), gi(x2)) < s,
then

‖ σi(h(x1)) − σi(h(x2)) ‖< t.

This implies
ξn(g, x1, x2, s) ≤ ξn(σ, h(x1), h(x2), t)

for all n ≥ 0. Thus by the definition of F , we immediately have the following
result

F (g, x1, x2, s) = 0. (1)

Secondly,we prove that if F ∗(σ, h(x1), h(x2), s) = 1 for all s > 0, then
F ∗(g, x1, x2, t) = 1 for all t > 0. Since h is a homeomorphism, h−1 : Σ → Λ is a
surjective continuous map.By the first proof, we have

ξn(σ, h(x1), h(x2), s) ≤ ξn(g, x1, x2, t)

which gives
F ∗(g, x1, x2, t) = 1. (2)

By (1), (2) and the arbitrariness of x1 and x2, we conclude that D is an
uncountable distributionally chaotic set of g. Therefore, we also conclude that
fn is distributionally chaotic.

By Lemma (2.4) and A(fn) = A(f), we prove that f has an uncountable
distributionally chaotic set D in A(f).

The proof is completed.
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Abstract. Allometric scaling is an important universal property of
metabolic living systems. It also describes the self-similar branching
tree-liked structures in transportation networks. This paper presented
a new approach to calculate the allometric scaling power law relations
for arbitrary flow networks. This method can not only avoid the
shortcoming of losing lots of information in the process of generating
spanning trees in the conventional approaches but also can be applied
to arbitrary weighted networks. The allometric scaling properties of 20
empirical weighted food webs (weights are energy fluxes) are computed
according to the new approach, the power law relationships are derived
with the universal exponent η = 1.0298 which reflects the transportation
efficiency of the food webs.

Keywords: allometry, power law relations, energy flow, weighted
network.

1 Introduction

Food web is a network to describe the prey-predator interactions in an ecological
community or ecosystem. Binary food web only cared about the existence of a
given predation interaction. However, energy flows play more important roles on
comprehending complex ecological community than the binary networks because
every species needs energy to survive. Thereafter, food web is actually an energy
transporting network. When a species predates its preys, energy embodied as
food transferred from the prey vertices to the predator vertex. Thus, weighted
food web whose edges have weights to denote the energy fluxes transferred from a
prey to a predator is more comprehensive on describing ecological communities
than the binary food web. Recently, more and more empirical weighted food
webs data with high quality have been collected [1]. What we need is a good
approach to reveal the common features of these networks [2].

Allometric scaling is an important universal pattern for transportation sys-
tems. Kleiber [3] found that the metabolism and body size of all species follow a
ubiquitous power law relationship, and the exponent is 3/4. West et al. [4] and
Banavar et al. [5] explained these patterns as an emerging property of nutri-
ent and energy transportation networks. This recognition encouraged people to
reveal that the allometric scaling may be a universal feature for all transporta-
tion systems. Garlaschelli et al. [6] extended Banavar’s approach to binary food
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webs and found a similar allometric scaling power law relationship. Because Gar-
laschelli’s approach is an abstract algorithm for any network, it can be applied
to other systems. Duan [7] used Garlaschelli’s approach on international trade
network and found similar power law relationship. Herrada et al. [8] applied this
method on the tree of life.

Although Garlaschelli’s method as an algorithm had been used in various
binary networks, there are some shortcomings. Firstly, Garlaschelli’s approach
loses lots of information to get the result. The first step of his algorithm is
obtaining a spanning tree, so lots of edges of the original network must be cut
although Garlaschelli had claimed that the cut edges are always ”week” links.
Allesina and Bodini [9] improved this method by reducing the original network to
a directed acyclic graph. Although less amounts of information will be lost, the
problem remains there. The second shortcoming is Garlaschelli’s approach and
Allesina’s improvement can be only applied to binary networks. The allometric
scaling power law was found in various transportation systems, thus the flows
are more important. That is the reason why Garlaschelli’s method should be
extended to weighted flow networks.

In this paper, we presented a method to calculate the allometric scaling rela-
tionship for weighted transportation networks. This approach avoids the short-
comings of Garlaschelli’s method. And then the new algorithm is applied on
20 empirical weighted food webs, the universal allometric scaling relationship is
found.

2 Revisiting Allometric Scaling of Food Webs

Before presenting our method, we should revisit Garlaschelli’s approach at first.
For a given binary food web (See Fig. 1(b) as an example), the spanning tree
(Fig. 1(b)) is reduced from the original network (The method of generating the
spanning tree is referred to [6]).

In Fig. 1(a), the numbers of each vertex are just indices of nodes. In Fig. 1(b),
the number inside the circle of any vertex i is called Ai, and the number outside

Fig. 1. Calculation of allometric scaling of a hypothetic food web. (a)is a hypothetic
food web; (b) is a spanning tree of the original network (a). (c) is the flow network
representation of (b) implied by Garaschelli’s approach.
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the circle of the vertex i is indicated as Ci. If we denote the sub-tree rooted from
the node i as Ti, then Ai is the number of vertices of Ti, and Ci is the summation
of all vertices’ Ais in Ti, that is, Ci =

∑
i∈Ti

Ai. For example, the gray vertices
in Fig. 1(b) belong to the sub-tree of the whole spanning tree of Fig. 1(a) rooted
from vertex 2 (The indices are from Fig. 1(a)). Therefore, A2 = 3 is just the
number of vertices in this sub-tree, which is denoted in the circle of vertex 2.
We can calculate the Ais in all of the vertices in the sub-tree T2, then C2 can
be calculated as, C2 = A2 + A6 + A8 = 6, which is denoted outside of the circle
of vertex 2.

Therefore, we can calculate a set of pairs (Ai, Ci) for any spanning tree, and
the allometric scaling can be derived if the plot of pairs (Ai, Ci) on the Log-Log
coordinate can be fitted by a line. Garlaschelli applied this method to a set of
empirical food webs, the universal allometric scaling relationship and power law
exponent was found [6].

Actually, Garaschelli’s method was inspired by Banavar’s [5] model to explain
the Kleiber’s law. The spanning tree is just the Banavar’s transportation network
(See [5]). Thus, the energy flows into the whole system from the root (black
vertex) and is delivered along the links of the network to all nodes. Suppose that
each node would consume 1 unit of energy in each time step. Then the flux with
1 unit representing the energy consumption by each vertex should be added on
the original spanning tree. In Fig. 1(c), the energy dissipation by each vertex is
added as a dotted line. And the numbers beside edges are weights representing
the energy flux of the edge. As the result, a flow network can be constructed from
the original food web. And Ai of each node is just the total influx of this vertex.
Ci is the total flux of the sub-tree rooted from i. For example, the sub-tree with
gray vertices is just a sub-system of the whole spanning tree. And A2 is the total
influx of this sub-system, and C2 is the total amount of the energy flowing in
this sub-system.

Hence, for any vertex i, the sub-tree Ti rooted from i can be viewed as a sub-
system of the whole spanning tree. Then, Ai is the influx from outside of the
sub-system. And Ci is the total flux of the Ti (total amount of flowing matters
in Ti). Thus, if we treat the sub-system Ti as a living system, then Ai is the
metabolism of this organism, and Ci is its biomass. Therefore, if Ai and Ci

follow a power law relationship, that means the living system Ti obey Kleiber’s
law although the exponent may be different. This comprehension is important
because it will be extended to general flow network systems.

3 The Method

In this section, we will introduce a new approach which can calculate the values
(Ai, Ci) to testify the allometric scaling relationship of any general network flow
system. The approach will be given at first, and then be explained further by a
simple example. At last, this method is testified by comparing to Garlaschelli’s
approach.
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3.1 Deriving Ais and Cis for Any Flow Network

For a network flow system with N + 1 vertices (the (N + 1)th vertex is just the
environment) and weighted directed edges, we can use an (N + 1)2 entries flux
matrix F to represent it. Any entry of F denoted as fij is the weight representing
the flux from vertex i to vertex j. Assume that the system is in the steady state.
That means the flux balance condition should be hold,

N+1∑
j=1

fji =
N+1∑
j=1

fij , ∀i ∈ [1, N + 1] (1)

For defining Ci, two matrices M and U should be defined at first. For any
balanced matrix F , we can define an N × N real matrix M , any entry of it mij

satisfies:
mij =

fij∑N+1
k=1 fik

, ∀i, j ∈ [1, N ] (2)

Because the condition (1) is hold for F , the determinant of M is smaller than 1.
Therefore, another matrix U can be derived from M :

U = I + M + M2 + · · · =
∞∑

i=0

M i = (I − M)−1 (3)

According to the discussion in the previous section, Ai representing the influx
to the vertex i from outside of the sub-system that i can influence, then it can
be defined as (We don’t need calculate the Ai value of the vertex N + 1):

Ai =
N∑

j=1

fN+1,jUj,i/Ui,i, ∀i ∈ [1, N ] (4)

Finally, Ci of any vertex i can be defined as:

Ci = Ai

N∑
j=1

Uij , ∀i ∈ [1, N ] (5)

For any flow network, the condition (1) may not be satisfied, we must balance the
fluxes artificially. Suppose condition (1) is not hold for vertex i, which means∑N

j=1 fji �=
∑N

j=1 fij , then we can add an edge with the weight |wij |, wij =∑N
j=1 fji −

∑N
j=1 fij to connect the vertex i and N +1. If wij > 0, the direction

of this artificial edge is from i to N + 1. If wij < 0, the direction is from
N +1 to i. Once the artificial edges are constructed for all vertices, the approach
mentioned before can be applied. At last, we locate all pairs of Ai Ci on a
Log-Log coordinate, and expect the following equation holds:

Ci ∝ Ai
η (6)

Where, η is the exponent of the power law and the slope of the best fit line on
the Log-Log coordinate which may reflect the transportation efficiency of the
network [6].
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3.2 A Simple Example

To understand the method introduced in the previous sub-section, let’s take a
simple example. See Fig. 2,

Fig. 2. An example to illustrate our method on deriving Ais and Cis (a) is the original
flow network, (b) is the balanced network from (a), (c) is the probability network
represented by M

Fig. 2(a) is the original flow network, and Fig. 2(b) is the balanced network
from (a). The matrix representation of Fig. 2(b) is the matrix F listed under the
Fig. 2(b). The matrix M derived from F is listed under the Fig. 2(c).

To understand the physical meaning of the matrix M , suppose a particle
flows in this network from A. It will have 1/2 probability to transfer to B,
3/10 probability to C and 1/5 probability to the environment. Thus, the matrix
M represents the probabilities the particle flows from one vertex to the other
after 1 step transfer. M · M represents the probabilities the particle flows from
one vertex to the other after 2 steps, i.e., any entry (i, j) in M · M represents
the probability of a particle flows from i to j along any paths in 2 steps. And
M · M · M represents the probabilities after 3 steps, etc. [10]

When we repeat this experiment again and again, many particles flow along
the network randomly, the fluxes can be formed. Then, the flux from A to E
after three steps is the number of particles that travel from A to E after three
steps. Because the number of particles flowing into A in each step is 100, the
flux from A to E after three steps is 100 · (M · M · M)1,5 = 25. The total flux
from A to E should be the summation of fluxes with one step, two steps,..., until
the infinite steps from A to E along all possible paths. So we can compute the
matrix,



1446 J. Zhang

U = I + M + M2 + · · · = (I − M)−1 =

⎛
⎜⎜⎜⎜⎝

1 3
5

7
20

1
5

2
5

0 42
41

7
82

14
41

28
41

0 12
41

42
41

4
41

8
41

0 3
164

21
328

165
164

21
41

0 3
82

21
164

1
82

42
41

⎞
⎟⎟⎟⎟⎠ (7)

to calculate the total flux from i to j along all possible paths with all possible
time steps.

Now, we will show how to calculate the Ai and Ci for vertex B. According to
the discussions in the previous sub-section, the Ai value is the metabolism of the
sub-tree rooted from i, Ci value is the total flux of the sub-tree. But now, for any
flow network, sub-trees can not be obtained. Suppose the particles flowing to B
will be colored red. Then all of red particles flowing in the whole network can be
viewed as the sub-system rooted from the vertex B although the sub-system is
not obvious. Hence, in each time step, the total number of particles which turns
from uncolored to red is just the value A2. The total number of red particles in
the whole network is just C2. According to the linear algebra [10], the number
of particles turning to red in each step is:

A2 =
5∑

j=1

f6,jUj,i/Ui,i = 100 × 3/5
42/41

= 410/7 (8)

Where, f6,j is the flux from environment to the vertex j. And
∑5

j=1 f6,jUj,i is
the total flux of the particles entering the network and getting to the node i
along all paths with various lengths. Of course, some of them may have passed
the vertex i and reenter this node again. Thus, we should not count this part of
flux. That is the reason why dividing by Ui,i in equation 8 [10]. In a word, the
calculation of A2 in equation 8 is the total number of particles which turns to
red from uncolored state in one step.

The total number of red particles flowing in the whole network is:

C2 = A2

5∑
i=1

U2,i = 410/7× 175/82 = 125 (9)

Hence, we can use this approach to calculate Ci values of all vertices.

3.3 Validation of Our Approach

Our approach can be used to any flow network including the spanning trees. So
Garlaschelli’s approach is included by our method. Actually, it is not difficult to
testify that our approach can get the same values of Ais and Cis as Garlaschelli’s
approach. For example, when we apply our approach to Fig. 1(c), we can get
vectors of Ais and Cis: A = (8, 3, 1, 2, 1, 2, 1, 1),C = (19, 6, 1, 3, 1, 3, 1, 1). It is
exactly same as the values denoted on Fig. 1(c).



Allometric Scaling of Weighted Food Webs 1447

0.1 1. 10. 100.

0.1

1.

10.

100.

1000.

Ai

C
i

1000500200 300 1500700

1000

5000

2000

3000

1500

7000

Ai

C
i

StMarks, Η� 1.04159 Random network�52, 270�

0.0001 0.001 0.01 0.1 1. 10. 100.

0.0001

0.001

0.01

0.1

1.

10.

100.

1000.

Ai

C
i

2000 30001500

10 000

20 000

15 000

Ai

C
i

Baydry, Η� 1.01843 Random network�126, 1969�

0.00001 0.0001 0.001 0.01 0.1 1. 10. 100. 1000.

0.00001

0.0001

0.001

0.01

0.1

1.

10.

100.

1000.

Ai

C
i

5000 7000

50 000

20 000

30 000

Ai

C
i

Mangdry, Η� 1.01364 Random network�95, 1339�

0.001 0.01 0.1 1. 10. 100. 1000.

0.001

0.01

0.1

1.

10.

100.

1000.

10 000.

Ai

C
i

10 000 15 000

100 000

50 000

20 000

30 000

15 000

70 000

Ai

C
i

Mondego, Η� 1.01582 Random network�44, 348�

Fig. 3. Ai, Ci plots of 4 selected food webs and the random generated network flow
with the same scale (number of vertices and edges) as the corresponding food webs. The
plots in the left column are allometric scalings of empirical food webs with best fitting
lines. The plots in the right column are Ais and Cis of random networks generated with
the same scale as the left corresponding food web. The numbers in brackets are the
number of vertices and edges respectively. The numbers of vertices of each food web
are excluding input,output and respiration nodes which are contained in the original
data files.
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4 Results

Empirical weighted food webs can be obtained by field experiments. The vertices
stand for living species or non-living units such as detritus or respiration. The
flux of each edge is obtained by the experiments of tracing the flows of Carbon
or Nitrogen isotope in the real food webs. The raw data of 20 weighted food
webs is obtained from [11]. (All data of food webs on this web page are obtained
from published papers)

The allometric scaling relationships are computed by our approach for 20 food
webs, the results are listed in Table. 1. Four food webs are selected to plot their
Ai and Ci values on the log-log coordinate with the best fit line. Also, the same
approach is applied to the generated random network with the same number of
vertices and edges as the food web, and they are plotted on the right side to
compare with the original food webs.

From Table. 1, we found that almost all food webs have the allometric power
law relationship no matter what size (the number of vertices and edges) it is. One
exception is Rhode, it has larger deviation of power law. The reason may be the
number of vertices of this food web is too small, so the power law relationship
can not emerge. The average exponent (except Rhode)η is 1.0298. This value
reflects the average efficiency of the food webs as transportation networks. All of
η values fall into the interval [1.00, 1.08], that means the power law relationship
and the exponent is a universal feature of food webs.

From Fig. 3, we can observe that allometric power law relationship is a distinct
character comparing to the random flow networks with the same size. Thus, our
approach may reveal a hidden property of the transportation of energy in food

1�104 5�1041�105 5�1051�1061000 5000

104

105

106

Ai

C
i

Fig. 4. Ai, Ci plot for root nodes of 20 food webs. The slope η (the power law exponent)
in this figure is 1.04998.
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Table 1. Allometric scaling of Empirical food webs

Food web Fitting line equation η RSquare
St Marks 0.787904+1.04159 x 1.04159 0.978889
BayDry 0.87144+1.01843 x 1.01843 0.994778
BayWet 0.959133+1.02323 x 1.02323 0.994782

ChesLower 0.567216+1.05332 x 1.05332 0.997818
ChesMiddle 0.797378+1.04472 x 1.04472 0.996428
ChesUpper 0.708627+1.06001 x 1.06001 0.996794
Chesapeake 1.10347+1.00882 x 1.00882 0.996792
CrystalC 0.391906+1.04403 x 1.04403 0.997969
CrystalD 0.412903+1.0448 x 1.0448 0.998158
CypDry 0.787941+1.00028 x 1.00028 0.995786
CypWet 0.807567+0.999697 x 0.999697 0.997128

Everglades 0.554555+1.02117 x 1.02117 0.999203
Florida 0.959133+1.02323 x 1.02323 0.994782

GramDry 0.616884+1.02685 x 1.02685 0.999158
MangDry 0.835557+1.01364 x 1.01364 0.996732
Michigan 0.392247+1.01494 x 1.01494 0.99865
Mondego 0.488492+1.01582 x 1.01582 0.999255
Narragan 0.974056+1.0821 x 1.0821 0.992774

Maspalomas 0.985035+1.02975 x 1.02975 0.98396
Rhode 3.09222+0.775947 x 0.775947 0.803483

webs. And when we plot all root nodes’ Ai and Ci values of these food webs, we
got another power law relationship which was presented in Fig. 4.(The RSquare
of this fitting line is 0.993534).

5 Discussion

Allometric scaling power law relationship between metabolism and body size
of the creatures is one of the most important discoveries in ecology. In general
systems, this pattern reveals that the universal power law relationship between
flows and stores.

Food webs can be regarded as a self-similar flow system that means each sub-
system of the food web can be viewed as a dependent metabolic system. Thus
the flow of each metabolic system is just the total influx of each node and the
store is the total flux of all vertices in this sub-system.

The conventional approach reduced the network as a branching tree structure,
and each sub-tree is treated as a sub-system. Although the universal allometric
scaling relationship can be found by this approach, lots of information is wasted
when the spanning tree is generated. Another disadvantage of the traditional
method is it can not be applied to weighted food webs but only binary networks.

In this paper, we presented a new approach to calculate the allometric scaling
relationship of the food webs to avoid the two shortcomings. The key idea of
our work is realizing that the information about the hierarchical structures is
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hidden in the flux distributions on the whole network although sub-systems are
invisible from the topological structure. The algorithm based on all flow paths
that was put forward in this paper can extract these hidden patterns. Finally,
the advantage of this approach is it can be applied to any flow networks but not
only limited on tree structures.

The new approach of calculating allometric scaling can not only find the uni-
versal power law exponent for empirical food webs, but also provide new theo-
retical insights. As we have seen, the universal power law exponents of empirical
food webs are closed to 1. According to equation (5) which is the definition of
Ci, this equation implies the linear relationship between Ci and Ai. If Ci ∝ Ai

η

holds for every vertex, then
∑N

j=1 Uij should be a constant (or a Gaussian ran-
dom variable). That is to say, the allometric scaling relationship can be deduced
to a new mathematical judgment. Further mathematical analysis will be done
in future works.
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Abstract. Crowd stampedes and evacuation induced by panic caused by 
emergences often lead to fatalities as people are crushed, injured, trampled or 
even dead. Such phenomena may be triggered in life-threatening situations such 
as fires, explosions in crowded buildings. Emergency evacuation simulation has 
recently attracted the interest of a rapidly increasing number of scientists. This 
paper presents an Agent-Based Modeling and Simulation using Repast software 
to construct crowd evacuations for emergency response from an area under a 
fire. Various types of agents and different attributes of agents are designed in 
contrast to traditional modeling. The attributes that govern the characteristics of 
the people are studied and tested by iterative simulations. Simulations are also 
conducted to demonstrate the effect of various parameters of agents. Some 
interesting results were observed such as "faster is slower" and the ignorance of 
available exits. At last, simulation results suggest practical ways of minimizing 
the harmful consequences of such events and the existence of an optimal escape 
strategy. 

Keywords: Agent-Based Modeling and Simulation, Evacuation, Escape Panic, 
Repast Simphony. 

1   Introduction 

Emergency evacuation is the urgent movement of people from a dangerous place due 
to the threat or occurrence of a disastrous event [1]. Examples are the evacuation of a 
building due to fire and the evacuation of a district because of a flood. Evacuations 
may be carried out before, during or after natural disasters. Emergency evacuation can 
be a life or death situation, whether initiated by a natural disaster or a terrorist attack. 

Emergency evacuation will cause lots of casualties, as it often leads to the death of 
people who are either crushed or trampled down by others. And unfortunately, the 
frequency of such disasters is increasing. The ability to evacuate hundreds of 
thousands of people in a very short amount of time can save lives. But evacuation 
drills may present significant both practical and financial challenges to researchers. 
To conquer these challenges, several types of crowd simulation systems have been 
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developed, such as flow dynamics based simulations; cellular automata based 
simulations and agent-based simulations. Several essential types of emergence 
evacuation is widely studied especially after the famous “9.11” attack in USA., for 
example, evacuation from buildings [2], evacuation from ship [3], evacuation from 
station [4], evacuation in dark [5], evacuation for individuals with disabilities [6], 
evacuation caused by fire [7], crowd simulation of military [8] etc. The practical ways 
of minimizing the harmful consequences and the existence of an optimal escape 
strategy can be concluded via simulation results. 

Most computer models for emergency evacuation are developed by social 
psychologists and others. It is often stated that panicking people are obsessed by 
short-term personal interests or self-serving psychology uncontrolled by social and 
cultural constraints. As a result, lots of options like side exits are mostly ignored. 
These irrational phenomena are possibly a result of the intensive fear. Furthermore, 
individual panic will transmit to other neighboring him which will cause mass panic 
and often leads to bad overall results like dangerous overcrowding and slower escape. 
These psychology factors must be taken into account in an evacuation model which is 
supposed to be designed precisely. 

Most computer based simulation evacuation models are based on flow dynamics, 
cellular automata, activity, and multi-agent design. Flow based models are easy to 
construct while they lack social interaction between evacuees, human behavior in 
emergency conditions and hazards representation [9]. Cellular automata [10, 11] are a 
special kind of Multi-Agent System [12, 13] with very primitive agents similar to 
finite state machines (FSM), arranged on a rigid grid, and interacting with one another 
by very simple rules. MAS and CA are used today to explain complicated and 
complex systems, for example in economics, biology, history and conflict analysis, 
politics and political science, Sociology and social science [14]. 

MAS are particularly suitable for modeling human behavior, as human 
characteristics can be objectively mapped to agent behavior. So, the agent-based 
simulation for evacuation has become a key research field [15, 16, 17, 18], and lots 
valuable results are reached [19, 20]. Most of the research has been concentrated on 
two distinct problems, evacuation of buildings and evacuation of large areas, like 
entire cities or coastal plains. Some of the earliest research on building evacuation 
was done by Chamlet, Francis and Saunders [21]. Their paper describes three models 
they developed to analyze clearing time, bottleneck locations, and general 
performance of a building in the event of an evacuation. The most important of these 
models is the dynamic model that represents the evacuation of a building as it evolves 
over time. With these models they were able to make general estimates of clearing 
time for a specific building. This paper has played an important role in subsequent 
research as people have used this work to facilitate research of their own [22, 23, 24]. 
Another important and famous paper about evacuation simulation is written by Dirk 
Helbing et al. [25] which get lots meaningful results. 

The scenario considered in this paper is the management of crowd evacuation 
under emergence of a fire accident using Repast whose purpose was to explore how to 
evacuate from a building on fire more effectively and whether the building convenient 
for evacuation during emergency evacuations. The character of the model, including 
character of the agent (people) and environment (both fire and the building), is 
discussed. In this paper, various types of agents and different attributes are designed 
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and the interactions of them are concerned in contrast to traditional models which 
consider the total populations are consisted of identical individuals and omit their 
interactions. Lots of interesting and valuable results was gained via doing experiments 
many times. 

Briefly then, the outline of this paper is as follows. In Sec. 2 we discuses the 
benefits of agent-based modeling and simulation (ABMS) and introduce the ABMS 
software Repast, Sec. 3 discuss the detail and techniques of emergency evacuation 
modeling and simulation using Repast, Sec 4 discuses the experiments and its results, 
Sec 5 gives the conclusion and future work to do at last. 

2   ABMS and Repast 

Currently, there is no reliable and valid way to wholly delineate and model the 
complex systems, including the complex adaptive systems (CAS). Our current work 
hones in on the emergency evacuation management, but what we are learning about 
system modeling has implications for modeling any complex system that involves 
many human interactions and where the actors work with some degree of autonomy.  

Within lots of fields such as economics, social science, psychology, retail, 
marketing, artificial intelligence, and computer science, a wide variety of approaches 
are used which can be classified into three main categories: analytical approaches, 
heuristic approaches, and simulation [29]. Simulation introduces the possibility of a 
new way of thinking about social and economic processes, based on ideas about the 
emergence of complex behavior from relatively simple activities [30]. Among these 
three approaches, simulation is competent for study the emergency evacuation 
management. 

Modeling and simulation technique is helpful for clarification, implementation, 
proving, and validation of a theory. The accuracy and effectiveness of a simulation 
model depends upon the right level of abstraction and precision of the accurate model. 
There are several widely used paradigms in simulation modeling. The most popular 
ones include discrete event simulation (DES), system dynamics simulation (SDS), 
and agent based simulation (ABS) [31] which focus on and dedicated to different 
fields of simulation. For example, SDS deals mostly with continuous processes 
whereas DES and ABS operate mostly in discrete time steps, ABS deals mostly with 
the system that composed of autonomy individuals. 

The choice of the most suitable approach always depends on the characteristics of 
the system to be investigated. Generally speaking, ABS is more suit for modeling the 
complex system. They are complex because they are made up of a large number of 
multiple mutually interacting and interwoven parts. Examples include: neural and 
social networks, nervous and immune systems, ancient and modern cultures, 
economics, ecosystems, sociology and society science, politics and political science. 

Agent-Based Modeling and Simulation (ABMS) is a powerful simulation modeling 
technique, and there are a number of applications in the last few years, including 
applications to real-world business problems. In ABMS, a system is modeled as a 
collection of autonomous decision-making entities called agents. Each agent 
individually apperceives the states of him and environment, and interacts with other 
agents, then makes decisions on the basis of a set of given rules. Advanced agents can 
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even change their action rules as they gained experience. Even a simple ABMS can 
exhibit complex behaviors and provide valuable information about the dynamics of 
the real-world system that it emulates. Sophisticated ABMS sometimes incorporates 
neural networks, evolutionary algorithms, or other learning techniques to allow 
realistic learning and adaptation. ABMS is still a relatively new simulation 
technology, which only became popular in the early 1990s, although computer 
simulation has been widely used since the 1960s. 

ABMS can be used to study how micro-level processes affect macro level 
outcomes. Macro behavior is not explicitly modeled; it emerges from the micro-
decisions of individual agents [29]. Based on some simple types of rules, ABMS can 
be used to study how system-level and individual-level patterns emerge from rules at 
the individual level. Due to the characteristics of the agents, ABMS approach appears 
to be more suitable for modeling human-based systems, especially for Complex 
Adaptive Systems (CAS) which is made up of agents that interact and reproduce 
while adapting to a changing environment. There are many examples of systems 
comprised of interacting individuals: (1) Economic markets with producers, 
distributors, and consumers (2) Social systems with people, groups, factions, and 
countries (3) Ecosystems with species, individuals, hives, and flocks. 

The benefits of ABMS over other modeling techniques are: it’s flexible, captures 
emergent phenomena, and provides a natural description of a system [26]. So, ABMS 
is ideally suited to provide valuable insights into the mechanisms of and preconditions 
for panic and jamming.  

ABMS is a field that in the past 10 years has seen not only rapid growth in 
applications, but also development of several platforms, toolkits and frameworks for 
assisting multi-agent model designers thanking to lots of public research and 
development investments. The celebrated open-source software environments include 
Swarm, Repast (Recursive Porous Agent Simulation Toolkit), MASON (Multi-Agent 
Simulator of Neighborhoods), and NetLogo. By using these toolkits or platforms 
(except for NetLogo), Multi-agent model developers can design their models using 
Java, C++, or other similar languages [33]. 

These toolkits and frameworks all provide tools for designing agents as well as 
provide tools for developing an environment in which the agents interact. However, 
none of these toolkits and frameworks has provided an infrastructure that supports 
highly modular sets of behaviors and relationships. By factoring agents, relationships, 
and behaviors into separate components, the Repast intends to provide tools to create 
more modular and expressive models [33]. 

The Repast has been used extensively in social simulation applications. The latest 
version of Repast is Repast Simphony. Models can created with the visual designer 
(e.g., visual point-and-click tools are provided for designing agent model, specifying 
agent behavior, executing model, and examining results), or written in Java or any 
language that runs on the Java virtual machine. For example, users can design the 
logical structure, spatial structure (e.g., geographic maps and networks) and behaviors 
of their agent models by point-and-click. The simulation is visual and results are 
stored. In addition, Repast includes automated results analysis connections to a 
variety of spreadsheet, visualization, data mining, and statistical analysis tools [26]. 
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3   Crowd Simulation Model and Simulation 

One common deficiency of traditional models is that the differences in characteristics 
and behaviors of individual evacuees are not taken into account even though such 
differences are quite obvious, e.g., the people are regarded as equally the same 
individuals and evacuation crowds as flows in the flow-based model and Cellular 
Automata simulation methods. One main reason for this deficiency is that such 
differences are extremely difficult to convert into physical models. 

It is useful to think of evacuation behavior during emergency egress having three 
distinct analytical dimensions: the environment and its configuration of the evacuation; 
the managerial policies, procedures, and controls deployed at evacuation; and the 
social psychological and social organizational characteristics impacting the response of 
persons and collectivities that participate in the evacuation. Much more studies of the 
first two are found than of the third. So, the third dimensions are emphasized in the 
agent-based models designed in this paper, and the following 5 hypothesis or facts are 
considered in the fire emergency evacuation [20]: 

 In situations of emergency evacuation, individuals are getting panic and 
nervous, so as to tend to develop blind and irrational actions. 

 People try to move as fast as they could, which considerably faster than 
normal. 

 People are getting eyes hurt and hard to breathe as the smoke is toxic. 
Situations become worse when the smoke getting thicker, in this case, people 
may could not see the floor and find the exit available. 

 Individuals start pushing as well as are pushed by others, so there are 
pressures in evacuation crowds by physical interactions. 

 Evacuation crowds are slowed down by fallen or injured (even dead) people 
turning into "obstacles". 

In our agent-based models, several types of people are explored (e.g., men, women, 
children, security guards and evacuation leaders if necessary), as well as the various 
attributes (shown in Table 1) of agents are taken into account. 

The scenario used in this paper is the real-world experiment conducted by Sugiman 
[27], as shown in Fig. 1. We adopt the place structure of Fig.1 which is a basement 
that is roughly four meters wide by nine meters long with three exits. The attributes of 
people and the place configuration can be easily designed in Repast in which person 
is regarded as agent and place as “network” and “Grid”. 

In addition, the environmental characteristics that this model considered are as 
follows [28]:  

 The total number of people in the area 
 The number of exits 
 The number of policeman in the area 
 The number of security guard in the area 
 The intensity of the fire 
 The velocity of the spread of the fire 
 The toxicity of the fire 
 The distribution of policeman and  
 The distribution of security guard 
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Table 1. The attributes of agents that considered in the model 

Attributes Type Explanation 
age int [18, 55] 
sex int 0: mail;  

1: female 
knowledge of the area float [0, 1] 
leadership int 1: leader;  

0: member 
independence int 0: follow leader from the same group 

1: not follow leader 
injury scale float ≥0.6 : can’t move;  

1: dead 
positions (x, y)  
fatigue or 
physical exertion 

float ≥1 : can’t move; 
fatigue will slow down the velocity 

panic scale float panic will slow down the velocity 
initial velocity float depends on sex and age 
max velocity float depends on sex and age 
nervousness float influences fluctuation strengths, desired 

speeds and so on 

Environmental characteristics above have a significant effect on the behavior of 
individuals and the result of the evacuation. So, it is necessary to incorporate them for 
the inclusion of individuals in an evacuation simulation. 

Leaders and evacuees use different rules to find the exits available. Leaders have 
the higher Knowledge of the area than the evacuees so they can find the exits faster. 
The evacuees follow the direction of the leader who belongs to the same group. There 
are directed lines connecting evacuees and their leaders in the Repast model, so as to 
make evacuees know their leaders’ direction. 

Except for the graphical agent editor which is aim mainly at the primary users, 
Repast Simphony allows users to design their multi-agent models by program 
languages to devise more sophisticated models. Obviously, the first choice is Java by 
which users can design behaviors, properties, tasks, and display styles of agents as 
well as the environment, parameters and configurations of the model. Lots of build-in 
Java classes are available too, which can be used to assist model designing. Another 
frequently used language supported by Repast Simphony is Groovy which is a 
dynamically typed programming language very well integrated with Java [34]. The 
graphical agent editor generates Groovy agent classes automatically after every 
change on the agent design, making the use of Groovy completely optional. 

We wrote several Java classes to design our model, which are four agent classes: 
“Child” class, “Man” class, “Woman” class and “People” class, one display style class: 
“AgentStyle2D” class, and one context class: “MyContextCreator” class, as shown in 
Fig.1. The “People” class is the base class of “Child”, “Man”, “Woman” classes which 
defined the common properties and behaviors. The “MyContextCreator” class 
constructs the main context and returns it to the Repast run environment. In detail, we 
add a Grid projection to the context to model the world using a discrete Cartesian grid. 
Next, we add the agents (i.e., the Child, Man, and Woman) to the context. 
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Fig. 1. The model designed by Repast Simphony 

The model properties are designed in the score file, such as the initial number of 
agents and other model parameters as shown in Fig.1. With deferent attributes set, 
many different simulations can be run and various results are obtained. 

4   Experimentation and Results 

With different parameters (Attributes in Fig.1), such as, people distribution, the total 
population, the attributes of people, environmental characteristics, the proportion of 
evacuee and leader, the number of policeman, the number of security guard and the 
number of exits as well as their distribution, this experiment was run several times. 

Fig. 2, Fig. 3 and Fig. 4 as follows are parts of our simulation results which 
demonstrate the effect of population, number of guards and leaders and the initial 
velocity. The base model is setup with 500 people, 3 security guards, 3 leaders, 3 
exits, medium fire intensity and the leaders have the full knowledge of the area which 
means the leaders know where the nearest exit is and the shortest route to get there.  

As the population gets bigger, the evacuation time increases rapidly meanwhile the 
number of casualties increase slowly as shown in Fig. 2. A reason for this is that the 
increased number of casualties slow down the others’ movement, and bigger 
population may cause bigger panic scale which will make them can’t response 
rapidly.  
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Effec of Population On Casualities & Evacuation Time
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Fig. 2. Effect of Population 
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Fig. 3. Effect of Number of Guards & Leaders 

The number of security guards and number of exits don’t affect the number of 
casualties remarkable, i.e., the number of security guards and exit have no major 
relation to the number of casualties as shown in Fig. 3. Surprisingly, Fig.2 also 
indicates that leaders play a more important role than the security guards which 
perhaps means the leaders are more trustful or the leaders have a whole knowledge of 
the area.  

The increase of the number of exits can not reduce the evacuation time 
significantly partly because alternative exits are often overlooked or not efficiently 
used which indicates that people don’t know all the exits available or the 
configuration of the environment, or perhaps they follow others’ direction as they are 
too nervous to make rational decision, or perhaps they cannot move where they want 
to as there are much pressure in crowd. Any way, it is helpful and suggested that 
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finding out as many safe exits available as one can at prime tense after entering 
buildings. Similarly, the increase of the number of exits reduce the number of 
casualties quite slowly which perhaps indicates the number of casualties is mainly 
effect by the panic scale and the population scale.  
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Fig. 4. Effect of The Initial Velocity 

The interesting phenomenon “faster is slower” is visualized as shown in Fig.4. As 
everyone of the crowd wants and tries to move fast, the evacuation time is not always 
reduced after the velocity exceeded a certain value, and the casualties increase 
rapidly. This perhaps because the physical interactions in the jammed crowd add up 
and cause dangerous pressures and the faster velocity cause bigger pressure as well as 
bigger panic scale. So, as casualties’ numbers increasing, evacuation crowds are 
slowed down by fallen or injured (even dead) people turning into "obstacles". 

5   Conclusion and Future Work 

Emergency evacuation will cause lots of casualties, as it often leads to the death of 
people who are either crushed or trampled down by others. And unfortunately, the 
frequency of such disasters is increasing. But evacuation drills may present significant 
both practical and financial challenges to researchers, so emergency evacuation 
simulation has recently attracted the interest of a rapidly increasing number of 
scientists. 

ABMS can easily define the attributes and behaviors of the individuals in contrast 
to conditional simulation methods. This paper presents an ABMS method using 
Repast Simphony toolkits to construct crowd evacuations model for emergency 
response from an area under a fire accident which is paid close attention to and has 
been of interest to many researchers such as psychologists, computer scientists, safety 
engineers, risk managers, and architects. Several Java classes are written to specify 
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properties and behaviors of the agent as well as the environment of the evacuation. 
Various types of agents (i.e., man, woman and child) and different attributes (such as 
age, velocity, panic scale, etc.) of agents are designed in contrast to traditional 
modeling. The attributes that govern the characteristics of the people are studied and 
tested by iterative simulations. Simulations are also conducted to demonstrate the 
effect of various parameters of agents, and some interesting results were observed. 

Our future work involves addressing system issues such computational cost and 
memory efficiency because the more accurate model with tremendous number agents 
maybe is a system challenge. The second one is the reuse of the map, i.e., the model 
can use different scenarios, such as theater, hall, and supermarket. The combination of 
GIS which is supported by Repast maybe is an ideal choice. At last, we will validate 
the models we designed. 
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Abstract. Consensus of mobile agent system is a question with practical 
significance in the complex dynamics system. In this paper, an adjustable multi-
agent moving system with the heterogeneous communication delays is studied 
under the hypothesis of fixed, undirected and connected topology. The consensus 
of the multi-agent system is a weighted average consensus that can be adjusted 
by setting the parameters of the agents. Applying generalized Nyquist criterion, 
the multi-agent delayed algorithm is analyzed, and many sufficient condition is 
obtained to ensure the weighted average consensus of the moving system. 
Finally, many computer simulations are used to show the validity of the results.  

Keywords: Mobile agent system, heterogeneous communication delays, adjust-
able, weighted average consensus. 

1   Introduction 

Over the past decade a considerable amount of attention has been focused on the 
problem of coordinated motion of multiple autonomous agents. Related problems have 
been studied in ecology and theoretical biology, in the context of animal aggregation 
and social cohesion in animal groups, statistical physics and complexity theory, non-
equilibrium phenomena in many degree-of-freedom dynamical systems, as well as in 
distributed control of multiple vehicles and formation control. Researchers from many 
different communities have been trying to develop an understanding of how a group of 
moving agents can move in a formation only using local interactions and without a 
global supervisor. 

In 1986 Craig Reynolds [1] developed a computer animation model for coordinated 
motion of groups of animals such as bird flocks and fish schools. Reynolds’ model 
suggests that flocking is the combined result of three simple steering rules, which each 
agent independently follows: 

• Separation: steer to avoid crowding local flockmates. 
• Alignment: steer towards the average heading of local flockmates. 
• Cohesion: steer to move toward the average position of local flockmates. 

In Reynolds’ model, each agent can access the whole scene’s geometric description, 
but flocking requires that it reacts only to flockmates within a certain small neighborhood 
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around itself. The superposition of these three rules results in all agents moving in a 
formation, while avoiding collision.  

More recently, there has been a tremendous surge of interest among researchers 
from various disciplines of engineering and science in problems related to multi-agent 
networked systems with close ties to consensus problems. In 1995, an algorithm 
model was proposed by Vicsek et al. [2]. In Vicsek model, each agent heading is 
updated as the average of the headings of agent itself with its nearest neighbors plus 
some additive noise. Numerical simulations in [2] indicate the spontaneous 
development of coherent collective motion, resulting in the headings of all agents to 
converge to a common value.  

Based on the study of the linearized Vicsek’s Model, Jadbabaie et al. proved that 
all the agents converge to a common steady state provided that the graph formed by 
the agents is jointly connected, i.e., the agents are all “linked together” via their 
neighbors with sufficient frequency as the system evolves [3]. Further theoretical 
extensions of this work were presented in [4] and [5] with a look toward treatment of 
directed information flow in networks. A theoretical framework for posing and 
solving consensus problems for networked dynamic systems was introduced by 
Olfati-Saber and Murray in [6] and [7] building on the earlier work of Fax and 
Murray [8]. Based on these researches, the consensus for many subjects is studied 
from different fields [9-15]. 

In the multi-agent practical systems, the communication delays are important 
elements to affect the capacity of the systems. Moreover, the analysis of the stability 
or the convergence of the protocol is very difficult with non-negligible 
communication delays. Suppose the system is that with the same communication 
delay, the convergence of the protocol is studied by [6,9]. Based on the contraction 
theory and wave variable method, Wang and Slotine [10] studied the consensus 
problem for a simplified continuous-time model of schooling or flocking with time-
delayed communications, and generalize recent results in the literature [9], where they 
proposed a simple consensus protocol with zero self-delay, which was robust to 
arbitrary communication delays.  

In this paper, based on the multi-agent collaboration systems presented by Olfati-
Saber[6], we present an auto-adjusted consensus algorithm and study the consensus of 
the system with heterogeneous feedback delays. The delayed collaboration algorithm 
in this paper is different from the delayed algorithm in [6], where the communication 
delays between the agents are homogeneous delays. In our protocol the self-delay is 
diverse communication delays, and the consensus value can be adjusted by setting the 
weighted parameters. With the help of the frequency-domain method, we analyze the 
effect of the heterogeneous communication delays on the convergence of the multi-
agent system. Many sufficient conditions for the multi-agent system converging to a 
consensus are obtained.  

This paper is organized as follows. In Section 2, we describe the interrelated 
problem of the multi-agent systems and the relevant background knowledge on graph 
theoretical results. An auto-adjusted consensus algorithm is presented, and the 
property and the consensus of the multi-agent system with diverse communication 
delays are analyzed in Section 3. In Section 4, many computer simulations are used to 
validate the result. Finally, a conclusion for the whole paper is given in Section 5. 
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2   Problem Descriptions 

Consider a network of decision-making agents interested in reaching a consensus via 
local communication with their neighbors on a graph },,{ AEVG = , where the set 

of nodes as },,{ 1 nvvV =  and the set of edges VVE ×⊆ . Let the adjacency 

matrix ][ ijaA = , where 0≥ija  is the weighted value between agent i and agent j. 

If they change the information, 0>ija , otherwise, 0=ija . The set of neighbors of 

an agent i is defined as iN  by 

}0:{ ≠∈= iji aVjN . 

In topology graph G, if the elements of the adjacency matrix A satisfy jiij aa =  

for any 0>ija , then the topology  G is an undirected connected graph, otherwise, it 

is called as a directed connected graph. For two agents i and j, if there exists a set of 

the index },,{ 1 lkk , satisfying 0
1

>ika , 0
21

>kka , …, 0>jkl
a , we call that a 

directed connected path existing between this two agents.  In the topology graph G, if 
there is a directed connected path for any two agents, the graph G is called as the 
strong connected graph.  

Let the degree matrix },,1,{ niddiagD i == , where ∑
=

=
n

j
iji ad

1

, the sum of 

the element in the ith row of matrix A, is called as out-degree of the node i. Matrix 
ADL −=  is the Laplacian matrix of the graph G. In a strong connected graph, if 

the out-degree is equal to the in-degree for any node i, the graph G is called as an 
balanced graph. 

The most common continuous consensus algorithm is given by Olfati & 
Murray[6], 

))()(()( txtxatx ij
Nj

iji

i

−= ∑
∈

,                                      (1) 

where ija  is the element of the adjacency matrix A of the network topology for multi-

agent systems, if 0, >∈ iji aNj , otherwise, 0=ija . )(txi  is the information 

state of the ith agent. A consequence of (1) is that the information state )(txi  of 

agent i is driven toward the information states of its neighbors. If the graph G is 
strong connected, the consensus of the system is achieved [6].  

When the information is exchanged among the vehicles, it must be considered for 

the communication delays in the process of the message transmission. Let ijτ  denote 

the time delay for information communicated from vehicle j to vehicle i. If we 
consider the time-delays, the system (1) is modified as   
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∑
∈

−−−=
iNj

ijiijjiji txtxatx )]()([)( ττ .                           (2) 

In reference [6], Olfati-Saber & Murray studied a simpler case for the homologous 

delay ττ =ij . When the communication topology is fixed, undirected, and connected, 

the average consensus is achieved, if 
max2

0
λ
πτ <≤ , where )(maxmax Dλλ = , and 

D is the Laplacian of the communication graph. 
Alternatively, the references [9,10] consider the case in which the time delay 

affects only the information state that is being transmitted so that (2) is modified as  

∑
∈

−−=
iNj

iijjiji txtxatx )]()([)( τ ,                                (3) 

where ττ =ij  and the communication topology is directed and switching. The 

consensus result for switching topologies remains valid for arbitrary time delay 
τ [9,10]. It is easy to know, the consensus states will satisfy 

**
2

*
1 nxxx === .                                             (4) 

3   Adjustable Consensus of Mobile Agent System with 
Heterogeneous Delays 

In this paper, we discuss a generally delayed consensus algorithm based on the 
algorithm in reference [6], where the agent i has a self-time delays iτ  and many 

parameters is set to adjust the consensus value. 

∑
∈

−−−=
iNj

iiijjijii txtxatxr )]()([)( ττ ,                           (5) 

where ∑
=

=>
n

i
ii rr

1

1,0 . We call ),...,,( 21 nrrrr =  as a desired weighting vector. If 

iji ττ = , the algorithm can degenerate the system (2). if 0=iτ , the algorithm can 

degenerate the system (3). For the function ∑
=

=
n

i
ii txrt

1

)()(α ,it is easy to know, the 

consensus states will satisfy 0)()(
1

==∑
=

n

i
ii txrtα . So the consensus states have 

)0(**
2

*
1 α==== nxxx .     
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where ∑
=

=
n

i
ii xr

1

)0()0(α  can be adjusted by setting the parameter 

),...,,( 21 nrrrr = .  

Following the consensus states of the system, suppose *)()(ˆ iii xtxtx −= , the 

system (4) is changed to 

∑
∈

−−−=
iNj

iiijjijii txtxatxr ))(ˆ)(ˆ()(ˆ ττ .                            (6) 

Applying Laplace transformation, let ))(ˆ()( txLsX ii =  and 0)0( =iX , then 

∑
∈

−− −=
i

iij

Nj
i

s
j

s
ijii sXesXeassXr ))()(()( ττ

 

Let T
n sXsXsX ))(,),(()( 1= , we have 

)())()(,...,1,()( sXsADni
sr

e
diagsX

i

si

−=−=
−τ

 

where )( iddiagD = ， )()( )( s
ij

ijieasA ττ −= . The open-looped transformation 

function of the system 

))()(,...,1,()( sADni
sr

e
diagsG

i

si

−==
−τ

.                         (7) 

Let ωjs = , we get 

))()(,...,1,()( ω
ω

ω
ωτ

jADni
jr

e
diagjG

i

j i

−==
−

.                     (8) 

The system is local asymptotical stable at the equilibrium, if the Nyquist plots of 
the eigenvalues of the function matrix G do not enclose the point -1+j0.  

Theorem 1. Suppose the topology of the system is fixed, undirected and connected 
network, then the system (4) will be consensus, if  

i

i
i d

r

4

πτ < .                                                    (9) 

Proof. Based on the supposition that the topology of the system is fixed undirected 
and connected network, we can know that the adjacent matrix A is a positive matrix 

and satisfies jiij aa = , and AD −  is a M matrix. Let 
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),...,1,()( ni
j

e
diagjE

i

j i

==
−

ωτ
ω

ωτ

, 

Then 

)()()( ωωω jBjEjG = ,                                        (10) 

where ))()(,...,1,()( 1 ωτω jADIni
r

d
diagjB

i

ii −−== . 

When 
2

πωτ =i , the function 
ωτ

ωτ

i

j

j

e i−

 will pass the real axis at the point 

0
2

j+−
π

. Following the definition of the matrix, we can obtain the supreme radius 

of the matrix )(1 ωjAD−  satisfying 1))(( 1 ≤− ωρ jAD , then the supreme radius 

of the matrix )(1 ωjADI −−  satisfies 2))(( 1 ≤− − ωρ jADI . Let λ  be the 

eigenvalue of the matrix )( ωjG , then there exists a vector T
nvvvv ),...,,( 21= , 

1=v , satisfying 

vjGvH )( ωλ = . 

Let )(( ωρρ jB= , then 

))
2

(()))()(,...,1,(( 1

i

ii

i

ii

r

d
diagsADIni

r

d
diag

τρτρρ ≤−== − ,     (11) 

When 
i

i
i d

r

4

πτ < , there is 
2

2 πτ <
i

ii

r

d
. We have 

2

πρ < .                                                        (12) 

In the function matrix )()()( ωωω jBjEjG = , when 
2

πωτ =i , the function 

ωτ

ωτ

i

j

j

e i−

 will pass the real axis at the point 0
2

j+−
π

. Therefore, the Nyquist plot of 

the function 
ωτ

ρ
ωτ

i

j

j

e i−

 will pass the real axis at the right side of the point 01 j+− , 

and the Nyquist plot will never encircle the point 01 j+− . 
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Since ρτω =−== − vsADIniddiagvvjBv ii
HH ))()(,...,1,()( 1 , we have 

vjBjEvvjGv HH )()()( ωωωλ ==  

and obtain 

}){0(
ωτ

ρλ
ωτ

i

j

j

e
Co

i−

∪∈ . 

Because the Nyquist plot of the function 
ωτ

ρ
ωτ

i

j

j

e i−

  will never encircle the point 

01 j+− , the locus of )(( ωλ jG  will never encircle the point 01 j+− , too. 

Following the generalized Nyquist criterion and }){0()0,1(
ωτ

ρ
ωτ

i

j

j

e
Coj

i−

∪∉− , 

the system is local asymptotical stable at the equilibrium. We finish the proof of the 
Theorem 1. 

Corollary 1. Suppose the topology of the system is fixed undirected and connected 

network, and there exist homogeneous communication delays, i.e. τττ == iji . Then 

the system (4) will be consensus, if  

ρ
πτ
2

r< . 

where ρ  is the supreme radius of Laplace matrix L  and }{min i
Ni

rr
∈

= . 

Proof. In the proof of theorem 1, if there exist homogeneous communication delays 

τττ == iji , the Eq.(10) will be changed to 

BjEjG )()( , 

where )()(
τω

ω
τω

j

e
diagjE

j−

= , ))(,...,1,( 1 ADIni
r

d
diagB

i

i −−== τ
. Then the 

Eq.(11) will be changed to 

.
)(

))()(

)))(,...,1,(()(

1

1

r

L

rdiagAD

ADIni
r

d
diagB

i

i

i

τρ
τρ

τ
ρρρ

≤

−=

−===

−

−
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When 
2

πτρ <
r

, the Nyquist plot of the function 
τω

ρ
τω

j

e j−

 will never encircle the 

point 01 j+− , the locus of )(( jG  will never encircle the point 01 j+− , too. 

Applying the generalized Nyquist criterion and since }){0()0,1(
ωτ

ρ
ωτ

i

j

j

e
Coj

i−

∪∉− , 

the system is local asymptotical stable at the equilibrium. We finish the proof of the 
corollary 1. 

4   Simulation Experiments 

In this section, many computer simulations are used to verify our results. We apply 
the topology of the system as Fig. 1, which is an undirected graph with weighted  
 

 

Fig. 1. The topology of the system 

 

Fig. 2. The simulation of the system for delays 01.0=ijτ , 03.0=iτ  
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Fig. 3. The simulation of the system for delays 01.0=ijτ , 02.0=iτ  

value 1. Suppose the state of the agent is one dimension, and the initialized values is 

1,2,…,10, and the weighted parameters 10,...,2,1,
55

== i
i

ri , respectively. Firstly, 

setting the communication delays as 01.0=ijτ , 03.0=iτ , the simulation of the 

system is shown in Fig.2, which the consensus of the delayed system have not been 
achieved from the effects of the communication delays.  Then we decrease the 

communication delays 01.0=ijτ , 02.0=iτ . Following the theorem 1, the 

consensus of the system can be achieved, and the information states of the multi-agent 
systems are shown in Fig.3.  

5   Conclusions 

This paper solves the adjustable consensus problem of multi-agent systems with 
heterogeneous communication delays. Based on the information communicating 
process, a generalized consensus algorithm of multi-agent systems with time-delays is 
presented, whose consensus value can be adjusted by setting the parameters of the 
agents. Applying generalized Nyquist criterion, the multi-agent delayed algorithm is 
analyzed, and a sufficient condition is obtained to ensure the consensus of the system. 
It is proved that the driven multi-agent system asymptotically converges to the pre-
specified consensus value while preserving the connectivity of the group topology. 
Finally, many computer simulations are used to show the validity of the results. 
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Abstract. Different routing strategies may result in different behav-
iors of traffic in internet. We review the routing strategies developed
recently in the field of physics and show that the traffic can be signif-
icantly improved by the adaptive routing approaches. Comparing with
the shortest path approach, the adaptive routing approaches can reduce
the over-loading of hub nodes and thus increase the capacity of network.
Especially, for the realistic situation with fluctuated traffic, the local
self-adjusting traffic awareness protocol can efficiently reduce the traffic
congestion. These results provide new insight in sustaining the normal
function of Internet.

Keywords: traffic in internet, routing strategies, self-adjusting, traffic
congestion;shortest path.

1 Introduction

The internet has become a very important tool in our daily life although its
short history. The operations on the internet, such as browsing World Wide Web
(WWW) pages, sending messages by email, transferring files by ftp, searching
for information on a range of topics, and shopping etc., have benefited us a lot.
Once we need some information, we may immediately refer ourself to Internet
for searching. Therefore, sustaining its normal and efficient functioning is a basic
requirement. However, it has been found that there is intermittent congestion
in Internet [1]. As the Internet is continuously growing and there is no central
organizer to handle it, finding better routing strategy to accelerate the delivering
of packets on it becomes a hot topic recently [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16].
The main aim of routing approach is to reduce the possibility for the appearance
of the intermittent congestion in Internet.

At the autonomous system level, the Internet consists of nodes and links. The
nodes are connected by links and the degrees of nodes satisfy a power-law, which
is called scale-free (SF) [17]. The nodes can produce packets and route them to
their destinations through the links, i.e., a node is taken to be both host and
router. As host, node can receive packets from other hosts; and as a router, node

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1472–1484, 2009.
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can forward packets one step toward their destinations along the shortest pathes
in each time step. A packet is usually assumed to take two messages: the time
of creation and its destination.

The modeling of traffic in Internet is originally focused on the computer net-
work and three different computer network models have been extensively studied
[18,19,20,21,22,23,24,25,26,27,28,29,30]. The first one considers the edge nodes of
network as hosts and the inner nodes as routers [23]. The second one treats all the
nodes as both hosts and routers [24,27,28]. And the third one is in between these
two extremes [25,29,30], i.e., part of the nodes are hosts and the remainders are
routers. However, all of these models focus on the situation where the underlying
network is a 2-dimensional lattice [23,24,25,29] or a Cayley tree [26,27,28]. Con-
sidering that the Internet is a scale-free network with heterogeneous topology
[31,32], how to model the traffic in heterogeneous networks is currently a focus
in complex networks. The aim to study this topic is to find the optimal network
topologies for searching and the optimal routing strategies to reduce or control
the congestion. A great progress has been achieved along this direction and the
studies can be classified into three stages. The first stage takes both the creation
and delivering rates of packets as uniform to every node [2,3,4,5,6,7,8,9,10,11].
That is, each node can deliver one packet and produce λ packets in each time
step. The second stage takes into account the influence of the degree of a node
on the delivering rate and modifies the delivering rate into 1 + βki, i.e., propor-
tional to the degree ki [12]. The unit in 1+βki comes from the consideration that
each node should handle at least one packet in each time step. The third stage
considers both the creation and delivering rates as proportional to the degree
ki, i.e., the creation rate is λki and the delivering rate is 1 + βki [13,14,15,16].
This stage is more close to the real Internet where larger agent/node has more
users and hence has larger creation and delivering rates. We here focus on the
third stage and summarize the results obtained there.

The paper is organized as follows. Section 2 gives an economic approach to
increase the capacity of Internet. Section 3 presents an efficient approach to
save the delivering time. Section 4 studies the adaptive routing approach for
the case of fluctuated traffic. Finally, Sec. 5 includes the discussion and the
conclusions.

2 An Economic Approach

The routers have the function to find the shortest path between the origin of
a packet and its destination. In the computer network models, the routing ap-
proach is the shortest path where the router routes the packet to go the path
with the smallest number of links to the destination. As the Internet has the
SF topology, the shortest path approach will result in some problem when it is
applied to the Internet. That is, most of the shortest pathes will go through the
hub nodes with heavy links and thus result in a heavy load on them. Therefore,
it is very easy for the Internet to occur congestion. We here focus on the third
stage, i.e., the case with the creation rate λki and the delivering rate 1 + βki.
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When the creation rate is small and the network is in the free phase, the short-
est path approach is the most efficient approach for the delivering of packets.
However, this approach has the smallest capacity to handle the communication
because of the easy occurrence of congestion at the hub nodes. Once the creation
rate is relatively large, the network will be in the congestion phase. A direct idea
to solve this problem is to increase the capacity of each node in the Internet. As
the number of nodes in Internet is typically very large and there is no central
organizer to manage the development of the whole network, this idea thus does
not work.

Ref. [13] suggests a way to solve this problem. The idea is based on the
consideration that the hub nodes represent the larger companies and academic
institutions which could increase their local capacity, i.e., the value of β, more
readily. As the congestion are mainly caused by the hub nodes, we may signifi-
cantly reduce the congestion by increasing the delivering rates of the hub nodes.
Therefore, an economical way to control the congestion in Internet is to ask only
the hub nodes to increase their β but ignore the extensive small and middle
nodes. This approach is thus called economical approach. The detailed process is
as follows: we choose a fraction of nodes with the heaviest links, f , and increase
their communication capacities (β > 0) and let the other nodes stay at the status
of β = 0. Correspondingly, we call the case with the same β to all the nodes as
normal approach. Ref. [13] shows that the effect by only increasing f = 3% hub
nodes in the economical approach is equivalent to that of increasing the capacity
β of all the nodes in the normal approach.

Let’s numerically show the equivalency between the economical approach and
the normal approach in a SF network. The network is constructed by the al-
gorithm given by Barabási and Albert (BA), i.e., the BA model with degree
distribution P (k) ∼ k−3 and average degree < k >= 6 [33,34]. Then we use the
following routing algorithm to simulate the packet delivering in Internet:

(1) At each time step, a node i has a possibility kiλ to create a new packet.
If the node has some packets waiting to be sent, the newly created packet will
be placed at the end of the queue.

(2) At each time step, a node i has an ability to forward (1 + βki) packets
in its queue one step towards their destinations. Noticing that βki may be an
integer plus a fractional part, the fractional part is implemented by possibility.
The packet will be removed once it reaches its destination.

(3) Once a packet is created, a destination node, different from the original
one, is chosen at random in the network. The router will find a shortest path
between the newly created packet and its destination and the packet will be
forwarded along this path during the following time steps. If there are several
shortest paths for one packet, we choose the one whose next station (selected
node) has the shortest queuing length.

This procedure works for every node at the same time. According to these
steps, Fig. 1 shows the difference between the normal approach and the econom-
ical approach of f = 3% at the evolution time t = 500 where < n(k) > denotes
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the average number of packets on nodes with the same degree k, the lines with
“asterisks” denote the case of normal approach, the lines with “circles” denote
the case of economical approach, the network size is N = 1000, and (a) and (b)
represents the cases of β = 0.05 and 0.1, respectively. The results are averaged
over 100 different realizations. From Fig. 1(a) and (b) it is easy to see that the
nodes with heavy links are in the congested phase in (a) but in the free phase
in (b). However, from Fig. 1(a) and (b) we also see that no matter it is in the
congested phase or the free phase, the “circles” is always fluctuated around the
“asterisks”, indicating that the effect of the economical approach is equivalent
to that of the normal approach. Therefore, to increase the capacity of network
it is not necessary to increase the capacities of all the nodes but only need to
increase the capacities of the 3% hub nodes.
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Fig. 1. < n(k) > versus k for λ = 0.01, < k >= 6, N = 1000, and averaging over
100 different realizations for the same parameters, where the lines with “asterisks”
denote the case of normal approach and the lines with “circles” the case of economical
approach with f = 3%, and (a) denotes the situation of β = 0.05 and (b) the situation
of β = 0.1 when the system runs up to the time step t = 500

3 An Efficient Approach of the Shortest Waiting Time

The equivalency between the economical approach and the normal approach tells
us that in the case of the shortest path approach, the congestion comes mainly
from the hub nodes but leave the nodes with small and middle links in the free
status. If we can control the congestion in the hub nodes, we can control the
congestion of the network. This problem may be thought in another way: Can
we transfer the accumulated packets in the hub nodes to the nodes with small
and middle links to reduce or control the congestion? This problem is extremely
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important in the case that the hardware of all the nodes are fixed. Its solution
provides the basis why we need to improve the routing algorithm.

An approach to implement the above idea is proposed by Echenique et al.
[6,7] in which a node would choose a neighboring node to deliver a packet by
considering both the shortest path from the neighboring node to the destination
and the waiting time at the neighboring node. The waiting time depends on the
number of packets in the queue at a neighboring node at the time of decision and
thus corresponds to a dynamical or time-dependent information. This algorithm
performs better than the shortest path approach as packets may be delivered
not necessarily through the shortest path and thus the loading at the hub nodes
is reduced. As a cost for the Echenique’s approach to increase the capacity
of network, the delivering time turns out to be much longer than that in the
shortest path approach. The Echenique’s approach belongs to the first stage
where the delivering rate is unity for every node. In detail, the next station of a
delivering packet is chosen from one of the neighbors with the minimum value of
hd�,j +(1−h)n�, where d�,j is the shortest path length from node � to j and n� is
the number of packets accumulated at node �. The traffic awareness parameter h
is a weighing factor, which can be taken as a variational parameter and h ≈ 0.8
is found to give the best performance. If we rewrite the Echenique’s approach in
the third stage, the chosen neighbor will have a minimum value of

δ� = hd�,j + (1 − h)
n�

1 + βk�
. (1)

The Echenique’s approach considers only the waiting time at the nearest
neighbors. Ref. [14] extends this idea to include all the waiting time along the
delivering path. Let’s call it the efficient approach of the shortest waiting time
(EASWT). In the free phase of traffic, the EASWT becomes the shortest path
approach. While in the congestion phase, the EASWT will make the packet go
along a path with the shortest delivering time, instead of the shortest path, to
reduce the congestion. The delivering time includes both the waiting time and
path length. In detail, let’s consider a packet leaving node i with destination
node j. Each of the ki neighbors of node i has a shortest path to the destination
node j. The shortest path refers to the smallest number of links from a node
to another. However, due to the possible accumulation of packets at each node,
the number of time steps for a packet to be delivered to its destination may be
different from the number of links along the shortest path. Consider a neighbor
labeled � of the node i. We label the shortest path from node � to j by {SP : �, j}.
Along this path, we evaluate the following quantity for the node �:

δ� =
∑

s∈{SP :�,j}

ns

1 + βks
, (2)

where the sum is over the nodes along the shortest path {SP : �, j}, excluding
the destination. Thus, δ� is an estimate of the time that a packet would take
to go from node � to the destination j through the shortest path. Node i would
choose a neighboring node with the minimum δ� to forward the packet, i.e., the
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selection is based on min{δ�, � ∈ {i}}, where {i} is the set of ki nodes consisting
of the neighbors of node i. This procedure is repeated for each node and each
packet in every time step.

Comparing with the Echenique’s approach, the EASWT has two advantages.
One is that the average waiting time of all the packets is the shortest. The other is
that it does not need an adjustable parameter h whose optimal value may depend
on the network topology. In practice, we need a criterion to evaluate the effect of
routing approach. Considering that a better algorithm will increase the capacity
of communication, we may use the critical point of congestion to evaluate the
effect of a routing approach. For a fixed delivering parameter β, there is a critical
creation rate λc. The network is in the free phase when λ < λc and in the
congestion phase when λ > λc. And for a fixed creation rate λ, there is a critical
delivering parameter βc. The network is in the free phase when β > βc and in the
congestion phase when β < βc. Thus one may use either λc or βc to represent
the capacity of communication. Ref. [14] chooses βc to represent the capacity
of communication and shows that for the discussed three routing approaches,
the EASWT has the smallest βc, the Echenique’s approach has the middle βc

and the shortest path approach has the largest βc, indicating that the EASWT
has the largest capacity, the Echenique’s approach has the middle capacity and
the shortest path has the smallest capacity. Fig. 2 shows how βc changes with
λ where the “circles” denotes the case of the EASWT, “stars” the case of the
Echenique’s approach, and “squares” the case of the shortest path approach.

From Fig. 2 it is easy to see that the EASWT is better than both the
Echenique’s approach and the shortest path approach. Ref. [14] also presents
a mean-field theory to explain the the delivering mechanism of the EASWT.
The interesting readers may go to there for detail. We should point here that
the shortest path approach depends entirely on geometrical information and it
is thus static. Once the origin and destination of a packet is known, the shortest

Fig. 2. The critical value βc(λ) for three different routing approaches for forwarding
packets: the EASWT (“circles”), the Echenique’s approach with h = 0.8 (“stars”), and
the shortest path approach (“squares”). The lines are guidance to eye.
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path is fixed. While the Echenique’s approach considers both geometrical and
local dynamical information. By considering the waiting time at a neighboring
node, a packet from a node i to a destination j will not always follow the same
path. Thus, the Echenique’s approach is a strategy of adaptive, i.e., a decision
based on the current situation. The EASWT, like the Echenique’s approach,
is also adaptive and makes use of global information in which all the waiting
times along a path are taken into account. It should be, however, noted that
the shortest path approach does not require update of the routing strategy. The
Echenique’s approach and the EASWT require continuing update of the number
of packets accumulated at the nodes. Such updating plays the role of a cost, with
the payoff being the better performance. Practical implementation would have
to consider the balance between the cost and the payoff.

4 Adaptive Routing Approach for Fluctuated Traffic

All the above three methods and other routing algorithms are designed for the
situations with fixed parameters λ and β. However, the human activities usually
have some periodicity, such as the circadian and weekly cycles etc. Thus the
information flow in Internet is fluctuated around an average and the amplitude
of fluctuation depends on the time interval in one day and also depends on
the date whether it is workdays, weekends or holidays etc. [35]. That is, the
transportation of information in the Internet has rush hours. When you search
or send out some information packets, it usually takes a slightly longer time in
the rush hours than in other time. The reason is that more data are produced in
the rush hours. Larger fluctuation means that it is possible for a higher packet
generating rate at one time and a lower rate at another time. This fluctuation
reduces the capacity of the network and makes the congestion easier to occur.
After considering these factors, the generating rate λ should depend on time
t, i.e., λ(t). For simplicity, we may take λ(t) as a periodic function. Ref. [16]
suggests that the λ(t) should be taken as the following form

λ(t) = λ0 + A sinωt, (3)

where A sin ωt represents the periodic fluctuation of generating rate, A and ω
are the amplitude and frequency of fluctuation, respectively. Different A and ω
may reflect the local fluctuations in different countries or regions.

In our framework, the produced packets by a node is kiλ(t) in each time step,
which depends on time. If we apply the Echenique’s approach to this case, an
interesting question is whether there is still an optimal h? For answering this
question, let’s use the Echenique’s approach to discuss the performance of the
fluctuated generating rate (3). Fig. 3 shows the critical βc versus h for fixed
λ0 = 0.01 and different sets of A and ω where the “squares” denote the case of
A = 0, the “circles” the case of A = 0.005 and ω = 0.01, the “up triangles” the
case of A = 0.005 and ω = 0.005, and the “down triangles” the case of A = 0.01
and ω = 0.01. Obviously, the “squares” with A = 0 (no fluctuation in λ(t))
show its optimal capacity at around h = 0.8, which is consistent with Ref. [6].
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Fig. 3. (color online). The critical capacity βc versus the traffic awareness parameter h
in the Echenique’s approach for fixed λ0 = 0.01 and different sets of A and ω where the
“squares” denote the case of A = 0, the “circles” the case of A = 0.005 and ω = 0.01,
the “up triangles” the case of A = 0.005 and ω = 0.005, and the “down triangles” the
case of A = 0.01 and ω = 0.01.

However, the cases with fluctuation do not show the optimal capacity at around
h = 0.8 but at h ≈ 0.96, see the “circles”, “up triangles”, and “down triangles”
in Fig. 3. That is, the optimal h = 0.8 for A = 0 moves to the optimal h = 0.96
for A > 0. This phenomenon can be understood as follows. The positive A sin ωt
in Eq. (3) makes λ(t) > λ0 and hence its βc should be larger than that of λ0.
While the negative A sin ωt in Eq. (3) makes λ(t) < λ0 and thus it is possible
for the traffic to run in the free phase, resulting in h = 1. The balance between
h = 0.8 and h = 1 makes the optimal h move to h = 0.96.

Through the above analysis we see that the optimal h for λ(t) > λ0 and that
for λ(t) < λ0 should be different, indicating that the fixed h in the Echenique’s
approach is not a good approach for the case of fluctuated λ(t). Furthermore,
the optimal h should depend on λ(t) and also be a variable of time t. We here
meet a problem of how to figure out the optimal h(t). For solving this problem,
let’s see the meaning of h(t). The parameter h(t) reflects in fact the weight
between the shortest distance d�,j and the waiting time n�/(1 + βk�) of the new
arriving packets. Dividing 1 − h(t), Eq. (1) becomes D�

eff = h(t)
1−h(t)d�,j + n�(t)

1+βk�
.

Therefore, the factor h(t)/(1 − h(t)) reflects the traffic status of the system at
time t. Ref. [16] assumes that h(t)/(1 − h(t)) depends on the average packets
< n(t) > in the system and presents the following formula

D�
eff = Q < n(t) > d�,j +

n�(t)
1 + βk�

, (4)

to evaluate the effective distance, where Q is a number and can be determined
by the optimal performance of routing. A characteristic feature of Eq. (4) is that
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the factor < n(t) > changes with time and can reflect the fluctuated traffic or the
fluctuation of λ(t). Thus, we call Eq. (4) as the self-adjusting traffic awareness
protocol (SATAP).

On the other hand, considering the fact that the global information of Internet
is difficult to get, thus we generally do not have < n(t) >. What we can obtain
is the local information, such as the average packets on the neighboring nodes
of node i. Therefore, we modify Eq. (4) into the following form

D�
eff = Q′ < n2(t) > d�,j +

n�(t)
1 + βk�

, (5)

where < n2(t) > is the average packets on the nearest neighbor and next-nearest
neighbor nodes and Q′ is a number. For distinguishing it from the SATAP, we
call Eq. (5) as the local self-adjusting traffic awareness protocol (LSATAP). In
the following we will check the effect of SATAP and LSATAP by numerical
experiments.

In numerical simulations, let’s firstly figure out the optimal Q and Q′ for the
SATAP and LSATAP, respectively. Take λ0 = 0.01 as an example. By choosing
different sets of A and ω we find that they have a common optimal Q ≈ 2.5
for SATAP and a common optimal Q′ ≈ 1.0 for LSATAP. Figure 4 shows the
results where (a) βc versus Q for SATAP, (b) βc versus Q′ for LSATAP, and
the “squares” denote the case of A = 0, the “circles” the case of A = 0.005
and ω = 0.01, the “up triangles” the case of A = 0.01 and ω = 0.01, and the
“down triangles” the case of A = 0.005 and ω = 0.005. Comparing the curves
in Fig. 4(a) it is easy to see that all the curves of βc have the same minimum
at Q ≈ 2.5 and all the βc for A > 0 is larger than the corresponding βc for
A = 0. Fig. 4(b) shows the similar results. Therefore, we will fix Q = 2.5 and
Q′ = 1.0 in this paper. Although the similar results between Fig. 4(a) and (b),
there are some differences between them. For example, the shapes of their curves
are different, i.e., the increasing speed of βc in Fig. 4(a) is less than that in (b).
The second difference is that the optimal βc in Fig. 4(a) is slightly lower than
that in (b), indicating the SATAP is slightly better than the LSATAP.

Then, we investigate how the parameters λ0, A, and ω influence the critical βc.
For fixed A = 0.005 and ω = 0.01, we let λ0 change gradually and calculate βc

by the Echenique’s approach, SATAP and LSATAP, respectively. Noticing that
the cases with fluctuated λ(t) have minimums at the same optimal h ≈ 0.96
in Fig. 3, we here calculate two typical cases, i.e., h = 0.8 and 0.96, in the the
Echenique’s approach. Fig. 5(a) shows the results where the “squares” denote
the case of the Echenique’s approach with h = 0.8, “circles” the case of the
Echenique’s approach with h = 0.96, the “up triangles” the case of SATAP, and
the “down triangles” the case of LSATAP. It is easy to see that all the βc increase
linearly with λ0 and the case of the Echenique’s approach with h = 0.8 is much
larger than the three other cases, confirming that the previous optimal h = 0.8 in
the Echenique’s approach is not a good approach for the situation of fluctuated
λ(t). Moreover, from Fig. 5(a) we can see that the βc in the cases of SATAP and
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Fig. 4. (color online). (a) βc versus Q for SATAP, (b) βc versus Q′ for LSATAP, where
λ = 0.01 and the “squares” denote the case of A = 0, the “circles” the case of A = 0.005
and ω = 0.01, the “up triangles” the case of A = 0.01 and ω = 0.01, and the “down
triangles” the case of A = 0.005 and ω = 0.005.

Fig. 5. The critical capacity βc as a function of λ0, A, and ω for three routing policies
with the BA network size L = 1000 and average degree < k >= 6, where the “squares”
denote the case of the Echenique’s approach with h = 0.8, “circles” the case of the
Echenique’s approach with h = 0.96, the “up triangles” the case of SATAP, and the
“down triangles” the case of LSATAP. (a) βc versus λ0 for fixed A = 0.005 and ω = 0.01;
(b) βc versus A for fixed λ0 = 0.01 and ω = 0.01; and (c) βc versus ω for fixed λ0 = 0.01
and A = 0.005.

LSATAP is a little smaller than that of the Echenique’s approach with h = 0.96,
indicating the advantage of self-adjusting of routing. This advantage can be
seen more clearly for larger fluctuated amplitude A. Fig. 5(b) shows the results
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for fixed λ0 = 0.01 and ω = 0.01 where the symbols have the same meaning
with that in Fig. 5(a). It is easy to see that the βc for both the case of the
Echenique’s approach with h = 0.8 and the case of the Echenique’s approach
with h = 0.96 increase with A but the cases of SATAP and LSATAP do not
change with A, indicating that the cases of SATAP and LSATAP are the good
routing approaches for the situation of fluctuated traffic. Fig. 5(c) shows the
results for fixed λ0 = 0.01 and A = 0.005. Obviously, the βc of the Echenique’s
approach depend strongly on ω when ω < 0.015 but the βc of both SATAP and
LSATAP remain approximately constant, confirming the advantage of SATAP
and LSATAP again.

5 Discussion and Conclusions

The status of traffic in Internet depends on the routing strategy. For a fixed
hardware of network, a better routing approach will make the network have
larger capacity. To increase the communication capacity of network implies to
find a better routing strategy. A common feature of all the routing approaches
is that they should go back to the shortest path approach when there is no
accumulation of packets in the network. This is the regime of true free phase
where the delivering time equals the shortest path length. Beyond this regime,
the routing approach makes the network keep the normal function but with
some degree of accumulation, which makes the delivering times be larger than
the shortest path length. Ref. [15] calls this regime, i.e., between the true free
phase and the congestion phase, as the buffer phase in the sense that the delivered
packets has no correlation in the free phase, has local correlation in the buffer
phase, and has global correlation in the congestion phase. In the buffer phase, it
is usually necessary for the packets to go a little longer path than the shortest
path and waiting a while sometimes. With the decrease of β, more and more
nodes have accumulated packets. When the nodes with the smallest links begin
to be accumulated with packets, the congestion occurs.

In conclusions, we have reviewed three approaches to increase the communica-
tion capacity of network. The first one shows that the economical approach with
f = 3% is equivalent to the normal approach. The second one takes into account
all the waiting time along the path and is thus an approach with the shortest
waiting time. And the third one can self-adjust its traffic awareness parameter
to fit the fluctuated traffic flow. These results are based on the assumption that
both the creation and delivering rates are proportional to the degree. Future
work will be focused on the case where the assumption does not work or need
to be modified.
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Abstract. In reality, most economic entities are hierarchical organizations. But in 
the hierarchical organizations tacit knowledge can be transferred across different 
hierarchies even across different departments. By use of complex networks 
technology, a hierarchical organization's framework is modeled in this paper. 
Through quantifying a number of technical datas we analyze and have a research 
on the transfer distance and the optimum tacit knowledge transfer path in 
hierarchy networks. 

Keywords: hierarchical organization, complex networks, optimum path, tacit 
knowledge. 

1   Introduction 

The acquisition, classification and management of explicit knowledge improve 
enterprise’s knowledge reservation and application efficiently, but tacit knowledge’s 
acquisition and transfer flourish the information’s experience exchange and 
accumulation in organizations. By contrast explicit knowledge can be obtained and 
transferred more easily. Through the means of informatization we are easy to 
achieve explicit knowledge‘s storage and access. But tacit knowledge’s acquisition and 
transfer are relatively difficulty. Because tacit knowledge such as skills in the working, 
experience and personal opinion only exist in the heads of staff and in organizational 
culture, it is difficultly stored and transferred by computer and some other media. 
Furthermore it is mostly transferred only through the exchanges and collaboration 
between the staff. Now we all know the study of tacit knowledge’s access and transfer 
are very useful to deliver enterprise information knowledge and exchange technical 
experience. During the study of the tacit knowledge’s transfer and access, literature [1] 
studies the tacit knowledge effect in group decision making, describe three forms of 
tacit knowledge movement, referred a knowledge management application framework 
based on tacit knowledge in group decision making. Literature [2] put forward an IT 
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application framework based on tacit knowledge management, which consists of three 
hierarchies and four subsystems; the framework provides a approach  to use tacit 
knowledge. The literature [3] referred a switch framework to change tacit knowledge 
into explicit knowledge in industrial design by the analysis of some examples. 
Literature [4] studied what kind of way does the virtual enterprise access to the 
knowledge, put forward two different acquiring knowledge ways , one way in explicit 
knowledge transfer process and the other way in tacit knowledge transfer process, and 
use an example in the field of architecture to illuminate the obtaining tacit knowledge 
means. The literature [5] referred the way how to acquire tacit knowledge source in the 
hierarchical organization, referred a quantitative method of obtaining tacit knowledge 
which improves the efficiency and quality of the organizations. 

However in traditional hierarchical structure organizations tacit knowledge is not 
transferred in the simple hierarchy way, for example the vertical transfer way between 
the superior and the subordinate and the spread way within the department group. In 
fact knowledge is often transferred across hierarchy and across departments. This kind 
of knowledge transfer way has networks properties. So the latest means of networks 
technology, such as modeling networks and calculating attributes related to transfer 
knowledge, is very useful to achieve quantitative analysis and calculation. By using the 
complex networks technology, such as model of hierarchy networks structure, this 
article makes out the distance between two networks nodes. At the same time, it gives 
the way how to choose the optimum path between networks nodes during the transfer 
knowledge. 

2   Hierarchical Structure Organization and Its Tacit Knowledge 
Transfer 

2.1   Hierarchical Organization Structure 

Hierarchical structure is basic organizational structure model in actual conditions�the 
definition is expressed as follows: 

Definition 1. Hierarchy: Hierarchy is defined as NET (N, A, R), in which N represents 
the node number of the hierarchy networks, A indicates the node properties, R 
represents the relationship between the nodes. Every node in networks must exhibit the 
following properties: 

(1) Every node only has one father node; 
(2) Every node only has one father node except the root node. 

In the traditional hierarchy organization, R generally represents the relationship 
between the transfer between the superior and the subordinate in management process, 
or the relationship within the same department. Figure 1 illustrates the hierarchy 
structure of organization. On the graph, we describe nodes by Ni,j, i represents the node 
N is in the i hierarchy of the networks, j represents the node sequence in the N nodes, in 
the figure the networks totally exists 3 levels and 8 nodes, the second node in the third 
level expressed by N3,2. 
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Fig. 1. The traditional hierarchical structure 

However, in reality organizational management structure is not just concerned with 
such a mechanical  hierarchy. In a hierarchical organization, there is relationship across 
hierarchy. For example, two members belong to the same team but not the same 
hierarchy and department can develop good relationship across hierarchy or across 
department. At the same time, learning oriental group or seminars and so on also form 
some different kinds of relationship across hierarchy. As a result, tacit knowledge 
transfer may across different hierarchies and different departments in organizations to 
achieve the aim of transferring knowledge. 

2.2   Tacit Knowledge Transfer Channels in Hierarchical Organizations Which 

Have Association Degree  

Knowledge transfer may across organizational level and across departments, the 
members of transferring knowledge mostly have some certain characteristics, such as 
the members belong to the same project team. To describe such a knowledge transfer 
hierarchical structure which is based on hierarchy and beyond the hierarchy structure, 
we give the definition 2, and also provide a new knowledge transfer route. 

Definition 2. Association degree in hierarchy organization: in hierarchy networks 
NET(N,A,R), association degree is defined as a certain common characteristics among 
N (N>3) nodes ,we use Li(i=1,2, .., m) represent different association degrees. In the 
hierarchical organizations, the N members belonging to different departments will 
exchange knowledge because they belong to the same project team. This relationship is 
beneficial to transfer tacit knowledge. This project team with N member becomes an 
association degree in hierarchy networks. 

We use figure 2 to show the hierarchical structure with two association degrees L1 
and L2. Because the networks has the association degree L1, we can smoothly transfer 
knowledge between N1,1 and N3,4. In the same way we can divide all the nodes into two 
node sets by the association degree. {N1,1, N2,1, N2,2, N3,4, N3,5} is the sets of association 
degree L1; {N1,1,N2,2,N3,1,N3,2,N3,3} is the sets of association degree L2. Obviously  
they have the same two set members N1,1, N2,2 by this kinds of classification.  
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Fig. 2. A hierarchical structure with association degree 

For this reason the knowledge can also be transferred between N2, 1 and  N3,5 through 
association degree L1. 

3   The Analysis of Networks Model and Knowledge Transfer in 
Hierarchical Organizations 

3.1   Complex Networks and Its Technical Analysis 

From traffic problems to the society relationship networks, networks have a closer 
contact with our lives than ever. The research of complex networks began at the 18th 
century, at that time the regular networks provide a means to establish and simulate 
some relations; in the mid-19th century the random networks becomes a more exact 
description of a random variable networks structure; at the end of the 20th century 
small-world theory found by Watts and Strogatz as well as Barabási and Albert's 
scale-free networks model create a new research way of complex networks [6]. In 
1998, Watts and Strogatz in their "small-world" theory find a small world networks not 
only have a big cluster coefficient C but also have short average distance L [7]. WS 
small world theory truly demonstrates the characteristics of the networks, such as 
interpersonal networks and the disease spread networks. They all have the typical 
characteristics of small world networks - a big cluster coefficient and a short average 
distance. Small-world theory is good at explaining a large class of life problems in 
practice. Such as the "Six Degrees of Separation" in Stanley Milgram's postman 
problem experiment can be well explained as following: WS network’s high clustering 
characteristic and short average path characteristic. In 1999, Barabási and Albert model 
a scale-free networks - BA model, put forward a kind of networks in which connected 
nodes satisfy degree power probability distribution, therefore the BA's model can 
illustrate a lot of the actual situation very well [8], such as the internet, WWW, as well 
as metabolic network‘s degree distribution. 
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3.2   Construct Hierarchical Structure Model Based on Complex Networks 

Technology 

Hierarchical structure is basic relations in the real organizational structure. But in the 
hierarchical structure exists a great deal of relations across hierarchy, such as 
cooperation Symposium, study group across hierarchy across different departments, 
the freedom discussions and so on. The anti-hierarchical structure of the organization 
leads to a complex hierarchical organization structure. It is difficult to study the 
knowledge transfer in the hierarchical organization by using statically traditional 
relationship, and it is also very difficult to make out a reasonable conclusion. By using 
the complex networks research findings, we establish a hierarchy networks model, 
study transfer knowledge questions in hierarchical organizations through the complex 
network’s characters. we also refer a knowledge transfer idea for path selection and its 
optimization. 

Definition 3. Hierarchical networks: in the hierarchical organization structure, the 
relations between the organization members will form a network, we sign G = (V, E) as 
a network, V represents the node set of all organization members, E indicates all 
relationships between the Organization members. The network construct (V, E) only 
have two elements nodes and edges, nodes represent the hierarchical organization 
members, edges represent the relationship between the hierarchical organization 
members. This kind of relationship can be relationship between direct leader and the 
subordinate employee, or the relationship in the same department, also the relationship 
among the same association degree. 

Definition 4. Relational association: in the hierarchy network the node sets in which 
they have direct relationship, we call it relational association. In the hierarchical 
network, the people in the same department constitute a relational association. 
Unquestionably the parent node and its nearest t nodes also constitute a relational 
association, because they can transfer information and knowledge when they meat each 
other.  

Relational association can be defined as the following form:  

1

m

T T i
i

V V V V
=

⊆ ∧ =∪ , ( , ), ( , ) ( 1,2,... )i j T i T j TV V V P V A P V A i m∧∀ ∈ → ∈  

In the formula ( , )i TP V A  represents iV  has the property TA , that is to say 

iV belong to the same department or belong to the same association degree. So TV  may 

constitute a relational association.  

Within a relational association, the nodes have a strong connection characteristic, 

the distance between two nodes all are 1. At the same time, we can calculate 

2

( 1)
i

i
i i

E
C

k k
=

−
the cluster coefficient of each node i, iE  is the number of connection 



1490 T. Cheng, H. Wang, and L. Wang 

relationship between all nodes. Because the member of relational association TV  may 

belong to the same project team or the same department, they will have relationship and 

their exchange has no distance. For the reason iE  equal to 2

ikC , we can get iC =1. The 

nodes in relational association are all connected with a high cluster coefficient. This 

kind of character ensures the relationship in the relational association is very tight, so 

the knowledge and information is spread fast. 

Definition 5. Relational association degree: We hypothesize  that two relational 

associations TiV  and TjV , if the potency of TiV ∩ TjV  is k, we will call k the relational 

association degree. The relational association degree reflects the intersection number 

between the two relational associations, the bigger the k value, the closer link 

relationship in the corporation. 

Definition 6. Distance of relational association: What if  two relational associations 

TiV  and TjV , they satisfy TiV ＝ 1 2
Ti TiV V∪ ， TjV ＝ 1 2

Tj TjV V∪  and TiV ∩ TjV ＝

1
TiV ＝

1
TjV , we define the distance between TiV  and TjV  is 1. So we know two rational 

associations share some member but not the same, the distance between the two 

relational associations is 1. 

What if two relational associations TiV  and TjV ,they have the relationship TiV ∩ TjV ＝

φ ,and we have another relational association TkV  satisfy both TiV ∩ TkV φ≠ and 

TjV ∩ TkV φ≠ ，so we define the distance between TiV  and TjV  is 2. Have a recursion 

like above, we may get all the distance of two relational associations. 
Distance of relational association algorithm:  

1) If a association with N members has a strong connection, then we draw a 
conclusion the N nodes form a relational association. Next we can easily make out the 
relational association number. 

2) We use a point represents each relational association, what if two associations 
share the same member, we draw a line between the two associations, this indicators the 
two association have a connection. 

For example the relational associations in figure 3 we can use the node structure 
graph figure 4 to express the relation in figure 3. In figure 4 it is easy to see that the  
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Fig. 3. Relational association structure Fig. 4. Topological structure of relational association 

distance between A and B is 1, between A and C is 2, between A and E is 1, between A 
and D is 2. 

3) We use Dijkstra's algorithm to search the shortest path in figure 4, establish the 
optimum path from the primary node to all the other nodes. Figure 5 show the optimum 
path of figure 4.  

 
Fig. 5. Tree topology structure of relational association 

It is easy for us to determine the distance between any two relational associations 
within the hierarchy corporation using the distance of relational association algorithm. 

Definition 7. High tightening organization structure. 
If an organization exists N associations totally, and the distance between any two 

associations is 1, then we say the organization is a high tightening organization structure. 

3.3   Analysis of Tacit Knowledge Transfer Path 

In the hierarchical structure network, tacit knowledge is transferred through the node’s 
relations. The node distance within one relational association is 1, but the node distance 
between the intersecting relational associations has two possibilities: 

1. i TiV V∈ ， j TjV V∈ ， if i Ti TjV V V∈ ∩  or j Ti TjV V V∈ ∩ ， then iV  and jV  

belong to the same relational association，the distance between iV  and jV  equal 

to 1; 
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2. i TiV V∈ ， j TjV V∈ ， if i Ti TjV V V∉ ∩ and j Ti TjV V V∉ ∩ ， then the distance 

between iV  and jV  equal to 1;  

Simple verify: the first case, we may set up i Ti TjV V V∈ ∩ , if j TjV V∈ ,  then iV  

and jV  necessarily  belong to the same relational association TjV , thus their distance is 

1;the second case, i Ti TjV V V∉ ∩  and j Ti TjV V V∉ ∩ , then the relationship from iV  

to jV  certainly not belong to the two relational associations intersection region. What 

if TiV  and TjV   have intersection, then it must exist a node kV  which satisfy 

k Ti TjV V V∈ ∩ , the distance between iV  and kV  is 1，the distance between kV  and 

jV  is 1.So the distance between iV  and jV  is 2. 

In the hierarchical structure, the knowledge transfer distance algorithm between the 

nodes are as following in which 
i TiV V∈ ，

j TjV V∈ . 

1. By utilizing the hierarchical organization structure and the association degree we 

can determine 
iV  and 

jV belong to which two relational association’s intersection. 

For example 
Ti

i Ti

i
V V

V V
∈

∈ ∩ ，but 
Tj

j Tj

j
V V

V V
∈

∈ ∩ ； 

2. Determine the relational associations that have the elements 
iV and 

jV ：
iVA ＝

Ti Ti

Ti
A V

V A V
∈

⎧ ⎫⎪ ⎪∈⎨ ⎬
⎪ ⎪⎩ ⎭

∩  and 
jVA ＝

Tj Tj

Tj
A V

V B V
∈

⎧ ⎫⎪ ⎪∈⎨ ⎬
⎪ ⎪⎩ ⎭

∩ . If there is a intersection between 

iVA and 
jVA ，then the distance between node 

iV  and node 
jV  is 1. If there is not 

intersection, the algorithm skips to the step 3.  
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3. If 
i jV VA A φ∩ = ，then by the relational association distance algorithm we can 

find two relational associations 
Ti

xV  and 
Tj

yV  which make the path between 
iVA  and 

jVA  is shortest (the process may be repeated), of course 
Ti i

x
VV A∈  and 

Tj j

y
VV A∈ . 

Then we can get that the distance between 
Ti

xV  and 
Tj

yV  is K。So the distance 

between 
iV  and 

jV  is  K＋1。 

During the same knowledge transfer course, the transfer path algorithm between 
iV  

and 
jV  is defined as follow: 

1. Find the relational association’s set which have the element 
iV  or 

jV  : 
iVA and

jVA ； 

2. If 
i jV VA A φ∩ ≠ ，we select out the node B 

i jV VB A A∈ ∩ ，then we can draw 

a conclusion not only 
iV B∈  but also 

jV B∈ ，it is obviously that the tie line 

between 
iV  and 

jV is the knowledge transfer path.  

3. If 
i jV VA A φ∩ = ，we can find two relational associations 

Ti

xV  and 
Tj

yV  which 

have the shortest distance，through  the relational association distance algorithm we 

can determine the path between 
Ti

xV  and 
Tj

yV ，then the path between node 
iV  and 

jV can be determined easily. 

4   Summary and Outlook  

Because the hierarchy structure has variety kinds of relationships, its knowledge 
transfer is complex. In this paper we construct a network model in the hierarchy 
organization, use the relational associations structure to simulate a kind of very tight 
relationship between the nodes in the hierarchy organizations. The nods within the 
relational associations are strongly connected. Through analyzing the technical data 
and the algorithm we successfully  pick out the optimum path and make out the precise 



1494 T. Cheng, H. Wang, and L. Wang 

distance in the tacit knowledge transfer. This idea provides a reasonable route selecting 
way in knowledge transfer within organizational entities. However the network 
structure optimization of knowledge transfer in the whole organization, as well as 
relocation issue of the optimal path brought about by the optimization has not yet 
discussed. This in the future will be my research directions. 

Acknowledgement 

This paper is supported by Shanghai key project Management Science and Engineering 
under Grant Number S30504. 

References 

1. Wang, H.L.: Management of tacit knowledge in group decision support system based on 
knowledge flow. In: 2nd International Conference on Research and Practical Issues of 
Enterprise Information Systems. Beijing, China (October 2007) 

2. Liu, H.L., Shen, F.: A framework of information technology systems for tacit knowledge 
management. In: 2nd International Conference on Research and Practical Issues of Enterprise 
Information Systems. Beijing, China (October 2007) 

3. Luo, S.J., Tang, Y.K., Li, Z.F.: Research on users’ tacit knowledge representation based on 
image scale. In: 7th International Conference on Computer-aided Industrial Design & 
Conceptual Design, Hangzhou, China (November 2006) 

4. Bouarfa, H., Abed, M.: Acquisition of tacit knowledge in virtual organizations. In: 
International Conference on Computational Intelligence for Modeling, Control and 
Automation, Vienna, Austria (November 2005) 

5. Zhang, Y., Wu, Z.: Research on the Best Resource of Tacit Knowledge Acquisition. Journal 
of Information, 78–79 (November 2007) 

6. Floyd, S., Paxson, V.: Difficulties in simulating the Internet. IEEE/ACM Trans. on 
Networking 9(4), 392–403 (2001) 

7. Watts, D.J., Strogatz, S.H.: Collective dynamics of ‘small-world’ networks. Nature 393, 
6684, 440–442 (1998) 

8. Barabási, A.L., Albert, R.: Emergence of Scaling in Random Networks. Science 5439, 
509–512 (1999) 



A Stochastic Model for Layered Self-organizing
Complex Systems

Yuri Dimitrov1 and Mario Lauria2

1 Department of Mathematics, Ohio State University, Columbus OH 43210, USA
yuri@math.ohio-state.edu

2 Telethon Institute of Genetics and Medicine (TIGEM), Naples, Italy
lauria@tigem.it

Abstract. In this paper we study a problem common to complex systems that dy-
namically self-organize to an optimal configuration. Assuming the network nodes
are of two types, and that one type is subjected to a an upward pressure according
to a preferential stochastic model , we wish to determine the distribution of the
active nodes over the levels of the network. We generalize the problem to the case
of layered graphs as follows. Let G be a connected graph with M vertices which
are divided into d levels where the vertices of each edge of G belong to consecu-
tive levels. Initially each vertex has a value of 0 or 1 assigned at random. At each
step of the stochastic process an edge is chosen at random. Then, the labels of the
vertices of this edge are exchanged with probability 1 if the vertex on the higher
level has the label 0 and the lower vertex has the label 1. The labels are switched
with probability λ, if the lower vertex has value of 0 and the higher vertex has the
value of 1. This stochastic process has the Markov chain property and is related
to random walks on graphs. We derive formulas for the steady state distribution
of the number of vertices with label 1 on the levels of the graph.

1 Introduction

Complex systems consisting of large aggregates of intelligent autonomous components
frequently lend themselves to being modeled as acyclic graphs in general, and trees
in a subset of cases. Examples of such systems can be found in engineering systems,
human interaction networks, social behavior in the animal kingdom. A subset of these
systems display interesting patterns emerging as the result of the reciprocal interaction
of the component parts, each acting under the control of a predefined local behavior.
For these systems it would be desirable to be able to derive general results about the
dependence of system-wide patterns emerging as result of the local behavior. This is
clearly a daunting task, and only limited results are available so far on this type of
global-local relationships, often concerning global ”properties” rather than true spatial
”patterns”. For example, in the field of network analysis a number of results are avail-
able on the dependence between generative models and the degree distribution of the
resulting network (see for example [4]).

Given the difficulty of the the above stated objective in its general form, we have de-
cide to study a relatively simple but general problem, which we believe is of interest in a
number of applications. We are mainly concerned with studying self-organizing systems

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1495–1503, 2009.
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in which the component parts organize themselves using some form of point-to-point
interactions, and the set of all system parts and their interactions can be represented by
a graph. In its simplest form, the problem is as follows: in a layered representing the
system each nodes is labeled as either one (”1”) or zero (”0”), these values representing
two values of some relevant attribute of the node (i.e. high/low performance, dark/light
color). Nodes are subjected to a random process, by which a parent-child pair occa-
sionally exchange places, with different probability based on the value of the respective
labels. Assuming that there is some form of ”pressure” pushing the 1’s toward the root
in the form of higher probability of exchange in the case of (0,1) label values for the
(parent, child) pair w.r.t. the (1,0) case, what is the resulting pattern of 1’ s distribution
over the layers of the graph? We have solved the problem in the simple case of binary
trees [8,9] , and we are now generalizing it for the case of different types of layered
graphs, and for a number of label values larger than two.

In the remainder of the paper we first describe some complex systems whose analysis
and/or design can benefit from our results. We then briefly outline some of the results
we have obtained so far as part of our investigation.

2 The Notion of Pressure in Dynamic Complex Systems

Overlay based systems over engineering networks. Example of overlay-based systems
over engineering networks are agent-based distributed computations [5,6,7], overlay-
based data dissemination [13] and multicast systems over the Internet [12]. So called
organic grid computations [5,6,7] are self-organizing networks which perform a large
scale computation by subdividing it into smaller, autonomous computational units and
distributing these computational units on the available nodes of the network. The units
organize themselves around a layered overlay network in order to carry out the compu-
tation, acquire input data, and collect the results. The system also monitors the available
computational resources on each node and continually reorganizes by applying a pres-
sure (as described above) on the more powerful nodes so to push them closer to the root
levels. The ability to predict the distribution of the high performing nodes over the lay-
ers would be very useful in fine tuning the self organizing behavior of the computational
units, for example in order to achieve an optimal configuration based on the effective
throughput available at every level. A similar optimization problem can be formulated
for data dissemination and multicast systems relying on a layered overlay network.

Human interactions. The modeling of social networks according to a hierarchical struc-
ture of populations or groups of individuals has been proposed to model the spreading
of epidemics and the routing of messages among people [18,19]. These forms of or-
ganization are often represented as balanced binary trees for simplicity, but they can
obviously be generalized at the expense of a more complex forms of analysis. The most
obvious form of upward pressure that can be conceived for these models is the social
promotion of well-connected individuals toward the upper levels of the hierarchy; in
this case our results could be used to describe the distribution of individuals at each
hierarchy level.
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For the sake of brevity in the following we focus our attention on overlay based
systems over engineering networks, and specifically on organic grids, that were the
complex systems that first motivated this work.

3 Preliminary Results

In previous work [8,9] we studied the behavior of organic grid networks and developed
a model for the evolution of the computations in the nodes of the network. The networks
that we studied in [8,9] were balanced binary trees. Here we extend our results to
overlay networks with arbitrary shape and arbitrary number of nodes on each level.
While the behavior of the organic grids is unpredictable and depends on many external
factors in our experiments we observed a regular pattern in the long term behavior of the
computational units. These experiments led to the above stochastic process as a model
for the behavior of the computational units.

The labels 0 and 1 in the vertices of the graph G correspond to the computational
units in the network. The nodes which perform computations have label 1 while the
nodes without a computation have label 0. The number of computational units varies
and depends on the initial computation. We assign labels 0 or 1 to each node of the
network at random. When n nodes have value one and the remaining M − n nodes
have value zero the number of possible states with n nodes with label 1 is

(
M
n

)
. We call

these states configurations with n ones. The probability to have n nodes with number 1

is

(
M
n

)
2M

. Let rt be the number of nodes of the network at level t. The numbers rt satisfy

r1 + r2 + . . . + rd = M , because the total number ofvertices is M . We denote the
configurations with n ones as {v1, v2, . . . , vn}, where vi are the vertices of the graph
G with value 1. The configurations with n ones form a graph where two configura-
tions are adjacent if they are consecutive states of the system. We denote the graph of
configurations with n ones as GC(n). Two configurations C1 = {v1, v2, . . . , vn} and
C2 = {u1, u2, . . . , un} are adjacent in GC(n) if ui = vi for all i �= j and uj �= vj ,
where uj and vj are adjacent vertices of G. The vertices of the graph G are divided into
levels. Let l(v) be the level of vertex v: l(v) = i if v is on level i. The highest level
of G is 1 and the lowest level is d. The vertices of GC(n) are also divided into levels
which are induced by the levels of the graph G. Let L(C) be the level of configuration
C in GC(n). We determine L(C) in the following way: if l(uj) − l(vj) = 1 then
L(C1) − L(C2) = 1. The graphs of configurations with n ones GC(n) are defined for
all values of n = 0, 1, . . . , M . When n = 1 the graph GC(1) is the same as the graph
G because the configurations with only one node with value 1 are exactly the vertices
of G. The graph GC(M) has only one vertex which corresponds to all M vertices of
the graph G with value 1. The graph GC(0) also consists of a single vertex, where all
nodes of G have value 0. The graphs GC(n) are connected for all values of n, because
the graph G is connected. Now we assign weights to the nodes of the graph G and the
configurations.

1. The weight w(v) of the vertex v which is on level t of the graph G is w(v) =
d − t + 1.
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2. The weight of the configurations in GC(n) is the sum of the weights of its vertices
with value 1.

If C is configuration {v1, v2, . . . , vn} then w(C) =
∑n

i=1 w(vi).

The vertices of the graph G which are on the same level have equal weight. The levels
of the graphs of configurations GC(n) are also determined by the weights of the con-
figurations. Two configurations are on the same level of the graph GC(n) when they
have equal weight. We call the configurations on the bottom level of GC(n) - minimal
configurations and the configurations on the top level - maximal configurations. The
maximal configuration in GC(2) of G1 is {1, 2} and the minimal configurations are
{3, 4}, {4, 5} and {3, 5} (Fig.1 and Fig. 3). The minimal configuration with three ones
is {3, 4, 5} and the maximal configurations are {1, 2, 5}, {1, 2, 3} and {1, 2, 4} (Fig. 4).

We also denote by wmin(n) and wmax(n) the weights of the minimal and maximal
configurations with n ones. The weights of the minimal and maximal configurations of
G1 with two ones are wmin(2) = 2 and wmax(2) = 4 and wmin(3) = 3, wmax(3) =
5. In general, if n ≤ rd, then wmin(n) = n, because the vertices of G on level d have

weight 1. Let M(t) =
d∑

i=t

ri be the number of nodes on levels t, t + 1, · · · , d.

When n > rd we calculate the weight of the minimal configurations of GC(n) in
the following way:

Let s be the number such that

M(s + 1) < n ≤ M(s)

Then

w(n) =
s+1∑
i=d

(d − i + 1)r(i) + (n − M(s + 1))(d − s + 1)

Let W =
M∑
i=1

w(vi) be the weight of all nodes of G.

12

1424

13

15

Fig. 1. The graph G1
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Fig. 3. The graph of configurations GC(3)
of G1

The graphs GC(n) and GC(M − n) are dual to each other (Fig. 2 and Fig. 3). The are
the same graph with their levels inverted. This property of the graph of configurations
is explained in the following lemma.

Lemma 1. Let s(n, w) be the number of configurations of GC(n) which have weight
w. Then

(i) s(n, w) = s(M − n, W − w)
(ii) wmax(n) + wmin(M − n) = W

The process that we study is a stochastic process on the graph of configurations GC(n)
which has the Markov chain property. Let p(C) be the probability of configuration C
in the steady state distribution of the configurations of the network.

Lemma 2. Let C1 and C2 be adjacent configurations in the graph of configurations
and L(C1) = L(C2) − 1. Then

p(C2) = λ p(C1)

Corollary 1. Let C1 and C2 be any two configurations of GC(n). Then

p(C2) = λL(C1)−L(C2) p(C1)

The proofs of Lemma 1, Lemma 2 and Corollary 1 for networks for which the graph
G is a balenced binary tree are available in [9]. From Lemma 2 and Corollary 1 the
probability of a configuration in GC(n) is determined from its level in GC(n). If two
networks have the same number of nodes on each level their graphs of configurations
also have the same number of configurations on their levels and the probability of the
configurations in the steady state distribution is the same although the networks may
have different topology. Now we determine the number of configurations on the levels
of the graphs of configurations GC(n). Let kt be the number of ones on level t of the
network. Then 0 ≤ kt ≤ rt for t = 1, 2, . . . , d.

Lemma 3. The number of configurations with n ones and weight w is

s(n, w) =
∑
kj

d∏
i=1

(
ri

ki

)
(1)



1500 Y. Dimitrov and M. Lauria

where the numbers kt satisfy

d∑
i=1

kt = n and
d∑

i=1

(d − t + 1)ki = w (2)

Proof. The summation in (1) is over all sequences {kj}d
j=1 which satisfy (2). Let C be

a configuration with n ones and weight w. The equation
d∑

i=1

ki = n means that C has

n ones and the equation
d∑

i=1

(d − t + 1)ki = w guarantees that the weight of C is w.

The graph G has ri nodes on level i, and there are
(

ri

ki

)
arrangements of the ki ones on

row i. Therefore the total number of configurations s(n, w) with n ones and weight w

is s(n, w) =
∑
kj

d∏
i=1

(
ri

ki

)
.

Lemma 4. The number of configurations with n ones and weight w which have s ones
on row t is

c(n, w) =
∑
kj

d∏
i=1

(
ri

ki

)
where the numbers kj satisfy

kt = s,

d∑
i=1

ki = n and
d∑

i=1

(d − i + 1)ki = w

Proof. Similarly to Lemma 3, the numbers kj satisfy
d∑

i=1

ki = n and
d∑

i=1

(d−i+1)ki =

w. Also kt = s because kt is the number of ones on level t.

4 Probability Distribution

In Section 2 we showed that the configurations of GC(n) are divided into levels induced
by the levels of G. Two configurations of GC(n) are on the same level if they have the
equal weight. Let pn,t,s(λ) be the probability to have s ones on level t in the steady
state distribution of the network. Then

pn,t,s(λ) =
Nn,t,s(λ)
Dn(λ)

where Nn,t,s(λ) and Dn(λ) are polynomials in λ.

Lemma 5. The polynomials Nn,t,s(λ) and Dn(λ) are determined as follows

(i) Dn(λ) =
∑
w

s(n, w)λW−w
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(ii) Nn,t,s(λ) =
∑
w

c(n, w)λW−w

The lowest power of λ in Dn(λ) and Nn,t,s(λ) is wmin(M − n).

Proof. Let C be a configuration with weight w in GC(n). Its probability in the steady
state distribution is inversely proportional to w. The polynomial Dn(λ) consists of all
configurations of GC(n) with their probabilities while Nn,t,s(λ) contains only the
configurations which have s ones on level t. Therefore (i) and (ii) hold. The lowest
power of λ is attained at the maximal configuration. From Lemma 1 we have that
W − wmax(n) = wmin(M − n).

Let Q(x, y) and Qt,s(x, y) be the following polynomials in two variables

Q(x, y) = (y + x)rd(y + x2)rd−1 · · · (y + xd)r1 =
d∏

i=1

(y + xi)rd−i+1

Qt,s(x, y) =
(
rt

s

)
ysx(rt−s)(d−t+1) Q(x, y)

(x + yd−t+1)rt

In Lemma 6 and Lemma 7 we express Dn(x) and Nn,t,s(x) as coefficients of Q(x, y)
and Qt,s(x, y).

Lemma 6. The coefficient of yn in Q(x, y) is Dn(x).

Proof. By substituting i ↔ d − i + 1 we obtain

Q(x, y) =
d∏

i=1

(y + xd−i+1)ri

Q(x, y) =
d∏

i=1

ri∑
ki=0

(
ri

ki

)
ykix(d−i+1)(ri−ki)

Let’s denote by C(yn) the coefficient of yn in Q(x, y).

C(yn) =
∑
kj

d∏
i=1

(
ri

ki

)
x(d−i+1)(ri−ki)

The sum is over all sequences {kj}d
i=1 where k1 + k2 + . . . + kd = n.

C(yn) = x
∑d

i=1(d−i+1)ri

∑
kj

d∏
i=1

(
ri

ki

)
x−ki(d−i+1)

C(yn) = xW
∑
kj

d∏
i=1

(
ri

ki

)
x−ki(d−i+1)
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We have that w =
d∑

i=1

ki(d − i + 1). Then

C(yn) = xW
∑
w

∑
kj

d∏
i=1

(
ri

ki

)
x−w

where w takes values between wmin(M − n) and wmax(M − n) and kj satisfy

d∑
t=1

ki = n and
d∑

t=1

(d − t + 1)ki = w (3)

C(yn) =
∑
w

xW−w
∑
kj

d∏
i=1

(
ri

ki

)

From Lemma 3 we obtain

C(yn) =
∑
w

s(n, w)xW−w

Similarly Nn,t,s(x) is a coefficient of the polynomial Qt,s(x, y).

Lemma 7. The coefficient of yn in Qt,s(x, y) is Nn,t,s(x).

The proof of Lemma 7 is similar to the proof Lemma 6 and uses the formula for c(n, w)
from Lemma 4. Initially we assign zeros and ones to the nodes of the network at random.
Let pt,s(λ) be the probability that the network has s ones on level t in the steady state
distribution. Then

pt,s(λ) =
1

2M

M∑
n=0

(
M
n

)
pn,t,s(λ) (4)

We compute the values of pn,t,s(λ) =
Nn,t,s(λ)
Dn(λ)

from Lemma 6 and Lemma 7 where

Nn,t,s(λ) and Dn(λ) are coefficients of the polynomials Q(λ, y) and Qt,s(λ, y).

5 Conclusions and Future Work

In this paper we generalize our model from [8] to networks with arbitrary number of
nodes at each level and arbitrary topology when the links of the network are between
consecutive levels. We are working on extending our analysis to model the steady state
distribution for a wider array of network topologies with links between nonconsecutive
levels .
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Abstract. Motivated by the experiments on the dynamics of a common
network motif, p53 and Mdm2 feedback loop, by Lahav et al. [Nat. Genet
36, 147(2004)] in individual cells and Lev Bar-or et al. [Proc. Natl.
Acad. Sci. USA 97, 11250(2000)] at the population of cells, we propose
a statistical signal-response model with aiming to describe the different
oscillatory behaviors for the activities of p53 and Mdm2 proteins both
in individual and in population of cells in a unified way. At the cellular
level, the activities of p53 and Mdm2 proteins are described by a group
of nonlinear dynamical equations where the damage-derived signal is as-
sumed to have the form with abrupt transition (”on” ↔ ”off”) as soon
as signal strength passes forth and back across a threshold. Each cell
responses to the damage with different time duration within which the
oscillations persist. For the case of population of cells, the activities of
p53 and Mdm2 proteins will be the population average of the individual
cells, which results damped oscillations, due to the averaging over the
cell population with the different response time.

Keywords: p53-Mdm2 interaction, negative feedback loop, sustained
and damped oscillatory dynamics.

1 Introduction

Recently, intensive studies have been devoted to the signal-response relation be-
tween DNA damage and gene expressions within living cells. The studies mainly
carried out in two directions, one is to extract the general principles of complex
protein networks, such as, the interplay between network dynamics and topol-
ogy; another is to study the dynamics of basic network motifs and to understand
their specific functions and structures. Special attentions have been paid to the
regulatory oscillatory dynamics of the expressions or activities of the common
network motif composed of the tumor suppressor protein p53 and its transcrip-
tional target Mdm2 [1,2,3,4,5].

The experiment at the population of cells [1] has shown that under certain
conditions, the activities of the average protein levels of p53 and Mdm2 behave
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damped oscillations in response to DNA damage. The stronger the damage is,
the higher and broader the amplitude of the oscillation averagely responds. In
contrast, the latest experiment in individual cells [2] sets out to address that in
response to ionizing radiation, cells emit p53 in discrete pulses of fixed height
and duration that do not depend on the strength of DNA damage (i.e., sustained
oscillations), and, instead, with different number of pulses for the genetically
identical cells. The mean number of pulses increases with the extent of DNA
damage.

Several simple theoretical models [1,6,7,8] based on the p53-Mdm2 regulatory
negative feedback between the transcription of p53 and Mdm2 proteins have been
proposed to qualitatively describe the dynamical behaviors of average protein
levels in population of cells. However, we are still far away from understanding
the dynamical mechanism for the sustained oscillatory behaviors at individual
level, and the relation between the damped oscillatory behaviors in population
of cells and undamped oscillatory behaviors in individual cells [2,5]. Moreover,
an exponential function in time is generally used to express the signal response
to the damage in the case of population of cells [2]. This response relation has
far-reaching implication for our understanding of how cells respond to damage
in different manners in individual and population cases.

Exploiting regulatory negative feedback loop, in this paper, we propose a sta-
tistical model of negative p53-Mdm2 feedback system with the aim to describe
such the different dynamical oscillatory behaviors of protein levels both in indi-
vidual and in population of cells in a self-consistent and unified way. It should
be emphasized that different from the previous models [1,6,7,8], the dynamics
of damage-derived signal is paid special attention in this paper in addition to
taking account of all the knowledge of the biochemical mechanism of the system
and to be simplified to the major components in the system, because the dynam-
ics of damage-derived signal might play crucial role in describing the different
dynamical activities of the system. At the cellular level, the signal is assumed
to have the binary form with abrupt transition (”on” ↔ ”off”) as soon as signal
strength passes forth and back across a threshold. The time duration when the
signal is above the threshold mainly depends on the signal strength, the differ-
ent manners for cells to response the damage and the repairing abilities of cells,
etc. For the case of population of cells, the activities of p53 and Mdm2 proteins
will be the ensemble (population) averages of the individual cells, each of which
responds damage with different time duration. The average levels of p53 and
Mdm2 proteins over cell population will show damped oscillations, due to the
averaging of cell population. It will be shown that, under above-mentioned con-
siderations, the experimental results [1,2] of different oscillatory behaviors will
be satisfactorily reproduced in this paper.

The paper is organized as follows. In Section 2, a phenomenological dynamical
model will be introduced for a negative feedback network of p53-Mdm2 inter-
action. In Section 3, the numerical results and the analysis will be shown for
various conditions. Finally, the last Section will be devoted for discussion and
summary.
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2 Model

We now present our dynamical model of p53-Mdm2 feedback loop. We assume
that the level of p53 protein in a cell obeys the following kinetic equation:

dP (t)
dt

= SP − αP M(t)P (t) (1 − γPS(t)) − µP P (t), (1)

On r.h.s. in Eq. (1), the first term describes the synthesis rate of the p53 protein,
the second one represents Mdm2- and signal-dependent degradation of p53 and
the last one reflects an Mdm2-independent mechanism for p53 degradation. The
coefficient αP represents the ability of Mdm2 to promote p53 degradation, and
controls the basal levels of p53. S(t) is the damage-derived signal which is the
key component as described in Section 1. The introduction of parameter γP is to
take into account of that to what extent the damage-derived signal S(t) might
inhibit the p53 degradation induced by the activation of Mdm2 protein.

M(t) represents the level of Mdm2 protein whose kinetic equation is given as:

dM(t)
dt

= SM + αMT (t) − µMM(t) (2)

Here the coefficient SM denotes the rate of p53-independent Mdm2 transcrip-
tion and translation, whereas the last term describes Mdm2 degradation. The
coefficient αM denotes the maximal initiation rate of Mdm2 transcript initiation
upregulated by p53 [6]. T (t) in the second term is a Hill-type function and reads

T (t) =
{P (t − τ)}N

KN + {P (t − τ)}N
, (3)

which takes into account the transcriptional and/or translational time delay,
denoting as time τ , between the activation of p53 and the induction of Mdm2.
The parameter K corresponds to some sort of threshold-for-activation for p53-
protein concentration, and N is a Hill coefficient that determines the steepness
of T (t).

Equations (1) and (2) describe how the nonlinear dynamics of the system
depends on the parameters incorporated in the model.

3 Numerical Results and Discussions

The sound experimental results at the cellular level [2] have been considered to
determine the parameters, which shows that the width of pulse was 350 ± 160
min(mean ± s.d.); the timing of the first pulse maximum was rather variable,
360±240 min after damage, but the time between the maxima of two consecutive
pulses was more precise, 440 ± 100 min. Mdm2 peaks are with a time delay of
∼ 100 min relative to p53 maximum.

However it is still not so easy to define all the model parameters since the
experimental data are limited at present. Some parameters should be roughly
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estimated phenomenologically, for example, µP is taken to be small with respect
to the Mdm2-dependent rate of p53 elimination, which reflects the fact that
although other mechanisms for the degradation of p53 may exist, a large body
of data points to Mdm2 as the key regulator of p53 stability [1]. The first order
degradation rate of Mdm2 µM could be chosen as 0.05/min, which corresponds
to Mdm2 half-lives approximately 20-25min under basal condition.

It has been shown [9] that when the values of the parameters incorporated
in the model are changed in a rather large region around the ones used in this
paper, the oscillatory solutions of the concentration of p53 and Mdm2 proteins
of Eqs. (1) and (2) could be expected and the solutions are rather robust.

3.1 The Case of Individual Cells

When cells are exposed to the damaging agents, such as UV or ionizing radiation,
the signal S(t) will be derived which eventually activates an initial pulse of
p53 concentration. From biological point of view, at cellular level, S(t) can be
considered as switch ”on” and will be with abrupt transition from ”on” to ”off”
when signal is resolved, as the behavior of the p53-Mdm2 system evolves to give
reasonably defined quanta of repair enzymes in response to stress [2]. S(t) might
be defined as a step function in time

S(t) = Θ(t − τth) =
{

1 if t ≤ τth

0 otherwise (4)

where τth = nτch, and τch is the characteristic duration within which the signal
stress is in the region of oscillatory response and a pulse is activated. n is a non-
negative integer and so that τth accounts for the total time scale of S(t). The value
of τch used in this paper is τch ≈ 410 minutes which is obtained from the charac-
teristic frequency of the solutions of Eqs. (1) and (2) with the parameters used.

We use the forth-order Runge-Kutta algorithm for integrating the kinetic
Eqs. (1) and (2) incorporated with the signal S(t) in Eq. (4). The initial condi-
tions of P (t) and M(t) are defined by their basal or stationary values in Eq. (6)
discussed in the following.

Figure 1 shows the dynamical evolution of the concentration of p53 and Mdm2
proteins for the case in individual cells with S(t) defined in Eq. (4), which are
scaled with their basal values P (0) and M(0). Under normal environment, the
amount of p53 protein in the cell is kept low and tightly regulated by a genetic
network built of Mdm2 and p53 itself. p53 is produced at an essentially constant
rate and promotes the expression of the Mdm2 gene [10]. On the other hand,
the Mdm2 protein binds to p53 and promotes its degradation [11], decreasing
its concentration. When DNA molecule is damaged, a cascade of events causes
phosphorylation of several serines in the p53 protein, which modifies its binding
properties to Mdm2 [12]. As a consequence, the cell experiences a sudden in-
crease in the concentration of p53, which activates a group of genes responsible
for cell growth arrest and apoptosis. The increase in p53 protein levels and the
transcription activity of p53 lead, in turn, to increase the production of Mdm2
with a time delay. Mdm2 protein again promotes the rapid degradation of the
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Fig. 1. Concentration of p53 tumor suppressor protein and its transcriptional target
Mdm2 relative to their basal levels with the parameters: SP = 0.5, αP = 1.8, γP =
0.996, µP = 2.5×10−4 , SM = 2.35×10−3 , αM = 0.1, µM = 0.05, K = 120, N = 10. The
initial conditions of P (t) and M(t) are defined by their basal values as P (0) = 5.89 and
M(0) = 0.047. The dynamics of signal S(t) is described by Eq. (4). The transcriptional
time delay τ=100 minutes. Abscissa T denotes a time in units of minute.

p53 protein. Thus the sustained oscillations occur as long as the signal is pre-
sented. Here only up to four oscillations are shown in order to compare with
the experiment [2]. When the signal is completely resolved, the p53-Mdm2 loop
return to normal case and the levels of p53 and Mdm2 to their basal (or sta-
tionary) values given in Eq. (6). Thus the finite number of sustained oscillations
for individual cells found in experiments [2] can be obtained in a simple way
by representing the damage-derived signal in the form, as described by Eq.(4),
proposed in this paper.

Noting that the characteristic features of p53 protein levels displayed in Fig. 1
are that the width of each pulse is 328 min; the timing of first pulse maximum
at 327 min; the time between first and second pulses 413 min; the time delay
τ = 100 min and the peaking of second pulse at 720 min. All those features
satisfactorily fit the experimental results reported in [2].

3.2 The Case at the Population of Cells

When we turn to the case at the population of cells, the levels of proteins should
be the averages over the Poisson ensemble of individual cells, each member of
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which responds to damage with different duration τth of p53-activating signal
S(t) in Eq. (4) due to the stochastic mechanism in the radiation damage as well
as in the gene expression [13,14,15] as mentioned in the Introduction section.
When Ne is used to represent the total number of cells in the ensemble, P τ i

th(t)
and M τ i

th(t) {i = 1, 2, · · · , Ne} are the levels of p53 and Mdm2 proteins for
ith cell, which are obtained with the same method as described in the above
subsection for the case of individual cells with the time scale τ i

th of the signal
S(t) in Eq. (4). The resultant levels of p53 and Mdm2 proteins averaging over a
population of cells can be written as

P (t) =
1

Ne

Ne∑
i=1

P τ i
th(t), M(t) =

1
Ne

Ne∑
i=1

M τ i
th(t) (5)

where τ i
th = niτch. ni is a non-negative number. In order to consider the stochas-

tic mechanism such as in the radiation damage and in the gene expression, ni is
randomly generated to let τ i

th exponentially distributed according to the Pois-
son distribution e−τ i

th/τs . It can be easily proved that the parameter τs is the
average of τ i

th over the Poisson ensemble of individual cells when τch is supposed
to be a constant since we ignored the difference of various types of damage and
the p53-dependent DNA repair processes. Generally speaking, τs is expected to
be much larger than the characteristic period of oscillation τch, as the former
characterizes the average time for DNA repair process in the population cells
and the latter describes the period of a single oscillation in that process.

Here, it should be mentioned that an exponential form of the signal S(t) ∼
e−t/τs has been used in Ref. [1] for describing the activities of the proteins in
cell population. Differently, in this paper, we use the same equations,(1) and
(2), to obtain the levels of the proteins for every individual cell (say, P τ i

th(t) and
M τ i

th(t)) where cells respond damage with different time duration τ i
th in Eq. (4).

The average levels in population of cells then quite naturally come from the
average over all individual cells included in the ensemble as shown in Eq. (5).

From Fig. 2, it is seen that in response to the damage signal, the scaled con-
centrations of p53 and Mdm2 proteins at the population level undergo damped
oscillations with respect to their basal levels, which results from the average over
cells with different τ i

th, i.e., the different numbers of pulses. The damage signal is
resolved after ≈ 5 days and the levels will then decrease to a certain stationary
values (not shown) which represent the basal levels of p53 and Mdm2 proteins
under normal conditions. In terms of Eqs. (1)-(3), the stationary values can be
estimated with

M(t → ∞) ≈ SM

µM
, P (t → ∞) ≈ SP µM

αP SM + µP µM
. (6)

With the used parameters, it is easily to obtain M(t → ∞) ≈ 0.047 and P (t →
∞) ≈ 5.89.

From our numerical calculations, one may clearly see that the damping mech-
anism on the oscillations results from the average between cells with different
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Fig. 2. The levels of p53 and Mdm2 relative to their basal levels obtained with Eq. (5).
The parameter τs is used as 10 000 minutes. The total number of cells in the ensemble
is chosen to be 10 000. Reference of coordinates and the parameter values are the same
as in Fig. 1.

τ i
th, i.e., with different numbers of pulses. It is interesting to discuss here about

the role of parameter τs, whose value might relates with the strength of irra-
diation (as indicated by the Fig. 3(a) in Ref. [2]) and repairing ability of DNA
molecules. If we suppose that the irradiation damage of DNA keeps unresolved
(this case might occur in the most severe cases of strong damage), which means
that S(t) keeps constant S(0) or the parameter τs ≈ ∞, in such case, the ampli-
tude of oscillations is sustained and the levels show stationary oscillation. When
τs changes from large through small, cells will be with different τ i

th and the
damping mechanism starts to play a role. The smaller τs is, the stronger the
damping of oscillations.

Origin of oscillation. Here it is worthwhile to clarify the origins of oscillation
mechanism. The oscillatory dynamical behaviors could be ascribed as to the
regulatory feedback loop in which p53 positively regulates Mdm2 expression
while Mdm2 negatively regulates p53 level and activity. And the time delay
in p53-dependent induction of Mdm2 should also be crucial for an oscillatory
behavior. In order to clarify these points more clearly, let us consider the case
without time delay, i.e., τ = 0, which means that the production of Mdm2 is
regarded as instantaneously regulated by p53. As shown in Fig. 3, it is clearly
seen that levels of p53 and Mdm2 proteins rapidly and simultaneously increase as
soon as the signal is turned on and subsequently evolve smoothly and tend to the
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Fig. 3. Effect of time delay in p53-dependent induction of Mdm2 on the protein levels.
Reference of coordinates and remaining parameter values are the same as in Fig. 2.

stationary values. There is no oscillation except an initially increasing that could
be considered as resulting from the threshold of the parameter K. The effects of
time delay also can be seen from Fig. 3 that the patterns of oscillations are quite
different for various values of τ . For an intermediate delay (τ ≈ 1 ∼ 3 hours) as
experimental prediction [2], the significant oscillations could be obtained with
this model. One might thus conclude that the negative feedback mechanism and
time delays could be considered as the main origins in driving the oscillations.
Here, it should be mentioned that a similar conclusion has also been reached in
Ref. [6,7].

4 Concluding Remarks

We have presented a statistical model of p53-Mdm2 negative feedback loop with
a time delay to study the dynamical mechanism of the activities of p53 and
Mdm2 proteins in the cases of individual as well as population of cells. It has
been shown that both the sustained oscillatory dynamics in individual cells and
the damped one in the population of cells could be explained in a unified way
when the dynamics of damage-derived signal is properly introduced. We would
like to emphasize that in our present work we try to keep our model with as few
free parameters as possible, as the available experimental information is rather
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limited so far. However, it can easily be extended to consider more complex
network when more experimental data are to come.

It has been clarified that the origin of oscillation mechanism could be ascribed
as the nonlinear dynamics of the regulatory negative feedback loop and the
time delay in p53-dependent induction of Mdm2. Meanwhile, the damping on
oscillation might be considered as resulting from the averaging between cells
with different response time to the damage.

This study may provide us with a general understanding of the oscillatory
dynamics found in various physical, chemical and biological systems. From this
study we can gain certain information on the mechanism of the cellular response
to the radiation damage which may have the significance in gene therapy and
some other applications.
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Abstract. Creating ensembles of random but “realistic” topologies for
complex systems is crucial for many tasks such as benchmark generation
and algorithm analysis. In general, explanatory models are preferred to
capture topologies of technological and biological complex systems, and
some researchers claimed that it is largely impossible to capture any
nontrivial network structure while ignoring domain-specific constraints.
We study topology models of specific spatial networks, and show that a
simple descriptive model, the generalized random graph model (GRG)
which only reproduces the degree sequence of complex networks, can
closely match the topologies of a variety of real-world spatial networks
including electronic circuits, brain and neural networks and transporta-
tion networks, and outperform some plausible and explanatory models
which consider spatial constraints.

Keywords: Spatial Networks, Random Graph Models.

1 Introduction

Creating ensembles of random but “realistic” topologies for complex systems
is crucial for many tasks such as benchmark generation and algorithm analysis
[1]. The topology model generators can be classified into two main groups: ex-
planatory models, which attempt to capture the underlying growth process of
the system topology based on domain-specific details in the resulting model, or
descriptive models, which directly and randomly reproduce the specified topo-
logical statistics, independent of any complex system growth process [1].

Explanatory models are generally preferred to capture topologies of various
technological and biological systems [1], and some researchers claim that it is
largely impossible to capture any nontrivial network structure while ignoring
domain-specific constraints [2]. In this paper, we focus on topology models of
spatial networks which occupy some physical space, such that their nodes occupy
a position in two- or three-dimensional Euclidean space, and their edges are
real physical connections [3]. It is not surprising that the topology of spatial
networks is strongly constrained by their geographical embedding. However, we
found that a very simple descriptive model, the generalized random graph model
(GRG), which only reproduces the degree sequence of complex networks [3], can
closely match the topologies of a variety of real-world spatial networks including

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1514–1525, 2009.
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electronic circuits, brain networks and highway networks etc., and outperform
some plausible and explanatory models which consider spatial constraints. All
these man-made and biological networks share a common planning principle:
wire cost optimization over the entire network, which plays an important role in
generating corresponding network structures.

We organize the remainder of the document as follows. Sections 2 demon-
strates the topology model analysis on a variety of real-world spatial complex
networks. Sections 3 further analyzes and discusses the experimental results.
Finally, section 4 summarizes our contributions.

2 Analyzing Topology Model of Spatial Networks

First, we analyze a class of important engineering systems, digital circuits [4].
Second, we further analyze a more complicate biological network, the human
brain network [5]. Third, we study a transportation network, the German high-
way network [6].

2.1 Electronic Circuits

The widely-accepted ISCAS-85 benchmark circuits are presented in netlists of
fundamental logic gates, which provide a standard, non-hierarchical representa-
tion specifying both network topology and functionality [4]. These benchmark
sets are surrogate circuits chosen to represent the kinds of problems a tool will
encounter in real use [4].

Domain Analysis. Most ISCAS-85 benchmark circuits exhibit power laws with
cutoffs in degree distributions [1]. In circuit design, wire length has been treated
as the prime parameter for performance evaluation since it has a direct impact on
several important design parameters [7]. Recent research on circuit placement
showed that the wire length of real circuits exhibits a power law distribution
[7]. Another driving force underlying circuit design is timing. Many design cost
metrics can be treated as technological parameters that can be optimized by
trading off delay and wire length [7]. The delay of signal transmission among
components can be approximately simplified as the characteristic path length.

Topology Model. According to the above domain analysis, we propose two
plausible explanatory models. We also introduce a simple descriptive model in-
dependent of any domain-specific growth process.

Spatial Preferential Attachment (SPA) Model: Existing analysis has conjectured
that the cutoffs in power law degree distributions might result from the presence
of spatial constraints limiting the number of links when connections are costly
[8]. Hence, the SPA model [3], which combines preferential attachment with the
constraint of spatial layout, is a plausible candidate for topology generation of
circuits. In the SPA model, the node position is chosen randomly in a 2-D square
space with uniform density. Connections of a new node vj with each existing node
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vi are established with probability P (vi, vj) ∝ diw
−α
ij , where wij is the spatial

(Euclidean or Manhattan) distance between the node positions, di is the degree
of the node vi, and α ≥ 0 is tunable parameter used to adjust spatial constraints
and shape the connection probability in the preferential attachment process.

Optimization (OPT) Model: Some researchers have suggested optimization as
an alternate mechanism which gives rise to power laws in degree distributions
[2]. According to the design principles of circuits discussed above, we propose
a plausible optimization model as well. We assign each component as a vertex,
and uniformly put them on a two-dimensional square grid. The topological struc-
tures are shaped and optimized under two conflicting constraints: information
transmission steps (characteristic path length L̄) and cost of constructing con-
nections (average wire length W̄ ) [7]. The objective function is formulated as
follows: f = λL̄ + (1−λ)W̄ , where 0 ≤ λ ≤ 1. The optimization process is look-
ing for a solution that minimizes the above objective function at an appropriate
value of λ.

Generalized Random Graph (GRG) Model: The classic Erdos and Renyi random
graph model (ER) [3] can be extended in a variety of ways to make random
graphs better represent real networks. In particular, one of the simplest proper-
ties to include is a prescribed degree sequence. The random graphs with an arbi-
trary degree distribution are called the generalized random graphs. In contrast
to the above two explanatory models, the descriptive generalized random graph
model [3] randomly forms edges by pairing nodes and reproduces the given de-
gree sequence. A Markov-chain Monte Carlo (switching) implementation is used
in our experiments [9].

We can tune the α parameter in the SPA model, or the λ parameter in the
OPT model, to fit real circuits. For example, Figure 1 shows that both models
can fit the degree distribution of C432 with appropriate parameters. According
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Fig. 1. Cumulative degree distribution of C432 circuit, and Cumulative degree distri-
butions of graphs generated by the SPA model and the optimization model (averaged
over 1000 graphs respectively)



A Comparative Analysis of Specific Spatial Network Topological Models 1517

Table 1. Global properties of the real circuits, the GRG model, the SPA model and the
optimization model(OPT). All values of three models are averaged over 1000 graphs
respectively.

Model Characteristic path length s-Metric
C432 4.53 6986
SPA (α = 2.5) 4.52 ± 0.13 7349.05 ± 523.84
OPT (λ = 0.2) 4.5 ± 0.07 7097.8 ± 263.47
GRG 4.33 ± 0.05 6875.99 ± 143.46
C499 4.65 9848
SPA (α = 2) 4.56 ± 0.1 9162.6 ± 654.98
OPT (λ = 0.22) 4.59 ± 0.07 9025.9 ± 371.33
GRG 4.4 ± 0.06 10491.57 ± 306.78

to its definition, the GRG model maintains the same degree distribution of the
real circuits.

In addition to degree distributions, we also compare some other global prop-
erties of real circuits and graphs generated by the SPA model and the OPT
model. Table 1 shows that the characteristic path lengths and s-Metric values of
these models are very close to those of the real circuits.

Shortest paths play an important role in transport and communication within
a network. A measure of the typical separation in the network is given by the
characteristic path length, defined as the mean of shortest lengths over all pairs
of nodes [3]. The characteristic path length is also an important factor in the
OPT model.

The s-Metric is a summary statistic of node interconnectivity, and is linearly
related to the assortativity coefficient: assortative (disassortative) networks are
those where nodes with similar (dissimilar) degrees tend to be tightly intercon-
nected [2]. The s-Metric of the graph G is defined as s(G) =

∑
edge(i,j) didj ,

where (i, j) is the edges in the graph, and di and dj are the degrees of the node
i and j respectively.

In the above experiments, the three models display similar global properties.
Recently, new systematic measures of a complex network’s local structure were
introduced and successfully applied to evaluate and validate models of protein-
protein interaction networks [10]. Middendorf et al. exploited discriminative clas-
sification techniques, recently developed in machine learning, to classify a given
real protein interaction network (as one of many proposed network models) by
enumerating local substructures [10]. They presented a predictive approach, us-
ing labeled graphs of known growth models as training data for a discriminative
classifier. This classifier is a generalized decision tree called an alternating deci-
sion tree (ADT) using the Adaboost algorithm [10]. Presented with a new graph
of interest, it can reliably and robustly predict the growth mechanism that gave
rise to that graph [10].

We use the same classifier to evaluate the models for real circuits. The clas-
sifier quantifies the topology of a network by conducting an exhaustive subgraph
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Table 2. Prediction scores for C432 (7-edge subgraphs)

Model GRG OPT (λ = 0.2) SPA (α = 2.5)
fold=0 36.98 -39.72 -38.51
fold=1 21.52 -28.36 -29.31
fold=2 30.88 -31.08 -37.8
fold=3 40.19 -40.23 -40.16
fold=4 39.79 -39.85 -39.67
Average 33.87 -35.85 -37.16
STDEV 7.84 5.68 4.45

Table 3. Prediction scores for C499 (7-edge subgraphs)

Model GRG OPT (λ = 0.22) SPA (α = 2)
fold=0 24.8 -24.77 -24.8
fold=1 25.16 -25.27 -25.19
fold=2 28.08 -28.08 -28.07
fold=3 24.41 -24.6 -24.08
fold=4 20.6 -25.67 -18.69
Average 24.61 -25.8 -24.17
STDEV 2.67 1.41 3.42

census up to a given subgraph size, and tries to identify network mechanisms by
using the raw subgraph counts. Two different ways are used to count subgraphs
in order to show robustness of the experiments. We first count all subgraphs
containing up to 7 edges (130 non-isomorphic subgraphs), and the counts of
subgraphs are input features for the classifier. We generate 3000 graphs, 1000
graphs for each of three models we analyzed as experimental data. Table 2 and
Table 3 give the 7-edge subgraph prediction scores of several ISCAS-85 circuits
for each of the three models, averaged over folds.

A given network’s subgraph counts determine paths in the ADT dictated by
inequalities specified by the decision nodes. For each class, the ADT classifier
outputs a real-valued prediction score, which is the sum of all weights over all
paths of the decision tree. The class with the highest score wins. The prediction
score for a specific class is related to the probability for the tested network
to be in this class [10]. The GRG model is the only model having a positive
prediction score in every case. Also, the comparatively small standard deviations
over different folds indicate robustness of the classification against data sub-
sampling, and make sure that the GRG model is clearly separated from the
other two models by the machine learning approach.

2.2 Brain Network

The human brain is a large complex network with nontrivial topological prop-
erties. Recently researchers investigated a large-scale anatomical network of the
human cerebral cortex using cortical thickness measurements from magnetic res-
onance images [5].
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Domain Analysis. Most structural analyses of brain networks have been car-
ried out on datasets describing the large-scale connection patterns of the cerebral
cortex regions [11]. New studies on human brain networks have showed that cor-
responding degree distributions and anatomical distance distributions can be
well fitted by an exponentially truncated power-law [5].

In the brain, energy is consumed in establishing fibre tracts between areas,
and in propagating action potentials over these fibres. Thus, the total cost of all
wires should be kept as low as possible [12]. Although the exact origin of the
wiring cost is not completely known, the farther apart two neurons are, the more
costly is the connection between them [13]. In addition, minimizing the average
number of processing steps (characteristic path length)-that is, reducing the
number of intermediate transmission steps in neural integration pathways-has
several functional advantages [12].

Topology Model. According to the above analyses, brain networks and elec-
tronic circuits share similar principles, so we can use the SPA, OPT and GRG
models for the giant component of the brain anatomical network discovered in [5].

We can automatically tune parameters in each candidate model to match
the brain network in terms of the two similarity metrics discussed before. Both
s-Metric and Characteristic Path Length are monotonic functions of the param-
eters of the optimization model and the SPA model. The data in Table 4 show
that both the OPT model and the SPA model cannot find appropriate parame-
ters to satisfy values of s-Metric and characteristic path length of the real brain
network simultaneously. Figure 2 shows that the OPT model and the SPA model
can capture the general tendency, but they don’t match the degree distribution
of the human brain anatomical network very well.

In the above OPT model, wiring cost is simplified as total wire length. This
wiring cost metric fits electronic circuits well. But for brain networks or neuronal
networks, the exact origin of the wiring cost is not completely known, and one
can only guess a functional relationship of wiring cost based on wire length
between cortical regions or neurons. Recently, Chklovskii et al. [13] argued that
the wiring cost may scale as wire length squared, reducing the optimal layout
problem to a constrained minimization of a quadratic form. The results in Table 4
show that the updated optimization model with the quadratic wiring cost metric
(OPTQ) slightly improves, but still cannot match the s-Metric and characteristic
path length of the real brain network simultaneously. As shown in Figure 2,
the degree distribution of the OPTQ model doesn’t improve much. We further
compare the various optimization models, the SPA model and the GRG model
in Table 5: the results also show that the GRG model outperforms the SPA,
OPT and OPTQ model. Obviously, in addition to wiring cost, there are some
other important constraints on the structure and layout of the brain anatomical
network that must be incorporated. For example, Recent studies showed that
cortical region sizes have significant influence on structure and placement of
brain networks, and the size constraint substantially restricts the number of
permissible rearrangements [14,15].
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Table 4. Global properties of the brain anatomical network, the GRG model, the
SPA model, the optimization model(OPT), the updated optimization model with the
quadratic wiring cost metric(OPTQ) and the extended SPA model (SPAE). All values
are averaged over 100 graphs respectively.

Model Characteristic path length s-Metric
Brain 3.05 3957
GRG 2.65 ± 0.05 3819.35 ± 65.61

SPA (α = 0) 2.47 ± 0.01 3920.84 ± 368.14
SPA (α = 3) 2.68 ± 0.08 3388.17 ± 241.74
SPA (α = 5) 2.83 ± 0.08 3136.1 ± 196.23
OPT (λ = 0.1) 3.06 ± 0.03 2598.72 ± 77.96
OPT (λ = 0.4) 2.6 ± 0.05 3438.16 ± 314.55
OPT (λ = 0.45) 2.50 ± 0.07 3854.29 ± 533.48
OPTQ (λ = 0.01) 3.07 ± 0.03 2605.45 ± 83.08
OPTQ (λ = 0.05) 2.84 ± 0.04 2892.84 ± 161.67
OPTQ (λ = 0.1) 2.53 ± 0.05 3851.8 ± 348.78
SPAE (α = 3, p = 0.44) 2.82 ± 0.14 4031.9 ± 681.12
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Fig. 2. Cumulative degree distribution of the brain anatomical network, and Cumu-
lative degree distributions of graphs generated by the SPA model, the optimization
model(OPT), the updated optimization model with the quadratic wiring cost met-
ric(OPTQ) and the extended SPA model (SPAE). All models are averaged over 100
graphs respectively.

2.3 Highway Network

Cancho et al. found small-world graph patterns for a small collection of electronic
circuits [16], and our experiments also showed that ISCAS-85 benchmark circuits
have small-world graph patterns. He et al. showed that the human brain anatom-
ical network had robust small-world properties with cohesive neighborhoods and
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Table 5. Prediction scores of the GRG model, the different optimization models(OPT
and OPTQ) and the SPA model fitting the brain anatomical network (7-edge sub-
graphs)

Model GRG OPT(λ = 0.45) OPTQ(λ = 0.1) SPA(α = 3)
fold=0 8.14 -16.96 -8.40 -8.00
fold=1 13.13 -17.56 -11.68 -16.98
fold=2 15.14 -17.62 -14.45 -13.95
fold=3 18.21 -19.54 -21.81 -19.43
fold=4 14.33 -19.07 -15.40 -11.17
Average 13.79 -18.15 -14.35 -13.91
STDEV 3.67 1.10 4.98 4.54

short mean distances between regions [5]. Here, we introduce a non-small-world
spatial network, the Germany highway system (Autobahn).

Domain Analysis. As shown in Figure 3, the Autobahn displays a power
law degree distribution, and the power law exponent is much bigger than 3.
In a highway network most travelers look for routes that are short in terms of
miles, and the number of legs is often considered less important. Naturally, the
Autobahn is not a small-world network, as the characteristic path length is twice
as large as for comparable ER models [6].
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Fig. 3. Cumulative degree distribution of the Autobahn, and Cumulative degree dis-
tributions of graphs generated by the SPA model, the SPAD model and the PS model.
All models are averaged over 100 graphs respectively.

Topology Model. Although we can regulate the degree distributions of the
SPA model by adjusting α, the exponents of the power law degree distributions
are limited in a narrow range near 3. Dorogovtsev et al. [17] proposed a simple
one-parameter extension of the basic model which allows tuning of the power
law exponent in a wide range (≥ 2). In this extended model, nodes are added
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Table 6. Global properties of the German highway network (Autobahn), the corre-
sponding SPA model, SPAD model, PS model and GRG model. All values are averaged
over 100 graphs respectively.

Model Characteristic path length s-Metric
Autobahn 19.42 8025
GRG 17.33 ± 0.63 7904.1 ± 61.45
SPA (α = 0) 7.85 ± 0.37 23303.14 ± 2894.01
SPA (α = 5) 9.95 ± 0.38 12980.0 ± 454.40
SPAD (a = 10, α = 0) 9.62 ± 0.35 12932.01 ± 543.10
SPAD (a = 10, α = 5) 10.68 ± 0.42 11441.91 ± 265.01
PS (α = 0) 10.21 ± 0.30 11500.47 ± 285.71
PS (α = 5) 10.90 ± 0.36 11056.97 ± 268.38

sequentially and attach to existing nodes with probability proportional to the
sum of the existing node’s current degree and an initial attractiveness parameter
a. We can also generate an extended SPA model (SPAD) with the parameter a,
and increase the power law exponent by increasing a. As shown in Figure 3 and
Table 6, the SPAD model can generate a better matched power law exponent, but
it cannot satisfy the values of the characteristic path length and s-Metric. We also
tried to rule out the preferential attachment mechanism and degrade the SPA
model to a growth model with only spatial constraints. But as shown in Table 6,
this pure spatial model (PS) also cannot satisfy the values of the characteristic
path length and s-Metric by adjusting the spatial constraint parameter α. The
GRG model reproduces the degree distribution of the real network directly, and
can match the Autobahn topology very well compared with other models.

3 Analysis and Discussion

All our experimental results on the above spatial networks show that the simple
GRG model outperforms the proposed plausible and explanatory models which
consider spatial constraints.

In general, we prefer the explanatory models when fitting complex systems,
since they can provide can provide underlying principles shaping topologies of
specific complex systems, and they have better predictive and rescaling power
for topology generation. We can always extend topology models and achieve
higher fidelity by introducing the richer sets of domain-specific parameters. For
instance, Dorogovtsev et al. [17] extended the preferential attachment mecha-
nism by adding links between existing nodes, with probability proportional to
the product of their degrees. This extended model can generate a power law
degree distribution with smaller exponents, and actually some researchers have
incorporated the spatial constraints and applied this approach to the analysis
of the airport network’s structure [18]. We can also introduce a new parameter
p to extend the current SPA model (SPAE): the proportions of edges created
by the preferential attachment and connecting existing nodes are p and 1 − p
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Table 7. Global properties of the Macaque brain network, the C. elegans neuronal
networks, the Chinese airport network, the Internet router-level network, and their
corresponding GRG models. All values of three models are averaged over 100 graphs
respectively.

Network Characteristic path length s-Metric
Macaque Brain 1.78 2368861
GRG 1.70 ± 0.08 2375055.27 ± 4136.29
C. elegans(local) 2.52 127622
GRG 2.35 ± 0.08 126103.72 ± 591.41
C. elegans(global) 2.64 916807
GRG 2.35 ± 0.06 911946.68 ± 9739.35
Chinese airport 2.07 1728592
GRG 2.06 ± 0.01 1716900.08 ± 3647.17
Internet (router) 6.81 28442
GRG 5.91 ± 0.17 54023.71 ± 4437.59

respectively. As shown in Table 4, the experiments show that the SPAE model
can match the brain network very well when α = 3 and p = 0.44. Figure 2 also
shows that the extended SPA model can match the degree distribution of the
brain network almost perfectly. However, discovering underlying mechanisms and
developing appropriate explanatory models with higher fidelity are not easy, and
adding parameters and fitting corresponding values generally lead to dramati-
cally increased computational complexity. As shown in Table 6, our current fun-
damental topology-based explanatory models and their extensions cannot match
the Autobahn network, which is a non-small-world graph. Although the OPT
model can approximately match the Autobahn with a small λ value (� 0.01), the
computational complexity is too high. It takes hours to generate only one graph
instance with the same size as the Autobahn, and takes even much more time
to fit the parameter values. In this case, the simple GRG model is a convenient
solution for creating ensembles of random but “realistic” topologies for specific
spatial networks. Furthermore, our experimental results, as shown in Table 7,
show that the GRG model can also closely match the Macaque brain network
[15], the C. elegans neuronal networks [15] and the Chinese airport network [19].

Overall, the results show that the GRG is a very good topological model for
a variety of spatial networks which have different structures and functions. All
these man-made and biological networks share a common planning principle:
wire cost optimization over the entire network [15,6]. Our findings indicate that
the global spatial planning of these networks might have important implications
for understanding how structural and functional organization emerges from un-
derlying driving forces. The GRG model itself is independent of any systematic
growth process and only reproduces a prescribed degree distribution, but the
degree distributions of the above spatial networks are shaped and constrained
under domain-specific spatial constraints. Actually, we have shown that the pa-
rameters corresponding to spatial constraints in the SPA and OPT model can be
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tuned to generate diverse degree distributions. The degree distributions of the
above networks implicitly reflect specific spatial constraints shaping the network
structures. In addition, the input to the GRG model is the degree sequence of
the original network, whereas the other explanatory models only get the number
of nodes, the number of edges and a couple of spatial parameters as the input.

The s-Metric values of the above spatial networks are very close to those of
the corresponding GRG models. s-Metric is a scalar summary statistic of the
joint degree distribution which appears to play a central role in determining a
wide range of other topological properties [9]. The s-Metric potentially unifies
many aspects of complex networks, because it is closely related to betweenness,
degree correlation and graph assortativity. It also has a direct interpretation as
the relative log-likelihood of a graph synthesized by the GRG model, which can
only produce graphs with high s-Metric values [2]. The above observations on
the s-Metric support that empirical results showing that the GRG model can
match the above spatial networks well from a probabilistic view.

We also found that the GRG model cannot match the topology of the Internet,
which is a also spatial network, but is subject to more complicated technological
and economic constraints [2]. Among these complicated constraints, the physical
geography seems to play only a small role in network formation. For the Internet
router-level topology, the deployment focuses on optimizing local connection at
the edge of network, known as the “Last Mile” [2] instead of overall wire cost-
optimization. As shown in Table 7, the Internet topology [2] has an s-Metric
value much lower than that of the corresponding GRG model, so the organizing
principles of the Internet are completely different from the above electronic cir-
cuits, neuronal and brain networks and transportation networks. In the Internet,
high-degree nodes can exist, but are found only within local networks at the far
periphery of the network, and would not appear anywhere close to the backbone
[2]. This pattern can result in high performance (traffic flow) and robustness to
failures [2]. In contrast, in the other spatial networks analyzed in this paper, the
high-degree nodes are likely to connect to each other and appear in the cores of
the networks [2], so these networks have high s-Metric values close to those of
the corresponding GRG models.

4 Conclusions

We studied topology models of a variety of real-world spatial networks, including
electronic circuits, brain and neural networks and transportation networks, and
found that the simple GRG model can match them well and even outperform
some plausible and explanatory models with spatial constraints. All these man-
made and biological networks share a common planning principle: wire cost
optimization over the entire network. Our findings indicate that the global spatial
planning of these networks plays an important role in generating corresponding
network structures.
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Abstract. In the primitive greedy algorithm for shortest superstring,
if a pair of strings with maximum overlap picked out, they are subse-
quently merged. In this paper, we introduce the concept of optimal set
and generalize the primitive greedy algorithm. The generalized algorithm
can be reduced to the primitive greedy algorithm if the relative optimal
set is empty. Consequently, the new algorithm achieves a better bound
at the expense of cost. But the cost is acceptable in practice.
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1 Introduction

It’s well known that the human DNA can be viewed as a very long string over
a four-letter alphabet. Lots of scientists are attempting to decipher this string.
Since it is very long, several overlapping short segments of this string are first
deciphered. But the locations of these segments on the original DNA are not
known. It is hypothesized that the shortest string which contains these segments
as substrings is a good approximation to the original DNA string [6,7,9]. This
leads to the shortest superstring problem:

Given a finite alphabet
∑

, and a set of n strings, S = {s1, · · · , sn} ⊆
∑∗,

find a shortest string s that contains each si as a substring.

The shortest superstring problem is NP-hard [8]. There are many algorithms
[1-11] for the problem. Perhaps the following three algorithms are more attractive.

The primitive greedy algorithm. The first algorithm that comes to mind for
finding a short superstring is the following primitive greedy algorithm (GREEDY
for short). Define the overlap of two string s, t ∈

∑∗ as the maximum length of
a suffix of s that is also a prefix of t. The algorithm maintains a set of strings T ;
initially T = S. At each step, the algorithm selects from T two strings that have
maximum overlap and replaces them with the string obtained by overlapping
them as much as possible. After n− 1 steps, T will contain a single string. This
algorithm is conjectured to have an approximation factor of 2.

The greedy set covering algorithm. To see that the approximation factor of
Greedy algorithm is no better than 2, consider an input consisting of 3 strings:
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abk, bkc, and bk+1. If the first two strings are selected in the first iteration, the
Greedy algorithm produces the string abkcbk+1. This is almost twice as long
as the shortest superstring, abk+1c. We will obtain a 2Hn factor approximation
algorithm, using the greedy set cover algorithm [11], where Hn = 1 + 1

2 + 1
3 +

· · · + 1
n .

The greedy cycle covering algorithm. Blum et al. [2] have proposed an im-
provement of Greedy for DNA shortest superstrings. They called it T-Greedy.
It produces a superstring of length at most 3 · OPT (s).

All greedy algorithms mentioned above do repeatedly merge a pair of strings
with maximum overlap until only one string left. Once a pair of strings with
maximum overlap picked out in them, they are directly merged even though there
are some special strings can be merged between them such that the resulting
string is of more shorter length.

In this paper, we introduce the concept of optimal set, and generalize GREEDY
by merging some optimal strings between the early pair of strings with maximum
overlap. If the relative optimal set is empty, the generalized greedy algorithm can
be reduced to GREEDY. This grantees that the new algorithm achieves a bet-
ter bound than GREEDY. The cost of the new algorithm is a little greater than
GREEDY. But it is still less than the greedy set covering algorithm or the greedy
cycle covering algorithm, because the new algorithm need not compute a distance
graph and find a minimum length cycle cover.

This paper is organized as follows. In Section 2, we describe the basic idea
and put forward the concept of optimal set. The description of the generalized
greedy algorithm is presented in Section 3. In Section 4, we provide two examples
to explain the new algorithm in detail. The conclusion is given in Section 5.

2 Basic Idea and Optimal Set

Let M = {m1, · · · , mn} be a set of strings over some alphabet Σ, |M| be the
cardinal number of M, |m| be the length of string m. Given two strings α and β,
assume that γ is the longest string such that α = xγ and β = γz. γ is called the
maximum overlap between α and β. It is denoted by ov(α, β). Let α ◦ β denote
the new string by merging the maximum overlap between α and β.

The basic idea behind the generalized greedy algorithm (G-GREEDY for
short) is to construct a set O(α,β) related to the pair (α, β) such that

|α ◦ γ ◦ β| ≤ min{|α ◦ β ◦ γ|, |γ ◦ α ◦ β|}

where γ ∈ O(α,β). After the construction of the set, we choose an optimal string
from the set, denoted by λ, and merge λ with α or β, instead of forming the new
string α◦λ◦β directly. This ensures that GREEDY can be reduced to GREEDY
in the trivial case, namely, O(α,β) = ∅.

Definition 2.1. Given a set M of strings and a pair of strings α, β ∈ M, we
call

O(α,β)
def= { x : |α ◦ x ◦ β| ≤ min{|x ◦ α ◦ β|, |α ◦ β ◦ x|}, x ∈ M\{α, β}}
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the optimal set w.r.t. (α, β) in M. x ∈ O(α,β) is called optimal string relative to
(α, β).

3 Generalized Greedy Algorithm

3.1 Description

Now we introduce a new algorithm for shortest superstring based on the concept
of optimal set.

– Input: M.
– Step-1. [Deletion] Delete the strings of M such that it is substring-free.
– Step-2. [Global maximum overlap principle] Pick out all pairs with maximum

overlap, denoted by
Λ = {(α1, β1), · · · , (αi, βi)}

– Step-3. [Local minimum string principle] Choose a pair (α, β) ∈ Λ such that

|α ◦ β| = min{|α1 ◦ β1|, · · · , |αi ◦ βi|}

– Step-4. [Computation of optimal set] Compute the optimal set

O(α,β) = {γ1, · · · , γj}

– Step-5. [Local maximum overlap principle] If O(α,β) �= ∅, let

Ψ = {(α, γk), (γk, β), k = 1, · · · , j}

Choose the pair (µ, ν) ∈ Ψ such that

|ov(µ, ν)| = max{|ov(α, γk)|, |ov(γk, β)|, k = 1, · · · , j }

Add µ◦ν to M and update it by Deletion. If |M| > 1, goto step-2. Otherwise
output the single string.

– Step-6. If O(α,β) = ∅, then add α ◦ β to M. Update M by Deletion. If
|M| > 1, goto step-2. Otherwise output the single string.

3.2 Complexity

Compared with GREEDY, the extra cost of G-GREEDY is mainly dominated
by the computation of optimal set. Concretely, suppose that the original set
(substring-free) is of n strings, to pick out a pair of strings with maximum
overlap, both GREEDY and G-GREEDY should generate n(n− 1) new strings
and compute their lengths. In step-4, G-GREEDY has to generate extra 3(n−2)
strings and compute their lengths. Therefore, the cost of G-GREEDY is linear
with respect to n. It’s acceptable in practice. Clearly, the cost of G-GREEDY
is still less than the greedy cycle cover algorithm, because the latter has to
build a distance graph and search for the minimum length cycle cover of the
corresponding graph.
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4 Examples for G-GREEDY

We now provide some examples to explain G-Greedy in detail.

Example 1. M = {ckabk, abkabka, bkdabk−1, abkck+1}
Phase 4=⇒ 3.
[Global maximum overlap principle] Pick out all pairs with maximum overlap,

we have
{(ckabk, abkabka), (ckabk, abkck+1)}

[Local minimum string principle] Since

|ckabk◦abkabka| = |ckabkabka| = 3k+3, |ckabk◦abkck+1| = |ckabkck+1| = 3k+2

we pick the pair (ckabk, abkck+1).
[Computation of optimal set] Since

|ckabk ◦ abkabka ◦ abkck+1| = 5k + 4
|abkabka ◦ ckabk ◦ abkck+1| = 5k + 5
|ckabk ◦ abkck+1 ◦ abkabka| = 5k + 5;
|ckabk ◦ bkdabk−1 ◦ abkck+1| = 4k + 4
|bkdabk−1 ◦ ckabk ◦ abkck+1| = 5k + 3
|ckabk ◦ abkck+1 ◦ bkdabk−1| = 5k + 3

we have
O(ckabk,abkck+1) = {abkabka, bkdabk−1}

[Local maximum overlap principle] Since

|ov(ckabk, abkabka)| = |abk| = k + 1, |ov(abkabka, abkck+1)| = |a| = 1
|ov(ckabk, bkdabk−1)| = |bk| = k, |ov(bkdabk−1, abkck+1)| = |abk−1| = k

we choose the pair (ckabk, abkabka). Merge the pair and add the string ckabkabka
to M. Hence, we have

{ckabkabka, bkdabk−1, abkck+1}

Phase 3=⇒2. Pick out all pairs with maximum overlap, we have

{(abkck+1, ckabkabka), (bkdabk−1, abkck+1)}

Since

|abkck+1 ◦ ckabkabka| = 4k + 5, |bkdabk−1 ◦ abkck+1| = 3k + 3

we choose the pair (bkdabk−1, abkck+1). Since

|bkdabk−1◦ckabkabka◦abkck+1| = 7k+5, |bkdabk−1◦abkck+1◦ckabkabka| = 5k+6
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we have O(bkdabk−1,abkck+1) = ∅. Merge the pair (bkdabk−1, abkck+1) and add the
string bkdabkck+1 to M. Hence, we have

{bkdabkck+1, ckabkabka}

Thus, the resulting string is bkdabkck+1abkabka, of length 5k + 6.

Example 2. M = {ate, half, lethal, alpha, alfalfa}.
Phase 5 =⇒ 4. Pick out all pairs with maximum overlap, we have

{(half, alfalfa), (lethal, half)}

Since |half ◦ alfalfa| = 8, |lethal ◦half | = 7, we choose the pair (lethal, half).
Since

|lethal ◦ ate ◦ half | = 13, |ate ◦ lethal ◦ half | = 10
|lethal ◦ alfalfa ◦ half | = 15, |alfalfa ◦ lethal ◦ half | = 14
|lethal ◦ alpha ◦ half | = 11, |alpha ◦ lethal ◦ half | = 12, |lethal ◦ half ◦ alpha| = 12

Thus O(lethal,half) = {alpha}. Since

|ov(lethal, alpha)| = |al| = 2, |ov(alpha, half)| = |ha| = 2

we randomly choose a pair, (lethal, alpha). Merge the pair and add the new
string lethalpha to M. Hence, we have

{ate, half, lethalpha, alfalfa}

Phase 4 =⇒ 3. Pick out all pairs with maximum overlap, we have
{(half, alfalfa)}. Since

|half ◦ ate ◦ alfalfa| = 14, |half ◦ alfalfa ◦ ate| = 10
|half ◦ lethalpha ◦ alfalfa| = 19, |lethalpha ◦ half ◦ alfalfa| = 15

Thus O(half,alfalfa) = ∅. Merge the pair and add the new string halfalfa to M.
Hence, we have

{ate, halfalfa, lethalpha}
Phase 3 =⇒ 2. Pick out all pairs with maximum overlap, we have

{(halfalfa, ate), (lethalpha, ate)}

Since |halfalfa ◦ ate| = 10, |lethalpha ◦ ate| = 11, we chose the pair
(halfalfa, ate) and compute the optimal set. Since

|halfalfa ◦ lethalpha ◦ ate| > |lethalpha ◦ halfalfa ◦ ate|

Thus O(halfalfa,ate) = ∅. Merge the pair and add the new string halfalfate to
M. Hence, we have

{halfalfate, lethalpha}
Thus, the resulting string is lethalphalfalfate, of length 17.
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Remark 1. In the Example 2, if we choose the pair (alpha, half) in the phase
5 =⇒ 4, we also obtain the same resulting string lethalphalfalfate. But
lethalfalfalphate is a shortest supersting, too. This shows G-GREEDY can
not find some specific shortest superstrings.

5 Conclusion

Lots of experiments on G-GREEDY show that it always achieves a better bound
than GREEDY. But it is hard to prove a theoretical bound for it at present.
More interestingly, it remains open to disprove that G-GREEDY can reach a
shortest superstring.
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Abstract. A model based on nonautonomous Lotka-Volterra system for
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1 Introduction

In [1], Maurer and Huberman used a dynamical model to analyze the compe-
tition dynamics of web sites in the Internet. Their model is the Lotka-Volterra
competition equations

dfi

dt
= fi

⎡
⎣αiβi − αifi −

n∑
j=1,j 
=i

γijfj

⎤
⎦ , i = 1, · · · , n, (1)

where fi is the fraction of the population that is a customer of web site i, αi

is the growth rate which measures the capacity of site i to growth, βi is the
maximum capacity which is related to the saturation value of fi and γij is the
competition rate between sites i and j. Under general conditions, they showed
� Corresponding author. Supported by Program for Innovative Research Team in

Ludong University.
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that as the competition between web sites increases, these markets will exhibit
winner-take-all characteristics [2] in which a few sites grab almost all the users,
while most other sites go nearly extinct. López and Sanjuán [3] studied the
three-variable Lotka-Volterra equations for three competition web sites, and gave
different strategies for different sites: strong sites may look for high competition
conditions, weak sites may look for noncompetitive markets or may ally with
other sites if the markets are highly competitive. In [4], by theory of complex
networks, López et al. got similar results as those of [1] and [3].

The parameters in the Lotka-Volterra competition equations (2), i.e. the
growth rate αi of web site i, the maximum capacity βi of web site i and the
competition rate γij between sites i and j, are constant values that do not
change with time. In fact, these parameters depend on the market evolution,
therefore parameters changing with time would be interesting. The results of
López et al. [4] are based on the assumption that the competition conditions are
fixed, but the competition conditions dynamically evaluated must be taken into
account in reality.

In order to overcome these drawbacks in [1], [3] and [4], in this paper, we
consider the Lotka-Volterra competition equations with parameters dynamically
evaluated

dfi(t)
dt

= fi(t)

⎡
⎣αi(t)βi(t)− αi(t)fi(t)−

n∑
j=1,j 
=i

γij(t)fj(t)

⎤
⎦ , i = 1, · · · , n, (2)

where fi(t) is the fraction of the population that is a customer of web site i at
time t, αi(t) is the growth rate at time t which measures the capacity of site i to
growth, βi(t) is the maximum capacity which is related to the saturation value
of fi(t) at time t and γij(t) is the competition rate between sites i and j at time
t, αi(t), βi(t) and γij(t) are continuous and nonnegative for t ∈ [0,+∞). By (2),
under the conditions that the parameters change with time and the competition
conditions are dynamically evaluated, our main objectives are to explore the
extinction and coexistence of the web sites, and to improve the results of [1], [3]
and [4].

The organization of this paper is as follows. In Section 2, we give some nota-
tions and definitions. In Section 3, We describe the Internet market as complex
networks. We consider the coexistence and extinction of web sites in Section 4
and Section 5 respectively. In Section 6, we present our conclusions.

2 Some Notations and Definitions

Given a function g(t) defined on [0,+∞), we set

gM = sup{g(t) | 0 ≤ t < +∞}, gL = inf{g(t) | 0 ≤ t < +∞}.

According to Ahmad and Lazer [5], we define the lower and upper averages of
a function g which is continuous and bounded above and below on [0,+∞). If
0 ≤ t1 < t2, we set
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A[g, t1, t2] =
1

t2 − t1

∫ t2

t1

g(s)ds.

Definition 1. The lower and upper averages of g, denoted by m[g] and M [g],
respectively, are defined by

m[g] = lim
s→+∞

inf{A[g, t1, t2] | t2 − t1 ≥ s}

and
M [g] = lim

s→+∞
sup{A[g, t1, t2] | t2 − t1 ≥ s}.

Since the set {A[g, t1, t2]|t2− t1 ≥ s} gets smaller as s increases, the limits exist.
For the parameters with constant values, López and Sanjuán [3] defined dif-

ferent kinds of markets. Now, we give similar definitions for the parameters
changing with time.

Definition 2. Site i is said to be in strong competition with site j at time t
when γij(t) > αi(t) .

Definition 3. Site j is said to be in collaboration with site i at time t when
γij(t) < αi(t) .

Remark: The model does not take into account any real collaboration phe-
nomenon between sites, but under low competition rates.

Definition 4. A set of site is called an alliance at time t when they are under
collaboration conditions between each other at time t, but under strong compe-
tition conditions with the rest of the rivals at time t.

Definition 5. A given market exhibits a winning site when there exists a site
i ∈ {1, · · · , n} that satisfies lim supt→+∞ fi(t) > 0 and lim inft→+∞ fj(t) = 0 for
allj �= i. In the same way, a given market presents a winning alliance when there
exists an alliance that satisfies lim supt→+∞ fi(t) > 0 for all the sites belonging
to the alliance and lim inft→+∞ fi(t) = 0 for the rest.

Definition 6. A site is said to be win in a market when it is a winning site or
when it belongs to a winning alliance.

In [3], only three particular kinds of markets are discussed:

(i) Completely collaborative markets. In this kind of market, all competitors
collaborate, they are under weak competition condition.

(ii) Completely competitive markets. In this kind of market, all the competitors
are under strong competition conditions.

(iii) Mixed markets. This kind of market presents the particularity that some
competitors collaborate, but maintains, at the same time, strong competition
conditions with the rest of the opponents.
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Because of the constant parameters in the equations, the above three partic-
ular kinds of markets are absolutely fixed in the time evolution, i.e. Once one
type of the three kinds markets is studied, the market is always in this type and
does not change into another type in the discussion process. For the parameters
changing with time, the competition conditions may be dynamically evaluated,
thus the above three kinds of markets may transform each other in the time evo-
lution, i.e. it presents completely collaborative markets (completely competitive
markets or mixed markets) in some time, with the time going, it will transform
into another kind of market. Therefore, in this paper, we do not discuss the
above three particular kinds of markets separately, but consider the markets in
general circumstances.

3 Competitive Networks in the Internet Market

In the framework of the theory of complex networks, the set of web sites can
be regarded as a set of entities or nodes, and the competition relations can
be regarded as the edges interconnecting the entities or nodes of the complex
networks.

In equations (2), αi(t)βi(t)fi(t) is the population growth of web site i at
time t, αi(t)fi(t)fi(t) represents the competition of site i with itself at time t,
−
∑n

j=1,j 
=i γij(t)fi(t)fj(t) represents the competitive interaction of site i with
the rest of the rivals at time t. The set of γij(t) completely defines the inter-
connecting topology of a relational network. We write

∑n
j=1,j 
=i γij(t)fi(t)fj(t)

using the following matrix-based expression⎡
⎢⎢⎢⎣
f1(t) 0 · · · 0

0 f2(t) · · · 0
...

...
. . .

...
0 0 · · · fn(t)

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

0 γ12(t) · · · γ1n(t)
γ21(t) 0 · · · γ2n(t)

...
...

. . .
...

γn1(t) γn2(t) · · · 0

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
f1(t)
f2(t)

...
fn(t)

⎤
⎥⎥⎥⎦ ,

where the matrix in the middle can be regarded as the adjacency matrix of a
directed weighted graph, and the weight of the connecting arrow between two
nodes i and j is γij(t) at time t.

4 Coexistence of All Web Sites

In this section, we give the sufficient conditions for the coexistence of all web
sites in the Internet market. Assume that

γij(t) ≥ 0, γijM < +∞, i, j = 1, · · · , n, i �= j, (3)

(αiβi)M < +∞, (αiβi)L > 0, αiL > 0, αiM < +∞, i = 1, · · · , n. (4)
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Our paper [6] get the following result:

Theorem 1. (Zhao, Jiang, Lazer [6], Theorem 1.1) Under assumptions (3) and
(4), suppose that there hold the averaged conditions

M

⎡
⎣αiβi −

n∑
j=1,j 
=i

γijUj0

⎤
⎦ > 0, i = 1, · · · , n, (5)

where Uj0(t) is any positive solution of the logistic equation

dU(t)
dt

= U(t)[αi(t)βi(t)− αi(t)U(t)], (6)

then for solutions of (2) the following are true:

(1) If
f(t) = col(f1(t), · · · , fn(t))

is a solution of (2) with fi(t0) > 0, 1 ≤ i ≤ n, for some t0 ≥ 0, then there exist
positive constants l1, l2 and T such that

l1 ≤ fi(t) ≤ l2

for 1 ≤ i ≤ n and t ≥ T , i.e., the system (2) is permanent;
(2) If f(t) and

h(t) = col(h1(t), · · · , hn(t))

are two solutions of (2) with fi(t0) > 0, hi(t0) > 0, 1 ≤ i ≤ n, t0 ≥ 0, and if
there exist positive constants ci, i = 1, · · · , n, and m > 0 such that

cjαj(t) >

n∑
i=1,i
=j

ciγij(t) + m, j = 1, · · · , n, (7)

then for i = 1, · · · , n,
lim

t→+∞
(fi(t)− hi(t)) = 0,

i.e., the system (2) is globally attractive.

From Theorem 1, we know that all web sites will coexist forever under conditions
(3)-(5) and (7), i.e. all web sites will present a winning alliance. Here, we do not
consider one of the three kinds of markets (completely collaborative markets,
completely competitive markets and mixed markets) separately, but the general
condition. These three kinds of markets may be transformed each other in our
discussion. For example, the market considered is completely collaborative mar-
kets at time t1 ≥ 0, it is completely competitive markets at time t2 > t1, and
mixed markets at time t3 > t2.

This result shows that small web site will have the opportunity to be in a
winning alliance in the competition with other powerful sites.
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Remark: If we discuss completely collaborative markets, completely competitive
markets and mixed markets separately, by the definitions of strong competition
(where γij(t) > αi(t)), collaboration (where γij(t) < αi(t)) and alliance, it is
easy to verify that we can choose suitable constants ci (i = 1, · · · , n) such that
condition (7) is satisfied. Therefore, condition (7) can be dropped off in studying
one of the three particular kinds of markets.

5 Extinction of Web Sites in the Internet Market

In this section, we consider the extinction of web sites in the Internet market.
Let γii(t) = αi(t). Assume that

Assume that
γijL > 0, γijM < +∞, i, j = 1, · · · , n, (8)

(αiβi)L > 0, (αiβi)M < +∞, i = 1, · · · , n. (9)

In addition, we need the following assumptions:

(I) For each k > r there exists ik < k such that for any j ≤ k the inequality

M [αkβk]
m[αik

βik
]
< inf

{
γkj(t)
γikj(t)

| t ≥ t0

}
(10)

holds.
(II) For each i ≤ r the inequality

M

⎡
⎣αiβi −

r∑
j=1,j 
=i

γijUj0

⎤
⎦ > 0 (11)

holds, where Uj0(t) is any positive solution of the logistic equation (6).
(III) There exist positive constants bi, i = 1, · · · , r, and d > 0 such that for

t ≥ 0

biαi(t) >

r∑
j=1,j 
=i

bjγji(t) + d, i = 1, · · · , r. (12)

For each r ≤ n, let Hr denote the r-dimensional coordinate subspace on which
fr+1, · · · , fn vanish. We use the variable v to denote the restriction of system (2)
to Hr,

dvi(t)
dt

= vi(t)

⎡
⎣αi(t)βi(t)− αi(t)vi(t)−

r∑
j=1,j 
=i

γij(t)vj(t)

⎤
⎦ , i = 1, · · · , r. (13)

From our paper [7], we have the following results:

Theorem 2. (Zhao, Jiang [7], Theorem 1.1)Given system (2) satisfying (8) and
(9), suppose that (10) holds for r = 1. If col(f1(t), · · · , fn(t)) is any solution of
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the system (2) with fi(t0) > 0, i = 1, · · · , n, for some t0 ∈ [0,+∞), then for
i = 2, · · · , n, fi(t) → 0 exponentially as t → +∞, and f1(t) − h∗

1(t) → 0 as
t → +∞, where h∗

1(t) is the unique solution of the logistic equation

dU(t)
dt

= U(t)[α1(t)β1(t)− α1(t)U(t)],

which is bounded above and below by strictly positive constants for all t ∈ [0,+∞)
and globally attractive.

Theorem 3. (Zhao, Jiang [7], Theorem 1.2)Given system (2) satisfying (8) and
(9), suppose that (I)-(III) hold. If f(t) =col(f1(t), · · · , fn(t)) is any solution of
system (2) with fi(t0) > 0, i = 1, · · · , n, for some t0 ∈ [0,+∞), then system (13)
is permanent and globally attractive, and

lim
t→+∞

(fj(t)− vj(t)) = 0, j = 1, · · · , r,

lim
t→+∞

fj(t) = 0, j = r + 1, · · · , n,

where v(t) =col(v1(t), · · · , vr(t)) is any solution of (13) with vi(t0) > 0, i =
1, · · · , r.

By Theorem 2, under the conditions (8), (9) and (10) for r = 1, we know that
the Internet market will be transition from fair market share to a winner-take-all
site, i.e. site 1 will become a winning site of the market making the other sites
disappear.

By Theorem 3, under the conditions (8), (9) and (I)-(III), we know that the
Internet market will be transition from fair market share to a winning alliance,
i.e. r sites will become a winning alliance making the remaining n − r sites
disappear.

Remark: Similar to the remark of Section 4, if we discuss completely collabo-
rative markets, completely competitive markets and mixed markets separately,
condition (12) can be dropped off.

6 Conclusions

We have considered a model based on the nonautonomous Lotka-Volterra system
for competition dynamics in the Internet market. Under the conditions that the
parameters change with time and the competition conditions are dynamically
evaluated, we have shown that the dynamical model exhibits some important
characteristics, such as winning alliance and winner-take-all. The drawbacks of
the constant parameters and fixed competition conditions in [1], [3] and [4] are
overcome by our results to some extent.

The conditions in our results can not be easy to verify for the general case, but
can be easy to verify for periodic case. The evolution of the Internet market is
also affected by periodical forces, so the parameters in the model can be regarded
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as periodic function with common period. In the periodical case, the conditions
of our results are very simple and more easy to compute. The web sites can take
corresponding strategies according to our conditions.

In the non-periodical case, our results show that the small web site has the op-
portunity of surviving and the most powerful site may be driven to extinct. This
requires that the web sites should take some measures to adjust their strategies
in order to share the Internet market. Because we have difficulty in computing
our conditions, this needs further study.
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Abstract. This paper studies the problem of controlling complex de-
layed dynamical networks by applying adaptive linear feedback con-
trollers to each node. By using Lyapunov functional method, we give the
criteria of globally exponential synchronization of the controlled com-
plex delayed dynamical networks. The obtained criteria are suitable to
the network with general properties, such as, with hybrid coupling, with
different time delays, with asymmetric coupling configuration matrices,
and so on. It is useful for future practical engineering design for its uni-
versality. Some simulations are given to verify the effectiveness of our
scheme.

Keywords: complex dynamical networks, exponential synchronization,
adaptive feedback control, hybrid coupling, lyapunov function.

1 Introduction

Since the discovery of small-world effect by Watts and Strogatz [1] and scale-
free property by Barabási and Albert [2], the science of complex networks have
attracted growing interest and attention from the various disciplines, including
mathematical, physical, social science, and so on. Many studies have investigate
the topological properties of various systems such as the Internet, metabolic
networks, social networks, airline networks, power networks, etc.. Whereas re-
search of collective behavior in arrays of coupled nonlinear systems is also an
important issue for understanding the essence of complex networks [3]. Complex
dynamical networks can exhibit many interesting and unexpected phenomena,
such as, spatio-temporal chaos [4], outbreak of epidemic [5,6], synchronization
of signals, etc.[7]. Among them, synchronization of complex systems has ob-
tained an intensive attention from communication, engineering, physics, etc.,
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for its many applications. Recently, many researchers have studied the synchro-
nization of complex networks, such as in Refs [7,8,9,10,11,12,13]. Time delay
is quite ubiquitous in many physical systems due to the finite switching speed
of amplifiers, finite signal propagation time in biological networks, memory ef-
fects, etc.. What’s more, time delay in the interaction may modify drastically
dynamic behavior of system [8]. In view of these reasons, the synchronization
of complex delayed dynamical networks are also studied by many researchers
[3,9,10,11,12,13].

Though many good results have been obtained for the synchronization of the
complex dynamical networks, the models considered in previous work are too
simple or too restricted. For instance, the coupling matrix is considered to be
undirected and unweighted and symmetric. However, this simplification does
not match the real-world system due to actual circumstances in far too many
cases. So in this Letter, our models relax these unperfected restrictions to better
simulate practical systems.

Since coupling styles between nodes may be hybrid in complex networks,
such as in Ref [11], Cao et al considered the hybrid coupling on delayed neural
networks. We introduce the hybrid coupling style in our models too.

In addition, sometimes the network may be chaotic or stochastic at the initial
states, so it is an interesting and significant work to control the system to an
desired state from the point of engineering. In Refs [11,12,13], authors proposed
many effective schemes to control the system to synchronization state. Among
these schemes, the adaptive linear feedback control scheme is better than others
because it is simple and efficient, what’s more, which can adapt the feedback
strength with time.

Motivated by the aforementioned discussions, this paper aims to investigate
the globally exponential synchronization of complex delayed dynamical networks
by introducing adaptive linear feedback controllers to nodes. The models consid-
ered are very general, which can have the properties with asymmetric coupling
matrix, with different time delays, with hybrid coupling and so on. Moreover,
the synchronization of networks can be quackier achieved than other schemes be-
cause of the globally exponential synchronization. By using Lyapunov functional
method, some novel and useful criteria are given in Letter.

The rest of this paper is organized as follows: In Section 2, some preliminaries
are presented. In Section 3, two theorems are given for the two models. Then,
simulations are showed to verify the effectiveness of our scheme in Section 4.
Finally, conclusions are presented in Section 5.

2 Preliminaries

This section introduces a general complex delayed dynamical system model and
give some preliminary definitions and assumptions.

We consider a general delayed dynamical network consisting of N diffusively
coupled identical nodes, the state equations of such network are described as:
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ẋi(t) = f(xi(t)) +
N∑

j=1,j 
=i

bij(g(xj(t))− g(xi(t)))

+
N∑

j=1,j 
=i

cij(h(xj(t− τ̃ ))− h(xi(t− τ̃))) (1)

where xi ∈ Rn, i = 1, 2, · · · , N are the state variables of node i. τ̃ ≥ 0 is time
delay. B = (bij) ∈ RN×N and C = (cij) ∈ RN×N are the coupling configuration
matrices representing the coupling strength and topology of the network, if there
is a connection between node i and node j (i �= j), then bij > 0, (cij > 0);
otherwise, bij = 0, (cij = 0).

Remark 1. The coupling matrix B and C are not necessary to be symmetric and
the elements bij and cij can be arbitrary nonnegative numbers.

Let B and C are the diffusively matrices of network, that is,

bii = −
N∑

j=1,j 
=i

bij ,

cii = −
N∑

j=1,j 
=i

cij , i = 1, 2, . . . , N (2)

Then Eq.(1) can be rewritten as

ẋi(t) = f(xi(t)) +
N∑

j=1

bijg(xj(t)) +
N∑

j=1

cijh(xj(t− τ̃)) (3)

Our task is to globally exponentially synchronize the states of the network (3)
on the manifold defined (4) by introducing adaptive linear feedback controllers
into each individual node.

x1(t) = x2(t) = ... = xN (t) = s(t) (4)

where s(t) ∈ Rn is a solution of an isolated node

ṡ(t) = f(s(t)) (5)

Before main results are given, the rigorous mathematical definition of glob-
ally exponential synchronization for dynamical network with time delay is intro-
duced.

Definition 1. Let X(t; t0;φ) = (x1(t; t0;φ)T , ..., xN (t; t0;φ)T )T ∈ RnN be a so-
lution of delayed dynamical network (3), where φ = (φT

1 , φT
2 , ..., φT

N )T , φi =
φi(θ) ∈ C([−τ̃ , 0], Rn) are initial conditions of node i, and f, g, h : R×Ω → Rn

are continuously differentiable on Ω ⊆ Rn. If there exist constants α > 0, λ > 0



Exponential Synchronization of General Complex Delayed 1543

and a nonempty subset Λ ⊆ Ω with φi ∈ Λ, i = 1, 2, ..., N , such that X(t; t0;φ) ∈
Λ× ...× Λ for all t ≥ t0, and

‖X(t; t0;φ)− S(t; t0;φ)‖ ≤ αe−λt sup
−τ̃≤θ≤0

‖φ(θ)− S0‖ (6)

where ‖X(t)‖ =
√

x2
1 + ... + x2

n ,S(t; t0; s0) = (s(t; t0; s0)T , ..., s(t; t0; s0)T )T ∈
RnN , and S0 = (sT

0 , ..., sT
0 )T , s(t; t0; s0) is a solution of (5) with the initial

condition s0 ∈ Ω, then the dynamical network (3) with time delay is said to
realize exponential synchronization such that λ is the exponential rate and Λ ×
...× Λ is called the region of synchrony of delayed network (3).

Proposition 1. Suppose there exist three positive L1, L2, and L3 such that

‖f(xi(t))− f(s(t))‖ ≤ L1‖ei(t)‖ (7)
‖g(xi(t))− g(s(t))‖ ≤ L2‖ei(t)‖ (8)

and

‖h(xi(t− τ̃ ))− h(s(t− τ̃ ))‖ ≤ L3‖ei(t− τ̃)‖ (9)

hold for i = 1, 2, ..., N , where ei(t) = xi(t)−s(t), and ei(t−τ̃ ) = xi(t−τ̃ )−s(t−τ̃ ).

Proposition 2. Suppose the inequalities (8) and (9) hold, and there exist a
positive constant L4, such that

‖f(xi(t), xi(t− τ)) − f(s(t), s(t− τ))‖ ≤ L4[‖ei(t)‖+ ‖ei(t− τ)‖] (10)

hold for i = 1, 2, ..., N , where ei(t− τ) = xi(t− τ)− s(t− τ).

3 Main Results

In this section, we will give several effectively adaptive feedback synchronization
criteria for the complex dynamical network with time delay.

When (3) are given adaptive linear feedback controllers into each individual
node, the controlled network can be described as:

ẋi(t) = f(xi(t)) +
N∑

j=1

bijg(xj(t)) +
N∑

j=1

cijh(xj(t− τ̃ ))− ui (11)

where ui, i = 1, 2, ..., N are the feedback controllers, which forms are given as
(13) and (14).

In order to achieve the objective on the manifold (5), subtracting ( 5) from
(11) yields the error dynamical system

ėi(t) = f(xi(t)) − f(s(t)) +
N∑

j=1

bij(g(xj(t))− g(s(t)))

+
N∑

j=1

cijh(xj(t− τ̃ ))− h(s(t− τ̃))− ui (12)
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Based on above preliminaries work, we have following theorem

Theorem 1. Suppose proposition 1 holds, then the controlled network ( 11) is
globally exponentially stable under controllers

ui = diei(t), i = 1, 2, ..., N (13)

where

ḋi = ki ‖ ei ‖2 exp(µt) (14)

ki, i = 1, 2, ..., N and µ are positive constants. 
�

Proof. Select the following Lyapunov functional candidate:

V (t) =
1
2

⎡
⎣ N∑

i=1

⎛
⎝eT

i (t)ei(t)exp(µt) + cL3

N∑
j=1

∫ t

t−τ̃

eT
j (θ)ej(θ)exp(µ(θ + τ̃ ))dθ

⎞
⎠
⎤
⎦

+
1
2

N∑
i=1

(di − d̂i)2

ki
(15)

where c = max
1≤i, j≤N

cij .

Along (12)-(15), we have

V̇ (t) =
N∑

i=1

{
eT
i (t)ėi(t)exp(µt) +

µ

2
‖ei(t)‖2exp(µt) + (di − d̂i)‖ei(t)‖2exp(µt)

+
cL3

2

N∑
j=1

[
‖ej(t)‖2exp(µτ̃) − ‖ej(t − τ̃)‖2

]
exp(µt)

}

=
N∑

i=1

{
eT
i (t)ėi(t) +

µ

2
‖ei(t)‖2 + (di − d̂i)‖ei(t)‖2

+
cL3

2

N∑
j=1

[
‖ej(t)‖2exp(µτ̃) − ‖ej(t − τ̃)‖2

]}
exp(µt)

=
N∑

i=1

{
eT
i (t)

[
f(xi(t)) − f(s(t)) +

N∑
j=1

bij

(
g(xj(t)) − g(s(t))

)

+
N∑

j=1

cij

(
h(xj(t − τ̃)) − h(s(t − τ̃))

)
− di(t)ei(t)

]

+
µ

2
‖ei(t)‖2 + (di − d̂i)‖ei(t)‖2 +

cL3

2

N∑
j=1

[‖ej(t)‖2exp(µτ̃) − ‖ej(t − τ̃)‖2
] }

exp(µt)

≤
N∑

i=1

⎧⎨
⎩‖eT

i (t)‖
⎡
⎣L1‖ei(t)‖ + bL2

N∑
j=1

‖ej(t)‖ + cL3

N∑
j=1

‖ej(t − τ̃)‖
⎤
⎦

+
µ

2
‖ei(t)‖2 − d̂i‖ei(t)‖2 +

cL3

2

N∑
j=1

[‖ej(t)‖2exp(µτ̃) − ‖ej(t − τ̃)‖2
]⎫⎬⎭ exp(µt)
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By using the inequality xT y ≤ ‖xT y‖ ≤ ‖x‖‖y‖, we have

V̇ (t) ≤
N∑

i=1

{
L1‖ei(t)‖2 +

bL2

2

N∑
j=1

(‖ej(t)‖2 + ‖ei(t)‖2) +
cL3

2

N∑
j=1

(‖ej(t − τ̃)‖2 + ‖ei(t)‖2)

+(
µ

2
− d̂i)‖ei(t)‖2 +

cL3

2

N∑
j=1

[‖ej(t)‖2exp(µτ̃) − ‖ej(t − τ̃)‖2
] }

exp(µt)

≤
N∑

i=1

(
L1 +

µ

2
+

N

2
(bL2 + cL3) +

Mi

2
(bL2 + cL3exp(µτ̃)) − d̂i

)
‖ei(t)‖2exp(µt)

where Mi > 0, i = 1, 2, ..., N are selected to satisfy
N∑

j=1

‖ej(t)‖2 ≤ Mi‖ei(t)‖2

and b = max
1≤i, j≤N

bij . By choosing suitable constants d̂i, i = 1, 2, ..., N such that

L1 +
µ

2
+

N

2
(bL2 + cL3) +

Mi

2
(bL2 + cL3exp(µτ̃ ))− d̂i < 0

Then, we have V̇ (t) < 0. It means that V (t) < V (0) for any t > 0.
From V (t) in Eq.(15), we have

1
2
‖ei(t)‖2exp(µt) =

1
2
eT

i (t)ei(t)exp(µt) ≤ V (t) ≤ V (0)

(16)

That is,

‖ei(t)‖ ≤ R exp(−µ

2
t) with R =

√
2V (0) > 0 (17)

Thus, lim
t→∞

‖ei(t)‖ = 0, i.e., the controlled network (11) is globally exponen-
tially stable.

In theorem 1 , we do not assume that the dynamics of each node is time delayed,
however, each node’s dynamical behavior can also be time delayed, for exam-
ple, in Refs [13], authors considered the synchronization of complex dynamical
network when each node’s dynamical behavior is time delayed.

So we generalize (3) as follow:

ẋi(t) = f(xi(t), xi(t− τ)) +
N∑

j=1,j 
=i

bij(g(xj(t))− g(xi(t)))

+
N∑

j=1,j 
=i

cij(h(xj(t− τ̃ ))− h(xi(t− τ̃ ))) (18)

At this time, the solution of an isolated node s(t) is determined by

ṡ(t) = f(s(t), s(t− τ)) (19)
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By giving adaptive linear feedback controllers into each individual node, the
controlled network can be described as:

ẋi = f(xi(t), xi(t− τ)) +
N∑

j=1

cijg(xj(t)) +
N∑

j=1

cijh(xj(t− τ̃))− ui (20)

In order to achieve the objective on the manifold (4), subtracting (19) from
(20) yields the error dynamical system

ėi(t) = f(xi(t), xi(t− τ)) − f(s(t), s(t− τ)) +
N∑

j=1

bij(g(xj(t))− g(s(t)))

+
N∑

j=1

cijh(xj(t− τ̃ ))− h(s(t− τ̃ ))− ui (21)

We have:

Theorem 2. Suppose proposition 2 holds, then the controlled network (20) is
globally exponentially stable when the adaptive feedback controllers ui, i =
1, 2, ..., N are described as (13) and (14).

Proof. Construct a Lyapunov function

V (t) =
1
2

⎡
⎣ N∑

i=1

⎛
⎝eT

i (t)ei(t)exp(µt) + cL3

N∑
j=1

∫ t

t−τ̃

eT
j (θ)ej(θ)exp(µ(θ + τ̃ ))dθ

+L4

∫ t

t−τ

eT
i (θ)ei(θ)exp(µ(θ + τ))dθ

)]
+

1
2

N∑
i=1

(di − d̂i)2

ki
(22)

The following steps are similar to the proof in Theorem 1, so we omit it.

4 Simulations

To show the effectiveness of the proposed globally exponential synchronization
criteria, in this section, we consider two general delayed dynamical networks with
10 coupled Lorenz systems [14] and delayed Lorenz systems [13,15], respectively.

A Lorenz system is described as:⎧⎨
⎩

ẋ1(t) = a(x2(t)− x1(t))
ẋ2(t) = cx1(t)− x3(t)− x2(t)
ẋ3(t) = x1(t)x2(t)− bx3(t)

here a = 10, b = 8/3, c = 28.
And a Lorenz system with time delay is given as [13]:⎧⎨

⎩
ẋ1(t) = a(x2(t)− x1(t))
ẋ2(t) = cx1(t)− x3(t− τ) − x2(t)
ẋ3(t) = x1(t)x2(t− τ)− bx3(t− τ)

here a = 10, b = 1.3, c = −28; τ = 1.
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Choose a asymmetric coupling matrix A as

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 1 0 0 0 0 0
0 −3 0 1 0 0 1 0 0 1
0 0 −5 1 1 1 1 0 0 1
1 1 1 −8 1 1 0 1 1 1
0 0 1 1 −3 0 0 1 0 0
0 1 1 1 0 −6 1 1 1 0
0 1 0 0 0 1 −3 0 1 0
0 0 0 1 1 0 0 −2 0 0
0 0 0 0 0 0 1 0 −1 0
0 1 0 0 0 0 0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

To demonstrate our models are general, we let

bij = aij/k
0.5
i , cij = aij/k

0.5
i

ki is the out-degree of node i.
By letting g(x(t)) and h(x(t)) as:

g(x(t)) = [x1(t);x2(t);x3(t)]T

and
h(x(t)) = [a(x2(t)− x1(t));x2(t);x1(t)x2(t)− bx3(t)]T

τ̃ = 0.1, µ = 0.02 and di = 0.1, i = 1, 2, ..., N .
Fig .1 and Fig .2 show the globally exponential synchronization of models

(11) and (20), respectively.
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Fig. 1. Synchronization errors ei1, ei2, ei3 (i = 1, 2, ..., 10) of the controlled network
(11)
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Fig. 2. Synchronization errors ei1, ei2, ei3 (i = 1, 2, ..., 10) of the controlled network
(20)

5 Conclusion

We studied the globally exponential synchronization of controlled complex de-
layed dynamical networks by introducing adaptive linear feedback controllers to
each node, and several criteria were obtained by using the Lyapunov functional
method. The scheme is suitable to the network with general properties, such as,
with hybrid coupling, with different delays, with asymmetric coupling configu-
ration matrices, and so on. It is very useful for the future practical engineering
design. Some simulations are given to verify the effectiveness of our scheme.
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Abstract. This paper explores scientific metrics in citation networks in 
scientific communities, how they differ in ranking papers and authors, and why. 
In particular we focus on network effects in scientific metrics and explore their 
meaning and impact. We initially take as example three main metrics that we 
believe significant; the standard citation count, the more and more popular h-
index, and a variation we propose of PageRank applied to papers (called 
PaperRank) that is appealing as it mirrors proven and successful algorithms for 
ranking web pages and captures relevant information present in the whole 
citation network. As part of analyzing them, we develop generally applicable 
techniques and metrics for qualitatively and quantitatively analyzing such 
network-based indexes that evaluate content and people, as well as for 
understanding the causes of their different behaviors. We put the techniques at 
work on a dataset of over 260K ACM papers, and discovered that the difference 
in ranking results is indeed very significant (even when restricting to citation-
based indexes), with half of the top-ranked papers differing in a typical 20-
element long search result page for papers on a given topic, and with the top 
researcher being ranked differently over half of the times in an average job 
posting with 100 applicants. 

Keywords: Scientific metrics, Scientometric, Page Rank Algorithm, Paper 
Rank, H-index, Divergence metric in ranking results. 

1   Introduction 

The area of scientific metrics in scholarly social networks (metrics that assess the 
quality and quantity of scientific productions) is a relevant area of research [1,2,3] 
aiming at the following two objectives: 1) measuring scientific papers, so that “good” 
papers can be identified by the scientific community and so that researchers can 
quickly find useful contributions when studying a given field, as opposed to browsing 
a sea of papers, and 2) measuring individual contributions and related reputation, to 
determine the impact of a scientist and to help screen and identify candidates for 
hiring and promotions in industry and academia. 

Until only 30 years ago, the number of researchers and of conferences was 
relatively small, and it was relatively easy to assess papers and people by looking at 
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papers published in international journals. With small numbers, the evaluation was 
essentially based on looking at the paper themselves. In terms of quantitative and 
measurable indexes, the number of publication was the key metric (if used at all). 
With the explosion of the number of researchers, journals, and conferences, the 
“number of publications” metric progressively lost meaning. On the other hand, this 
same explosion increased the need for quantitative metrics at least to “filter the 
noise”. For example, a detailed, individual, qualitative analysis of hundreds of 
applications typically received today for any job postings becomes hard without 
quantitative measures for at least a significant preliminary filtering.  

Recently, the availability of online databases and Web crawling made it possible to 
introduce and compute indexes based on the number of citations of papers (citation 
count, from hereafter denoted as CC) and its variations or aggregations, such as the 
impact factor and the h and g indexes [4]) to understand the impact of papers and 
scientists on the scientific community. More and more, Universities (including ours) 
are using these indexes as a way to filter or even decide how to fill positions by 
“plotting” candidates on charts based on several such indexes. 

Besides “traditional” metrics, novel metrics for papers and authors are being 
proposed [5]: they are inspired at how the significance of Web pages is computed 
(essentially by considering papers as web pages, citations as links, and applying a 
variation of the PageRank algorithm [5,6]). PageRank-based metrics are emerging as 
important complement to citation counts as they incorporate important information 
present in the whole citation network, namely the “weight” (the reputation or 
authority) of the citing paper and its density of citations (how many other papers it 
references) in the metric. From a computational point of view, PageRank is a 
statistical algorithm:  it uses a relatively simple model of "Random Surfer" [6] to 
determine the probability to visit a particular web page. Since random browsing 
through a graph is a stochastic Markov process, the model is fully described by 
Markov chain stochastic matrix. The most intriguing question about PageRank is how 
to compute one for very large networks such the web. The inventors of PageRank, 
Brin and Page, proposed a quite effective polynomial convergence method [6], similar 
to the Jacobi methods. Since then, a significant amount of research has been done in 
the exploration of the meaning of PageRank and proposals for different computation 
procedures [5,7,8,9]. When the attention is shifted from web pages to scientific 
citations, the properties of the citation graph – mainly its sparseness – has been used 
to simplify the computational problem [10]. Some recent work has also started to 
analyze and compare the effectiveness of the different ranking algorithms [11]. 

In the present work, we have based our computations on a variation of Page Rank 
(called PaperRank) for ranking scholarly documents. In particular, this paper performs 
an experimental study of scientific metrics based on citation networks with the goal of 
(1) assessing the extent of differences and variations on the evaluation results when 
choosing a certain metric over another, and (2) exploring and understanding the 
reasons behind these differences.  We performed the analysis on a dataset consisting 
of over 260K ACM (Association for Computing Machinery) publications, a social 
scientific network of 244K authors and ca. one million citations. The results of the 
analysis are rather significant, in that even if we restrict to citation-based indexes, the 
choice of the specific index rather than another changes the result of filtering and 
selection of papers and evaluation of people about half of the times. 
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The structure of the paper is as follows. In Section 2 we describe the dataset and in 
Section 3 we focus on the presentation of the main indexes for papers and for authors. 
The in-depth exploration of the indexes is provided in Section 4 (for papers) and 
Section 5 (for authors), along with comments and discussions on the results and with 
the introduction of the appropriate meta-indexes. Finally, the major findings of the 
present work are summarized in Section 6. 

2   Data Set Description and Data Preprocessing 

The starting point for our analysis is a dataset of 266.788 papers published in ACM 
conferences or journals, and authored by 244.782 different authors. For any given 
paper in the set, we have all its references (outgoing citations), but we only have 
citations to it (incoming citations) from other papers in the dataset, and hence from 
ACM papers. To remove this bias (to the possible extent), we disregard references to 
non-ACM papers. In other words, we assume that the world, for our citation analysis, 
only consists of ACM papers. Including references to non-ACM papers would in fact 
unfairly lower the measure for PaperRank since, as we will show, PaperRank is based 
on both incoming and outgoing citations. Although we have no measurable evidence, 
given that we are comparing citation-based metrics we believe that the restriction to 
an “ACM world” does not change the qualitative results of the analysis. 

The majority of papers in our dataset have been processed manually during the 
publishing process and all author’s names have been disambiguated by humans. This 
is important since Google Scholar or other autonomous digital libraries use machine 
learning-based unsupervised techniques to disambiguate the information and therefore 
they are prone to introduce mistakes. Thus, although incomplete, the ACM dataset has 
a high level of quality in particular in respect to authors and citations. A sample of the 
dataset format is available at this article’s companion web page 1. 

3   Paper Rank and PR-Hirsch 

3.1   Page Rank Outline 

The original Page Rank algorithm [6] ranks the nodes of a directed graph with N 
vertices. The rank of a node is determined by the following recursive formula, where 
S(j) is the quantity of outgoing links from a node Pj. i, j ∈{1..n} are just sequence 
numbers and D is the set of nodes  such that there is a path in the graph from them to  
node i.  

Pi = (1 − d) ⋅ Pj / S( j)
i ≠j

j ∈D

∑ + d / N  (1) 

The formula can be seen in matrix form and the computation can be rewritten as an 
eigenvector problem: rAr ⋅= , where A is the transition matrix. This consideration 
exposes several potential problems in rank computation as discussed in [7, 12]. One 
                                                           
1 http://www.dit.unitn.it/~krapivin/exploring_citation%20_metrics_08.html 
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of them is the presence of the nodes which link to other nodes but are not linked by 
other nodes, called dangling nodes. In this case, equation (1) may have no unique 
solution, or it may have no solution at all (it will lead to zero-rows occurrence in the 
transition matrix and uncertainty of the rank of the dangling nodes). Such problem 
may be resolved with the introduction of a dump-factor 0 < d < 1. 

The damp factor (proposed in the original PageRank article [6]) helps to achieve 
two goals at once: 1) faster convergence using iterative computational methods, 2) 
ability to solve the equation, since all the nodes must have al least d/N Page Rank 
even if they are not cited at all. 

3.2   PaperRank  

PageRank has been very successful in ranking web pages, essentially considering the 
reputation of the web page referring to a given page, and the outgoing link density 
(pages P linked by pages L where L has few outgoing links are considered more 
important than pages P cited by pages L where L has many outgoing links). 
PaperRank (PR) applies page rank to papers by considering papers as web pages and 
citations as links, and hence trying to consider not only citations when ranking papers, 
but also taking into account the rank of the citing paper and the density of outgoing 
citations from the citing paper. 

From a computation perspective, PR is different from PageRank in that loops are 
very rare, almost inexistent. Situations with loop where a paper A cites a paper B and 
B cites A are possible when authors exchange their working versions and cite papers 
not yet published but accepted for publication. In our dataset, we have removed these 
few loops (around 200 loops in our set). Thus the damp factor is no longer needed to 
calculate PR. Furthermore, considering that a citation graph has N>>1 nodes 
(papers), each paper may potentially have from 1 to N-1 inbound links and the same 
quantity of outgoing ones. However, in practice citation graphs are extremely sparse, 
(articles normally have from 5 to 20 references) and this impact the speed of the 
computation of PR. 

However, also in this case the problem may have no solution because of initial 
papers (papers who are cited but do not cite). To avoid this problem we slightly 
transform initial problem assigning a rank value equal to 1 to all initial nodes, and 
resetting it to zero at the end of the computation (as we want to emphasize that papers 
who are never cited have a null paper rank). Thus the problem become solvable and 
the Markov matrix may be easily brought to a diagonal form. We used fast and 
scalable recursive algorithm for calculating PaperRank, which corresponds to the 

modified equation: 0rrAr +⋅= . 

3.3   PR-Hirsch 

One of the most widely used indexes related to author is the H-index proposed by 
Jorge Hirsch in 2004 [4]. The H-index for an author is the maximum number h such 
that the author has at least h articles with h citations each. The H-index tries to value 
consistency in reputation: it is not important to have many papers, or many citations, 
but many papers with many citations.  
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We propose to apply a similar concept to measure authors based on PR, named PR-
Hirsch (hereafter PRH). However, we cannot just say that PRH is the maximum 
number q such that an author has q papers with rank q or greater. In fact, while for H-
index it is reasonable to compare the numbers of papers with the number of citations 
the papers have, for PRH the “meaning” is not so direct. The fact that a paper has a 
CC of 45 is telling us something we can easily understand (and correspondingly we 
can understand the H-index), while the fact that a paper has a PR of 6.34 or 0.55 has 
little “meaning”. In order to define a PR-based Hirsch index, we therefore rescale PR 
to a value that can be meaningfully compared with the number of papers. Let’s 
consider in some detail our set:  we have a graph with N nodes (vertices) and n 
citations (edges). Each i-th node has PR equal to Pi, that expresses the probability for 
a random surfer to visit a node, as in the Page Rank algorithm.  So let’s assume that 
we run exactly n surfers (equal to the quantity of citations), and calculate the most 
probable quantity of surfers who visited node i.  If the probability to visit the node i 
for one surfer is pi , the expectation value Qi for n surfers to visit the node i will be pi • 
n, which is the most probable quantity of surfers, who visited node i. We then sum 
probabilities since all surfers are independent. Finally, we normalize PR for each node 
according to the full probability condition. If the total sum of all PRs equals to M, the 
expected value for n surfers is: 

Qi = Pi ⋅ n / M  (2) 

Where Pi is a Paper Rank of the paper i,  and n/M is a constant (≈5.9169 for our 
specific citation graph). So in other words we rescale PR to make it comparable with 
the quantity of citations. Indeed, Qi is the most probable quantity of surfers who 
visited a specific paper i, whereas to compute Hirsch index we use the quantity of 
citations for the paper i.  

Following the definition of H-index and the previous discussion, we define PR-
Hirsch as the maximum integer number h such that an author has at least h papers 
with Q value (i.e. rescaled PR following equation (2)) equal or greater than h.  

4   Exploring Paper Metrics 

4.1   Plotting the Difference 

The obvious approach to exploring the effect of using PR vs CC in evaluating papers 
would consist in plotting these values for the different papers. Then, the density of 
points that have a high CC and low PR (or vice versa) would provide an indication of 
how often these measures can give different quality indication for a paper. This leads 
however to charts difficult to read in many ways: first, points overlap (many papers 
have the same CC, or the same PR, or both). Second, it is hard to get a qualitative 
indication of what is "high" and "low" CC or PR. Hence, we took the approach of 
dividing the CC and PR axis in bands.  

Banding is also non-trivial. Ideally we would have split the axes into 10 (or 100) 
bands, e.g., putting in the first band the top 10% (top 1%) of the papers based on the 
metric, to give qualitative indications so that the presence of many papers in the 
corners of the chart would denote a high divergence. However the overlap problem 
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would remain. Moreover, it would distort the charts in a significant way since the 
measures are discrete. For example the number of papers with 0 citations is well 
above 10%. If we neglect this issue and still divide in bands of equal size (number of 
papers), papers with the same measure would end up in different bands. This gives a 
very strong biasing in the chart (examples are provided in the companion web page2).   

Finally, the approach we took (Figure 1) is to divide the X-axis in bands where 
each band corresponds to a different citation count (CC) measure. With this 
separation we built 290 different bands, since there are 290 different values for CC 
(even if there are papers with much higher CC, there are only 290 different CC values 
in the set). For the Y-axis we leverage mirrored banding, i.e., the Y-axis is divided 
into as many bands as the X-axis, also in growing values of PR. Each Y band contains 
the same number of papers as X (in other words, the vertical rectangle corresponding 
to band i in the X axis contains the same number of papers qi as the horizontal 
rectangle corresponding to band i of the Y-axis). We call a point in this chart as a 
square, and each square can contain zero, one, or many papers. 

The reasoning behind the use of mirrored banding is that this chart emphasizes 
divergence as distance from the diagonal (at an extreme, plotting a metric against 
itself with mirrored banding would only put papers in the diagonal). Since the overlap 
in PR values is minimal (there are thousands of different values of PR and very few 
papers with the same PR values, most of which having very low CC and very low PR, 
and hence uninteresting), it does not affect in any qualitatively meaningful way the 
banding of the Y-axis. 

 

Fig. 1. CC vs PR. X axis plots CC bands, Y axis plots PR mirror-banded by CC 
 

                                                           
2 http://www.dit.unitn.it/~krapivin/exploring_citation%20_metrics_08.html 
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Fig. 1 shows a very significant number of papers with a low CC but a very high 
PR. The color corresponds to the number of papers within a band (for actual values of 
PR and CC for each band see the companion web site) these are the white dots (a 
white color corresponds to one paper). Notice that while for some papers the 
divergence is extreme (top left) and immediately noticeable, there is a broad range of 
papers for which the difference is still very significant from a practical perspective. 
Indeed, the very dense area (bands 1-50) includes many excellent papers (CC 
numbers of around 40 are high, and even more considering that we only have citations 
from ACM papers). Even in that area, there are many papers for which the band 
numbers differ significantly if they are ranked by CC or PR. 

In the subsequent discussion, we will qualitatively refer to papers with high PR and 
high CC as popular gems, to paper with high PR and low CC as hidden gems, to 
papers with low PR and high CC as popular papers, and to papers with low CC and 
PR as dormant papers (which is an optimistic term, on the assumption that they are 
going to be noticed sometime in the future). 

4.2   Divergence 

The plots and table above are an attempt to see the difference among metrics, but it is 
hard from them to understand what this practically means. We next try to 
quantitatively assess the difference in terms of concrete effects of using a metric over 
another for what metrics are effectively used, that is, ranking and selection. In the 
literature, the typical metric for measuring a difference between two rankings is the 
Kendall τ distance [13], measured as the number of steps needed to sort bi-ranked 
items so that any pair A and B in the two rankings will satisfy to the condition:  

sign(R1(A) − R1(B)) = sign(R2(A) − R2(B)) 

where R1 and R2 are two different rankings. However, this measure does not give us 
an indication of the practical impact of using different rankings, both for searching 
papers and, as we will see later, for authors. What we really want to understand is to 
see the distance between two rankings based on the actual paper search patterns. 
Assume we are searching the Web for papers on a certain topic or containing certain 
words in the title or text. We need a way to sort results, and typically people will look 
at the top result, or at the top 10 or 20 results, disregarding the rest. Hence, the key 
metric to understand divergence of the two indexes is how often, on average, the top t 
results would contain different papers, with significant values for t = 1, 10, 20. For 
example, the fact that the papers ranked 16 and 17 are swapped in two different 
rankings is considered by the Kendall distance, but is in fact irrelevant from our 
perspective. 

To capture this aspect, we propose a metric called divergence, which quantitatively 
measures the impact of using one scientometric index versus the other. Consider two 
metrics M1 and M2 and a set of elements (e.g., of papers) S. From this set S, we take a 
subset n of elements, randomly selected. For example, we take the papers related to a 
certain topic. These n papers are ranked, in two different rankings, according to two 
metrics M1 and M2, and we consider the top t elements. We call divergence of the two 
metrics, DivM1,M2 (t,n,S), the average number of elements that differ between the two 
sets (or, t minus the number of elements that are equal).  For example, if S is our set of 
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ACM papers, and n are 1000 randomly selected papers (say, the papers related to a 
certain topic or satisfying certain search criteria), DivCC,PR (20,1000,S) measures the 
average number of different papers that we would get in the typical 20-item long 
search results page. We measured the divergence experimentally for CC and PR, by 
sampling repetitively 1000 documents randomly from our dataset. We then stopped as 
soon as the measured divergence metric converged. Results are collected in the Table 1 
below. As a particular case, DivM1,M2 (1,n,S) measures how often does the top paper 
differs with the two indexes.  The table is quite indicative of the difference, and much 
more explicit than the plots or other evaluation measures described above. In 
particular, the table shows that ca. 62% of the times, the top ranked paper differs with 
the two metrics. 

Table 1. Experimentally measured divergence for the set of ACM papers 

t DivPR,CC (t, 1000, S), in % DivPR,CC (t, 1000, S), 
1 62.40 0.62 

10 49.94 4.99 
20 46.42 9.28 
40 43.29 17.31 
60 42.51 25.5 
80 41.75 33.39 

100 40.52 40.52 

 
Furthermore, and perhaps even more significantly, for the traditional 20-element 

search result page, nearly 50% of the papers would be different based on the metric 
used. This means that the choice of metric is very significant for any practical 
purposes, and that a complete search approach should use both metrics (provided that 
they are both considered meaningful ways to measure a paper). In general we believe 
that divergence is a very effective way to assess the difference of indexes, besides the 
specifics of CC and PR. We will also see the same index on authors, and the impact 
that index selection can therefore have on people's careers. Details on the experiments 
for producing these results and the number of measures executed are reported in the 
companion web page. 

4.3   Understanding the Differences 

We now try to understand why the two metrics differ. To this end, we separate the two 
factors that contribute to PR: (1) the PR measure of the citing papers and (2) the 
number of outgoing links of the citing papers.  

To understand the impact of the first factor, we consider for each paper P the 
weight of the papers citing it (we call this the potential weight, as it is the PR that the 
paper would have if all the citing papers P only cited P). We then plot (Figure 2) the 
average potential weight for the papers in a given square (intersection of a CC and a 
PR band) in the banded chart.  

The estimation of the impact of outgoing links can be done in various ways. For 
example, we can take the same approach as for the computation of the previous 
potential weight and compute a double average over the outgoing links (for each  
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Fig. 2. Average potential weight 

paper P, compute the average number of outgoing links of the set C(P) of papers 
citing P, and then average them for all papers of a square in the CC vs PR chart). This 
is useful but suffers from the problem that if some papers (maybe  “meaningless” 
paper with very low PR, possibly zero) have a very high number of outgoing links, 
they may lead us to believe that such high number of links may be the cause for a low 
PR value for a paper, but this is not the case (the paper is only loosing very few PR 
points, possibly even zero, due to these outgoing links).  A high value of this measure 
therefore is not necessarily indicative of the number of outgoing links being a factor 
in low values of PR. Again, examples of these plots can be found in the companion 
web page. 

What we really want to see when examining the effect of outgoing links from 
citing paper is the "weight dispersion", that is, how much weight of the incoming 
papers (i.e., how much potential weight) is dispersed through other papers as opposed 
to being transmitted to P. This is really the measure of the "damage" that outgoing 
links do to a PaperRank. We compute the dispersed weight index for a paper P 
(DW(P)) as the sum of the PR of the citing papers C(P) (that is, the potential weight 
of P) divided by the PR of P (the actual weight). Figure 3 plots the average dispersed 
weight for each square, again in a banded chart by CC and PR. The dark area in the 
bottom right corner is because there are no papers there.  

Figure 2 and 3 tell us that outgoing links are the dominant effect for the divergence 
between CC and PR. Papers having a high CC and low PR have very high weight 
dispersion, while papers with high PR and low CC are very focused and able to 
capture nearly all potential weight. The potential weight chart (Fig. 2) also tends to 
give higher numbers for higher PR papers, but the distribution is much more uniform: 
i.e. there are papers in the diagonal or even below the diagonal and going from the top  
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Fig. 3. Average dispersed weight 

left to the bottom right the values do change but not in a significant way (especially 
when compared to the weight dispersion chart in Fig 3). 

To see the difference concretely on a couple of examples, we take a "hidden gem" 
and a "popular paper" (see Fig. 4 and Fig. 5). The specific gem is the paper Computer 
system for inference execution and data retrieval, by R. E. Levien and M. E. Maron, 
1967. This paper has 14 citations in our ACM-only dataset (Google Scholar shows 24 
citations for the same paper). The PR of this "hidden gem" is 116.1, which is a very 
high result: only 9 papers have a greater rank. Figure 6 shows all the incoming 
citations for this paper up to two levels in the citation graph. The paper in the center is 
our “gem”,  because a heavyweight paper - that also has little dispersion (only two 
papers)- cites it. We point out here, that this also means that in some cases a pure PR 
may not be robust: the fact that our gem is cited by a heavyweight paper may be 
considered a matter of “luck” or a matter of great merit, as a highly respected “giant” 
is citing it. 

Again, discussing quality of indexes and which is “better” or “worse” is outside 
our analysis scope, as is the suggestion for the many variations of PR that could make 
it more robust. 

We now consider a paper in the bottom of the CC vs PR plot, a paper with high 
number of citations but relatively low PR. The corresponding citation graph is shown 
in Fig. 5. This paper has 55 citations in our ACM dataset (158 citations in Google 
Scholar) and a relatively poor PR of 1.07. Comparing with papers in the same CC and 
PR band, this paper has a weight dispersion factor that is over twice that of papers in 
the same CC band and three times the one of papers in the same PR band, which 
explain why the increased popularity with respect to papers in the same PR band did 
not correspond to a higher PRs. 
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Fig. 4. “Hidden gem” in the dataset 

 

Fig. 5. "Popular paper" (in the center) 

As a final comment, we observe that very interestingly there are papers with very 
low CC and very high PR, but much less papers - almost none - with very high CC 
and very low PR. If we follow the dispersion plot this is natural, as it would assume 
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that the dispersed weight should be unrealistically high (many papers with hundreds 
of citations) which does not happen in practice, while it is possible to have 
"heavyweight" papers with very few citations that make the presence of paper gems 
(papers in the top left part) possible.   

However, we believe that the absence of papers in the bottom right part and, more 
in general, the skew of the plot in Figure 1 towards the upper left is indicative of a 
"popularity bias". In the ideal case, an author A would read all work related to a 
certain paper P and then decide which papers to reference. In this case, citations are a 
very meaningful measure (especially if they are positive citations, as in the motto 
"standing on the shoulders of giants"). However this is impossible in practice, as 
nobody can read such a vast amount of papers. What happens instead is that author A 
can only select among the papers she "stumbles upon", either because they are cited 
by other papers or because they are returned first in search results (again often a result 
of high citation count) or because they are published in important venues. In any 
event, it is reasonable to assume that authors tend to stumble upon papers that are 
cited more often, and therefore these papers have a higher chance of being cited than 
the "hidden gems", even if maybe they do not necessarily have the same quality. We 
believe that it is for this reason that over time, once a paper increases with citation 
count, it necessarily increases with the weight, while gems may remain "hidden" over 
time. A detailed study of this aspect (and of the proper techniques for studying it) is 
part of our future work. 

5   Exploring Author Metrics 

5.1   Divergence 

The same measure of divergence described for papers can be computed for authors. 
The only difference is that now the set S is a set of authors, and that the indexes are 
H-index and PRH instead of CC and PR. We also compute it for n=100, as the 
experiment we believe it is meaningful here is to consider replies to a typical job 
posting for academia or a research lab, generating, we assume, around 100 
applications. Statistics for other values of n and more plots are reported in the 
companion web page (see previous footnote). Although nobody would only make a 
decision based on indexes, they are used more and more to filter applications and to 
make a decision in case of close calls or disagreements in the interview committees. 

Table 2 tells us that almost two third of the times, the top candidate would differ. 
Furthermore, if we were to filter candidates (e.g., restrict to the top 20), nearly half of 
the candidates passing the cutoff would be different based on the index used. 

Table 2. Divergence between PRH and H, n=100 

t DivPRH,H(t) 

1 59.30% 
5 50.04% 

10 46.13% 
20 43.47% 
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This fact emphasizes once again that index selection, even in the case of both 
indexes based on citations, is key to determining the result obtained, be them 
searching for papers or hiring/promotion of employees. Notice also that we have been 
only looking at differences in the elements in the result set. Even more are the cases 
where the ranking of elements differ, even when the t elements are the same. 

Another interesting aspect is that the divergence is very high. This is because most 
of the authors have a very low H and PRH. However, when we go to higher value of 
H and PRH, numbers are lower and the distribution is more uniform, in the sense that 
there are authors also relatively far away from the diagonal. Incidentally, we believe 
that this confirms the quality of divergence as a metric in terms of concretely 
emphasizing the fact that the choice of index, even among citation-based ones, has a 
decisive effect on the result. 

6   Conclusions and Future Work 

This paper has explored and tried to understand and explain the differences among 
citation-based indexes. In particular, we have focused on a variation of Page Rank 
algorithm specifically design for ranking papers – that we have named Paper Rank  -  
and compared it to the standard citation count index. Moreover, we have analyzed 
related indexes for authors, in particular the Paper Rank Hirsch–index and the 
commonly-used H-index. We have explored in details the impact they can have in 
ranking and selecting both papers and authors. The main findings of this paper are: 

1) PR and CC are quite different metrics for ranking papers. A typical search would 
return half of the times different results. 

2) The main factor contributing to the difference is weight dispersion, that is, how 
much weight of incoming papers is dispersed through other papers as opposed to 
being transmitted to a particular paper.  

3) For authors, the difference between PRH and H is again very significant, and index 
selection is likely to have a strong impact on how people are ranked based on the 
different indexes. Two thirds of the times the top candidate is different, in an 
average application/selection process as estimated by the divergence. In addition to 
the findings, we believe that: 

1) PR and PRH are complementary citation-based metrics capable of capturing 
the relevant information present in the whole citation network, namely the 
“weight” (the reputation or authority) of a citing paper and its “density of 
citations”. 

2) Divergence can be a very useful and generally applicable metric, not only for 
comparing citation networks indexes, but also for comparing any two network-
based ranking algorithms based on practical impact (results). 

3) In our citation network, there are a significant number of “hidden gems” while 
there are very few “popular papers” (non gem). The working hypothesis for 
this fact (to be verified) is that this is due to citation bias driven by a 
“popularity bias” embedded in the author’s citation practices, i.e. authors tend 
to stumble upon papers that are cited more often, and therefore these papers 
have a higher chance of being cited. 
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The exploration of the citation bias hypothesis is our immediate future research, 
along with the extension of our dataset to a more complete coverage of the citation 
graph, to analyze the possible influence on the different indexes. 
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Abstract. This paper introduces an agent-based model in which self-
interest intelligent agents are adaptive. Agents can either go to find re-
sources in the environment or mine the resources found. Agents trade
information about resources in a market. A biased learning mechanism
is introduced to update agents’ capabilities of mining and searching. The
learning mechanism plays a vital role in the specialization process in our
model. Expectation is also introduced in this paper to determine the
trade price. Simulations show that agents can specialize in available ca-
pabilities, form market and cooperate to increase their wealth. These
emergencies come out through just pre-defining some learning and pric-
ing mechanisms that are not so complex but close to reality. Total pro-
ductivity and market formation are tracked during the evolving process.
The wealth distribution during whole evolving process also demonstrates
an interesting power law distribution.

Keywords: Agent-basedmodel, individual reinforcement learning, power
law, specialization, market forming, expected productivity.

1 Introduction

Agent-based models are increasingly recognized as powerful tools for modeling
complex adaptive systems. They are useful in the terms of modeling of the inter-
actions among agents, representation of learning in a dynamic strategy context,
and description of the relationships between individual and its local environ-
ment [14]. Agent-based models can track individual interactions that otherwise
cannot be represented in traditional models that use global variables. In partic-
ular, agent-based models excel at relating the heterogeneous behavior of agents
with different information, different decision rules, and different situation to the
macro behavior of the overall systems [15]. Recently, agent-based models have
been applied to a variety of systems, such as biological ecosystems, economics
systems [1, 3, 9, 13, 17, 18] and social intelligence systems [4].
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Agents we are interested in, in this paper, are self-interest individuals that do
not have complete information about the whole system. They interact with each
other and with the environment to maximize their own profits. On a macro scale,
the system composed of these agents may reveal some collective behaviors that
are not simple summations of individual properties. A major task of complexity
study is to find underlying mechanisms that govern the collective behaviors. The
interactions between individual agents and(or) between colonies produce a great
many characteristics at the global scale, such as nonlinear oscillation, clustered
volatility, and chaos [7, 11, 12], even though the interactions between agents are
localized and very simple. Holland argued that the self-adaptive properties of
individual agents result in these complexities [8]. Learning is crucial to agent’s
self-adaptation. Nicolas illustrated that there are essential differences between
individual learning and social learning [10]. A biased learning mechanism, which
is crucial to the specialization process, is presented to update mining and search-
ing capabilities.

Power law distribution is widely observed in real world systems, such as
Pareto’s law in economics and Zipf’s law in lexicostatistics. For a review of power
law distribution, please read ref. [16]. Elsewhere empirical size distributions for
which power-law behavior is discovered, including those of sand particle sizes; of
meteor impacts on the moon; of numbers of species per genus in flowering plants
etc.

We give a model in this paper that simulates a social system as an evolutionary
process. This multi-agent system consists of a great number of agents trying
to obtain resources in an environment. Agents can take two kinds of tasks:
search for resources and exploit the resources found. In the model, an agent
can randomly walk to search for resources. When it finds a pack of resources,
it may decide to exploit them or sell the information of resources through a
market-like mechanism. There is no global planning mechanism in this multi-
agent system. Every agent is self-interested, and its goal is to maximize its own
profit. Each agent has searching and exploiting capabilities that can be adjusted
on the basis of its profit obtained previously.

The model is presented in detail in section 2. The simulated results about spe-
cializing process, market forming and wealth distribution are shown in section 3,
and conclusion remarks are drawn in section 4.

2 The Model

Consider a system with a great many of resources and M self-interested indi-
vidual agents. Agents are randomly scattered over a lattice. Each agent obtains
profits through exploiting resources or selling the information about discovered
resources. During the process of exploiting or selling, the agent ceaselessly stud-
ies, improves the skills and makes decisions in the market in accordance with
the experiences, to maximize its profit.
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2.1 Environment and Resources

The environment is an L×L lattice with periodic boundary condition. In other
words, an agent will step in the lattice from the opposite side when it steps
out from one side. An agent only occupies one site, and one locus can only be
occupied by no more than one agent at the same time.

Resources are randomly distributed as “packs” over the lattice. Each pack
of resource is constant R. The aggregate resources in the system are always
maintained as a constant value. When the system is initialized at the beginning
of the simulation, and their gross value is always a constant with global density ρ.
Once a pack of resources is completely exploited, a new pack will be immediately
replenished in any site except for the locus occupied by other packs of resources.
As the same as the agents, one pack of resources one locus, and one locus can
only be occupied by no more than one pack of resources.

2.2 Neighborhood and Distance

The environment is a lattice, which is a two-dimensional discrete space. In this
paper we use Moore neighborhood which is a square-shaped neighborhood sur-
rounding a given site(x0, y0). The Moore neighborhood of range r is defined as

NM
(x0,y0)

= {(x, y) : |x− x0| ≤ r, |y − y0| ≤ r}. (1)

So, we get its area (2r + 1)2 on a square grid.
When referring to the distance between two sites, we have to take into account

nine possible distance calculations due to the periodic boundary condition. We
definite the minimum distance DAB among the nine distance calculations as the
distance between the two points.

DAB
�
= Min{dAB}, dAB

�
= |xA − xβ |+ |yA − yβ| , β ∈ {B,B1, . . . , B8}. (2)

2.3 Agent Properties

Any agent has two kinds of tasks: searching resources and exploiting resources,
but it can only participate in one task at each time step. We set up a rule that
an agent must exploit its resources which have been discovered, if the resources
are not sold at last time step. At each time step, each agent must be in one of
the states, mining or foraging. The agents who have got new resources through
searching in the environment or buying in the market should be in the state of
mining, and those who do not have resources should be in the state of foraging.
An agent who does not have resources may be an agent who has sold its infor-
mation of discovered resources in last time step, or an agent who has to search
new resources and did not successfully purchased any resources in the market.

As shown in Fig. 1, an agent can transfer from one state to another. If we
express it in a detailed manner, an agent who is exploiting will keep on mining
until that pack of resources is exhausted. When an agent has finished exploiting
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Mining

ForagingHaving 
resources?

Sell 
resources?

Buy 
reources?

Having  
resources?

[ No ]

[ No ]

[ Yes ]

[ Yes ]

[ No ]

[ Yes ]

Both of them 
happen in the 
market

[ Yes ]

[ No ]

Fig. 1. State-chart of an agent’s state transition between the two kinds of states: mining
and foraging. An exploiting agent will keep on mining until that pack of resources is
exhausted. An agent who has finished exploiting resources or was searching and did
not find any resources at the last step goes to the market to purchase resources. An
agent goes to the market to sell the information of the resources found if it just found
a pack of resources at the last step. A buyer will go searching if it did not successfully
purchase any resources. A seller will go searching if it has sold its resources. A buyer
will exploit the resources if it successfully purchased a pack of resources. A seller will
exploit the resources if it did not successfully sell the resources.

resources, it will go to the market, as a buyer, to buy the information about the
discovered resources. If it successfully purchases the information, it will exploit
the newly found resources and keep staying in the mining state. If the purchase
is not successful, it has to go to the environment to seek new resources, hence
its state transfers to the foraging state. One agent always goes to the market,
as a seller, to sell the information of the resources just found at the last step. A
seller will go searching if it has sold its resources, and keeps in foraging state.
Or it must transfer to the state of mining and exploit the resources found by
itself if the selling is not successful. One agent who failed to find new resources
at last time step goes to the market as a buyer. If it is successful to purchase
the information about new resources, it will transfer to the state of mining; or
it has to go back to the environment to seek new resources and keep staying in
the state of foraging.

Each agent has two kinds of basic capabilities, to search resources and exploit
resources. When an agent is searching new resources, it can see the distribution
of resources in its neighborhood (we use Moore neighborhood) with the radius
of r, including its current site. But it can just randomly choose one pack of
unlocked resources, even though it has seen many packs. The searching efficiency
is defined Ks as the pack of resources one agent can find in one time step, and
we get Ks = 1− (1− ρ)(2r+1)2 , where r is the radius of the Moore neighborhood
of an agent’s sight and ρ is a constant value of resource distribution density in
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the environment. The exploiting efficiency is defined Ke as the accumulation of
the capability to mine resources in one time step. We can get Ke = E/Emax.
The exploiting capacity E is limited by a maximization number Emax. This, we
think, is a natural hypothesis that every physical variable should be limited by
a finite number.

According to agents’ conduct, we divide all agents in our model into three
different types: agent in autarky, miner and searcher. An agent is in autarky if
it exploits the resources found by itself at time step t and gets profit Ra(t). An
agent is a miner if it exploits the resources purchased in the market and gets
profit Re(t), which is the total value of the pack of resources minus the price
paid at the market and a tax (see next section). A searcher is an agent which
can successfully sell the information of resources it found and gets profit Rs(t)

which is the price paid by the buyer.
In addition, movement cost C is introduced as

C = D × c, (3)

where, D is the distance that the agent move from one site to another according
to the definition (2), and c is the unit cost that an agent spends in order to cover
a unit distance. The costs are calculated proportional to the ratios of wealth
accumulation methods.

Ce(t) = C ·We(t− 1)/W (t− 1), t > 0
Cs(t) = C ·Ws(t− 1)/W (t− 1), t > 0
Ca(t) = C ·Wa(t− 1)/W (t− 1), t > 0

(4)

We(t) is the agent’s wealth got from being a miner until time step t, and Ws(t)
as a searcher, Wa(t) as in autarky respectively. W (t) is the sum of all kinds of
wealth. The initial wealth R is evenly distributed to the three kinds of wealth.
So, we get an agent’s wealth at time step t

W (t) = We(t) + Ws(t) + Wa(t)
We(0) = Ws(0) = Wa(0) = R/3
We(t) = We(t− 1) + Re(t)− Ce(t), t > 0
Ws(t) = Ws(t− 1) + Rs(t)− Cs(t), t > 0
Wa(t) = Wa(t− 1) + Ra(t)− Ca(t), t > 0

(5)

The increasing revenue ∆W , which an agent obtains in the time interval τ , may
be divided into two parts: ∆Ws and ∆We. The former is the searching revenue at
time interval τ resulted from payments of selling the resource information, and
the latter is the exploiting revenue directly got by exploiting resources purchased.
But the obtained revenue will be divided half into ∆Ws and half into ∆We if an
agent is in autarky. So, we get

∆W = ∆We + ∆Ws

∆We = ∆We(t)−∆We(t− τ) + 1
2 (Wa(t)−Wa(t− τ))

∆Ws = ∆Ws(t)−∆Ws(t− τ) + 1
2 (Wa(t)−Wa(t− τ))

(6)
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Agents learn from their history. An agent can gain some useful experience from
its previous profits and tasks, modify its corresponding capabilities to pursuit
more profits. Each agent summarizes its own behavior in every τ time steps,
calculates the revenues, and adjusts its skills in order to get more profits in the
future.

A basic intuition has been widely believed that the tendency to implement
an action should be reinforced if it produces favorable results and weakened
if it produces unfavorable results [19]. A capability biased learning mechanism
is introduced [2]. According to this mechanism, the agent will strengthen the
capability resulting in more profits and weaken the capability resulting in fewer
profits.

We define the increment of searching/exploiting efficiency, ∆Ks/∆Ke, as the
change of searching/exploiting efficiency in time interval τ .

∆Ks = (k1 + k2 · sign (∆Ws −∆We)) ·Ks · (1−Ks)
∆Ke = (k1 + k2 · sign (∆We −∆Ws)) ·Ke · (1−Ke)

(7)

Where k2 ≥ k1 ≥ 0 and sign() is a sign function.
According to the definition,we can calculate the exploiting capability and the ra-

dius in the next time step, E=(Ke + ∆Ke) ·Emax and r=
√

log1−p(1−Ks−∆Ks)−1

2 .

2.4 Willingness Price and Market

In the market, we take into account the opportunity cost. Firstly we have to
introduce the concept of the expected average productivity, which is defined as
the productivity that an agent expects to work with in the next time step. It
is calculated as R̂ = R/(tf + R/E), where, tf is the average time to search
a resource during the last τ time steps and R/E is the time to exploit the
resource found. A buyer will have to spend R/E if it manages to get the pack
of resources through purchasing, and a seller will save the exploiting time R/E
if it successfully sells the information about the resources. Supposed the agent’s
expected average productivity R̂ in the next time step and the market price of
P , the former will finally get the revenue R− R̂ ·R/E, and the latter will obtain
the profit of P + R̂ · R/E.

However, Transaction cost has not been taking into account in the above
section. In real life, trade always has costs that maybe incurred by searching
who it is that one wishes to deal with, conducting negotiations leading up to a
bargain, drawing up the contract, undertaking the inspection needed to make
sure that the terms of the contract are being observed, and so on. Hence, in this
model transaction cost is introduced. If a buyer pays the price of P , it will also
pay a tax, α · p, 0 ≤ α ≤ 1. In other words, a buyer has to pay p · (1 + α).

As for the buyer, it will purchase the new information about resources under
the condition that expected revenue to buy is higher than that of autarky,

R − R̂ ·R/E > p · (1 + α) . (8)
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As for the seller, it may trade the information about resources under the condi-
tion that expected revenue to sell is higher that that of autarky,

p + R̂ · R/E > R. (9)

From the above two conditions, we can make a conclusion that a buyer may pay
no more than Pp and a seller may sell the information with the price that is no
less than Ps,

Pp =
(
R− R̂ · R/E

)
/ (1 + α)

Ps = R − R̂ ·R/E
(10)

In fact, people often make decisions based on their previous experience, and re-
cent experience generally plays a larger role than past experience in determining
behavior [6]. Considering the impact of recent successful trade price, we write
the final willing price as

P ∗
p = Ke

Ke+Ks
· Pp +

(
1− Ke

Ke+Ks

)
· P ′

P ∗
s = Ke

Ke+Ks
· Ps +

(
1− Ke

Ke+Ks

)
· P ′

(11)

where P ∗
p is a buyer’s purchasing willingness price,P ∗

s is a seller’s selling willing-
ness price and P ′ is the last successful trade price. At the beginning of evolu-
tionary process, all agents’ P ′ value are zero.

A successful trade always tends to involve the fact that the willingness price
of the buyer isn’t lower than that of the seller. In this model, an existing bro-
ker collects the information about the willingness prices of sellers and buyers
which come into the market. Supposing that there are n1 sellers and n2 buy-
ers in the market, we may list the series of selling willingness prices P ∗

si, i =
1, 2, . . . , n1, in ascending order and the series of purchasing willingness prices
P ∗

pj , j = 1, 2, . . . , n2, in descending order. The dealer manages to find the maxi-
mum k that satisfies P ∗

sk ≤ P ∗
pk, k ≤ n1, k ≤ n2. At last, the dealer decides the k

sellers and the k buyers to make successful trades in the current time step. One
of the k sellers matches one of the k buyers, and the trading price of P is the
average value of their willingness prices, P∗

p +P∗
s

2 .

3 Simulation Results

We set parameters as follows. L = 3163, R = 200, ρ = 0.001,M = 100, τ = 20,
α = 0.1, k1 = 0.025, k2 = 0.025, c = 0.005, Emax = 200. Initial value for Ke and
Ks are 0.1. Termination criterion is set as running time step 3000. We write the
code in Java and Swarm, The programs are run on a Pentium 4 PC computer.
A typical run of this computation takes 4 hours.

To track the evolving process of the model system, we employ several macro
variables, such as total productivity, count of agents of different types, price
distribution and wealth distribution. The evolving results of each macro variable
are shown in following figures.
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3.1 Total Productivity

Total productivity is defined here as the sum of incomes of all agents and total
tax that happens at the same time, of which evolving process is shown in Fig. 2.
To describe the evolving process of total productivity, we compare it with trade
volume and non-seller count of which evolving process also presented in Fig. 2.
Non-seller count at time step t is the count of sellers who fail to complete a
trade at the previous time step t− 1, is calculated by subtracting trade volume
from the count of sellers at the time step t − 1. In our model, we can take the
trade volume as a measure for the extent of frequency of cooperation between
agents. Figure 2 shows us that there exists similar increasing trend between trade
volume and total productivity. This phenomenon conforms to the economic fact
that specialization and cooperation can improve social productivity. The leaps
in Fig. 2 and following figures are obviously observed and the cause will be
presented in our further coming paper.

Fig. 2. x-coordinate is the time of evolving process and y-coordinate is the value. Curve
of productivity in the pedal represents the evolving process of total productivity, and
curve of non-seller count and trade volume represent respectively its own evolving
process.

3.2 Market Forming

Market in our model is the indispensable media that helps to realize the coop-
eration among agents. The evolving process of market structure, which includes
count of agents of different types and the willingness price distribution, are pre-
sented in Fig. 3. With time evolving, count of agents of different types changes,
with leap phenomenon mentioned before, as shown in pedal B of Fig. 3. Overall,
the count of agents in autarky decreases and the count of miners and searchers
both increase, indicating that the extent of specialization and cooperation are
intensified. The coupled phenomenon in the evolving process of willingness price
distributions can be seen from pedal B in Fig. 3., that is, when time evolves
forward, both distribution ranges of willingness prices to sell and to buy become
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Fig. 3. Curves in Pedal A represent respectively the evolving process of the count of
miners, of the count of searcher and the count of agents in autarky, according to curve
signs. In pedal B, the upper line section Wp corresponding to each time describes the
distribution range of willingness price to sell and the lower line section Ws describes
the distribution range of willingness price to buy.

narrow and stable, with a increase trend in the beginning and stable oscillation at
higher price later, indicating that the market need some time to shape, and can
operates stably finally in our model. It may conform to fact of market evolving
to some extent.

3.3 Wealth Distribution

Wealth distribution is also a very important variable in the evolving process of
whole system. As shown in the Fig. 4A, most agents’ wealth W (t) increases while
the system evolves except for only one “poor” agent that does not accumulate
any wealth and goes negative. This agent is an outlier that, unfortunately, is
initially located in some lean soil and nearly never finds or exploits one pack of
resources. The daily consumption makes its wealth go to negative.

At the beginning, each agent has the same initial wealth value and the dif-
ference between the most rich and poor increases with time. Some agents have
plenty of wealth, while others have less than that of the former.

If we do statistics on how many agents there are between one wealth value
interval, we get frequency counts, as shown in Fig. 2B. If we take into account
data points at only one time step in Fig. 2A, we can get only 100 data points and
that is not statistical significant. So, the data points in Fig. 2B are got by this
way. We consider all the data from time step 1 to time step 3000. In the log-log
plot, the wealth frequency count demonstrates a local power law distribution. We
do linear regression to the simulated data and get an exponent 0.44 for the first
part and an exponent 10.02 for the latter part. The local power law distribution
shows us that the wealth distribution before all the agents’ wealth accumulation
reaches 60000 is very “flat” and that after 60000 is very “steep”. This means
that this model showed us a society that enlarges the gap between the rich and
the poor after the economy reaches certain threshold.
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Fig. 4. A is the figure for each agent’s wealth vs. time. There are 100 lines, which
represents 100 agent’s wealth. There is only one “poor” agent that goes to negative
due to initially located in some lean soil and finds/exploits no resources. The wealth
difference between the rich and poor widens vs. time even though all agents have the
same initial wealth value. B is the figure for wealth frequency count. The agents’ wealth
is ranked in ascending order. The number of agents that have certain wealth values
demonstrates a local power law distribution. Gray circles are the simulated wealth
value counts and the black lines are linear regressions of the simulated results. The
first part has an exponent 0.44 and the latter part has an exponent 10.02.

4 Conclusion

In this paper, we introduced an agent-based cooperation system in which agents
can learn and adapt. Cooperation is a highlight in this paper, where agents
collaborate in the sense that they trade information about resources and both
buyers and sellers get benefit from the trade. Our learning mechanism belongs to
individual learning [10], which is a biased learning mechanism, that contributed
a lot to the division of labor.

The expectation mechanism is a novel and unique pricing mechanism that we
do not find in any other previous papers [1, 3, 4, 7–18]. This may provide an
agent a way of “real intelligence” that the agent can make decisions by “seeing
in the future”.

With the learning and pricing mechanism, our system evolves with some collec-
tive behaviors on specialization and cooperation, market forming and power-law
wealth distribution, which is a commonly highlighted area in the literature [5, 20].
The correlation between the results of this model and stylized facts in the litera-
ture will be a focus of our next work. Our results verify once again the importance
and convenience of agent-based modeling to the study on social complex systems.
We can take more realistic conditions into account and make our model be more
closer to real economy and real wealth distribution.
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Abstract. In this paper, in order to search the reason of the  phenomena of power- 
law in the weighted networks, we present a general model for the growth of 
weighted networks that couples of new edges and vertices and the weights’ and 
intrinsic strengths’ dynamical evolution. This model is based on a simple weight 
and intrinsic strength driven dynamics and generates networks exhibiting the 
statistical properties observed in several real-world systems. Within this model 
we not only yields the scale-free behavior for the weight, strength and degree 
distributions, but also we give the analytical computation of the distributions of 
the weight, the strength and the degree .Simultaneity, by way of contrasting our 
results with those of the random model, we found the preferential attachment is 
necessary to the phenomena of scale-free of the strength and degree distributions. 
Finally, we found the analytical results are good consistent with those of 
numerical simulation. The conclusion from this model is helpful to the 
investigation of the topological role of weight and strength. 

Keywords: weighted network, scale-free network, degree distribution, intrinsic 
strength. 

1   Introduction 

In the last few years, considerable efforts have been made to understand and 
characterize complex networks in the real world including the Internet [1], the World 
Wide Web [2], the scientific collaboration networks [3,4], and the world-wide airport 
networks (WAN) [5][6]. The empirical results show that these networks generally 
exhibit complex topological properties such as small-world phenomenon [7] and 
scale-free property [8]. In order to explore the mechanism responsible for these 
topological features, a wide array of models aimed at capturing various properties of 
real networks have been formulated [9]. But these researches on networks have mainly 
focused on unweighted networks. There is a need for a modeling approach to complex 
networks that evolving not only by the topology growth. Barrat, Barthélemy, and 
Vespignani present a weighted-driven model (BBV model) [6], the novel feature in the 
                                                           
∗ Corresponding author.  
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model is the weight dynamical evolution occurring when new vertices and edges are 
introduced in the system. BBV model yields scale-free properties of the degree, weight, 
and strength distributions, controlled by a physical parameter δ. But the weight 
dynamical evolution in BBV model is triggered only by the introduction of new 
vertices, and the empirical results [10, 11] show that the inner interaction plays an 
important role in the networks’ evolution. In addition, in the company the executives 
usually adjust their funds’ assignment in the several departments according to their 
achievements. Thirdly, in the scientific collaboration networks, the scientists’ 
reputation will varies according to the grown of the networks. Fourthly, in the wide air 
networks, the number of the passengers varies according to the different period of time 
according the above matter; we firstly introduce the concept of intrinsic strength, which 
is the description of vertices’ intrinsic property. Based on this concept, we present a 
general model depended on five dynamical evolutions: node addition, weight’s growth 
and decrease, node intrinsic strength’s growth and decrease. We find network 
generated by this model exhibits some statistical properties observed in several 
real-world systems. Through analytical way, we yield the analytical computations of 
the distributions of the weight, strength and degree. They all exhibit the behaviors of 
scale-free. At the same time, by way of contrasting our results with those of the random 
model, we found the preferential attachment is necessary to the phenomena of 
scale-free. Finally, we contrast the results deduced in theory with the results of practical 
data analysis, and we find the both results are good consistent. So we believe that 
through implementing some of the suggested modifications, the model could be 
well-suited to other types of networks. 

The rest of the papers are organized as follows: In section 2, we firstly introduce the 
concept of intrinsic strength, which is the description of vertices’ intrinsic property. 
Then we define a general simple model for weighted networks that consider the basic 
evolution of the system as driven by the weight properties of edges and vertices. In 
addition, differently from early models proposed in the past [6, 12], we allow the 
dynamical evolution of weights and intrinsic strength during the growth of the system. 
This mimics the evolution and reinforcements of interactions in natural and 
infrastructure networks. In Sec.3, we introduce our algorithm and get the analytical 
calculations for the weight, strength and degree distributions with continuum theory 
and rate equations method and we yield this model is scale free networks, 
.Simultaneity, we contrast our results with those of random model and we found the 
preferential attachment is necessary to the phenomena of scale-free. Finally, some 
numerical simulations are given in Sec.4. 

2   Modeling Weighted Networks 

2.1   The Definition of the Intrinsic Strength of the Node 

From the [5, 12], we define the strength si of the vertex i as: 

                 si=
( )j i∈Γ
∑ wij                                                       (2.1)  
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Where the sum runs over the set Γ(i) of the neighbors of i. Under this definition, the 
strength of a node just integrates the information of its connectivity and the weights of 
its links, but we can’t see the difference of intrinsic characterization between vertices.  

In order to proceed to general analysis of weighted networks, we introduce the 
concept of the intrinsic strength, and we use si’ represent the intrinsic strength of the 
node i. For example, in the citation networks [13], the intrinsic strength si’ represents 
the impact factor of the journal in which the paper i published. In our model, the 
strength si’ of the vertex i defined as: 

∑
Γ∈

+=
)(

'
ij

ijii wss

 
(2.2) 

Where the sum runs over the set Γ(i ) of neighbors of i, the strength of a vertex not only 
integrates the information about its connectivity and the weights of its links, but also 
reflects the vertices’ intrinsic property. 

2.2   Modeling the Evolution of Weighted Networks 

Let lij denote the edge between the node i and j, wij denote the weights of the line lij. The 
model starts from an initial configuration of N0 isolated vertices whose intrinsic 
strengths are fixed to the value s0. Each time step, we only perform one of the following 
five operations: 

(1) We add a new node n with m0 (m0≤N0) edges to the network: the new node n is 
connected to node i already presented in the system with the preferential probability: 

∑
=Π →

j
j

i
in s

s

   

And the weight of each new edge is fixed to w0 and the intrinsic strength of the new 
node is fixed to s0. 

We perform this operation with probability λ. 

（2）Weights’ growth : Select a link lij existing from the system; where the vertex i is 

selected according to probability i

n
n

s

s∑  and the vertex j(j≠i) is selected randomly. Next 

we update weight wij according to the mechanism: wij→wij+w0. This operation is 

repeated l times. 

We perform this operation with probability p1. 

（3）Weights’ decrease: Select a link lij existing from the system; where the vertex i is 

selected according to the anti-preferential probability (N(t)-1)-1(1- i

n
n

s

s∑ ) and the vertex  
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j ( j≠i ) is selected randomly. Next we update weight wij according to the mechanism: 

wij→wij-w0. This operation is repeated q times. Where N(t) is the size of the network at 

the time t. In addition, we hold the line lij if the weight of it is decreased to w0, which 

can keep the grown of this network. 

We perform this operation with probability p2. 

(4) Intrinsic strengths’ growth: select m1 (m1≤ N0) vertices from the network, where 

every vertex i is selected according to the probability i

n
n

s

s∑ . Each selected vertex is 

supposed to update its intrinsic strength according to the mechanism: si’→si’+s
0i

.  

We perform this operation with probability p3. 

(5) Intrinsic strengths’ decrease: select m2 (m2≤N0) vertices from the network, where 

every vertex j is selected according to the anti-preferential probability 

(N(t)-1)-1(1- j

n
n

s

s∑ ). Each selected vertex is supposed to update its intrinsic strength 

according to the mechanism: si’→si’-s
0j

.  

We perform this operation with probability p4. 

3   Analytical Results 

We denote by ki(t) the number of links node i at time t; N(t) denotes the total number of 
nodes at time t and ti denote the time of adding of the node i. For simplicity, we set q=1, 
s

0i
=s

0j
=s0, i, j=1,2,…,t. For t →∞, we can get: 

0( )N t N t tλ λ= + ≈ ;
 1 2 3 4 1;p p p pλ + + + + =

 0)( wtw iij = ;
 

0 0 0 0 0( ) ' ;i i is t s m w s m wλ= + = +
   

0 3 1 0 4 2 0' ( )j
j

s N t s p m s t p m s t= + −∑ ;

 

0 0 1 0 2 0 0 0 3 1 4 2( ) [2 2 2 ( )]j
j

s t m w p lw p w s s p m p m tλ λ= + − + + − ⋅∑
 

ki(ti)=m0; 
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3.1   Distribution of the Strength 

We assume that the strength si, the degree ki, and the weight wij change continuously 

and we can get: 

0 1 0

2 0 1 3 0

2 4 0

1 1(1 )
( ) ( )

1 1 1(1 ) (1 ) ( ) ( )
( ) ( ) ( ) 1

1( ) (1 )
( ) 1

i i i

j j
j j

i i

j j
j j

i

j
j

ds s s
m p l w

dt s N t N t s

s s
p w m p s

N t N t N t s s

s
m p s

N t s

λ
⎛⎛ ⎞ ⎞
⎜⎜ ⎟ ⎟= ⋅ + ⋅ + − ⋅⎜⎜ ⎟ ⎟∑ ∑⎜ ⎟ ⎟⎜⎝ ⎠ ⎠⎝

⎛ ⎞
⎜ ⎟+ + − ⋅ − − +⎜ − ⎟∑ ∑⎟⎜ ⎠⎝

+ − ⋅ −− ∑
 

(3.1) 

Indeed, the quantity w0 sets the scale of the weights for intrinsic edge, and s0 sets the 
scale of the intrinsic strength, without loss generality, we can let w0=1, s0=1, and then 
we get the initial condition: 

0 0 0 0( ) 1i is t s m w m= + = +
 

(3.2) 

We let j
j

s∑ =At, where A=2λm0+2p1l-2p2+λ+p3m1-p4m2, then we rewrite the 

equation (3.1): 

0 1 3 1 1 2 2 4 2 2 4 1
2

2 1i i ids m m p p l s sp l p m p p m p p l
dt A t t A t

λ
λ λ

+ + − − + −
= ⋅ + ⋅ + ⋅

 
(3.3) 

For enough large t; we can get the following expression: 

1 2
1i ids s

a a
dt t t

≈ +
 

(3.4) 

Where a 1= A-1
（λm0+p3m1+p1l）,  a 2=λ

-1

(p1l-2p2-p4m2); 

The differential equation (3.4) has the following solution: 

12 2
0

1 1
( ) ( )( )a

i
i

a ats t m
a t a

λ λ= + + −
 

;

 

(3.5) 
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We may get: 

1

2 10
1

2

1

( ( ) ) ( ( ) )a
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a
m

a
P s t s P t t

a
s

a

λ λ+ +
< = > ⋅

+
 

(3.6) 

Assuming that we add the nodes at equal time intervals to the system, i.e., ti denote 

the time adding of node i and follow the uniform distribution over interval (0, λt). 

Hence, when s>λ+λm0, 

P(si(t)<s)=1-( 1

2 10
1 1

2

1

)a

a
m

a
a

s
a

λ

λ λ+ +
⋅

+
                                          (3.7) 

So 

P(s)=
( ( ) )idP s t s

ds

<
=( λa 1)

-1 (λ+λm0+
1

2 1

1
) aa

a  (s+ 2

1

a
a )-γ               (3.8) 

Where  

3 1 4 2 2

1 0 1 3 1

211 3
p m p m p

a m m p p l

λ
γ λ

− − −
= + = + + +

;

 

This indicates that the probability distribution P(s) has behavior P(s)~s-γ. 
Additional, we consider the random model, that is, the five operations, node 

addition, weight’s growth and decrease, node intrinsic strength’s growth and decrease 
are all uniformly at random. For simplicity, we call the above model random model. 
In random model, we get 

0 1 0 2 0 1 3 0 2 4 0
1 2 2 1 1( ) ( )
( ) ( ) ( ) ( ) ( )

ids
m pl w p w m p s m p s

dt N t N t N t N t N t
λ= + + − + + −   (3.9) 

According to N(t)=N0+λt≈λt, we set 

0 1 2 1 3 2 42( )m p p m p m p
M

λ
λ

+ − + −
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then  

ids M
dt t

=                                                         (3.10) 

The differential equation (3.10) has the following solution:   

0
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i

ts t m
t

= +                                                     (3.11) 

We may get: 
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Assuming that we add the nodes at equal time intervals to the system, i.e., ti denote 

the time adding of node i and follow the uniform distribution over interval (0, λt). 

Hence 

P(si(t)<s)=1-
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The above expression indicates that P(s) isn’t power-law. That is the preferential 

attachment is necessary to the phenomena of scale-free of the strength distribution. 

3.2   The Distribution of the Node’s Degree 

Similarly, the rate equation for the degree evolution reads: 

0

( )
( )

i i

j
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According to the condition: si(t)= (λ+λm0+ 2
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may get: 
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For enough large t, we can get: 
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Where we seemly choose the parameter to make λ(m0+1)+p1l< 2p2+p4m2. And we 
using the initial condition ki(ti)=m0, then the equation (3.15) has the following 
solution: 
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We may get: 
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Assuming that we add the nodes at equal time intervals to the system, i.e., ti denote 

the time adding of node i follow the uniform distribution over interval (0, λt). So, 

when k>λm0, 
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Where γ=1+a1

-1. This result indicates that the model self-organizes into a scale-free 

network with scaling exponent γ. 
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Additional, we consider the random model, we get 

0
1
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idk
m

dt N t
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According to N(t)=N0+λt ≈λt; we may get 
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Assuming that we add the nodes at equal time intervals to the system, i.e., ti denote 
the time adding of node i follow the uniform distribution over interval (0，λt). So, 
when k>m0 
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From the above result, we know that P(k) is not power-law. That is the preferential 
attachment is necessary to the phenomena of scale-free of the degree distribution. 

3.3   The Distribution of the Weight 

Similarly, the rate equation for the weights evolution reads 

1 2
1 1 12 2 (1 )
( ) ( ) 1 ( )

ij ij ij

a j
a j

dw s s
p l p

dt s N t N t s N t
= ⋅ − ⋅ − ⋅−∑ ∑

 

(3.18) 

Where sij= max( , )i js , then we rewrite the above expression:  

22
2 2 2 31

22
2ij ij ijdw s p splp

dt At t t A tλ λ λ
= ⋅ − +

 

(3.19) 
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For enough large t, we may get the following expression: 
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Where tij=t max( , )i j , the equation (3.20) has the following solution: 
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For the initial condition: wij(tij)=1, we can get 
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Assuming that tij follows the uniform distribution over interval（0，λt）

and 11 aw Sλ λ−> + . Hence, 
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That is P(w)~ w-θ. Where 
1

11
1a

θ = + − .  

Additional, we consider the random model, we get 
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According to N(t)=λt, we rewrite the equation (3.23) 
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This indicate P(w) is a constant and is independent of w. 
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4   Numerical Simulation 

4.1   Comparison the Distribution of the Strengths between the Exact Analytical 
Solution and the Numerical Simulation 

Figure1 display the fact that the probability distribution of the strengths obtained from 
the analytical solution well-suited to that of the numerical simulation. We start with an 
initial network N0=50, and we let m0=10, m1=10, m2=1, l=10, λ=0.3, p1=0.3, p2=0.05, 
p3=0.3, p4=0.05, t=50000. From the analytical expression (3.8), we get the scale 
exponentγ=2.6916. With the compute simulation, we get the probability distribution of 
the degree exhibit the behavior of scale-free. That is P(s)～s-γ, and we get the scale 
exponentγ=2.6848 by linear data fitting. 

 

Fig. 1. Probability distribution of the strengths P(s) 

Remark 1. Probability distribution of the strengths P(s)～s-γ. The data are averaged over 
100 networks with parameters N0=50, m0=10, m1=10, m2=1, l=10, λ=0.3, p1=0.3, 
p2=0.05, p3=0.3, p4=0.05, t=5000. 

Remark 2. We found the existing of the phenomenon of the scale-free about the 
probability distribution of the strength P(s) when we only vary the parameters p3 and p4. 
In the figure 2, the blue data is obtained when p3= p4=0.03, and the green data is 
obtained when p3= p4=0.05, and the red data is gained when p3= p4=0.01. We found the  
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Fig. 2. Probability distribution of the strengths P(s) when we only change the Parameters p3 and 

p4. 

changes of parameters p3 and p4 are very little to the probability distribution of the 

degree P(s). 

4.2   Comparison the Distribution of the Degree between the Exact Analytical 
Solution and the Numerical Simulation 

Figure3 display the fact the probability distribution of the degree obtained from the 

extra analytical solution well-suited to that of the numerical simulation. We start with 

an initial network of N0=50, and we let m0=10, m1=10, m2=1, l=10, λ=0.3, p1=0.3, 

p2=0.05, p3=0.3, p4=0.05, t=50000. From the analytical expression 1

1(1 )
( ) aP k k

− +
∼ , 

we get the scale exponentγ=2.6916. Then we get he probability distribution of the 

degree exhibit the behavior of scale-free. That is P(k)～k-γ, and we get the scale 

exponent γ=2.6818 by linear data fitting.  

Additional, we found the existing of the phenomenon of the scale-free about the 
probability distribution of the degree P(k) when we only varies the parameters p3 and 
p4. In the following figure, the blue data is obtained when p3= p4=0.05 and the red data 
is gained when p3=0.1, p4=0.05. We found the changes of parameters p3 and p4 are very 
little to the probability distribution of the degree P(k). 
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Fig. 3. Probability distribution of the degree P(k)～k-γ. The data are averaged over 100 networks 

with parameters N0=50, m0=10, m1=10, m2=1, l=10, p1=0.3, p2=0.05, p3=0.3, p4=0.05, t=5000. 

 

Fig. 4. Probability distribution of the strengths P(k) when we only change the parameters p3 and p4 
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5   Summary 

The previous models of complex networks always incorporate the growth and the 
preferential attachment mechanism, which may result in scale-free properties. And the 
growths of the node and weigh are only being considered in the previous models. But 
the decrease of weight of a line and the strength of a node are usual in the real networks 
actually. In order to proceed to the general exact analysis of real networks, in this paper, 
we firstly introduce a concept of node intrinsic strength. Based on this concept, we 
present a general model depended on five dynamical evolutions: node addition, 
weight’s growth and decrease, node intrinsic strength’s growth and decrease. Through 
analysis and numerical simulation, we find network generated by this model exhibits 
some statistical properties observed in several real-world systems. Figure1 and figure2 
show that the distributions of the weight, strength and degree from the analytical 
solution are well suited to those of the numerical simulation. Furthermore, we give the 
analytical computation of the distributions of the weight, the strength and the degree 
.Simultaneity, by way of contrasting our results with those of the random model; we 
found the preferential attachment is necessary to the phenomena of scale-free of the 
strength and degree distributions. Finally, we found the analytical results are good 
consistent with those of numerical simulation. they display the distributions of the 
weight, strength and degree all exhibit the behavior of scale-free., which further proved 
growth and preferential attachment existed not only in the unweighted networks but in 
the variations of the strength of the networks. We hope the conclusion from this general 
simple model is helpful to the further investigation of the topological role of weight and 
strength. 
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Abstract. We investigate the effect of mobility on the evolution of coop-
eration in a flock model, where each player moves on the two-dimensional
plane with the same absolute velocity. At each time step every player
plays the prisoner’s dilemma game and aligns moving direction with its
neighbors, who are chosen according to distances between them in the
two-dimensional space. Experimental results have shown that with un-
conditional cooperation or defection, cooperation can be maintained in
mobile players even for high velocities, as local interactions among play-
ers are enhanced by the expansion of neighborhood. However, the move-
ment of players can only be offset within a certain range of temptation
b, while outside this range a rapid decrease of cooperators will appear in
the population because too many neighbors are involved.

Keywords: Cooperation, Flocks, Evolutionary games, Prisoner’s
Dilemma.

1 Introduction

Cooperation is commonly observed in genomes, cells, multi-cellular organisms,
social insects, and human society, but Darwin’s Theory of Evolution implies
fierce competition for existence among selfish and unrelated individuals. In past
decades, many efforts have been devoted to understanding the mechanisms be-
hind the emergence and maintenance of cooperation, in which the prisoner’s
dilemma game is a widely used model to illustrate the conflict between selfish
and cooperative behavior in the context of evolutionary game theory.

Recently the evolution of cooperation in structured populations has attracted
much attention. To study the spatial effects upon strategy frequencies in the
population, Nowak and May have introduced the spatial PD game [1]. In their
model, players are located on the vertices of a two-dimensional lattice and each
player only interacts with his neighbors. Without any strategic complexity, the
stable coexistence of cooperators and defectors can be achieved. And to charac-
terize the effect of noise, Szabo and Toke [2] have presented a stochastic update
rule that permitting irrational choice. Besides, Perc and Szolnoki [3] account
for social diversity by stochastic variables that determine the mapping of game
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payoffs to individual fitness. But as pointed in [4], the survival of cooperators
dose not always benefit from spatial structure.

In spatial games players are located on the nodes of networks and only those
who are directly connected will interact with each. The underlying networks are
often assumed with fixed topologies, and can also evolve with the game dynamics.
However social networks are constructed through the motion of nodes [5], and
cooperation in animals usually exist in migration and prey, where the mobility
of individuals might play a certain role. So it is a natural interest to explore
cooperative behavior in mobile individuals among the structured populations.

Mobility can be implicitly represented as travelling cost or change of group
membership, and in agent-based models it can be involved explicitly as the
movement of agents. By intuition the introduction of mobility would lead to the
dominance of defection strategy because mobile defectors can escape retaliation
of former partner by moving away. But previous investigations have shown that
cooperation can be sustained in populations composed of mobile agents [6,7],
and through contingent movement cooperators can avoid repeated interaction
with defectors [8].

In biological systems, such as flocks of birds and schools of fish, highly aligned
collective motion can be achieved only through local behavioral rules without
centralized coordination. And individuals in flocks are tending to align their
directions of travel with that of nearby neighbors. In the work below we will let
agents move to simulate direction alignment process in flocks, and investigate the
effects of mobility on the evolution of cooperative behaviors in the population.

2 The Model

To study the effect of mobility in the evolution of cooperation, we consider a
system of self-propelled agents, which contains N = 500 mobile agents. At time
t = 0 all agents are randomly distributed in a square-shaped cell of linear size
L and each has the same absolute velocity v with different directions uniformly
distributed in [0, 2π). At the next time (t ≥ 0) each agent simultaneously update
its position according to

xi(t + 1) = xi(t) +−→
Vi(t)∆t (1)

where the velocity −→
Vi of agent i contains an absolute value v and a direction

given by the angle θi(t). To simulate direction alignment process in flocks, the
angle θi(t) is updated as

θi(t + 1) =
1

1 + ni(t)
(θi(t) +

∑
j∈Ni(t)

θj(t)) (2)

where Ni(t) denotes the set of agents that agent i aligns itself with, and ni(t)
represents the size of Ni(t). And Ni(t) is defined as the set composed of the
neighbors of agent i which can be written as

Ni(t) = argmink{
√
‖xi(t)− xj(t)‖, j ∈ N, j �= i} (3)
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where the function argmink{•} means to find k smallest elements given in {•}
and the function

√
‖ • ‖ is used to calculate distances between each agent in the

two-dimensional space.
Note that the model proposed in [9] defines the neighbors of agent i as agents

within the circle of radius r centered at itself. But some agents may have more
neighbors than that of the others. To exclude those effects coming from the
fluctuations of the number of neighbors, we choose k nearest agents to agent i
as its neighbors.

Initially an equal percentage of strategies, namely cooperators or defectors, are
randomly distributed in the population. At each time step, every player plays the
PD game with his neighbors defined as (3), and all the income is accumulated.
Following the common practices, the payoff matrix of the prisoner’s dilemma
takes a rescaled form as

M =
(

1 0
b 0

)
(4)

where 1 < b < 2. Then each player compares its income with that of his neigh-
bors, and at the next time the player will choose the strategy that gains the
highest payoff among itself and its neighbors. This process is repeated until the
system reaches equilibrium.
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Fig. 1. The frequencies of cooperators fc vs. the temptation to defect b for v = 0.05,
0.1, 0.15 and 0.2 respectively, where the cases k = 9, 7, 5, 3 correspond to different sizes
of neighborhood
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3 Results and Discussions

In the model mentioned above we investigate the PD under different values of
the temptation b, the absolute velocity v and the neighborhood size k. Here
the cooperation level is characterized by the frequency of cooperators, which is
defined as the percentage ratio of cooperators in the population. And equilibrium
frequencies of cooperators are obtained by averaging over 100 generations after
a transient time of 300 generations. Besides every data point in all figures below
is acquired by averaging over 200 realizations of independent initial states.

Fig. 1(a) illustrates the dependence of the frequency of cooperators fc on the
temptation b in the stationary state for different values of k with a fixed absolute
velocity v = 0.05, while Fig. 1(b-d) correspond to the cases of v = 0.1, v = 0.15
and v = 0.2. Under a fixed v, we can find that when k = 3, defectors dominate
the population significantly. If the velocity is increased, such as illustrated in
Fig. 1(c) and Fig. 1(d), the cooperator is nearly extinct even the temptation b
is small. Besides for any value of k, there exists a threshold b(k). If b < b(k), the
frequency of cooperators, fc(k), can be maintained in a relatively stable level
with small fluctuations and for a fixed temptation b, the increase of k can enhance
fc in the system. Furthermore, the threshold b(k) decreases as the increase of
the neighborhood size k, and if b > b(k), fc decreases gradually as the increase
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Fig. 2. The frequency of cooperators fc as a function of the absolute velocity v with
various values of the temptation b, where the cases k = 9, 7, 5, 3 correspond to the
neighborhood sizes
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of b. In contrast with the case of b < b(k), increasing the number of neighbors
can not restrain the decrease of fc, and even makes fc decline a little faster than
that with less neighbors.

Fig. 2(a) demonstrates the frequency of cooperators fc as a function of the
absolute velocity v in the stationary state for different values of k with a fixed
temptation b = 1.05, while Fig. 2(b)-(d) correspond to the cases of b = 1.15,
b = 1.25 and b = 1.35. In our model the absolute velocity v can be used to
measure mobility of players. As the increase of v, the interaction range of every
player is enlarged and one player can expect to interact with more neighbors than
before, which means the system is approximating to the mean field situation.
We can find that in Fig. 2 defectors dominate the population as the velocity
of players, v, is increased. But when players move with v = 0.3, there are still
cooperators surviving in the system when k = 7 or k = 9 shown in Fig. 2(a)
and Fig. 2(b). As suggested in [7], expanding the size of neighborhood prevents
each player escape from its neighbors and keeps a continuous interaction between
each player and local neighborhood [6]. In other words, the drop of fc caused by
the movement of players can be offset by the enlargement of interaction range
k. However, we have pointed out that for a fixed v, cooperative behavior can be
maintained within a certain range as long as the temptation b does not exceed
the threshold b(k). This helps to explain why in Fig. 2(a) and Fig. 2(b) curves
corresponding to the same k do not change a lot. And while for b = 1.25 and
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Fig. 3. The frequency of cooperators fc vs. the parameter space (v, b) for k = 9



1596 Z. Chen et al.

b = 1.35 shown in Fig. 2(c) and Fig. 2(d), cooperators are completely extinct as
the increase of v because of b > b(k).

Fig. 3 shows the dependence of fc on b and v together when k = 9. We can
find when b < 1.15, fc declines slowly as the increase of v and there are still a
fraction of players sticking to cooperate when v = 0.3. When b > 1.15, there is
a sudden drop of fc and even for v = 0.05, corresponding fc is below 0.6.

4 Conclusion

To summarize, we have investigated the effects of mobility on the evolution of
cooperation in the direction alignment process of flocks and found that cooper-
ation can be maintained in mobile players. Increasing the size of neighborhood
offsets the effects caused by the movement of players within a certain range of
b, while involving too many neighbors may leads a rapid decrease of cooperators
outside this range. In future work the role of neighborhood in the evolution of
cooperation, and the dependence of the threshold on the neighborhood size will
be explored.

This work is supported by the National Key Fundamental Research Program
(Grant No.2002cb312200) and the National Natural Science Foundation of China
(Grant No.60575036).
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Abstract. In this paper, we investigate the evolutionary game theory
on a simplest heterogeneous network-a single hub structure. In order
to describe the dynamics on structured populations, we firstly give a
general form of a spatial replicator equation. Then according to it, the
evolutionary equations describing the evolution of two strategies (coop-
eration and defection) are derived explicitly and the dynamics of the
system is discussed theoretically and numerically. We found if judging
the strategy according to its ability to resist the invasion of another, the
cooperation does better than the defection. In some parameters when
the population N is small, an initial D-hub system may evolve to an all-
cooperator (AllC) state. All of these phenomena can be well explained
by corresponding replicator equation.

Keywords: evolutionary game theory, structured population, single-hub
structure, spatial replicator equation.

1 Introduction

Cooperation is an important aspect of all biological system. But ever since Dar-
win [1] the evolutionary and maintenance of it has been a major challenge in
evolutionary biology. In spite of the risk of exploitation by cheaters, cooperation
is abundant both in nature and in human society. This question has been ad-
dressed by studying the evolutionary replicator dynamics [2] of simple two-player
games such as prisoner’s dilemma, snowdrift game and stag hunter game, which
model cooperation in different level. Replicator equation successfully describes
the evolution of the frequencies of strategies in a well-mixed population in which
every player interact with all the other ones. However, according to it cooperator
can not exist in Prisoner’s Dilemma.

In realistic multi-player systems players do not interact with all the other
players. Population is often organized in certain structure. Since the pioneering
work of Nowak and May [3], the study of the role of structure on cooperation
have attracted considerable attention. Recently compelling evidence has been
accumulated to show that many social, biology and technological real networks
has small word or scale-free property [4,5]. Numerical studies on these networks
show the heterogeneity of structure improves cooperation [6,7,8,9,10,11,12,13].
The most surprising result is that cooperation can even dominate over defection

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1597–1604, 2009.
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in a heterogeneous scale-free networks not only in PD game but also in snow drift
game [9]. In order to understand the promotion in heterogenous network which is
characterized by many vertices of small connectivity and a few highly connected
vertices (hubs), in this paper we investigate the evolution of cooperation in a
simplest heterogenous structure-single hub network. More complex network such
as scale free network can been regarded as organized by different size of these
networks. The update law we choose is similar as that in paper [6,7,8,9,10].
We give the detailed form of the master equation describing the evolution in
structure population. From it, the replicator equation of single hub network is
derived. In the help of the replicator equation, we analyze the dynamics on the
network. The computer simulation shows it is a successful theoretical analysis.

2 The Theoretical Analysis

2.1 Micro Dynamics in Nodes

We place individuals (players) on the vertices of the single hub network. The
network includes N − 1 nodes with degree of K = 1, and one hub node with
degree of K = N − 1. The hub can be a cooperator (C) or a defector (D).
The edges of the network represent interactions among them. The interactions
are modelled in terms of two-person games in which both players can either
cooperate or defect when interacting with each other. Mutual cooperation leads
to the reward R, whereas mutual defection leads to the punishment P. If one
player cooperates and the other defects, the cooperator get payoff S (sucker’s
payoff) and the defector gets T (temptation). This can also be described by a
payoff matrix as below.

C D
C R S
D T P

Different games depend on the relative ordering of these four payoffs: the
Snowdrift game, for which T > R > S > P ; the Stag-Hunt game, for which
R > T > P > S; and the Prisoner’s Dilemma game, for which T > R > P > S.

At each time step t, every individual i in the network plays with all its Ki

neighbors and accumulates its obtained payoff Pi. Then, all individuals i syn-
chronously update their strategies Si by randomly choosing one of its Ki neigh-
bors, and comparing their respective payoffs Pi and Pj . If the neighbors payoff
is lower or equal , namely Pj ≤ Pi, individual i keeps its strategy Si for the next
time step. Otherwise individual i adopts the strategy of j Sj for the next time
step with probability p = Pj−Pi

max((Ki,Ki)
.

2.2 From Micro to Macro Dynamics

The Master Equation. Let x(t) denotes the frequency of cooperation in the
network at time step t,

x(t) =
∑

i δ(Si = C, t)
N
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where Si denotes the state of node i, and δ(Si = C, t) is defined as below:

δ(Si = C) =
{

1, Si = C
0, others

When N is large enough, the value of x(t) is equal to the value of the probability
of the cooperation. According to the master equation, we get a spatial replicator
equation

dx

dt
=

1
N

∑
i

[δ(Sj = C|Si = D)w(D → C, i) (1)

−δ(Sj = D|Si = C)w(C → D, i)]

where j denotes the randomly chosen neighbors of i, δ(Sj = C|Si = D) (δ(Sj =
D|Si = C)) denotes node i is a defector (cooperator) and having at least one
cooperator (defector) neighbor j. Their particular forms are:

δ(Sj = C|Si = D) =
{

1, Si = D and Sj = C
0, others

δ(Sj = D|Si = C) =
{

1, Si = C and Sj = D
0, others

And w(D → C, i) and w(C → D, i) are the transition rates. Compare to the
mean-field case in which the individual transition rate is easily written as w(C ⇀↽
D), the individual transition rate here need be distinguished from place to place
because of the introducing of the structure. So we mark the individual transition
rate here w(C ⇀↽ D, i). According to the update law, their forms are:

w(D → C, i) = ρC|D(i)max(
PC(j)− PD(i)
max(Ki,Kj)

, 0)

w(C → D, i) = ρD|C(i)max(
PD(j)− PC(i)
max(Ki,Kj)

, 0)

where

ρC|D(i) =

∑
j δ(Sj = C|Si = D)

Ki

ρD|C(i) =

∑
j δ(Sj = D|Si = C)

Ki

In the population with single hub structure, there are two types of players,
one is the player on the hub with N−1 neighbors, and the other N−1 peripheral
players with only one neighbor which is on the hub. Since there is no interaction
between peripheral players, the replicator equation of the cooperator frequency
can be given explicitly. Without loss of the generality, we set R = 1 and P = 0
and we pay attention to the parameter range of T ∈ (0, 2), S ∈ (−1, 1).
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The Replicator Equation. When the hub is occupied by a cooperator (C-
hub), only the flips of the strategies for the cooperator on the hub and for
the defectors on the peripheral nodes will contribute to the evolution of the
cooperator frequency. It is straightforward to have the payoff for the cooperator
on the hub as Ph = (N − 1)(x − 1

N ) + (N − 1)(1 − x)S and the payoff for
each defector on the peripheral node as Pp = T . Similarly, when the hub is
occupied by a defector (D-hub), only the flips of the strategies for the defector
on the hub and the cooperators on the peripheral nodes will contribute to the
evolution of the cooperator frequency. The payoff for the defector on the hub is
Ph = (N − 1)xT and the payoff for each cooperator on the peripheral node is
Pp = S. Substituting these payoffs into the transition rates, we may have the
replicator equations for the model.

To see it clearly, we consider the situation with the rule-A in the updating
stage. Assuming that the limit of N → ∞ is taken, we have the replicator
equation with C-hub {

dx
dt = (1− x)[(1 − S)x + S]
x > −S

1−S ,
(2)

To be noted, Eq.(2) only counts the contributions from the defectors on the
peripheral nodes changing to be cooperators. Once the condition of x > −S

1−S is
violated, C-hub becomes a D-hub and the system will follow another equation
which is discussed next. Let fc(x) = (1 − x)[(1 − S)x + S] and make fc(x) = 0,
we get two fixed points: x∗ = 1 (an AllC state) and x∗ = −S

1−S . Which one will
the system evolve to? In order to get the answer, we investigate their stability.

∂fc(x)
∂x

= −2(1− S)x + 1− 2S

then
∂fc(x)
∂x

|x∗=1= −1,
∂fc(x)
∂x

|x∗= −S
1−S

= 1

So under the condition of C-hub, x∗ = 1 always is a stable fixed points, which
corresponds a evolutionary stable state (ESS), and x∗ = −S

1−S is unstable. There-
fore for a system starting from a C-hub state with a given initial cooperator
frequency xi, the AllC state will be reached for S > − xi

1−xi
.

Similarly, we have the replicator equation with D-hub{
dx
dt = −Tx2 + S

N−1x

x ≥ S
(N−1)T ,

(3)

where only the contributions from the cooperators on the peripheral nodes chang-
ing to be defectors are counted. When the condition of x ≥ S

(N−1)T is not satis-
fied, the D-hub changes to be a C-hub (In the limit of N →∞, such a flip of the
hub state seems impossible). Let fd(x) = −Tx2 + S

N−1x and make fd(x) = 0,
we get two fixed points: x∗ = 0 and x∗ = S

(N−1)T . What about their stability?

∂fd(x)
∂x

= −2Tx + 1 +
S

N − 1
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then
∂fd(x)
∂x

|x∗=0=
S

N − 1
,

∂fd(x)
∂x

|x∗= S
(N−1)T

= − S

N − 1

The result clearly shows x∗ = S
(N−1)T is stable when S > 0 and x∗ = 0 is

stable when S < 0. For S = 0, two fixed points merge into one and the fixed
point x∗ = 0 is neutrally stable. However, since N is always large, the system
will spend much time to evolve to its stable fixed point. Also because in a real
system the number of players N is an integer, if S

(N−1)T < 1
N the system will

also evolve to AllD state. Therefore for a system starting from a D-hub with any
initial frequency xi > 0 we can observe the existence of cooperation in the area
S
T > 1.

T

S

-1

1

0

0

1 2

Starting from 

C-hub

(a) (b)

S

-1

T

0

0 1

1

2

Starting from 

D-hub

Fig. 1. Theoretical analysis: (a) and (b) respectively show the result of evolution under
the conventional updating starting from an initial C-hub state and an D-hub state. The
red color identifies the AllC region, and the black color identifies the AllD region. The
gray color in (b) marks a low cooperator frequency region. All these result is get with
same initial cooperator frequency xi = 0.5.

To sum up, the system with the hub initially occupied by a defector evolves
towards a state with almost every player being defector regardless of the parame-
ter and initial cooperator frequency. However, the system with a C-hub develops
into an ALLC state for S > − xi

1−xi
; otherwise the system transits to a D-hub

system. The theoretical results for a given initial cooperator frequency xi = 0.5
are shown in Fig.1.

3 Numerical Results

In order to check the validity of our theoretical analysis, we create a single
hub system with 100 nodes. According to the update law the system evolves.
After a transient time we calculate the mean cooperation frequency. Since the
system starting from different state will approach to fixed point in different rate,
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Fig. 2. Computer simulation result: (a) the stable mean cooperator frequency starting
from C-hub with xi = 0.5 (b) the stable mean cooperator frequency starting from
D-hub Different colors represent the different value of x. The two graphs share a same
color bar which is shown in right.

Fig. 3. Computer simulation result: the cooperator frequency x against N and t at
parameter S = 0.7, T = 0.5. (a) x versus N with transition period setting T = 5×106

(b) x versus N with transition period setting T = 5 × 107 (c) the evolution of x in a
population N = 5, (d) the evolution of x in a population N = 100.

we execute the calculation differently. For a system starting from a C-hub we
execute the calculation after the system evolves 5×105 generation, and calculate
the mean cooperation frequency over 5000 generations. If the system starts from
a D-hub, it indeed spends much time to approach its fixed point as suggested by
the theoretical analysis. So in this situation we execute the calculation after the
system evolves 1×106 generation then calculate the mean cooperation frequency
over 5000 generations. The result is showed in fig. 2.

Moreover, here we want to discuss an interesting phenomenon. In the param-
eter region S > T > 0 and 2

N > S
(N−1)T > 1

N , the system can evolve to the
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state that there is only one cooperator. Once in such state, the payoff of the
only existing cooperator is larger than that of the hub. With a small probability
p = S−T

N−1 , the hub will take the cooperator’s strategy. Supposing it happens,
eventually the system will evolves to an AllC state. The expression p = S−T

N−1
shows the probability for a D-hub shifting to a C-hub is always existing and
decreases with N . When N is small, after a not very long evolution this phe-
nomenon can been observed. However, when N is large, the jump becomes rare.
The computer simulation result in fig. 3 show after N > 50 the jump rarely
happens. And it cost time to observe this phenomenon.

4 Conclusion and Hypothesis

In this paper, we deduce a spatial replicator equation describing the evolution of
cooperation in a structured population. Since there has been many investigations
on it, we think it is helpful to further research. As an example, according to the
spatial replicator equation we investigate the evolution on a single hub network.
The theoretical and numerical results agree with each other well.

The results on the single hub network shows this structure prefer the hub’s
strategy. The C-hub intends to popularize its strategy while the D-hub intends
to popularize its. However, when we further to analyze the stability of the fixed
points. They are different. The fixed point x∗ = 1 for an initial C-hub system is
always stable. Thus cooperation can resist the invasion of defection. However, for
an initial D-hub system, the stability analysis shows the stability of the stable
fixed point x∗ = 0 for S < 0 becomes weaker and weaker when the population N
increases. When S > 0, the stable fixed point is x∗ = S

T (N−1) not x∗ = 0. And the
stability is similar to that of x∗ = 0. Thus, we find the strategy of defection can
not resist the invasion of cooperation. When N is small, in some parameters an
initial D-hub system can even change to be a C-hub system leading an AllC state.

Though the structure of population investigated here is simple, we think the
results is still necessary for understanding the evolution of cooperation on com-
plex networks. Since a complex network can be regarded as a network organized
by different size of single hub structures. Thus single hub structure actually is
the basic module of a complex network. Before understanding the behavior of
cooperation in complex networks, it is essential to know the evolution on its
module.
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Abstract. We present an analytically tractable model of Internet evo-
lution at the level of Autonomous Systems (ASs). We call our model the
multiclass preferential attachment (MPA) model. As its name suggests,
it is based on preferential attachment. All of its parameters are measur-
able from available Internet topology data. Given the estimated values of
these parameters, our analytic results predict a definitive set of statistics
characterizing the AS topology structure. These statistics are not part
of model formulation. The MPA model thus closes the “measure-model-
validate-predict” loop, and provides further evidence that preferential
attachment is the main driving force behind Internet evolution.

Keywords: Preferential attachment, Internet evolution, AS-level topol-
ogy, Internet measurement.

1 Introduction

In the past decade we have seen extraordinary and relentless growth of Internet
connectivity around the world. This rapid development has led to a burgeoning
of companies generating, carrying, and sinking content. Each company with its
own routing domain is roughly represented as an Autonomous System (AS) in
the global routing system. An AS might be a transit Internet service provider
(ISP), a content provider (or sink), or a combination of these. Some ASs are
highly interconnected, while others have only a few links. In 1999 Faloutsos et
al. [1] observed that despite all this diversity, the distribution of AS degrees
obeys a simple power law.

Many researchers have attempted to model the Internet as an evolving system
[2,3,4,5,6,7,8,9,10,11]. However, questions regarding the main drivers behind In-
ternet topology evolution remain [12]. In this paper our main objective is to cre-
ate an evolutionary model of the AS-level Internet topology that simultaneously:

1. is realistic,
2. is parsimonious,
3. has all of its parameters measurable,
4. is analytically tractable, and
5. “closes the loop.”

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1605–1616, 2009.
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Parsimony implies that the model should be as simple as possible, and, related
to that, the number of its parameters should be as small as possible. The fifth
requirement means that if we substitute measured values of these parameters
into analytic expressions of the model, then these expressions will yield results
matching empirical observations of the Internet. However, most critical is the
third requirement [12]: as soon as a model has even a few unmeasurable param-
eters, one can freely tune them to match observations. Such parameter tweaking
may create an illusion that the model “closes the loop,” but in the end it in-
evitably diminishes the value of the model because there is no rigorous way
to tell why one model of this sort is better than another since they all match
observations. To the best of our knowledge, the multiclass preferential attach-
ment (MPA) model that we propose and analyze in this paper is the first model
satisfying all five requirements listed above.

A salient characteristic of our model is that we distinguish between two kinds
of ASs: ISPs and non-ISPs. The main difference between these two types of
ASs is that while both ISPs and non-ISPs can connect to ISPs, no new AS will
connect to an existing non-ISP since the latter does not provide transit Internet
connectivity. In Section 2 we analyze the effect of this distinction on the degree
distribution. In Section 3 we account for other processes. ISPs can form peering
links to exchange traffic bilaterally. They can also go bankrupt and be acquired
by others. Finally, they can multihome, i.e., connect to multiple providers. Prior
work has often focused on these processes as the driving forces behind Internet
topology evolution. We show that in reality they have relatively little effect
on the degree distribution. Using the best available Internet topology data, we
measure the parameters reflecting all the process above, and analytically study
how they affect the degree distribution.

However, the degree distribution alone does not fully capture the properties of
the Internet AS graph [13]. The dK-series formalism introduced in [13] defines a
systematic basis of higher-order degree distributions/correlations. The first-order
(1K) degree distribution reduces to a traditional degree distribution. The second-
order (2K) distribution is the joint degree distribution, i.e., the correlation of
degrees of connected nodes. The distributions can be further extended to account
for higher-order correlations [13], or for different types of nodes and links, called
annotations [14]. In the economic AS Internet, there are two types of links: links
connecting customer ASs to their providers (c2p links), and links connecting
ISPs to their peers (p2p links). Reproducing the 2K-annotated distribution of
AS topologies suffices to accurately capture virtually all important topology
metrics [13,14]. An important feature of the MPA model is that, by construction,
it naturally annotates the links between ASs by their business relationships. In
Section 4 we perform a 2K-annotated test. We generate synthetic graphs using
the MPA model, and find that these graphs exhibit a startling similarity to
the observed AS topology according to almost all the 2K-annotated statistics.
This validation, in conjunction with observations in [13, 14], ensures that other
important topology metrics also match well.
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2 Two-Class Preferential Attachment Model

We first recall the original preferential attachment (PA) model [15]. In the PA
model there is only one type of nodes. Suppose that nodes arrive in the system at
the rate of one node per unit time. Let them be numbered s = 1, 2, 3, ... as they
arrive. Then the number of nodes in the system at time t is equal to t. A node
entering the system brings a link with it. One end of the link is already connected
to the entering node, while the other end is loose. We call such an un-associated
end a loose connection. According to the PA model, nodes attach to existing
ones with a probability proportional to their degrees. Thus, the probability that
a node of degree k is selected as a target for the incoming loose connection, is its
degree divided by the total number of existing connections in the system, which
is k

2t . The original PA model yields a power-law degree distribution P (k) ∼ k−γ

with γ = 3, but the linear preference function can be modified by an additive
term such that the model produces power laws with any γ > 2 [15, 16, 17].

There are two fundamentally different types of ASs—ISPs and non-ISPs—that
differ in whether they provide traffic carriage between the ASs they connect or
not. No new AS would connect to an existing non-ISP since it cannot provide
Internet connectivity. No other work has attempted to model this observation,
which is fundamental to understanding the evolution of Internet AS-level topol-
ogy. Thus, our first modification of the PA model is to consider these two classes
of nodes (Figure 1). New ISPs appear at a rate 1 and connect to other ISP-nodes
with a linear preference. New non-ISPs appear at some rate ρ per unit time and
attach themselves to existing ISP-nodes with a linear preference. However, no
further attachments to non-ISPs can occur. Thus, with respect to degree distri-
bution, only the ISP-nodes contribute to the tail of the power law as the non-ISP
nodes will all have degree 1. Given that a link between an ISP node and a non-
ISP node has only one end that contributes to the degree of ISP nodes, and since
we look only at ISP nodes to find the degree distribution, the links that have an
ISP node on one end and a non-ISP node on the other should be counted only
once, i.e., they are counted as contributing 1 connection.

Preferentially
New
ISP

chosen ISP node

New Non−ISP

Fig. 1. Two-class preferential attachment model. There are ISP nodes and non-ISP
nodes.

Since each ISP node contributes 2 connections to the network and a non-ISP
node contributes only 1, the total number of existing connections in the network
at time t is (2 + ρ)t, which implies that the probability of any loose connection
connecting to an ISP-node of degree k is
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k

(2 + ρ)t
. (1)

We use the notation p(k, s, t) to denote the probability that an ISP node s has
degree k at time t. Then the average degree of an ISP node s at time t is

k̄(s, t) =
∞∑

k=1

kp(k, s, t) (2)

Both entering ISPs and non-ISPs have one loose connection each, so the number
of loose connections entering the system at time t is 1 + ρ. Then, from (1), the
continuous-time model of the system is

∂k̄(s, t)
∂t

=
1 + ρ

(2 + ρ)t
k̄(s, t), (3)

with boundary condition k̄(t, t) = 1 for t > 1. Solving this equation yields

k̄(s, t) =
(s
t

)− 1+ρ
2+ρ

. (4)

This model represents a deterministic system in which if ISP node s has degree
k̄, then ISP nodes that arrived before s (in the interval [0, s)) have degree at
least k̄. Thus, s also represents the number of ISP nodes that have degree at
least k̄. It follows from (4) that the number of ISP nodes that have degree k̄ or
higher is

t

k̄
2+ρ
1+ρ

.

Note that the number of ISP nodes that arrive in [0, t] is just t. Hence, the
fraction of ISP nodes that have degree k̄ or higher is

1

k̄
2+ρ
1+ρ

.

Since this fraction is essentially a complimentary cumulative distribution func-
tion, we differentiate it and multiply by −1 to obtain the density function

f(k̄) =
2 + ρ

1 + ρ
k̄−(2+ 1

1+ρ ), (5)

which corresponds to the probability distribution function

P (k) ∼ k−(2+ 1
1+ρ ). (6)

Validation Against Observed Topology 1. Dimitropoulos et al. [18] applied
machine learning tools to WHOIS and BGP data to classify ASs into several differ-
ent classes, such as Tier-1 ISPs, Tier-2 ISPs, IXPs, universities, customer ASs,
and so on. They validated the resulting taxonomy by actual examination of a large
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number of ASs. We use their results and divide ASs into two classes based on
whether they are ISPs or not. According to [18], the number of ISPs is about 30%
of ASs, while non-ISPs make up the other 70%. The measured value ρ = 7/3 yields
P (k) ∼ k−2.3, whose exponent is quite close to the observed value of about −2.1 to
−2.2 [1,19,20].

A major implication of this section is that the observed value of the power-
law exponent finds a natural and simple explanation: it is due to preferential
attachment and to a directly measured high proportion of non-ISP nodes to
which newly appearing nodes cannot connect.

3 Multiclass Preferential Attachment:
Peering, Bankruptcy, Multihoming and Geography

In this section we add further refinements to our model and show that, contrary
to common beliefs, none of these refinements have a significant impact on the
degree distribution shape.

Relationships between ASs change over time, as ASs pursue cost-saving mea-
sures. If the magnitude of traffic flow between two ISPs is similar in both direc-
tions, then reciprocal peering with each other allows each ISP to reduce its transit
costs. Under the assumption that all customer ASs generate similar volumes of
traffic, high degree ASs would exchange high traffic volume and rationally seek
to establish reciprocal peering with other high degree ASs. We denote the rate at
which peering links appear by c. The probability that a new peering link becomes
attached to a pair of ISP-nodes of degree k1 and k2 is proportional to k1k2.

When ISPs go bankrupt, their infrastructure is usually acquired by another
ISP, which then either merges the ASs or forms a “sibling” relationship in which
their routing domains appear independent but are controlled by one umbrella
organization. Thus, in terms of the topology, bankruptcy means that a connec-
tion shifts from one ISP to another. Since high degree ISPs tend to be wealthier,
they are more likely to be involved in such takeovers. We denote the rate of
bankruptcy by µ per unit time.

A growing AS may decide to multihome, i.e., to connect to at least two Internet
providers. One would expect that higher degree ISPs with a need for reliability
would multihome to other higher degree ISPs. We model this phenomenon by
assuming that multihoming links appear in the system at rate ν per unit time.
The probability that a new link becomes attached to a pair of ISP-nodes of degree
k1 and k2 is proportional to k1k2. The links are directed from the customer to
the provider, and we assume that the higher degree ISP is the provider. We also
assume that non-ISPs multihome to an average of m providers each. The model
is illustrated in Figure 2.

Under this complete MPA model, using techniques similar to that of Section 2,
we can show that

γ = 2 +
1− µ

1 + 2ν + mρ + 2c + µ
. (7)
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Sibling

New
ISP

Peering

Multihoming (ISP)

New non−ISP
(Multihoming)

Fig. 2. The multiclass attraction model with multihoming

Validation Against Observed Topology 2. We used the annotated Route
Views data [21] from [22] in order to obtain the empirical distribution of number
of ISPs to which ASs multihome. We find that the average number of providers
that ISPs multihome to is 2 (i.e., ν = 2) and the average number of providers that
non-ISPs multihome to is 1.86 (i.e., m = 1.86). Dimitropoulos et. al [22] also
showed that roughly 90% of links are of customer-provider type, i.e., these links
pertain to transit relationships, with payments always going to the provider ISP.
They find (a lower bound of) 10% of links are peering, i.e., these links correspond
to bilateral traffic exchange without payment. In the model, customer links appear
in the system at a rate of 1+mρ. We thus calculate c = (1 + ν +mρ)/9 = 0.704
peering links per unit time. The authors of [22] also estimate that the fraction of
sibling links is too small to measure accurately and we take µ = 0. Substituting
these values into the exponent expression (7) results in γ = 2.114 that matches
the observed values lying between 2.1 and 2.2 [1, 19, 20]. However, the salient
feature is that the ratio of non-ISPs to ISPs ρ is the dominating term and the
others are relatively less significant.

We skip for brevity the derivations of the following two additional predictions of
the MPA model:

– The model yields the power-law distributions for the number of peers and
customers that ISPs possess. The exponents of these power laws are identical
to that of the overall degree distribution γ.

– The distribution of providers of ISPs is a random variable 1 + X , where X
is exponentially distributed with parameter ν.

Validation Against Observed Topology 3. Using the same data from [22],
the CCDF of the number of providers of an ISP (after subtracting the one initial
provider) versus its degree is shown in Figure 3, which is plotted in the semi-log
scale. The exponential curve fit to the initial part of the graph has a slope of
−0.7, i.e., the average number of providers is 1 + 1/0.7 = 2.4, which is close to
our empirically measured mean value of 2 in Validation 2.
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Fig. 3. Illustrating the fact that the provider distribution (after subtracting the one
initial provider) for ISPs is close to exponential

We note that the purpose of the last validation is not to show that the distri-
bution is exactly of the form 1 + X where X ∼ exp(1/ν), but to show that it is
definitely not a power law.

We make one final observation regarding the MPA model enriched with geo-
graphic information. We could divide the world into different geographical regions,
each growing at a different rate. Due to the self-similar nature of power-law topolo-
gies, the resulting graph would still bear identical properties to the MPA model
as long as the parameters ρ, c, and µ are the same in all regions. Evidence sup-
porting this hypothesis is available in [20, 23], where Chinese or European parts
of the Internet are shown to have properties similar to the global AS topology.

4 Model Validation by Simulation

We have developed a model that describes the evolution of the AS-level topology
and validated the analytical results using measured parameters. We now simulate
the MPA model using all of the measured parameters.

The MPA model generates annotated graphs, with links being either customer-
to-provider (c2p) or peer-to-peer (p2p). Dimitropoulos et al. [14] have con-
structed a definitive set of metrics that are sufficient to capture all the important
properties of the annotated AS topology. These metrics are: (i) the degree dis-
tribution (DD): the traditional distribution of node degrees; (ii) the annotated
distributions (ADs): the distributions of customers, providers, and peers that
nodes have; (iii) the annotated degree distribution (ADD): the joint distribution
of customers, providers, and peers of nodes, measuring the correlations among
the three numbers “at a node;” and (iv) the joint degree distributions (JDDs):
the JDDs measure the correlations of node degrees “across the links” of different
types. We will compare all these metrics between the graphs that the MPA-
model produces and the annotated data set available at [24], which is extracted
from BGP tables [21].

The values of the parameters we use in our simulations are ρ = 2.3, ν = 2,
c = 0.704, and m = 1.86, which we recall are the ratio of the numbers of non-ISPs
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to ISPs, ratio of ISP multihoming links to ISPs, ratio of peering links to ISPs,
and the average number of providers to which non-ISPs multihome, respectively.
In the simulations we do not allow two p2p links between the same ISPs, nor do
we allow a peering link between a customer and a provider. Similarly, we do not
allow multiple c2p links between the same two ASs. We run the simulation with
deterministic link arrivals based on their arrival rates, with a total of 7, 200 ISP
nodes. This is the number of ISP nodes that we were able to identify and label
from BGP data. We do not model bankruptcy since as mentioned earlier, the
rate at which it occurs is too small to get an accurate estimate of our bankruptcy
ratio µ.

Degree Distribution (DD): Figure 4(a) shows the DD of the graphs generated
by the MPA model, and its comparison with the observed topology. As predicted
in the previous section the MPA model produces a power law DD, and the
exponent of the CCDF matches well with the BGP plot.

Annotated Distributions (AD): Figures 4(b)–4(d) show the ADs generated
by the MPA model. We compare the customer, peer, and provider degree distri-
butions of the simulated graph with that of the BGP tables. As predicted, the
ADs of number of customers and peers are both power law graphs with the same
exponent as the DD.

We plot the CCDF of the number of providers that ISPs multihome to (on
linear x-axis and logarithmic y-axis) in Figure 4(d). They are approximately of
form 1+X , where X is exponentially distributed. The curves show a discrepancy
in slope. We believe that it arises due to the fact that almost all the distribution
mass is concentrated at small degrees, as the mean is 2, and the number of ISPs
with high multihoming degree is small.

Annotated Degree Distribution (ADD): Each ISP has some numbers of
providers, peers, and customers. The ADD is the joint distribution of these num-
bers across all the ISPs. We illustrate these correlations in Figures 4(e) and 4(f).
To construct these plots, we first bin the ISP nodes by the number of providers
that they have (the x-axis), and then compute the average number of customers
or peers that the ISPs in each bin have (the y-axis). We observe that the MPA
model approximately matches the BGP data against these metrics as well.

Joint Degree Distributions (JDDs): While the ADD contains information
about the correlations between the numbers of different types of nodes connected
to an ISP, it does not reveal information about the degree correlations between
the parameters of different ISPs connected to each other, i.e., whether higher
degree ISPs are more likely to peer with each other, etc. This information is
contained in the average neighbor connectivity, which is a summary statistic
of the joint degree distributions in Figures 4(g) and 4(h). Specifically, let the
probability that a node of degree k has a c2p link to a node of degree k′ be
called Pc2p(k′|k). Then the average degree of the provider ISPs of ISPs that have
degree k is k̄c2p(k) =

∑kmax

k′=1 k′Pc2p(k′|k). In a full mesh graph with n nodes and
undirected links, since all nodes have degree n−1, the value of this coefficient is
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(c) Empirical peer distribution (CCDF)

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 0  5  10  15  20  25  30

C
C

D
F

degree

Model
BGP

(d) Empirical provider distribution
(CCDF)

 0.1

 1

 10

 100

 1000

 1  10  100

a
v
g

 c
u

s
to

m
e
r 

d
e
g

re
e

provider degree

Model
BGP

(e) ISP’s provider vs. customer degrees

 0.01

 0.1

 1

 10

 100

 1  10  100

a
v
g

 p
e
e
r 

d
e
g

re
e

provider degree

Model
BGP

(f) ISP’s provider vs. peer degrees

 0.0001

 0.001

 0.01

 0.1

 1  10  100  1000  10000

A
v
e
ra

g
e
 N

e
ig

h
b

o
r 

D
e
g

re
e
 (

n
o

rm
a
li
z
e
d

)

Node degree (binned)

Model
BGP

(g) ISP’s degree vs. its customers’ degree

 0.0001

 0.001

 0.01

 0.1

 1  10  100  1000  10000

A
v

e
ra

g
e

 N
e

ig
h

b
o

r 
D

e
g

re
e

 (
n

o
rm

a
li

z
e

d
)

Node degree (binned)

Model
BGP

(h) ISP’s degree vs. its peers’ degree

Fig. 4. Validation of the MPA model by simulation
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simply n− 1. We show the normalized value kc2p(k)/(n− 1) in Figure 4(g). The
similarly normalized values of k̄p2p(k) are shown in Figure 4(h). These functions
exhibit similar behaviors for the MPA model and BGP data.

A good match of the metrics considered in this section, coupled with ob-
servations in [13, 14] that AS topologies are accurately captured by their 2K-
annotated distributions, ensures that the MPA model reproduces many other
important topological properties of the Internet AS-level topology.

5 Conclusion

We constructed a realistic and analytically tractable model of the Internet AS
topology evolution that we call the multiclass preferential attachment (MPA)
model. The MPA model is explicitly based on preferential attachment, and
we believe it uses the minimum number of measurable parameters altering the
standard preferential attachment mechanism to produce topologies that are re-
markably similar to the real Internet topology. Each model parameter reflects a
realistic aspect of the AS dynamics. We measure all the model parameters using
the best available AS topology data, substitute them in our derived analytic ex-
pressions for the model, and find that it produces topologies that match observed
ones against a definitive set of network topology characteristics. These charac-
teristics are derivatives of the second-order degree correlations, annotated with
AS business relationships. Matching them ensures that synthetic AS topologies
match the real one according to all other important metrics [13, 14].

The model parameter that has the most noticeable effect on the properties of
generated topologies, reflects the ratio of ISP to non-ISP ASs. Contrary to com-
mon beliefs, other parameters, taking care of AS peering, bankruptcies, multi-
homing, etc., are significantly less important. No other parameters or complicated
mechanisms appear to be needed to explain the Internet topology annotated with
AS business relationships. In other words, preferential attachment alone, with the
minimal MPA modifications, can almost fully explain the complexity of the eco-
nomic AS Internet abstracted as an annotated graph. An interesting open ques-
tion is about the origins of preferential attachment in the Internet. Given that the
vast majority of AS links connect customer ASs to their providers [22], this ques-
tion reduces to finding how customers select their providers. The popularity of
providers, their “brand names,” may be an important factor explaining the pref-
erential attachment mechanism acting in the Internet.

We conclude with a remark that a majority of drastically different large-scale
complex networks (biological, social, economic, WWW, etc.) have topologies
similar to the Internet’s, suggesting that there might exist unifying yet undis-
covered laws driving evolutionary dynamics of all these networks [25, 26, 27, 28].
We believe that the first step toward such laws is development of models that are
realistic, parsimonious, analytically tractable, use only measurable parameters,
and validate against the best available observations. We hope our work inspires
further activity in this direction.
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5. Serrano, M.Á., Boguñá, M., Dı́az-Guilera, A.: Modeling the Internet. Eur. Phys.
J. B 50, 249–254 (2006)

6. Chang, H., Jamin, S., Willinger, W.: To peer or not to peer: Modeling the evolution
of the Internet’s AS-level topology. In: INFOCOM 2006. 25th IEEE International
Conference on Computer Communications, Barcelona, Catalunya, Spain, April 23-
29, 2006. IEEE, Los Alamitos (2006)

7. Wang, X., Loguinov, D.: Wealth-based evolution model for the Internet AS-level
topology. In: INFOCOM 2006. 25th IEEE International Conference on Com-
puter Communications, Barcelona, Catalunya, Spain, April 23-29, 2006. IEEE,
Los Alamitos (2006)

8. D’Souza, R., Borgs, C., Chayes, J., Berger, N., Kleinberg, R.: Emergence of tem-
pered preferential attachment from optimization. Proc. Natl. Acad. Sci. USA 104,
6112–6117 (2007)

9. Corbo, J., Jain, S., Mitzenmacher, M., Parkes, D.: An economically-principled gen-
erative model of AS graph connectivity. In: NetEcon+IBC 2007: Proceedings of
the ACM Joint Workshop on The Economics of Networked Systems and Incentive-
Based Computing. ACM Press, New York (2007)

10. Bar, S., Gonen, M., Wool, A.: A geographic directed preferential Internet topology
model. Comput. Netw. 51(14), 4174–4188 (2007)

11. Holme, P., Karlin, J., Forrest, S.: An integrated model of traffic, geography and
economy in the Internet. Comput. Commun. Rev. 38(3) (2008)

12. Krioukov, D., Chung, F., claffy, k., Fomenkov, M., Vespignani, A., Willinger, W.:
The workshop on Internet topology (WIT) report. Comput. Commun. Rev. 37(1)
(2007)

13. Mahadevan, P., Krioukov, D., Fall, K., Vahdat, A.: Systematic topology analy-
sis and generation using degree correlations. In: SIGCOMM 2006: Proceedings of
the 2006 conference on Applications, technologies, architectures, and protocols for
computer communications, pp. 135–146. ACM Press, New York (2006)

14. Dimitropoulos, X., Krioukov, D., Riley, G., Vahdat, A.: Graph annotations in mod-
eling complex network topologies. ACM Transactions on Modeling and Computer
Simulation (to appear, 2009) arXiv:0708.3879



1616 S. Shakkottai et al.

15. Barabási, A.-L., Albert, R.: Emergence of scaling in random networks. Science 286,
509–512 (1999)

16. Dorogovtsev, S.N., Mendes, J.F.F., Samukhin, A.N.: Structure of growing networks
with preferential linking. Phys. Rev. Lett. 85(21), 4633–4636 (2000)

17. Krapivsky, P.L., Redner, S., Leyvraz, F.: Connectivity of growing random networks.
Phys. Rev. Lett. 85(21), 4629–4632 (2000)

18. Dimitropoulos, X., Krioukov, D., Riley, G., claffy, k.: Revealing the Autonomous
System taxonomy: The machine learning approach. In: PAM 2007: Proceedings
of the 7th International Conference on Passive and Active Network Measurement,
Adelaide, Australia, March 30-31 (2006)

19. Chang, H., Govindan, R., Jamin, S., Shenker, S.J., Willinger, W.: Towards cap-
turing representative AS-level Internet topologies. Comput. Netw. 44(6), 737–755
(2004)

20. Mahadevan, P., Krioukov, D., Fomenkov, M., Huffaker, B., Dimitropoulos, X.,
claffy, k., Vahdat, A.: The Internet AS-level topology: Three data sources and one
definitive metric. Comput. Commun. Rev. 36(1), 17–26 (2006)

21. University of Oregon RouteViews Project, http://www.routeviews.org/
22. Dimitropoulos, X., Krioukov, D., Fomenkov, M., Huffaker, B., Hyun, Y., claffy, k.,

Riley, G.: AS relationships: Inference and validation. Comput. Commun. Rev. 37(1)
(2007)

23. Zhou, S., Zhang, G., Zhang, G.: The Chinese Internet AS-level topology. IET Com-
mun. 1(2), 209–214 (2007)

24. CAIDA. AS Relationships Data. Research Project,
http://www.caida.org/data/active/as-relationships/

25. Albert, R., Barabási, A.-L.: Statistical mechanics of complex networks. Rev. Mod.
Phys. 74, 47–97 (2002)

26. Dorogovtsev, S.N., Mendes, J.F.F.: Evolution of Networks: From Biological Nets
to the Internet and WWW. Oxford University Press, Oxford (2003)

27. Newman, M.E.J.: The structure and function of complex networks. SIAM
Rev. 45(2), 167–256 (2003)

28. Boccaletti, S., Latora, V., Moreno, Y., Chavez, M., Hwanga, D.-U.: Complex net-
works: Structure and dynamics. Phys. Rep. 424, 175–308 (2006)

http://www.routeviews.org/
http://www.caida.org/data/active/as-relationships/


J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1617 – 1630, 2009. 
© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009 

European Airlines’ TFP and the 2001 Attack:  
Towards Safety in a Risk Society 

Panayotis Michaelides, Kostas Theologou, and Angelos Vouldis 

National Technical University of Athens  
School of Applied Mathematics and Physics 

Department of Humanities, Social Sciences and Law  
9 Heroon Polytechneiou, Zografou Campus 157.80, Athens, Greece 

{pmichael,cstheol}@central.ntua.gr, avouldis@biosim.ece.ntua.gr 

Abstract. The purpose of this paper is to analyze in terms of security the com-
plexity of European Air Transport after the 2001 terrorist attack, taking into ac-
count Total Factor Productivity (T.F.P.) change. Our approach regards European 
Air Transport as a complex system of airplanes, airports and control. The inves-
tigation is based on recent data from the Amadeus database for the largest Euro-
pean (EU-27) air transportation companies (1997-2005). The paper employs the 
Cobb-Douglas specification of the production function and, in this context, tests 
the hypothesis that the 2001 terrorist attack had a significant influence on the 
performance of the EU-27 air transportation companies. An interesting finding  
is that except for some companies that were negatively influenced, several others 
were positively influenced by the 2001 terrorist attack. The technological level 
of the companies included in our dataset remained almost unchanged. The  
empirical findings are discussed and some suggestions are made regarding  
policy issues. 

Keywords: European air transport, TFP, 2001 terrorist attack, production func-
tion, safety state. 

1   Introduction  

Undoubtedly, globalization has been one of the major characteristics of the 20th cen-
tury. In line with other sectors, aviation has experienced a significant move toward 
globalization. After all, it is the stated objective of many airline carriers to become 
“global”. In fact, in the twentieth century the demands of air transport users have ex-
panded, technology has progressed and new markets have emerged [1]. Nowadays, 
international air transport is constantly growing a fact that promotes trade in related 
sectors. Meanwhile, the airline industry has been the subject of significant govern-
mental interventions and one that was often based on great transatlantic industrial 
corporations that exchanged their know-how and undertook joint-ventures.     

More precisely, air passenger traffic has grown worldwide at an average annual 
rate equal to about 9% since 1960 and has become a major industry, contributing  
to both domestic and international transport systems. Also, it constitutes a critical 
component in the growth of tourism, which is one of the world’s major employment  
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sectors [2]. In addition, it carries about 30% of world trade. Although aviation was 
forecasted to rise considerably by 2015 [3], the very recent financial crisis seems to 
worsen its performance.   

The combination of institutional reforms with rising incomes and increased leisure 
time has led to the steady growth of air services. Additionally, technological changes 
have increased aircraft efficiency thus exerting a positive effect on cost. As a response 
to this situation, the airlines have adopted even more aggressive strategies with the 
introduction of frequent flier programs [4], [5]. However, the very recent financial 
crisis had a negative impact on these strategies and on the cost of flights. Meanwhile, 
it influenced negatively the prosperity, the leisure time and the availability of poten-
tial passengers to engage into (long-lasting) flights.  

Of course, the past few years have been very difficult for air transportation given 
the tremendous shock of September 11, 2001. Since then, the air transport industry 
had to deal with a variety of problems. Overall, many airlines reported losses in 2002 
and 2003. However, many airlines have made significant progress. Apparently, after 
the events of September 2001 considerable changes in air transportation have taken 
place. The low-cost carriers are continuing to take market share away from the other 
carriers as their route structure has grown large enough. In contrast, the traditional 
carriers, in order to effectively compete with low-cost carriers, have to find a way to 
reduce their costs. Some of them have introduced their own low-cost subsidiaries to 
compete with the low-cost airlines. Meanwhile, business travelers have relied more on 
other means of transportation such as ground travel, low-fare carriers, charters, corpo-
rate jets and regional carriers.  

Conclusively, although the events of 2001 and the recent financial crisis have un-
doubtedly had a negative impact on the majority of air carriers, we have no serious 
reasons to believe that the industry will not remain a critical component in the global 
economy and the system of transportation in the future [6]. The intense competition in 
the industry is likely to intensify in the future. Thus, productivity gains will continue 
to be an important part of the industry’s cost-reduction efforts. In this framework, it is 
apparent that reliable quantitative performance indicators are of paramount impor-
tance for policy matters and for monitoring internal operation [7]. 

This paper has three objectives: first to provide estimates of total factor productiv-
ity (T.F.P.) change accounting for technological change, as well as estimates of labor 
and capital productivity, for the largest European air carriers, over the time period 
1997-2005 when data is available; second to assess the impact that the tremendous 
shock in 2001 had on the largest European air carriers; third to analyze the policy im-
plications, taking into account the complexity of the air transport industry which is 
regarded as a system within the safety state.       

The paper is structured as follows: Section 2 engages into a review of the literature; 
section 3 presents the methodology; section 4 sets out the data and the empirical 
framework, section 5 analyses the results; section 6 presents some policy insights; 
finally, section 7 concludes.  

2   Review of the Literature 

The institutional structure of air transport services has been through significant devel-
opments [8]. For instance, U.S. economic deregulation in 1977-78 changed the U.S. 
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policy in this area. This also affected other air transport markets [7], [1], [9]. More pre-
cisely, many European countries liberalized their markets, while the European Union 
(E.U.) moved to a position that has deregulated air transport since 1997 [10], [11], 
[12]. Besides Europe and North America, the majority of markets in South America 
have also been liberalized.  

According to Siregar and Norsworthy [13] who measured productivity in the U.S. 
airline after the deregulations, productivity has increased considerably over time. 
Longer flights, higher aircraft utilization rates, along with more efficient aircraft and 
operational plans designed to economize fuel are major reasons for higher productivity 
performance in the industry. This achievement could not be realized unless technologi-
cal changes in the aircraft manufacturing and in the management practices of airline 
companies take place.  

In a very similar vein, Apostolides [14] examined labor productivity and TFP in 
U.S. air transportation during the 1990 - 2001 time span. He found that labor produc-
tivity and TFP in air transportation both increased over the analysis period, i.e. after the 
deregulations. Factors affecting increases in labor productivity include increases in 
capital intensity. Factors affecting TFP include improvements in the capital input, 
measures that increase the utilization of air carrier resources, measures that speed up 
maintenance work and the marketing of air services, and changes in industry structure. 

The relevant literature dealing with the period prior to September 2001 expressed 
some concerns about the ability of airlines (and airports) to meet the constantly grow-
ing demand. For instance, the paper by Louis [15] proposed an assessment of tech-
nologies designed to enhance airspace safety. Meanwhile, the paper by Li et al. [16] 
provided a new approach to assessing the financial performance of air companies. The 
paper by Bhadra and Hechtman [17] examined the determinants of efficient airport 
operation. In other words, all papers mentioned above examined issues that occupied 
the attention right before September 2001, but will continue to draw interest in the 
future.  

Despite the fact that the events of September 2001 have been the focus of policy 
attention, especially in the U.S. (see, for instance, [18], [19], [20]), it has received 
little attention, so far, in the empirical literature, particularly in Europe.  

While there is little doubt that the events of September 11 and its after-effects re-
sulted in an industry recession in the period following the attacks, there is some con-
troversy regarding the possible longer term impact of September 11 on the airline 
industry. Ito and Lee [21] and Rupp et al. [22] analyze airline demand in the U.S. and 
airline schedule recoveries following September 11, respectively. They argue that 
September 11 resulted in a negative shock in US airline which was, to a great extent, 
transitory. Also, Inglada and Rey [23] studied the impact of the September 11 terrorist 
attacks and its after-effects on Spanish airline demand. Using data from 1980–2003, 
they found that September 11th resulted in a negative demand shock, particularly in 
relation to international passengers.  

Finally, Cunningham et al. [24] examined the impact of September 2001 on travel-
ers’ perceptions about the risk of air travel, service quality, and general satisfaction 
with air carriers. Their study suggested that the perceptions of travelers regarding the 
risk associated with flying and their perception of service quality have not changed 
significantly in the wake of September 11 and throughout the recession experienced. 
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3   Methodology 

The empirical investigation is based on the Growth Accounting approach. Growth 
accounting was pioneered by Abramovitz [25] and Solow [26] and aimed at explain-
ing the determinants of growth worldwide, after World War II. In growth accounting 
growth is decomposed over time, using a production function, into a part explained by 
growth in factor inputs and another part (i.e. the Solow residual), which is attributed 
to technological change, and is called Total Factor Productivity (T.F.P.). Growth ac-
counting has been applied to numerous cases in the last two decades (see, for in-
stance, [27]-[34]) with very satisfactory results. The most commonly used production 
function in empirical investigations using aggregate data is the Cobb-Douglas produc-
tion function [35]. Specifications of the functional form of the production function 
such as the translog provide the opportunity to characterize the data in a more flexible 
way but with limited data it tends to be seriously over-parameterized. In other words, 
the translog estimates are likely to suffer from degrees of freedom and multicollinear-
ity problems [36].  

We, thus, assume a Cobb-Douglas production function with two inputs, capital and 
labor and Hicks-neutral technological progress. So production at time t is given by: 

   

               Υ(t) =  Α(t)• L(t)
a •K(t) b .            (1) 

 
where Υ(t)>0, L(t)>0, K(t)>0, A(t)>0, a>0, b>0 

 
The notation is standard: Y is output, L labor, K capital, A the level of technology, 

while a and b are the labor and capital elasticities, respectively.  
Technology constitutes a very crucial determinant of productivity and competitive-

ness however its direct quantification is difficult and it is usually estimated indirectly 
using a production function [9]. T.F.P. as a measure of technology can be affected by 
improvements in the quality of the inputs. This includes, for instance, improvements 
in computers and other equipment used in production and maintenance systems. At 
the industry level, T.F.P. can also be affected by changes in industry structure.  

From equation (1) we get that: 
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Equation (2) allows us to estimate technological change, indirectly and implies that 
the rate of change in T.F.P. depends on the growth in output, labor and capital. Using 
mathematics, the rates of growth of labor productivity (Υ/L) and capital productivity 
(Y/K) respectively, are given by [37]: 
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4   Empirical Implementation    

4.1   Data  

The significance of the factors entering the production function is tested using the 
data collected from Amadeus international database for the largest European (E.U.-
27) air transportation carriers. The choice of the companies was subject to data avail-
ability and all carriers of the dataset had to be oriented towards passengers’ transpor-
tation. Also, they should serve as domestic and international carriers and they should 
be of large-scale. Based on the aforementioned criteria, the final dataset includes the 
top ten (10) companies, in terms of operating revenue, that fulfil these criteria, ac-
cording to the Amadeus international database. Apparently, failure of certain airline 
companies to fulfil these criteria has led to the exclusion from the final dataset of 
well-known companies, such as e.g. Air France due to data (un)availability.   

The data available is on a quarterly basis and covers the 1997-2005 time span. Any 
missing observations are interpolated. Output is measured as operating revenue, la-
bour is measured as cost of employees and capital is measured as fixed assets. All 
variables are expressed in local currency in 1997 prices. 

4.2   Results  

The regressions are based on the log-linear form of the Cobb-Douglas production 
function with two inputs, i.e. capital and labor, Hicks-neutral technological progress 
and are estimated by Ordinary Least Squares (O.L.S.) which is the standard procedure 
for estimating the Cobb-Douglas production function. Also, a dummy variable (D01) 
that takes the value 1 after 2000 and 0 elsewhere is used to account for the impact of 

the 2001 terrorist attack and u t is the disturbance term designed to capture the effects 

of all other factors that are not included in the model.1 We estimate the following 
equation (see Appendix table 1 Regression Results, Cobb-Douglas Production Func-
tion for Air Carriers, 1997-2005): 

   

lnΥ(t) =  lnΑ(t) + alnL(t) + blnK(t) + cD01 + u t .                            (5) 
 
The signs of the estimated coefficients are positive and thus consistent (except for 

one case which is not significant) with the implied hypotheses (a>0, b>0) and are sta-
tistically significant for the great majority of cases regarding input factors and the 
constant term. Also, the equations explain a very high part of the variability of output. 
The results should be assessed as satisfactory given the various imperfections in this 
                                                           
1 It should be noted that the typical Growth Accounting model employed in this essay, which is 

constructed on the basis of specific theoretical assumptions, does not account for the impact 
of other variables on growth, such as the values of stocks, etc. Undoubtedly, other models 
would be needed for such an investigation.    
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sort of data as well as given the crisis period following the terrorist attack of 2001 and 
the subsequent violent shocks that the carriers have been through.  

Also, there are no signs of serious violation of the basic assumptions concerning the 
residuals, as was easily confirmed with the aid of the relevant procedures. Specifically, 
the normality of the errors was assessed through the examination of the frequency dis-
tribution of the residuals as well as by reference to the Q-Q or P-P normality plot. As 
far as the assumption of homoscedasticity is concerned, compliance with this assump-
tion was evaluated by examination of the scatter plot of the standardized residuals 
against the predicted values. Finally, as for the assumption that the residuals are inde-
pendent of each other, the DW statistic was used that indicates the degree of autocorre-
lation of the residuals in our dataset. Given the value of this statistic for each carrier in 
our dataset, with only two exceptions, the hypothesis that the residuals are autocorre-
lated cannot be accepted.  

Labor elasticities derived range between 0.45 and 1 and capital stock elasticities 
range between 0.1 and 0.5. These values are, in general terms, consistent with estima-
tions traditionally produced by researches [38]-[39]. On these grounds, our estimates 
of labor and capital elasticity are regarded as credible. We also note that the dummy 
variable accounting for the impact of the 2001 terrorist attack in the U.S.A. is nega-
tive and statistically significant only for the British (British Airways), the Italian (Ali-
talia) and the Belgian (European Air Transport) carriers. Meanwhile, it is positive and 
statistically significant for Iberia, Easyjet, First Choice, Corsair and Delta Air Trans-
port (currently Brussels Airlines) companies. Finally, Lufthansa and Ceske are not 
significantly influenced by the terrorist attack of 2001.    

For example, the dummy variable for the case of Alitalia is statistically significant 
and equal to -0.139, implying that for every year after 2000 the company had been 
facing a decrease in operating revenue, due to the 2001 attack, equal to 0.139 millions 
Euros per year. On the other hand, Iberia had been enjoying an increase in operating 
revenue due to the 2001 events equal to 0.069 millions of Euros per year. 

Next, the estimated parameters (a, b), the rates of growth in output ( Y / Y ), la-

bor ( L / L ), capital ( K / K ), labor productivity (l), capital productivity (k) and 
total factor productivity (T.F.P.) are calculated (see Appendix Table 2. Growth Rate 
in Output, Labour, Capital, Labour Productivity, Capital Productivity, Total Factor 
Productivity and Technology Participation for European Carriers, 1997-2005). 

As can be seen, for the majority of carriers, T.F.P. remains practically unchanged 
over the time period 1997-2005 and hovers around 0%. Meanwhile, the great majority 
of air carriers experience a positive rate of growth in output as well as in input factors, 
implying a dynamic growth potential. Thus, it is obvious that technological change 
which hovered around 0% has not favoured economic growth; on the contrary it has 
acted as a serious burden to some of the companies in our dataset. Meanwhile, the 
annual growth rates in productivity of labor are negative due to the slower increase in 
output compared with labour input. 

5   Result Analysis 

A very intriguing finding of the aforementioned analysis is that except for some compa-
nies that where negatively influenced, many other European air transportation companies 
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were positively influenced by the 2001 terrorist attack. A first and, apparently, technical 
explanation of this interesting finding is that positively affected (or not affected at all) 
were in principal those air carriers from our dataset that did not have a heavy flight load 
to the U.S.A., according to the carriers’ official information. From a simple inspection of 
the carriers’ operational plans, it is clear that North America has not been a primary des-
tination for any of these companies.2   

Also, the 2001 terrorist attack has certainly driven several potential U.S. passen-
gers (and airline companies) to alternative solutions regarding the air carriers and the 
final destinations they have selected. In fact, some companies, e.g. Lufthansa [40], 
increased flights to other destinations, except U.S.A., as a response to the demand 
shock caused by the terrorist attacks. How much of the revenue is attributable to in-
ternational operations with specific destination is hard to assess because of joint 
flights with domestic services.       

Another explanation is that potential passengers made an attempt to avoid, besides 
the U.S., the countries that have been, according to the expectations formed, very 
dangerous for a possible attack, i.e. Britain, Italy and Belgium. After all, mass media 
not only visually, but also verbally reproduced the fear-for-flights scenario trans-
planted from the States worldwide, especially the popular western Europe destinations 
like London, Madrid, Rome, Paris etc that could be a next target choice of the Al 
Qaeda. This seems gradually to fade away since potential passengers seem to trust the 
intensified security measures at the airports enhanced by the fact that there are no 
recent hijack reports.  

Finally, given the tremendous shock of September 2001, potential passengers have 
increased their use of communications technology such as high-tech video-
conferencing and web-casting, as an alternative to flying and have avoided air travel-
ing. This also facilitates cuts on company travel budgets; new high-technology appa-
ratus proves handy for both psychological and financial purposes; it is safer and keeps 
staff available for more projects and tasks.    

Meanwhile, the technological level of the companies included in our dataset, as 
expressed by T.F.P., remained almost unchanged. However, those companies the 
output of which was negatively influenced by the attack were not found to experi-
ence a positive change in their technological level, but rather a slightly negative 
T.F.P. change. This finding is probably the result of the prolonged crisis affecting 
their output - including the technological and organizational spheres -which they 
have not managed to overcome successfully, so far. As the British Airways Annual 
Report and Accounts [42] put it: “Some major airlines have gone out of business 
entirely, others are struggling to remain viable. […] The industry is in a state of dis-
array, if not despair”.  

However, airline companies are not alone; there are mutual benefits for both air-
ports and airlines from entering into long term relationships. Airports can obtain  

                                                           
2 Actually, the positive effects of the events of September 11 on some companies such as Iberia 

are emphatically stressed by Iberia’s Chairman [41]: “Yet if I had to highlight an event, that 
unquestionably ranks as one of the most outstanding achievement of this company, this is to 
have reported the second best operating income in its history in one of the worst years on re-
cord of commercial aviation. We have managed to confront the worst possible environment 
and come out of it even stronger.” 
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financial support and secure business volume, which are important for daily operation 
as well as for long term expansion. Also, they have substantial market power due to 
the low price elasticity of their aeronautical services. On the other hand, airlines can 
secure key airport facilities on favourable terms, essential for making long term in-
vestments at an airport. However, such relationships are moderated by competition in 
both airline and airport markets [43].   

Despite the serious lack of similar studies especially for Europe, our findings are, 
in general terms, consistent with those reported by a couple of other papers. For in-
stance, Guzhva and Pagiavlas [44] concluded that that not all the U.S. major and  
regional airlines were affected by the 2001 attack. More precisely, some of the air 
carriers were able to significantly improve their performance immediately following 
the September 11th attack, a finding which is consistent with our results for the Euro-
pean case. Moreover, our results are consistent with Inglada and Rey [23] who found 
that September 11 resulted in a negative shock on Spanish airlines in relation to inter-
national passengers, flying to the U.S.A., etc. Finally, we should always keep in mind 
the postcolonial relations of Spain as a cultural and economic metropolis for the South 
American states.  

Also, Cunningham’s et al. [24] examination of the impact of September 2001 on 
traveler’s perceptions reached conclusions which are compatible with our results. 
More precisely, their findings suggested that the perceptions of travelers regarding the 
risk associated with flying have not changed significantly in the wake of September 
11 and throughout the crisis experienced by the industry. This finding reinforces the 
results of our study that some air carriers were not influenced negatively by the terror-
ist attack while others were positively influenced. Nevertheless, after the railway at-
tacks in Madrid (March 11, 2004) and London (July 7, 2005), the risk was generalized 
rather than being merely spread in Europe. This risk is not associated with air services 
solely, and it has enhanced potential passengers to overcome their first negation to 
flights [46]. 

6   Policy Insights 

The empirical results of our investigation seem relatively hard to explain due to the 
fact that the air transportation industry should be seen as a system consisting of air-
planes, airports, passengers and control. The airline industry, that is so vital for lots of 
national economies, asks for holistic measures concerning the confrontation of the 
customers’ risk.  

The additional restrictions and security measures introduced are having a huge im-
pact on airports, airlines and passengers. The result is that the facilitation processes at 
airports have been increasingly affected, with a worsening trend in efficiency and 
passenger service levels [45], [47], This is rather worrying, because more security 
does not necessarily mean better security. In this context, we need to critically review 
all the additional measures that have been introduced since the mid-1980s; it is a mat-
ter of managing the risk more intelligently. Then, we need to look at ways in which 
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we can effectively provide these safeguards without harming the efficient operation of 
airports or the quality of services for which the industry is renowned [47].3  

Safety seems to have been progressively elevated, over the past generation, to a de-
sirable condition of numerous situations, institutions, and organizations. It motivates 
decision making in a wide range of domains. It relates closely to what is called the 
“risk society” [48], [49]. Safety simply represents the positive goal of policy in the 
risk society: to avert risk in the cause of increased safety. Thus, while well-being may 
still be defined, in some contexts, in economic (universal opportunities) or welfare 
(universal benefits for basic needs) terms, well-being is also increasingly defined as 
safety or security. As a result, the “safety state” may attempt both to ensure safety at 
various levels and to legitimate/rationalize other policies in the name of safety and 
security. Thus, various policies and even laws concerning matters such as privacy and 
confidentiality have been overridden by the concern with “national security”. 

The aforementioned measures seem to relief potential passengers from their anxi-
ety or fear for an air flight when scheduling their travel. Hence, the rise of the surveil-
lance society is one crucial background phenomenon to current airport screening and 
security regimes; the rise of the safety state is the other. Like the concept of the sur-
veillance society, the term alerts us to certain key characteristics of some processes, 
events, and activities visible in contemporary modes of governing. The safety state is 
a heuristic device or problematique, a rudimentary means of organizing a field of 
study. It is equivalent to thinking of the “welfare state” and, indeed, one can argue 
that the “safety state” is steadily displacing, if not replacing, that way of conceiving 
state activity [50]. 

The safety state is no longer concerned with counteracting the effects of the un-
equal society; rather, its concern is to grapple with the unsafe. The question of who 
may be protected, and who may not, is one of the unequal redistribution of safety. 
This may be linked, in turn, with rising levels of public fear and anxiety. In this con-
text, the airport of the future will look rather different: TSA and Aviation Industry 
must seek a partnered approach to Identifying the Requirements of the Airport of the 
Future; the airport of the future will employ new technologies and systems; systems 
and technologies will be dynamic and continually updated: different from pre 9/11 
approach [51]. Technology will provide the tools for airports to maximize revenue 
generation opportunities and reduce costs and then keep these firmly under control. 
                                                           
3 In 2008 Häfner [45] claimed that “adjusted Quality Standards for facilitation and security are a 

prerequisite for best airport operations; inadequate capacity and availability of security controls 
are harming the passenger throughput and processes in terminals; all processes need harmo-
nised capacities to ensure best services and a sense of wellbeing and feel secure for passen-
gers…The use of new technologies to support the reduction of capacity constraints and costs 
could be beneficiary: the use of biometrics and other new technologies for processing passen-
gers (or certain groups of passengers) need to be harmonised for All Aviation and Non-aviation 
processes (i.e. check-in, security, passport control, retailing, boarding, baggage claim)…All 
relevant parties in the aviation and travel segment should use new technologies e.g. use of 2d 
Barcode for aviation, non-aviation, airline and public processes within terminals; creation of 
additional capacities for passenger handling in existing infrastructure; cost and process optimi-
zation through automation; change of processes in compliance with security obligations for 
passengers and operational requirements, e.g. EU-Regulations…Non aviation should be cen-
trally integrated in all terminal planning and design aspects; airports cannot finance infrastruc-
ture on aviation fees only; income from non-aviation becomes a crucial factor”. 
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Through a series of industry case-studies this program identifies the major drivers of 
change for both passenger and cargo management systems and the new technologies 
that will deliver these economic improvements to airport operators [52]. 

In the rush to upgrade security by technological means, much is left to be desired 
in the upgrading and training of security personnel. In the Canadian case, for instance, 
new bodies such as CATSA (Canadian Air Transport Security Authority) have en-
gaged in serious (re)training programs, but the overwhelming emphasis since the 
2001 attack has been on technical rather than skilled human contributions to improved 
security [53]. Such skilled human contributions are vital to a workable and publicly 
acceptable security regime and may, in fact, help to produce the very specific results.  

7   Conclusions  

The present paper estimated T.F.P. change in the largest European (EU-27) air carriers 
over the 1997-2005 time span, taking into account the 2001 terrorist attack. The paper 
was based on very recent data from the Amadeus international database for air transpor-
tation. The paper employed the Cobb-Douglas specification of the production function 
and the hypothesis that the 2001 terrorist attack has had a systematic and significant 
influence on the performance of the European air transportation companies was investi-
gated with the use of a dummy variable which captured its impact on output.  

A very interesting finding of our investigation was that, except for some companies 
that where negatively influenced, many other European air transportation companies 
were positively influenced by the 2001 terrorist attack, mainly those which did not 
have a heavy flight load to the USA. Meanwhile, the technological level of the com-
panies included in our dataset, as expressed through T.F.P., remained almost un-
changed, whereas those companies the output of which was negatively influenced by 
the attack were not found to experience a positive change in their technological level, 
but rather a negative T.F.P. change, probably as the result of a prolonged crisis that 
they have not managed to overcome successfully. Our findings were, in general terms, 
consistent with the findings by other researchers.  

Next, the paper argued that the air transportation industry should be seen as a system 
consisting of airplanes, airports, passengers and control, asking for holistic measures 
concerning the confrontation of the customers’ risk and the political prestige of both 
the airline companies and the western governments to secure the life of their citizens. 
Over the years, in response to the terrorist attacks, these measures have increased. The 
additional security measures introduced are having a huge impact on airports, airlines 
and passengers. The paper concluded that all the additional security measures need to 
be critically reviewed in an attempt to manage the risk more intelligently.  
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Appendix  

Table 1. Regression Results, Cobb-Douglas Production Function for Air Carriers, 1997-2005 

Company lnA(t) t-stat a t-stat b t-stat c t-stat R2 DW-
stat 

1.LUFTHANSA  3.2805 6.7721 0.601 9.008 0.260 4.127 -
0.009* -0.537 0.987 1.422 

2.BRITISH 
AIRWAYS  5.7220 3.2942 0.484 3.043 0.200 3.289 -0.067 -7.403 0.918 1.524 

3.ALITALIA 5.0250 3.0403 0.926 4.987 -0.170 -1.733 -0.139 -5.361 0.862 2.091 

4. IBERIA  1.6338 1.5086 0.657 6.010 0.296 2.296 0.069* 2.855 0.952 0.866 

5.CESKE 
AEROLINIE 3.8764 3.0325 0.449 3.564 0.404 2.249 -0.062 -1.024 0.978 0.988 

6.EASYJET  0.3959 2.2848 0.991 24.886 0.136 3.530 0.063 2.531 0.999 1.401 

7.FIRST 
CHOICE   4.8592 13.655 0.652 11.948 0.102 3.059 0.085* 4.141 0.987 1.754 

8.CORSAIR 4.6005 3.1789 0.593 9.679 0.142 1.304 0.078 2.440 0.968 0.732 

9.DELTA AIR 
TRANSPORT -5.0774 -

5.7433 
1.054 18.497 0.493 6.028 0.165 2.407 0.996 1.665 

10. EUROPEAN 
AIR TRANS-
PORT  

4.6985 5.1970 0.702 4.390 0.124 1.185 -0.226 -2.712 0.940 0.761 

* The dummy variable takes the value 1 after 2000 and ends in 2004   
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Table 2. Growth Rate in Output, Labor, Capital, Labor Productivity, Capital Productivity, 
Total Factor Productivity and Technology Participation for European Carriers, 1997-2005 

Company a b a + b Y / Y& L / L& K / K& l k TFP 

1.LUFTHANSA  0.601 0.260 0.861 0.0360 0.0451 0.0349 -0,0091 0,0011 -0.001 

2.BRITISH 
AIRWAYS  

0.484 0.200 0.684 -0.0037 0.0032 0.0008 -0,0069 -0,0045 -0.005 

3.ALITALIA 0.926 -0.170 0.756 -0.0013 0.0209 0.0484 -0,0222 -0,0497 -0.012 

4. IBERIA  0.657 0.296 0.953 0.0332 0.0349 0.0215 -0,0017 0,0117 0.004 

5.CESKE 
AEROLINIE 

0.449 0.404 0.853 0.0623 0.1055 0.0506 -0,0432 0,0117 -0.006 

6.EASYJET  0.991 0.136 1.127 0.1965 0.1709 0.1575 0,0256 0,0390 0.006 

7.FIRST CHOICE   0.652 0.102 0.754 0.0492 0.0522 0.1111 -0,0030 -0,0619 0.004 

8.CORSAIR 0.593 0.142 0.735 0.0379 0.0532 -0.0032 -0,0153 0,0411 0.007 

9.DELTA AIR 
TRANSPORT 

1.054 0.493 1.547 0.1660 0.0999 0.0819 0,0661 0,0841 0.020 

10.EUROPEAN AIR 
TRANSPORT  

0.702 0.124 0.826 0.0617 0.0985 0.1122 -0,0368 -0,0505 -0.021 
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Abstract. People in complex scenarios face the challenge of understanding the 
purpose and effect of other human and computational behaviour on their own 
goals through intent recognition. They are left asking what caused person or 
system ‘x’ to do that? The necessity to provide this support human-computer 
interaction has increased alongside the deployment of autonomous systems that 
are to some degree unsupervised. This paper aims to examine intent recognition 
as a form of decision making about causality in complex systems. By finding 
the needs and limitations of this decision mechanism it is hoped this can be 
applied to the design of systems to support the awareness of information cues 
and reduce the number of intent recognition breakdowns between people and 
autonomous systems. The paper outlines theoretical foundations for this 
approach using simulation theory and process models of intention. The notion 
of breakdowns is then applied to intent recognition breakdowns in a diary study 
to gain insight into the phenomena.  

Keywords: Intentions, Decision-making, Awareness, Autonomous Systems. 

1   Introduction 

People have a fundamental need to understand the world around them. Part of that 
understanding is reasoning about cause and effect to aid the prediction of future 
events in the environment. Due to the competitiveness of organisms, being able to 
make decisions faster, especially about the future actions of other organisms is 
advantageous. Such was the benefit of predicting future states to our ancestors, 
information gathering, decision making, problem solving and anticipatory judgment 
processes and mechanisms evolved to improve the speed and accuracy of this type of 
foresight. With this ability humans can recognise an object as having agency and 
intentions and reason about its choices for deciding to act referred to as having intent 
recognition. Intent recognition can be considered a decision mechanism for forming 
understanding of multiple interdependent systems. People need to reason about and 
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solve the complex feedback loops that motivate behaviours of organisms whilst taking 
into account the state of the environment within which the judgment occurs. 

Intentions are an agent's mental state of the purpose of their actions [1]. They 
pervade every aspect of our life as we create and execute plans to shape future events 
and satisfy needs and desires as they occur. At a high- level of analysis intentionality 
allows people with common goals to recognise their similarities and form society, 
cultures and groups. At a low-level intentionality allows participation in joint 
activities through the synchronisation of spontaneous planning and actions.  

Despite giving an adaptive advantage in predicting the future behaviours of other 
systems (human or machine) intent recognition has weaknesses. Misunderstanding the 
meaning of others’ actions can have consequences ranging in criticality when deci-
sions of action must be made on those judgements. In favourable conditions such 
actions performed from a misinterpretation of intention may only result in simple 
embarrassment, while in critical scenarios it can result in the loss of life. 

The increasing use of technology to distribute and perform tasks, between both 
spatial and temporal locations and between greater numbers of human components and 
computational components, are leading to the erosion of awareness of intent that 
makes joint working effective in collocated human-human systems. Judgments of 
intentionality by an observer are decided using the features, cues and attributes 
available from other actors (human or machine) and the environment. This allows 
other people’s plans, goals and actions to be taken into account when deciding our own 
intentions, goals, plans and future actions thus adaptively avoiding dynamic conflicting 
problems. They also aid us in choosing when to pursue which goals, using the 
prediction of current and future enabled states. People make decisions about the world 
around them based on changes they perceive, interpret and understand from their own 
internal system (needs and desires) and those of external human and computational 
systems (behaviours). When examining groups of these systems interacting we must 
consider the effect that interpreted component behaviour has on components with 
agency to understand and predict the state of a system. The success or failure within 
these complex systems relies upon how we design, organise and manage the 
interactions between different human and computational components.   

Currently when needing to make decisions about future events people lack the 
information support in human-computer systems to aid and enhance their judgments 
of intent, leaving them open to poor choices of action, conflict and failure. This 
oversight risks socio-technical systems heading towards costly and potentially 
harmful states. 

This paper reports an exploratory study examining the phenomena of intentionality 
breakdowns to gain insight into their causes and occurrence. The following sections 
will describe previous relevant studies and theories concerning awareness, intention 
and breakdowns. Then the study methodology and results will be outlined before 
drawing conclusions.  

2   Background 

Today an imperative challenge in human-computer systems is how to design interac-
tions between humans and increasingly independent autonomous systems (AS). These 
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systems are systems that “make and execute a decision to achieve a goal without full, 
direct human control” [2]. These types of systems are being deployed in a range of 
applications such as maritime, aerospace, medical healthcare and industrial [3]. The 
main benefit of an AS is that it provides an additional effort and capability for certain 
activities while reducing the need for human labour. 

The evolution of command style computing to delegated autonomy means AS are 
now making an increasing number of decisions independently of human supervision 
and authorisation. People are becoming isolated observers trying to understand what 
is happening in a complex scenario and what is the most appropriate action required, 
in a situation where computers can choose to effect how a situation develops. An 
example are the supervisory operators of unmanned autonomous vehicles in defence 
environments [4]. This is the same problem people face in human-human interaction, 
namely coordinating effectively between multiple actors in complex scenarios. One 
avenue in which to pursue the human-AS problem is to understand how people cope 
with the complex uncertainty and unpredictability found in person-person interaction 
and joint activity. This could then be used as a basis for considering the less 
understood human-AS interaction requirements. 

While the reviewed literature that follows provides an explanation of how 
intentions are recognised, this theory has not been tested or attempted to be applied in 
the design of human-computer systems. By considering how this might be applied to 
system design we can then go on to investigate how applicable it is and how well it 
enables awareness of intentions in human-AS interactions.  

2.1   Awareness and Planning 

By judging behaviours made by other actors in a scenario an observer gains insight 
into the state of components that would otherwise be costly to acquire. In other words 
they gain awareness – a better picture of how a system is evolving. Awareness has 
been defined by Endsley as “the perception of the elements in the environment within 
a volume of time and space, the comprehension of their meaning and the projection of 
their status in the near future” [5]. They can also make causal attributions as to why 
an actor undertakes a particular course of action. Making such attributions can reveal 
both internal and external states of components and informs future knowledge of 
cause and effect, giving predictive powers.   

People decide their future actions in a system through a combination of needs, 
awareness, goals and intentions. The decisions that they make and actions they 
perform can often be dependent on other actor’s behaviour according to the degree of 
coupling of a given activity. For example, someone may choose their driven travel 
route to work according to known traffic conditions, journey duration, arrival time 
and an anticipation of the routes other drivers will take. Having information available 
to perception about the actions and states within a system and having the knowledge 
to understand it enables the generation of awareness of the effect on the system of a 
given action and therefore the means to choose the best course of action for the 
desired goal. In collocated settings intent recognition is aided by an actor having a 
greater perceptual awareness of the other agents and environment. But systems of 
remote distributed components require additional support to achieve even reduced 
levels of awareness and to enable coordinated behaviour. Currently when performing 
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shared and/or joint tasks that require interacting with people or technology in 
distributed environments systems provide support for a user’s awareness of state and 
action. For example, a system allowing participants to monitor each other’s tasks in a 
collaborative activity [6]. Hourizi & Johnson [7] have shown that this awareness can 
be significantly enhanced when information about future actions, intentions and 
implications is provided. In addition they have proposed and applied a framework to 
aid the design of technology to support this. Using this application of intentionality 
we hope to further explore this potentially beneficial solution. 

2.2   Judgments of Intentionality 

Psychologists have attributed the prediction of intentional components to the theory of 
mind. This cognitive mechanism recognises that motivations for our own behaviour 
can be different from that of other intentional components. Behaviours can be 
internally and externally generated which we can interpret in others as reasons or 
causes and make attributions about their motives.  Intention has been defined as “a 
plan of action the organism chooses and commits itself to the pursuit of a goal - an 
intention thus includes both a means (action plan) as well as a goal” [8]. In dissecting 
this definition we can identify that actions have different types of purpose. Intentions 
can represent the end accomplishment of a plan and the tasks within the plan that 
enable the high level goal. This is recognising that predictions can be either short-
term (the next action) or longer term (the end goal). 

Considering the intention of an action as a prediction can serve two main benefits 
for an observer. From a hindsight perspective it can be used to understand and account 
for the reason for one particular action being performed over another i.e. where an 
action fitted into a plan after a goal has been achieved. In foresight understanding an 
intention can create a prediction and anticipation of the future possible states that other 
actors will try to create and how they will try to accomplish it. This is consistent with 
[9] who propose different types of intention – ‘intention to’ and an ‘intention that’ 
referring to an intention as an end goal or an intention as the purpose of an action 
enabling a state within a plan. 

Judging intentionality is a decision-making process. The product of the process is 
dependent upon how the information available about a scenario is perceived and 
cognitively processed. Due to decisions of intentionality being dependent on the 
information available about an AS, false or lack of a critical level of information will 
result in an incorrect assumption about intentionality. 

The research position taken here is that intentionality decisions in people are applied 
heuristics that cognitively “pattern match.” Pattern matching uses observable 
information as cues to match to plans and actions of how to achieve goals in a given 
context stored as knowledge structures. Pattern matching occurs constantly as we 
observe a sequence of actions and construct an explanatory chain for each action to 
understand the end goal. Much of the motion and action processing occurs at an 
autonomic level [10], although we can consciously reason about intention using more 
effortful higher level reasoning. For observers this means a lack of information 
required for accurate matching, or incorrect information, will result in an incorrect 
match. The theoretical account adopted of how people are able to distinguish intentions 
is simulation theory [11]. As a synopsis the theory accounts for third-person mental 
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attributions by the attributor imaginatively seeing themselves from the targets 
perspective. They pretend to have the same initial states – such as desires and beliefs – 
and then simulate the decision being made. People do this by using the same 
mechanisms necessary to decide their own actions and running the target object’s actor 
inputs into their mechanisms. The output from these mechanisms will then produce the 
target’s intent.  

We find the types of information inputted into such a mechanism in process 
models of intentionality such as Read and Miller’s social dynamics model of person 
perception and dispositional inference [12]. They propose that inferred traits are 
frame-based structures or schemas where the goals of the agent being inferred play a 
central representational role. Read and Miller liken trait inference to the mind 
constructing “stories” or “narratives” where the trait is used to encode the perceived 
information as an exemplar to judge if the observed behaviour is a match. The 
encoding can include the actors, objects and actions perceived in an environment that 
are then assembled into a scenario. This scenario will activate in reasoning and 
memory possible goals for the action operating as a bottom-up and top-down process. 

Studies by Malle and knobe [13] have found large amounts of consensus in the 
information used by people to determine if behaviours were intentional suggesting the 
mechanism uses a common strategy that can be supported through design. These 
factors included desire – what did they want; belief – how do they think they can get 
it; intention – did they decide to perform the action; awareness – do they know what 
they were doing; skill – are they able to turn intent into action.  

2.3   Breakdowns 

Activities involving coordinating tasks often occur between individuals with very 
different backgrounds and experience. It is this element of coordination that intent 
recognition plays a major role. Individual differences will often result in the decision to 
pursue different goals by different people in different ways, but in similar contexts. This 
means observers cannot rely on simplistic situational cause and effect to attribute 
reasons for behaviour. Individual intentions are chosen based on a range of factors that 
may be visible or hidden from an observer. For these reasons observers cannot be 
certain of correctly recognising the intention of an individual; however they can use 
their own expectations to assume a goal is being pursued until this is shown to be 
incorrect or fails. It is this use of expectations of what an observer thinks is occurring 
that causes breakdowns. Easterbrook defines a breakdown as “a mismatch between the 
internal mental models of people, such as the expectations of one participant in a 
collaborative activity and the actions of another participant in the same activity” [14]. 
The utility of examining breakdowns is twofold. Firstly, it provides a grounding tool 
through which to study intentionality recognition by revealing the requirements and 
limits of this mechanism. Secondly, it will allow the evaluation of systems for 
supporting intentionality recognition using these as a metric.  

Related features of human cognitive failure similar to breakdowns and previously 
studied include errors, slips and mistakes investigated by James Reason [15]. However, 
these represent individual deviations of personal intention rather than observed intent. 
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3   Methodology 

An exploratory study was conducted to capture a breadth of examples of intentionality 
breakdowns in naturalistic real-world settings. A problem with collecting data on these 
phenomena remains the internal, ephemeral nature of judgments and how to identify 
their occurrence. It is often difficult to identify a single causal factor in breakdowns. 
Reason says of the problem “we can only hope to indicate the commonly recurring 
patterns among these causative factors rather than attempt to make a precise 
determination of the origins of any one error” [16, p73]. Capturing these events that 
occur spontaneously is difficult when obtrusive research methods would affect the 
observer’s perception of the system within which the judgment is made, thus changing 
its result.  

Previous research methods for capturing breakdowns include video recording 
collaborative tasks. This allows a researcher to observe the video repeatedly to identify 
breakdowns according to their perceived deviations in the interaction [17]. Although 
we can try and judge breakdowns from inferences in behaviour deviation and reaction, 
only the actor in question has real firsthand knowledge of whether their expectations 
were incorrect, or if an observer misunderstood their intention. The study therefore 
used self-reporting diaries to capture examples. This was conducted by giving 4 
participants notebooks where they recorded breakdowns as they went about their day-
to-day life. Participants maintained the notebooks for 2 weeks. They were instructed to 
record a description of the breakdown scenario along with why they thought it 
happened. The research was interested in capturing errors where the participants had 
misinterpreted someone else's intention incorrectly, or someone else had interpreted 
their intention incorrectly.  

4   Diary Results 

The results provided 19 real life examples of people mistaking a person’s intention in 
different ways. They raised a number of issues and guidance in the intentionality 
recognition needs to be supported. This section will report some key factors 
contributing to the breakdowns encountered. The purpose is too expose the limitations 
of intent recognition, and give the observer’s attributed causes of these breakdowns 
thus demonstrating human decision-making dependencies.  

4.1   Categorisation  

Diary Extract 1 

“The guy who takes tickets kept asking for my national rail card although it was 
already in his hand. Until he started looking through the tickets and picked up my 
oyster card. He looked at me and said this is for London. I said “I know” I keep it 
together for when I go there. After a short while I discovered what he meant by rail 
card. He meant the part of the ticket where the expiry date shows and it was behind 
the ticket..... I think the misunderstanding happened because he used the expression 
‘railcard’ which meant to me the whole card rather than part of it.” 
 



 Establishing Causality in Complex Human Interactions 1637 

The actors in extract 1 have a different notion of the artefact reference being used, 
that of the ‘railcard’ or train ticket. Often in our daily life interactions between 
cooperating people can involve asking for other actors to perform a task. People carry 
out different roles giving them different resources and responsibilities that we must 
negotiate with to satisfy our own goals. While in this example the observer believes 
they have met the request of the actor, the actor is unaware they have the required 
ticket in their hand and believe their goal conditions necessary for checking this are 
still disabled. When one actor directs another actor to perform an action, a lack of 
joint identification of the requested object will cause a breakdown. This is the result 
of people categorising objects in different ways. 

4.2   Synchronisation  

When coordinating actions another source of breakdowns was found to be a lack of 
feedback signals between actors. While some intentional behaviour is a signal in 
itself, action signals can be explicit or implicit. When an actor knows they are being 
observed they can change the action to aid recognition. But even when a goal is 
known, breakdowns can still occur because people’s decision to act can be dependent 
upon knowing the time or sequence of when another actor will perform their 
behaviour if there is a necessary dependency. 

Diary Extract 2 

“Driving to Cornwall for the weekend reached the crossroads at the end of my road in 
Bath. It is busy so I stop. I need to go right and another car arrives at the other side of 
the crossroads. There are lots of cars coming along so neither of us can get out for a 
minute or so. Eventually a car wants to turn right into my road. She stops and gestures 
to me to come out. I check the traffic in the other direction and start to emerge. At the 
same time the car on the other side decides to come across also. We both notice and 
stop (otherwise we would collide).”  

In extract 2 while both drivers knew the goal and plan of the other driver as 
indicated by car direction, there was no signal to coordinate when to perform actions 
within their plan (to pull away) to avoid the goals conflicting. Due to the length of 
time waiting at the crossroads and a degree of uncertainty whom had the right of way, 
both drivers acted when they recognised the goal conditions were enabled. They 
lacked the anticipation of when their actions would conflict, rather than if they would, 
and expected each other to give way for the other.   

4.3   Expectations 

In making judgments of intentionality people’s explanation suggested they committed 
confirmation bias, similar to other decision processes [18]. This increased expectations 
and resulted in causes being recognised that were either not present, or had an equal 
chance of having a different cause. These could occur when the contextual situation 
matches a physical set of actions. 
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Diary Extract 3 

“I was talking to my housemate. She was talking about the new exercise regime she 
had adopted to get fit. We were talking and I saw her go to the mirror. I thought this 
was to view her figure because she pulled her clothes tighter. When I said “I also pose 
in the mirror” she looked confused. She said “I felt I had something on me from the 
garden.” Actually she thought there was some beetle or something on her because she 
had just come indoors from gardening.” 

Extract 3 demonstrates this priming effect through the conversation topic forming a 
context such that later actions were interpreted consistently through that context. The 
conversational context of exercise gave rise to expectations of how a mirror is used 
within that broader goal. It provided a plausible use for checking the progress towards 
the goal of getting fitter making that perceived behaviour explanation appear correct. 

4.4   Pattern Matching 

An unresolved visual problem with observing intention recognition is how to 
differentiate between near identical sets of actions that achieve different goals. 
Observers have particular difficulty with this kind of decision and this type of 
example made up the largest proportion of entries. Often it is a joint factor in 
breakdowns together with the presence of expectations.  

Diary Extract 4 

“Eating a meal in a restaurant with friends. Before the food came I was very hungry and 
thirsty. I had my bag with me and that had a bottle of water in it. I reached down to my 
bag under my chair without looking. I had to rummage around a bit in my bag before I 
could find it. By reaching down I had to bring my head closer to the table. There was a 
menu standing up on the table so my head was brought closer to it. My friend sitting 
opposite thought I was reading the menu and asked me what I was having.”  

In extract 4 the behaviour of leaning closer to the table top satisfied the action 
criteria for the goal of both reaching into the bag under the table and looking at the 
menu. The observer was unaware the bag was under the table so didn’t know this goal 
was enabled and therefore as equally plausible as the menu goal.  

5   Discussion 

The diary study has successfully captured decision-making limitations in real-world 
scenarios. Despite the subjective nature of the data this approach contributes to the 
awareness needs of human decision-making. While the examples are not representa-
tive of all types of breakdown, they display features of human intent recognition 
warranting further investigation. The breakdown examples suggest Read and Miller’s 
model of intent recognition [12] is a suitable abstraction for the process, but there are 
lower-level mechanisms needing further study. When deciding the intention of an 
actor a two-stage strategy is used to narrow the many possible goals. The first part is 
to generate expectations from a model of known goals and behaviours in the form of 
hypotheses to test, focusing perception on what to look for. Then these hypotheses 
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can be evaluated according to the goals that are known to be possible and plausible 
given the scenario conditions and the actor's likely motivation. Awareness or 
knowledge about these factors can change the decision of what intention is being 
performed. 

When the human mind considers judgments about intentions it is considering many 
related factors in parallel and choosing the most likely possibility given the perceived 
and processed evidence. There will always be breakdowns that are unavoidable, since 
an action can be caused by more than one intention, certain behaviours will always 
display more than one goal. The only way to increase certainty is to supply more 
contextual or explicit intentional information, but this can become impractical. Even 
supplying all the correct information making people attend to it and understanding it, it 
will still result in different interpretations because people possess different knowledge 
of how to achieve goals and the way they process the same information can differ from 
day-to-day. The intent recognition mechanism has adapted not to prevent these 
mistakes, but to minimise them, given the time for behavioural responses. 

This study generated a number of levels of information that can impact this 
decision by examining what information cues were missing or used. A key foundation 
of intention recognition is gaze or attention that identifies the target object over which 
an actor is making a decision. Studies have examined this mechanism [19], although 
the effect on intention recognition by supplying such information to observers 
requires examination. Another important feature to the production of possible goals of 
intent recognition is the similarity of the actor to the observer. If categorised as 
similar to the observer then consultation from their own mental states can occur since 
similar driving motives would produce appropriate goals. But if the actor is judged to 
be different then using prior knowledge such as stereotypes may be more appropriate. 
While less accurate this generalising technique can help to reduce the problem space 
considerably and any aid is preferable to none at all. Other information pertinent to 
the actor also includes knowing what is the relative importance of different goals to 
the actor. These may be internally or externally enforced. What role an actor plays in 
a scenario is one such external variable. Roles usually denote responsibility of tasks 
that will be prioritised over others in certain conditions. Other internal control can 
include the actor’s values, leading to certain beliefs about how to act in certain 
situations. At a high level this forms cultural trends and preferences. Boundaries of 
goal motivation are also restricted by physical states as well as mental states. The 
capability of the actor in ascertaining what goals they would realistically pursue 
means they are limited by their physical capability. The state of a system itself also 
enables some goals but prevents others. The physical location and state of 
components restrict actions and actors must enable some states before they can pursue 
other goals. It must be remembered that with such complexity to consider, the intent 
recognition mechanism was designed to provide a “good enough” answer by 
satisficing [20] to reconcile the conflict between decision time and accuracy. The 
computer support goal is therefore to influence the search for a plausible goal; to 
prevent its overrun when not enough information is supplied and to ease the process. 
Although both internal and external triggers cause breakdowns, technological design 
can primarily address the external triggers relating to the awareness of information at 
the levels of availability, perception and attention. 
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6   Conclusions and Future Work 

Intent recognition is important for understanding how people deal with part of the 
complex decision-making within human-computer environments, and needs to be 
considered in systems featuring social components. We believe that supporting this 
mechanism holds promise for improving human decision-making in complex systems 
relating to attributing causality to components that possess agency. Supporting intent 
recognition to aid human-AS interaction requires the delivery, attendance and 
reflection of appropriate cues and context within which to process those cues. 
Providing the necessary features in technological design has potential benefits by 
enabling people to reduce the possible number of goals in a search space when 
making a judgment of intentionality. It is predicted this will reduce the number of 
opportunities for incorrect interpretation and resultant breakdowns or repairs. With 
further studies we aim to determine the effectiveness of supplying information based 
on current models of intentionality. Systems trying to support intentionality first need 
to address what information to provide and the effectiveness of doing so.  
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Abstract. We analyze dependencies in complex networks characterized
by power laws (Web sample, Wikipedia sample and a preferential attach-
ment graph) using statistical techniques from the extreme value theory
and the theory of multivariate regular variation. To the best of our knowl-
edge, this is the first attempt to apply this well developed methodology
to comprehensive graph data. The new insights this yields are striking:
the three above-mentioned data sets are shown to have a totally different
dependence structure between graph parameters, such as in-degree and
PageRank. Based on the proposed approach, we suggest a new measure
for rank correlations. Unlike most known methods, this measure is es-
pecially sensitive to rank permutations for top-ranked nodes. Using the
new correlation measure, we demonstrate that the PageRank ranking is
not sensitive to moderate changes in the damping factor.

Keywords: Extremal dependencies, Statistical analysis, Power laws,
PageRank, Web, Wikipedia, Preferential attachment.

1 Introduction

What do we know about structure of complex networks? There is a vast literature
on the subject but we are still far from complete understanding. One of the
common points is the presence of power laws. In simple words, a power law with
exponent α > 0 means that a tail probability, i.e. the probability of obtaining a
value greater than x, is roughly proportional to x−α. The standard example of
a power law is a Pareto distribution

P(X > x) = xα
0 x−α, x ≥ x0,

where x0 is the positive minimum possible value of X . The power law random
variables are heavy-tailed [20], which means that the probability of obtaining ex-
tremely high values is relatively large. For instance, for such random variables,
the moments of order α or higher are infinite. For excellent surveys on history,
properties, modeling, and mining of power laws, and their role in complex net-
works we refer to e.g. [4,12,15,16,17].
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A natural mathematical formalism for analyzing power laws is provided by
the theory of regular variation. This theory has been developed in the context of
analysis of extremes [5], financial time series [14], and traffic in communication
networks [19]. By definition, the random variable X is regularly varying with
index α, if

P(X > x) = x−αL(x), x > 0, (1)

where L(x) is a slowly varying function, that is, for x > 0, L(tx)/L(t) → 1 as
t →∞, for instance, L(x) may be equal to a constant or log(x). Clearly, a power
law can be modeled as an instance of regular variation.

The World Wide Web is an important example of a network with a complex
graph structure characterized by power laws. The question of measuring correla-
tions in the Web graph has led to many controversial results. Most notably, there
is no agreement in the literature on the dependence between in-degree and Page-
Rank of a Web page [6,9]. In this respect, Chakrabarti and Faloutsos [4] confirm
that measuring correlation in power law data is tricky because the important
large values do not appear very often, and thus, the coefficient of correlation
might give a wrong impression about the dependencies in the tails. This merely
confirms the common knowledge in the extreme value theory community [5,20]
that the correlation coefficient is an uninformative dependence measure in heavy-
tailed data. The correlation is a ‘crude summary’ of dependencies that is most
informative for jointly normal random variables. It is a common and simple
technique but it is not subtle enough to distinguish between the dependencies
in large and in small values.

In this work we propose to employ the extreme value theory [2] and the theory
of regular variation [20] that provide a range of statistical procedures designed
to deal with multivariate data of which the marginal distributions exhibit power
laws. In particular, this paper points out that this body of statistical theory
contains a well-developed notion of dependence. This notion called extremal de-
pendence is characterized by spectral measure, which seems to be much more
suitable for the power law data than standard correlation measures. To the best
of our knowledge, the proposed methods have never been applied to comprehen-
sive graph data.

In this paper, we compute the spectral measures for in-degrees, out-degrees
and PageRank scores in three large data sets: an EU-2005 Web sample, a
Wikipedia sample and a Growing Network graph based on the preferential at-
tachment model by Albert and Barabási [1]. Our experimental results reveal a
dramatically different correlation structure in the three data sets. For instance,
the results for in-degree and PageRank in Wikipedia strongly suggest an in-
dependence between these two parameters. Similar analysis for the Web graph
reveals a non-trivial dependence structure. Finally, a preferential attachment
graph shows a very strong dependence between in-degree and PageRank.

The analysis of extremal dependence leads us to propose a new rank corre-
lation measure which is particularly plausible for power law data. The measure
has the appealing property that it is especially sensitive to rank permutations for
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top-ranked nodes. Using the new correlation measure, we demonstrate that the
PageRank ranking is not sensitive to moderate changes in the damping factor.

The paper is organized as follows. The data sets are described in detail in
Section 2. Some background on extremal dependencies and the definition of
spectral measure are given in Section 3. Further, in Section 4 we describe the
estimator of the spectral measure. The experimental results are presented in
Section 5. Based on the proposed approach, a new rank correlation measure is
presented in Section 6, and a discussion is provided in Section 7.

2 Data Sets

We chose three data sets that represent different network structures. As the
Web sample, we used the EU-2005 data set with 862.664 nodes and 19.235.140
links, that was collected by The Laboratory for Web Algorithmics (LAW)1,
the Università degli studi di Milano [3]. We also performed experiments on the
Wikipedia (En) graph, that contains 4.881.983 nodes and 42.062.836 links. Fi-
nally, we simulated a Growing Network by using preferential attachment rule
for 90% of new links [1]. The graph consists of 10.000 nodes with constant out-
degree d = 8. In Figure 1 we show the cumulative log-log plots for in-degrees,
out-degrees and PageRank scores in all data sets. The PageRank scores in the
network of n nodes are computed according to the classical definition [18]:

PR(i) = c
∑
j→i

PR(j)
dj

+
c

n

∑
j∈D

PR(j) +
1− c

n
, i = 1, . . . , n (2)

where PR(i) is the PageRank of page i, i = 1, . . . , n; dj is the number of outgoing
links of page j; the sum is taken over all pages j that link to page i; D is a set
of nodes without outgoing links; and c is the damping factor, which is equal 0.5
and 0.85 in our case. It is well-known that the linear system (2) has a unique
solution for any c ∈ (0, 1). The PageRank scores PR(i), i = 1, . . . , n constitute
a probability distribution on the set of n nodes. Throughout the paper however
we use the scale-free PageRank scores nPR(i). In this setting, it is easier to
compare the probabilistic properties of PageRank and in- and out-degree, that
are also scale-free.

The log-log plots for Figure 1 resemble the signature straight lines indicat-
ing power laws. However, we suggest to combine several techniques in order to
establish the presence of heavy tails and to evaluate the power law exponent.
In [21] we used QQ plots, Hill and altHill plots as well as Pickands plots [20] to
confirm that the in-degree and PageRank follow power laws with similar expo-
nents for all three data sets. We also showed that the out-degree can be modeled
reasonably well as a power law with exponent around 2.5-3.

Although all plots in Figure 1 look alike, it does not imply that the three
networks have identical structure. In Section 5 we rigorously examine the de-
pendencies between the network parameters.
1 http://law.dsi.unimi.it; Accessed in January 2007.
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Fig. 1. Cumulative log-log plots for in/(out)-degree, PageRank (c=0.5) and PageRank
(c=0.85)

3 Extremal Dependencies and Spectral Measure

In this section we briefly present a background on extremal dependencies and
spectral measure. Our presentation is based on Chapter 8 of Beirlant et al. [2],
where an interested reader can find an in-depth treatment of this subject in the
general framework of the extreme value theory.

Let X and Y be two possibly dependent non-negative random variables with
complementary distribution functions

FX(x) = P(X > x), FY (y) = P(Y > y), x, y > 0.

Denote
X∗ =

1
FX(X)

, Y∗ =
1

FY (Y )
.

It is easy to see that the distribution of X∗ and Y∗ is Pareto with α = 1. Now,
we apply the polar coordinate transformation with respect to L2 norm

(R,Θ) = Polar(X∗, Y∗),
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where Polar(x, y) =
(√

x2 + y2, arctan (y/x)
)
. Clearly, Rt is positive and Θ

takes values in [0, π/2]. Furthermore, there exists a limiting measure S such that

lim
t→∞

tP(R > t,Θ ∈ A) = S(A) (3)

for any Borel set A ⊂ [0, π/2] that has a compact closure the boundary of mea-
sure zero with respect to S. The measure S is called angular or spectral measure
and is used to describe so-called extremal dependencies i.e. the dependencies be-
tween extremely large values of X and Y . Furthermore, S([0, π/2]) is finite, and
we use

S̃(A) = S(A)/S([0, π/2])

as a probability spectral measure, where Θ∗ is a random variable that has dis-
tribution S̃(A). We also note that the spectral measure is well defined for any
norm || · || in R

2 and can be extended to R
n.

Unlike the correlation coefficient, the angular measure provides a subtle cha-
racterization of the dependencies in the tails of X and Y. Indeed, the limit in (3)
as t →∞ describes the distribution of Θ provided that R is large, which can only
happen when X∗ or Y∗ are large. In other words, the measure S characterizes
the limiting behavior of the joint distribution of very high quantiles of X and
Y . One may also notice that this approach is closely related to copulas that are
commonly used e.g. in financial mathematics to describe the joint distribution
of a random vector [2]. As a result, we expect to obtain different distributions
of S̃ for vectors with different dependence structure. In particular, it is easy to
check that in case of a complete dependence X = Y we have S̃({π/4}) = 1.
Furthermore, in case of a complete independence we obtain S̃({0}) = 1/2 and
S̃({π/2}) = 1/2 since in this case, for large t, the event [R > t] is most likely to
occur, roughly, if either [X∗ > t] and Y∗ is small, or [Y∗ > t] and X∗ is small.
All other distributions of S̃ correspond to intermediate cases between complete
dependence and complete independence.

4 Spectral Measure Estimator

The equation (3) also gives a recipe for an estimator of the spectral measure
S(·) [2]. Consider a pair of graph parameters (X,Y ), and let Xj and Yj be
observations of X and Y for the corresponding node j. In order to estimate the
angular measure, we start by using the rank transformation of (X,Y ), leading
to {(rx

j , r
y
j ), 1 ≤ j ≤ n}, where rx

j is the descending rank of Xj in (X1, . . . , Xn)
and ry

j is the descending rank of Yj in (Y1, . . . , Yn). The motivation for this rank
transformation is that (rx

j /n, r
y
j /n) is a natural estimator of (FX(Xj), FY (Yj)).

Next, we choose k = 1, . . . , n and apply the polar coordinate transform as
follows

Polar

(
k

rx
j

,
k

ry
j

)
= (Rj,k, Θj,k). (4)
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Fig. 2. Starica plot for in-degree and PageRank (c = 0.85)

Now, taking t = n/k in (3) and interpreting Ri,k as a realization of kR/n, we
obtain the following estimator for S̃(A):∑n

i=1 1[Ri,k > 1, Θi,k ∈ A]∑n
i=1 1[Ri,k > 1]

, (5)

where 1[·] is an indicator function. As an outcome, we make a plot for a cumu-
lative distribution function of Θ given by the above estimator. More details can
be found in Chapters 8 and 9 of [2], and Chapter 9 of [20].

It was proved in [2,20] that the empirical measure converges to a proper
distribution on [0, π/2] as n, k → ∞, k/n → 0. That is, ideally, we need to
consider only a relatively small part of a large data set. In practice the problem
remains: how to choose a suitable value of k? In the case of bivariate regular
variation, this can be determined by making a Starica plot. This technique helps
to determine where the bivariate power law behavior actually ‘starts’. To make
the Starica plot, we consider radii R1,k, . . . , Rn,k from (4) and rank them in
descending order R(1) ≥ . . . ≥ R(n). To get Starica plot we graph{(

R(j)

R(k)
,
R(j)

R(k)
· j
k

)
, 1 ≤ j ≤ n

}
, or

{(
R(j),

R(j)j∑n
i=1 1{Ri,k≥1}

)
, 1 ≤ j ≤ n

}
.
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The idea is that for suitable k the ratio in the ordinate should be roughly a
constant and equal 1 for the values of the abscissa in the neighborhood of 1.
The plot looks different for the different parameters k and one can either find a
suitable k by trial and error or use numerical algorithms to compute optimal k.
A Starica plot for good k will have a region in the right neighborhood of x = 1
where the plot is hugging the y = 1 line. If the line is going steep up at x = 1
then the chosen k is too large. On the other hand, if the graph stabilizes around
y = 1 for some x < 1 then it means that k is too small, and we miss some
valuable tail data. We refer to Resnick [20] for more details and references.

In Figure 2 we present Starica plots for the pair of in-degree and PageRank
(c=0.85). The plots behave nicely in all three data sets, which makes our an-
gular measure more reliable. The Growing Network exhibits an ideal Starica
plot (Figure 2(c)). In [21] we provided the plots and the appropriate values of
k for the other combinations: in-degree and PageRank (c = 0.5), in-degree and
out-degree; and out-degree and PageRank (c = 0.5, c = 0.85).

5 Dependence Measurements on the Data

After defining a suitable k, we compute the pairwise angular measure. In Figure 3
we depict θ ∈ [0, π/2] against the estimated probability spectral measure [θ, π/2],
which, according to (5), equals to the fraction of pages i where the angle Θi,k is
greater or equal to θ provided that Ri,k > 1.

The results are striking. Let us first look at Figures 3(a) and (b) that char-
acterize the dependence between in-degree and PageRank. For the Wikipedia
data set we observe that about half of the observations are concentrated around
0 whereas another half is close to π/2. This suggests an independence of the
tails of in-degree and PageRank (c=0.85 and c=0.5). That is, in Wikipedia data
set an extremely high in-degree almost never implies an extremely high ranking.
The picture is completely the opposite for Growing Networks, where the angular
measure is entirely concentrated around π/4 indicating a complete dependence.
Thus, in highly centralized preferential attachment graphs, most connected nodes
are also most highly ranked.

Finally, the Web graph exhibits a subtle dependence structure that results in
angular measure which is almost uniform on [0, π/2]. This suggest that Page-
Rank popularity measure can not be replaced by in-degree without significant
disturbance in the ranking (of course, in-degree can not be used as a popularity
measure for many other reasons, for instance, because it is easy to spam by cre-
ating link farms; we refer to [11] for further discussion of PageRank and other
popularity measures).

The picture is different in Figure 3(c) where we depict the angular measure
for in-degree and out-degree in the Web and in Wikipedia. In the Web, the in-
and out-degree tend to be independent which justifies the distinction between
hubs and authorities [10]. In Wikipedia the in- and out-degrees are dependent
but this dependence is not absolute.
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Fig. 3. Cumulative functions for Angular Measures

Finally, the dependence between out-degree and PageRank in the Web and
Wikipedia in Figure 3(d) resembles the patterns observed for in-degree and Page-
Rank.

6 The Θ Rank Correlation Measure

We start by noting again that the estimator of the angular measure described in
Section 4 is based on a rank transformation. This is clearly seen from formula
(4) where only rank of the parameters X and Y plays a role. This observation
naturally leads to a new measure for rank correlations.

In summary, our idea is as follows. As before, we define r1
i and r2

i as a ranking
order of page i in scheme 1 and 2, respectively, where i = 1 . . . n. Now we suggest
to represent the difference between the two rank positions of i by the angle

Θi = arctan(r1
i /r

2
i ).

For example, in Figure 4, Θi is depicted for a node that has rank 3 in scheme 1
and rank 6 in scheme 2. Note that this is exactly the angle in [0, π/2] computed
in (4) in order to construct the spectral measure estimator. The value Θ close to
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π/4 means a relatively small change in ranking. On the other hand, Θ around
π/2 means that the node i is much better off with scheme 2, and the value close
to 0 says that the node is ranked much higher by scheme 1. Thus, we actually
measure the rank difference for node i in radians! Having computed Θi for every
i (or for a certain set of highly ranked nodes i) we construct a corresponding
empirical cumulative distribution function for Θ. As in the previous section, the
resulting angular measure can be used to characterize the rank correlations.

We note that we characterize the rank correlation by a measure or a plot
rather than a number. Compared to the common rank correlation measures
such as Kendall’s τ and Spearman’s ρ, our proposed measure has an important
advantage that it is able to reveal the slightest rank disturbance among highly
rank nodes while neglecting even moderate perturbations among lowly ranked
nodes. Indeed, Kendall’s τ and Spearman’s ρ are defined as

τ = 1− 2d∆

n(n− 1)
, and ρ = 1− 6

∑n
i=1 d2

i

n(n2 − 1)
,

where d∆ is the number of pairs in the symmetric difference of {(r1
i , r

1
j ), 1 ≤ i <

j ≤ n} and {(r2
i , r

2
j ), 1 ≤ i < j ≤ n}; and di = r1

i − r2
i is the difference between

two ranks of page i. Now, if we consider the nodes ranked 1, . . . , n, and swap the
ranks 1 and 10, then we get τ = 1− 2 ∗ 18/n(n− 1), ρ = 1− 6 ∗ 162/n(n2 − 1),
and for our correlation measure at node 1 we obtain Θ1 = arctan(1/10) ≈ 0.1,
that is close to the x-axis, and is a visible deviation from π/4. On the other
hand, swapping the numbers 1001 and 1010 yields the same values of τ and ρ,
but Θ1001 = arctan(1001/1010) ≈ π/4. Thus, the Θ rank correlation measure
actually evaluates the rank disturbance visible for users. Certainly, the arctan(·)
function makes our measure symmetric with respect to the schemes 1 and 2.

Naturally, in this framework, it is also possible to compute such angular mea-
sure only for the top ranked pages. This can be done along the same lines as
in Section 4 as follows. Based on the polar transformation (4) we can separate
top ranked pages by considering only points {Θi,k : Ri,k > 1}. Here the question
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(c) Growing Network

Fig. 5. Cumulative functions for Angular Measures for PageRank (c=0.5) and Page-
Rank (c=0.85)

of choosing k does not arise anymore. Indeed, the technique involving Starica
plot was needed to get an idea where the power law behavior ‘starts’ in order
to measure statistical dependency for the heavy-tailed data as in [20]. On the
other hand, if we are interested in rank correlations, we may simply pick the
k that gives us the top proportion of pages we are interested in. Note that by
increasing k we do not change the observed values of Θ, we merely increase their
number. As a result, in the angular measure, each observation will simply have
less weight. On contrary, decreasing k means ‘zooming in’ the rank perturbations
on the top.

One more advantage of the proposed correlation measure is the fast and easy
implementation since for each node i, only the fraction r1

i /r
2
i has to be computed.

Below we present the example of the proposed rank correlation measure in
Growing Networks, Web and Wikipedia. We rank the three data sets by using
the definition of PageRank (2), where the damping factor is equal to c = 0.5
and c = 0.85. In Figure 5 we plot cumulative functions for angular measures for
k = 100 and the values of k’s that have been chosen according to the Starica
plots as described in Section 4 (see e.g. Figure 2).
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For Growing Network data set we observe the strong correlation between
ranking schemes. We can also conclude that in Wikipedia the change in the
damping factor affects only about 20% of considered pages, in the top-hundred
group as well as in the larger group. For the Web data, the correlation between
ranking is not significant for approximately half of the pages. However, for the
top pages, the difference in the damping factor mixes up the order of ranking.

7 Discussion

Analysis of dependencies in real-life graph and synthetic data contributes to-
wards a better understanding and modeling of complex graph structures. Clearly,
for adequate modeling, it is not sufficient to maintain power laws. For instance, it
was already argued in [7] that robustness of Internet power law router graph is in
strong disagreement with a preferential attachment model. Likewise, our analy-
sis clearly reveals a striking disagreement of the preferential attachment graph
with dependence structure of the Web and Wikipedia. Better models have to
be sought and existing models have to be thoroughly analyzed before we can
conclude that they adequately reflect important features of complex networks.

The idea of a spectral measure estimator is naturally extended to yield the Θ
rank correlation measure. The main idea of this measure is that we characterize
the rank correlations by a cumulative distribution of Θi’s, where i = 1, . . . n.
This way, one can actually see how many pages change their ranks significantly.
Such measure is substantially more informative than just one number, that rep-
resents the correlation in the whole graph. For instance, Melucci [13] noticed that
Kendall’s τ tends to grow close to one for large data sets. The author provides
an example where Kendall’s τ for ranking orders of only a few hundred Web
pages becomes almost 1, in spite of the large number of rank perturbations. We
remark however that if for some reason having one number is necessary, one can
always compute, e.g. the expected deviation of Θ from π/4.

As mentioned before, the proposed correlation measure is quite harsh with
respect to lowly ranked nodes. Indeed, the node ranked 1000 must fall all the
way to 2000 to make the same effect as number 1 becoming number 2. We
would like to emphasize that such discrepancy is especially suitable for ranking
order emerging from a heavy-tailed data, such as PageRank or in-degree. This
is because in such data, there is a huge difference between the highest values of
the realizations, cf. [8].
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Abstract. A novel method is proposed in this paper to find the promotive 
relationship of products from a network point of view. Firstly, a product network 
is built based on the dataset of handsets' sale information collected from all 
outlets of a telecom operator of one province of China, with a period from Jan. 
2006 to Jul. 2008. Then the edge enhanced model is applied on product network 
to divide all the products into several groups, according to which each outlet is 
assigned to class A or class B for a certain handset. Class A is defined as the 
outlet which sell the certain handset and contains all of handsets of its group, 
while other situation for class B which sell the certain handset too. It's shown 
from the result of analysis on these two kinds of outlets that many handsets are 
sold better in outlets of class A than that of class B, even though the sales revenue 
of all these outlets in the time period is close. That is to say the handsets within a 
group would promote the sale for each other. Furthermore, a method proposed in 
this paper gives a way to find out the important attributes of the handsets which 
lead them to br divided into the same group, and it also explains how to add a new 
handset to an existing group and where would the new handset be sold best. 

Keywords: community detection, product network, group, decision making. 

1   Introduction 

The researches on the competitive relationship between products which reflects the 
competition for gaining consumers have been done for a long time [1]. Besides the 
competition relationship among products, another promotive relationship between 
products is found and displayed in this paper by using the edge enhanced model. The 
‘small-world’ phenomenon in the product space [2] and product competition network 
[5] has been found in prior researches, and it suggests that the study of sales promotion 
could be found basing on the theory of complex network. 
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60402011 and National Eleven Five-Year Scientific and Technical Support Program under 
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Network ideas have been applied with great success to topics as diverse as the 
Internet and the world wide web, epidemiology, scientific citation and collaboration, 
metabolism, and ecosystems, to name but a few. Analysis of the network make it 
possible for us to obtain more veracious information including the importance of the 
vertexes in the network, evolution of the temporal series network, classification of the 
vertexes in the network, even the essence of the constitution of the network.  

In this paper we apply the edge enhanced model on the dataset of sale information 
mentioned before, and draw the conclusion that the promotive relationship really exists 
between products within the same group. We take the research steps as follows: firstly 
we build the product network on the original sale records, then we divide the vertexes 
of the network into several groups by the edge enhanced model, after that we analyze 
on the temporal series groups and find the stable groups. These stable groups represent 
vertexes promoting each other. It’s likely to make a better choice when launch a 
handset into the market according to the result of these groups since the handsets in one 
group would promotive each other. And a method to predict which group would 
promotive the new handset most is proposed in this paper. 

The rest of the paper is organized as follows: Section 2 reviews the related work. 
Section 3 introduces the method of constructing the product network. Section 4 presents 
the edge enhanced model. Section 5 discusses an approach of seeking the stable group of 
temporal series groups. Section 6 proposes a method to find the group’s characteristic 
and a method to find the closest group to a new product. Section 7 presents the details of 
the experiment on the sale dataset and the result of it and Section 8 concludes as well as 
prospects the future work. 

2   Related Work 

Hidalgo C A(2007) analyzed the relationship between different kinds of product and 
the network is constructed by the similarity. It’s concluded from his paper that 
adjusting the construction of the import and export merchandise according with the 
relationship between different kinds of merchandise might improve the situation of 
trading and economy of the country [2]. Li Munan(2007) analyzed the relationship 
between companies producing the similar kind of products [5]. He also did analysis of 
the basic topology characters of the products competition network. 

The algorithm for community detection is involved in this paper in order to seeking 
for the essence structure of the product network. Girvan and Newman have introduced 
a betweenness based algorithm by iteratively cutting the edge with the biggest 
betweenness value to partition the whole network into small communities, by using a 
proposed Q modularity measure, it can generate the optimized division of the network. 
To improve the computation efficiency, Newman has also proposed a fast clustering 
algorithm very recently. Other proposed algorithms include METIS [14], spectral 
clustering [15], flow simulation, as well as co-clusterfing [3]. Nan Du (2007) proposed 
a clique-based algorithm which performs well in large graph [7]. 

3   Product Network 

Competition relationship is the main relationship among the homogeneous products. 
And other subtle relationships are recorded in the sale information from which the 
whole research work begins.  
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We define a group as the set of products which promote to each other. In the section 6 
a method would be proposed to introduction one efficiently way finding such groups and 
whether they are GSP (Groups of Similar Products) or GDP (Groups of Different 
Products) which are mentioned in the last paragraph. 

3.1   Construction of the Product Network 

Taking the products as the nodes of network, adding an edge abe
 
between node a and 

node b if abr
 
( Pearson’s correlation coefficient) >

 
θ . 

covariance( , )

standard_deviation( ) standard_deviation( )
ab

ab
a b

sa b
r

a b s s
= =

×  . 
(1) 

ka
 
and

 kb  are the sold amounts of product a and product b at the
 thk

 
outlet which 

has sold both of them in the considered period. We can find out that abr
 
is between -1 

and 1 while value 1 means whole coefficient and value -1 means negative coefficient. 

So the edge abe
 
means node a and node b would increase synchronously to some 

extent which also presents the potential promotion between a and b. And the weight of 

the edge 
abeW

 
is the number of outlets which sell both a and b in the same period. 

According the feature of the groups we want to gain, it could be concluded that the 
products would promote the others within the group and present little or no promotion 
to the other products in the different groups. These kinds of groups are similar with 
communities in social network. 

 

Fig. 1. The product network of the handsets sale in Jan 2007 
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3.2   Community of Network 

Newman proposed the concept of community structure in complex network in 2002[4]. 
Community is the set of the nodes in network, and the nodes in community connect 
closely to each other while not between different communities. This set is also called 
cluster, cohesion group. Although there is not an abroad acceptant, uniform and 
measurable definition of community, it is the real symbol of the arrangement and model 
structure in complex systems. Due to the community is always related to social 
network, we will use the group instead of community to represent the structure of the 
non-social network in the rest of this paper. 

4   Edge Enhanced Model 

4.1   Positive Enhance 

The groups in the product network mentioned above are such sets of vertexes in which 
promotive relationship exists between vertexes. As the edges in product network stand 
for the promotive relationship, the edges are more possible to exist between vertexes 
within one group. And the edges are enhanced at a probability of P to illustrate this 
existence. While an edge with low weight is built at a probability of P when there is no 
edge between some two vertexes of one group to illustrate the possible promotive 
relationship between them. The probability of P is in inversely proportion of the size of 
the group and the weight of the edge, for the possibility is lower to fortify an edge in a 
large group or an edge strong enough. The new network is more likely to show the real 
promotive relationship than the original network because the edges with bigger weight 
are those which illustrate the promotive relationship better or more appropriately. 

Let E represent the set of all the edges of network G, and 

set {
 ic  }（ i=1,2,3…） stand for the set of groups found by 

GN algorithm. For each pair ( ax , bx ), ,a i b ix c x c∈ ∈ ， 

（i=1,2,3…）, if
 ∃ abe ∈E then

 abe
 
is enhanced at a  

probability P, otherwise an edge
 abe

 
is added to G and E at 

a probability P. The new network is G’, and the new set of 
edges is E’. 

4.2   Negative Enhance 

The negative enhance is proposed to restrict the topology status of the vertexes in the 
same group to be equivalent approximately. The ranking values of vertexes are gained 
by Pagerank algorithm, and based on the values could we weaken the edges of vertexes 
on far different status. An edge is weakened at a probability of P’ when the vertexes of 
this edge are far different on the ranking values. While the P’ is in direct proportion of 
this difference, representing the chanciness of this edge. The grater difference there is, 
the less possible for this edge to exist and the more possible for this edge to be 
weakened. 
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Let E represent the set of all the edges of network G, and 
V represent the set of all the vertexes of network G. And

 
av （a∈V） is ranking value of a. For each edge abe ∈E,  

weakening it at a probability P’ according to the difference 

of av
 
and bv

 
mentioned above. The new network is G’, and the 

new set of edges is E’. 

4.3   The Edge Enhanced Model Based on Community Detection 

Edge enhanced model is proposed below based on all mentioned above. 

1. Constructing the weighted product network according to 
the sale information; 

2. Negative enhance; 
3. Dividing the product network enhanced by step 2 into 

several groups; 
4. Positive enhance; 
5. Going back to step 2 until no more change to the partition 

of the groups. 

The network usually converges to the network composed by several isolate vertexes 
or subgraphs each of which represent a group. The communities of Enron’s email 
communication detected by GN algorithm and edge enhanced model are shown below. 

   

Fig. 2. The result of Community Detection of Enron’s email communication. The color of the 
vertex represents the belonging community and the size of the vertex represents the position of 
this people in Enron, for example the biggest vertexes are the CEOs of Enron and the smallest 
vertexes are the employees or traders of Enron. The first one is the result of edge enhanced model 
and the second one is the result of GN. It’s easy to be found out that the vertexes in the same 
community are more similar on size in the result of edge enhanced model than those in the result 
of GN, and it means the result of edge enhanced model could gain the result closer to the realistic 
world than that of GN. 
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Generally speaking, communities detected by edge enhanced model are more 
well-proportioned on size and the vertexes of them are more equal on topology 
status, and the edges in the final convergence of the network are those more realistic 
ones. 

5   Temporal Stable Group Detection 

To find the stable temporal group structure, a method using the distance between 
groups to seek the stable group is proposed as below. 

1. Detecting the partition of groups { ic },i=1,2,… of snapshot 

Ti in the temporal series {
1 2, ,..., nT T T } using the edge enhanced 

model; 

2. , ix y c∀ ∈  ,i=1,2,…,let xyd =0 be the distance between 

vertexes x and y;
 

,i jx c y c∀ ∈ ∀ ∈ , i,j = 1,2,…, i ≠ j, let 

xyd =
i jc cd  be the distance between vertexes x and y while

 i jc cd  

represents the minimum distance between group ic  
and jc ; 

3. For each snapshot Ti using step 1 and step 2 to gain the 
average distance d  

for each pair of vertexes; 

4. The final stable temporal groups are those cliques with 
the vertexes close to each other. 

This method is effective for the variable product network as well as relative stable 
social network. The temporal groups of social network are not changing obviously 
make the distance between vertexes within the same group remain at a stable low level, 
which promote them to be divided into one final group. While considering to the 
variable product network the occasional promotive relationship is screened or revised 
when it’s detected on the temporal series. 

6   Characteristic of a Group 

In the network, a node represents an entity which is full of characters. Take the handset 
as an example. A handset might have such characters like color, size, design style, 
produced date, abundant functions, supporting services, etc. For different groups the 
key characters which make the nodes form these groups are impossible the same. So we 
should find out the key characters for each group which is named Characteristic. 

The values of characters are of different format. For example, the size of a handset is 
a number, while the color of a handset is a word. Firstly, we reflected all the attributes 

to the values in the unified range [ 0 1,x x ]. So for each product we have a 

attribute-value table as follows: 
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Table 1. Attribute-Value table for a handset 

Attribute value Reflected value 
COLOR RED 3 

PRODUCED DATE 2008 7 

…… …… …… 

 
After each product has its own characters and the corresponding values, how can we 

calculate the Similarity of two products? We used a formula like Jaccard Coefficient as 
follows: 

( )( )
( )( )

1

1 1

k k k

k k k l

n

j j j
k

pro n m

j j j j
k l

w X abs x y
J

w X abs x y w X

=

= =

× − −
=

× − − + ×

∑

∑ ∑
 .

 (2) 

The n in (2) is the number of attributes on which both x and y have the corresponding 
values, and the m in (2) is the number of attributes on which only one of x and y has the 

corresponding values. The X is the maximum value in range  [ 0 1,x x ] and this is why 

we should unify all the value of attributes in this range. The
 jw  in (2) is the weight of 

the
 thj  attribute, it means how important this attribute is and whether it’s a positive 

attribute or negative attribute for this group to be distinguished from other groups, and 

sum of jw  
| | 1j

j

w =∑
.
 Moreover, the jw

 
here might be minus to make

 proJ  of two 

products larger while the discrepant attributes contribute to the cause forming the group 
most. 

The problem now is how to gain the vector of jw
.
 Let’s review the cause of forming 

the groups in section 3. Then it could be concluded that the products in the same groups 
might be either similar or different. If they are similar, the characters of this group to be 
distinguished from other groups are those similar attributes, while they are different, 
the characters of this group to be distinguished from other groups are those discrepant 
attributes. The later characters can’t be gained if using the decision tree as the method 

of characteristic. So we want the proJ
 
within the group is small enough and the proJ

 
between the products of different group is big enough. In this paper, the genetic 
algorithms is used to generate the hypo-best vector of jw

.
 

The parameters p, r and m used in the genetic algorithms in the experiments will be 
shown in the table 2. The Fitness function is shown as follows and the Fitness-threshold 
defined in this paper is the maximum execute times. 
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( )
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1
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n n n

pro x y pro x y pro x y pro x y pro x y

pro x x pro x x pro x x pro x x pro x x

J J J J J
n m

J J J J J
n n −
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.

 (3) 

In function (3) the n represents the count of the products in this group and the m 

represents the count of the products out of this group. The i
x  represents the thi  

product of this group and i
y  represents the thi  product out of this group. Therefore, 

for each group there is a certain vector of jw
 
achieved by the genetic algorithms to 

shown the most distinguishing characters of this group. A larger | |jw
 
means a more 

important attribute and if jw
 
< 0 it means the products in this group might different on 

this attribute while jw
 
> 0 it means the products are similar on this attribute. 

After it’s known that how the groups formed, we can predict which outlet or outlets 
should a new product to be sent to in order to profit most. The algorithm is shown as 
follows: 

Table 2. The algorithm of predicting 

For each group iG
 
Loop 

Calculate
 proJ  =  average( sum of proJ

 
of product in iG ); 

Calculate ~pro xGJ = average(sum of proJ
 
between new product x 

and product in iG ) ; 

End loop; 

Get the index x of group xG
 
if nearest ( proJ , ~pro xGJ ) 

satisfied; 

Return the group xG . 

 
In the algorithm the function nearest( proJ , ~pro xGJ ) is the function to judge 

whether proJ
 
and ~pro xGJ

 
are close enough. Either ratio method or the subtract 

method is a simple but useful way. In this paper, the subtract method is chosen. 
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It will profit most when make the new product sell at the outlets which contain all the 

products of xG
 
according to the algorithm above. 

7   Experiments 

The product network of each month’s sale of handsets is built basing on the principle 
mentioned in section 3. The groups of the product network are detected by GN 
algorithm and edge enhanced model monthly. After the temporal series of groups are 
gained, the method mentioned in section 5 is used to detect stable groups in the 
temporal series. For each group all the outlets could be divided into class A and class B. 
The outlets of class A for a group are those which contain all the handsets of this group, 
while the ones of class B for this group are those which do not contain all the handsets 
of this group. The details of sale information of handsets are compared between class A 
and class B on the average sold amount. Using the genetic algorithms to gain each 

character vector of jw
 
for each group. Then predicting the best sell outlets for several 

new products with the method mentioned in section 6 and checking the sell information 
between class A and class B to testify this hypothesis. 

7.1   Description of Data Used in Experiment  

1. The data used in the experiment come from the handset sale records of outlets in a 
province operator during the period from January ,2006 to July, 2008.  

2. The handset fetching for analysis every month absolutely meet the condition of 
“marketable sale exists in this month” as above proposed. Analysis is not done to 
the handset without marketable sale.  

3. There are 293 outlets which bear the handset sale qualification and subject to this 
company, 43 different handset brands and 320 kinds of different models exist in 
the experiment data.  

4. Parameters used in the experiment: 

Table 3. Value of parameters 

Para p r m Fitness-threshold 
Value 10 10% 11% 10 (times) 

7.2   Results of the Experiment 

For each handset we divide all the outlets into class A and class B following the 
principle mentioned previously. The compare of the result of GN algorithm and the 
result of EE model shows in fig. 3. Nearly all the handsets are sold better at the outlets 
of class A than class B checking in the result of EE model, while the result of GN 
algorithm doesn’t perform so well. So it’s more possible for the groups of EE model to 
stand for the set of promotive products. 

Taking two groups out of all the groups for example of the Characteristic Process, 
which represent the GSP and the GDP respectively. Using the method in section 6, the  
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Fig. 3. Blue part of the histogram represents the proportion of better sold handsets in class A 
compared to class B. While the red part represents the proportion of the less sold handsets in class 
A compared to class B. 

vector of jw
 
is obtained and we display the top 5 attributes depend on the absolute 

value of jw
 
as the figures follows. The same attributes are painted in the same color for 

each figure. And the large vertexes stand for the handsets while small ones stand for the 
attributes. 

Seeing from figure 4 and figure 5, the attributes somehow shows the conducts of the 
customers. While the C&R Tree gets the rules like “Don’t have the encryption 
techniques; SM group sending 10 pieces; Standby time 260 hours” for the first group  
 

 

Fig. 4. The top 5 attributes of group {HisenseC177, ZTEc310} 

 

Fig. 5. The top 5 attributes of group {LGKG70C, DaxianC209} 
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and “Don’t have the encryption techniques; Listing dates are 2006 and 2007” for the 
second group, and these rules are not convictive at all. 

There are fifteen new handsets be put into the market from Jan 2008, and we can 
testify how the method mentioned in this paper works. Using the algorithm in section 6, 
all the fifteen handsets are assigned to the closest groups, and the average sale amount 
of each handsets is compared between outlets of class A and outlets of class B as 
follows: 

0
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Kupai766 MotoW362 Samsung599 HwaweiC2860 KupaiC7360 LG KX186 SamsungI859
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Fig. 6. Comparing of the average sale amount for each new handset between outlets of class A 
and outlets of class B from Jan, 2008 

We could see from the figure 6 that the new handsets are all sold better at the outlets 
which contain all the handsets within the assigned group than other outlets apparently 
except for the DopodE806C which is assigned to a group but there isn’t any outlet sold 
it and all the products within its assigned group. Therefore the precision for Prediction 
is 93.3%. 

8   Conclusion 

This paper proposed an edge enhanced model on the basis of community detection, it 
make the network evolve to essential structure by positive enhance and negative 
enhance. The group detected by edge enhanced model has a more important character 
than any group before, which is the nodes in the same group have the similar topology 
status in network. This paper analyzes the handsets’ sale records by using edge 
enhanced model and finds the promotive products groups. We also testify the result and 
arrive at the conclusion that the handsets locating in the outlet which sells handsets 
within the same group could promotive sale mutually. The paper also involved the 
aspects like new product launch, the strategy of balancing new and old products. People 
could launch the new product purposive into the outlets which contains the closest 
group for the new products based on similarity, in order to spreading the new products 
effectively and quickly. 
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Abstract. A network’s topology information can be given as an adja-
cency matrix. The bitmap of sorted adjacency matrix (BOSAM) is a
network visualisation tool which can emphasise different network struc-
tures by just looking at reordered adjacent matrixes. A BOSAM picture
resembles the shape of a flower and is characterised by a series of ‘leaves’.
Here we show and mathematically prove that for most networks, there
is a self-similar relation between the envelope of the BOSAM leaves.
This self-similar property allows us to use a single envelope to predict
all other envelopes and therefore reconstruct the outline of a network’s
BOSAM picture. We analogise the BOSAM envelope to human’s finger-
print as they share a number of common features, e.g. both are simple,
easy to obtain, and strongly characteristic encoding essential information
for identification.

Keywords: complex network, mixing patterns, visualisation, BOSAM.

1 Introduction

During the last decade there has been an international effort to understand the
structure and dynamics of complex networks in social, biological, and technol-
ogy systems [1,2,3,4,5,6,7,8,9,10,11,12]. These networks are very large, containing
thousands or even millions of entities (nodes) interacting with each other (links),
and their structures are irregular, evolving and inherently stochastic. The sta-
tistical physics methods have been widely used in studying complex networks.

Complementary to this effort, a number of network visualisation tools have
been proposed to illustrate network topologies, such as [13,14,15]. These tech-
niques take the advantage of human being’s extraordinary ability in recognising
patterns in images and therefore allow us to compare two networks by seeing
whether the networks visualisations look similar to each other.

Of our particular interest is a tool called the bitmap of sorted adjacency matrix
(BOSAM) [14]. It sorts a network’s nodes in a specific order such that the bitmap
representation of the reordered adjacency matrix resembles a ‘flower’. The shape
of the flower reveals many topological properties of the network. A BOSAM
flower consists of a series of ‘leaves’, each of which is characterised by its envelope.

In this paper we demonstrate and mathematically prove that the way the
adjacency matrix is reordered for BOSAM gives rise to a self-similar relation

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1666–1677, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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between the envelopes of the leaves. This self-similar property allows us to use
just one envelope to predict all other envelopes and therefore recover the shape
of a BOSAM flower. We also show that if a network preserves its macroscopic
structure during the network growth, the BOSAM envelopes scale with the net-
work’s size. We remark that an envelope of a network’s BOSAM is analogous to
a fingerprint of a human being, which is a small token, easy to obtain, valid for
life, and encodes essential information for identification.

2 Bitmap of Sorted Adjacency Matrix

For a network with N nodes, the connectivity information between the nodes can
be given as an N ∗N adjacency matrix, in which entry aij is the number of links
connecting between nodes with indexes i, j ∈ {1, 2, ..., N}. For an undirected,
simple network (no self-loop or repeat link), the adjacency matrix becomes a
symmetric (0, 1)-matrix with zeros on its diagonal, where entry aij is mirrored
by entry aji. This matrix can be represented as a black-and-white bitmap, i.e. if
aij = 1, a black pixel is placed at the coordinate of (i, j); otherwise a white pixel
is placed there. One can see such a bitmap is not very helpful if node indexes
are randomly assigned.

Degree k is defined as the number of links a node has. For a given network, we
sort nodes in ascending order of the degree. For nodes having the same degree,
we arrange them in ascending order of the largest neighbor degree, ω, which is
the largest degree of a node’s neighbours. For nodes having both the same degree
and the same largest neighbor degree, we reorder them in ascending order of the
largest neighbor index, e, which is the largest index of a node’s neighbours. We
then reassign each node a new index using the node’s position in the sorted list.
Then, for two nodes with indexes i < j, we have one of the followings:

– ki < kj ;
– ki = kj and ωi < ωj ;
– ki = kj , ωi = ωj and ei < ej .

The above node sorting rule produces a reordered adjacency matrix, whose
bitmap visualisation is called the bitmap of sorted adjacency matrix (BOSAM).
Fig. 1 shows BOSAMs for six networks. The names and sources of the datasets
for these networks are given in Table 1. Each BOSAM picture resembles a ‘flower’
which consists of a series of ‘leaves’ symmetrically arranged along the bitmap’s
diagonal. The shape of the flower reflects a number of network topological prop-
erties. For simplicity, in the following we only discuss vertical leaves above the
diagonal.

2.1 Degree Distribution

The degree distribution P (k) is the probability of finding a k-degree node in a
network. For a network with N nodes, the number of k-degree nodes is Nk =
N · P (k), and the number of nodes with degrees equal to or smaller than k as
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Fig. 1. Bitmap of sorted adjacency matrix (BOSAM) for (a) the ER model, (b) the BA
model, (c) the PFP model, (d) the scientific collaborations, (e) the protein interactions,
and (f) the AS Internet. For each network, the envelope which is used as the root for
the prediction is shown in blue colour and the predicted envelopes are shown in red
colour.
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Table 1. Properties of networks under study: (a) the Erdös-Rényi (ER) model [25]
which generates random networks having a Poisson degree distribution; (b) the
Barabási-Albert (BA) model [3] which generates scale-free networks with a power-
law degree distribution; (c) the Positive-Feedback Preference (PFP) model [26,27,28]
which generates Internet-like networks; (d) the scientific collaboration network [29,30],
in which nodes represent scientists and a connection exists if they coauthored at least
one paper in the e-print archive http://xxx.lanl.gov/archive/cond-mat/ from 1995 to
1998; (e) the protein interaction network [6,31], in which nodes represent proteins in
the yeast Saccharomyces cerevisiae (http://dip.doe-mbi.ucla.edu/) and a connection
exists if they interact with each other; (f) the Internet network at the autonomous
system (AS) level [10,22] based on the traceroute data collected by CAIDA in April
2003 [32,33]; and (g, h) the Internet AS networks based on the BGP data collected by
the Oregon Route Views project (http://www.routeviews.org/) in October 2001 and
September 2006, respectively. On the AS Internet, nodes represent Internet service
providers and a connection exists if they have a commercial agreement to exchange
traffic. The shown properties are: the number of nodes N and links L, the average
node degree 〈k〉 = 2L/N , and the characteristic node degree k∗ which has the largest
degree distribution.

N L 〈k〉 k∗

(a) ER network 10,000 30,000 6 6

(b) BA network 10,000 30,000 6 3

(c) PFP network 10,000 30,000 6 2

(d) Scientific collaboration 15,179 43,011 5.7 2

(e) Protein interaction 4,713 14,846 6.3 1

(f) Internet (traceroute) 9,204 28,959 6.3 2

(g) Internet (BGP-2001) 12,033 21,742 3.6 1

(h) Internet (BGP-2006) 23,480 49,077 4.2 1

N�k = N ·
∑k

1 P (k). According to the node sorting rule of BOSAM, the indexes
of k-degree nodes are Ik = {i |N�k−1 < i � N�k}.

Each leaf is associated with a node degree k because it is formed by pixels
representing connections linking to k-degree nodes. In other words, the leaf for
degree k represents entries {ai,j = 1 | i ∈ Ik} in the reordered adjacency matrix.
Thus the width of the k-degree leaf is Nk.

In Fig. 1, the widest leaf in the ER network’s BOSAM is for degree 6, which
reflects that the network has a Poisson degree distribution which peaks at the
average node degree of 6. Other networks are ‘scale-free’ having a power-law
degree distribution [3]. This means most nodes are low-degree nodes, whereas a
small number of nodes have very large degrees. This is reflected on BOSAMs as
the width of leaves decreases rapidly with the node degree.
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2.2 Degree-Degree Correlation

Degree-degree correlation is a widely studied property [16,17]. The protein inter-
action network, the Internet and the PFP network have a negative degree-degree
correlation, or so-called disassortative mixing [18], which means low-degree nodes
tend to connect with high-degree nodes and vice versa. This is reflected on their
BOSAMs in Fig. 1 as pixels are densely distributed along the upper envelope of
the leaves. In contrast, the scientific collaboration network exhibits a positive
degree-degree correlation, or assortative mixing [19], which means nodes tend to
connect with alike nodes of similar degrees. This is characterised on the BOSAM
as a series of lines are radiated from the top-right corner across the leaves. The
ER network and the BA network have a neutral degree-degree correlation, which
is illustrated on the BOSAMs as pixels are fairly evenly distributed on the leaves.

2.3 Rich-Club

In the Internet and the PFP model, the high-degree nodes, ‘rich’ nodes, are
tightly interconnected with themselves, forming a rich-club [20,21]. This is re-
flected on their BOSAMs as the top-right corner is almost fully covered by pixels.
This is not the case for the ER network and the BA network where high-degree
nodes are sparsely interconnected with themselves.

In summary, BOSAM provides a simple and effective way to emphasising dif-
ferent network structures. We can compare network topologies by just looking
at their BOSAMs. For example one can see that although the BA model has
been widely used as a generic model for all scale-free networks, the model does
not closely resemble the Internet, the protein interaction and the scientific col-
laborations. In fact the three real networks themselves are different from each
other in profound ways. The PFP model well resembles the Internet based on
the traceroute data (see Table 1).

3 Self-similar Property of BOSAM

One improvement to the previous version of BOSAM [14] is that here we consider
the largest neighbor index e as well in the node sorting rule. This reduces zigzag
in BOSAM and as a result the envelopes of the leaves become smooth, solid
curves.

The envelope of the leaf for degree k consists of Nk pixels given as

Ek = {(i, ei)|i ∈ Ik}, (1)

where ei is the largest neighbor index of node i and Ik is the set of indexes of
k-degree nodes. According to the node sorting rule of BOSAM (see Section 2),
the degree of node ei is the largest neighbor degree of node i, i.e. kei = ωi. One
can see that the envelope Ek is given by the cumulative distribution function
Fk(ω), which is the probability for a k-degree node having the neighbours largest
degree less than or equal to ω.
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3.1 Self-similar Relation between BOSAM Envelopes

Theorem 1. In a network, if a node’s neighbours degree µ is independent and
identically distributed ( i.i.d.), the cumulative distribution functions Fk(ω) and
Fl(ω) for k-degree nodes and l-degree nodes, respectively, have the following self-
similar relation,

Fk(ω) = Fl(ω)
k/l . (2)

The proof of Theorem 1 is given in Appendix A. This self-similar property of
BOSAM allows us to use just one envelope, we call it the root envelope, to
predict all other envelopes (see the self-similar algorithm in Appendix C).

The characteristic degree k∗ is the node degree having the largest number of
nodes, i.e. Nk∗ � Nk or P (k∗) � P (k). The envelope of the leaf for the charac-
teristic degree contains more information than other envelopes. Fig. 1 illustrates
the prediction result. For each network, we use the envelope for the characteristic
degree (see Table 1) as the root envelope. We highlight the root envelope in blue
colour and the predicted envelopes for other degrees in red colour. One can see
that the predicted envelopes well overlap with the real envelopes beneath them.

3.2 Discussion

The self-similar relation between BOSAM envelopes is different from other scal-
ing properties in networks, such as the scaling property of community size in
social networks [34]. As shown in the proof of Theorem 1, the self-similar relation
between BOSAM envelopes is originated from the way we reorder the adjacency
matrix, and therefore it is valid for all networks, regardless of networks degree
distribution or degree-degree correlation.

The only condition for the proof of Theorem 1 is that the neighbours degree
µ is independent and identically distributed (i.i.d.). One should not confuse this
condition with the degree-degree correlation property of a network. The i.i.d.
condition means that a network’s degree-degree correlation (whether the corre-
lation is negative or positive) is consistent for all nodes. We can infer whether
a network is i.i.d. by observing whether the prediction of BOSAM envelopes is
accurate. Fig. 1 shows that most networks under study satisfy the i.i.d. condi-
tion. By comparison, the predicted envelopes for the protein interaction network
do not precisely (but still quite closely) match the real envelopes. This suggest
that the protein network are not strictly i.i.d..

3.3 Scaling of BOSAM Envelopes

If two networks have the same macroscopic structure, their BOSAM pictures
should look the same. This should be the case even if the networks are of dif-
ferent sizes. For example it is known that the BA model preserves its topolog-
ical structure during network growth [3]. Therefore, as shown in Fig. 2-(a), the
BOSAM pictures for the three BA networks with different sizes indeed look the
same. We can use the scaling algorithm in Appendix D to accurately predict
the envelopes in the two larger networks (in red colour) from the envelopes in
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Fig. 2. Prediction of BOSAM envelopes for growing networks. (a) BA networks with
the number of nodes N = 5, 000, N = 10, 000 and N = 20, 000. (b) Internet networks
based on BGP data collected in year 2001 and 2006 (see Table 1). In (a) and (b),
red envelopes in larger networks are predicted from the blue envelope in the smallest
network.
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the small network (which themselves are predicted from the root envelope in
blue colour). Thus the scaling property of BOSAM envelopes can be used to test
whether two networks with different sizes have the same macroscopic structure.

Fig. 2-(b) shows the BOSAM pictures for the Internet networks based on the
BGP data collected in 2001 and 2006 (see Table 1). The envelopes in the large
network are precisely predicted by scaling the envelopes in the small network.
This suggests that during the 5-year period, although the Internet doubled its
size, it well preserves its macroscopic structure.

4 BOSAM Envelope as Network Fingerprint

Based on the above observations, we remark the analog between BOSAM en-
velope and human being’s fingerprint in the following ways. (1) A BOSAM
envelope is a small token of the network’s adjacency matrix, in the form of a set
of coordinates Ek = {(i, ei)|i ∈ Ik}. Such a relatively small amount of informa-
tion is easy to obtain, store and process. (2) A single BOSAM envelope is able to
recover all other envelopes and thus provide an outline description of a network’s
BOSAM. (3) The envelope fingerprint is valid for a growing network as far as

Fig. 3. BOSAM fingerprint for all networks under study. Each envelope is normalised
by the number of nodes in its own network.
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the network preserves its macroscopic structure, just like a person’s fingerprint
is valid for life. And (4) A BOSAM envelope contains essential information that
characterises the network’s topology.

Fig. 3 shows one envelope fingerprint for each of the networks under study.
For comparison purpose, all the envelopes shown are of the leaves for the node
degree 2, except for the BA network which does not contain 2-degree nodes and
therefore the envelope for degree 3 is shown instead. The size of the envelopes
are normalised by the number of nodes in the networks. We can see the envelope
fingerprint of the networks are strongly characteristic.

Fig. 3 shows two fingerprints for Internet networks based on different data
sources [22]. The fingerprint for the traceroute Internet (line 6) is positioned
to the left of that for the BGP Internet (line 7). This reflects one of the key
differences between the two data sources that 1-degree nodes count for a larger
proportion in the BGP data than in the traceroute data. However the two fin-
gerprints have the same shape, which suggests the fact that the macroscopic
structure of the two Internet networks are similar. The close approximation be-
tween the traceroute Internet and the PFP network (line 3) is evidently shown
by the close match of their fingerprints. One would expect that minor revision
would enable the PFP model to resemble the BGP Internet as well.

5 Conclusion

BOSAM is a visualisation tool for network topologies. The simple tool provides
an effective way to emphasise networks topological differences or similarities by
just looking at the bitmap of reordered adjacency matrixes.

A network’s BOSAM is characterised by a series of leaves and the shape
of the leaves are described by their envelopes. We show there is a self-similar
relation between the envelopes for most networks. This properties allow us to
use one single envelope to reconstruct all envelopes. For an evolving network
which preserves its structure, the BOSAM envelopes scale with the growing size
of the network. In these respects we suggest that the BOSAM envelope can be
used as a self-similar fingerprint for network topologies.
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Appendix

A Proof of Theorem 1

For a k-degree node, the neighbours degree µ consists of k variants µ1, µ2, ..., µk .
We reorder them so that ν1 � ν2 � ... � νk. Thus the largest neighbor degree
ω = νk.

According to the order statistic theory (see Appendix B ), the probability
function of ω for k-degree nodes is given by

Pk(ω) = Pk(νk) = k [Fk(µ)](k−1) Pk(µ) (3)

where Pk(µ) is the probability function of µ and Fk(µ) is the cumulative distri-
bution function of µ, for k-degree nodes.

In a network where µ is i.i.d., we have Pk(µ) = P (µ) and Fk(µ) = F (µ). Then

Pk(ω) = k [F (µ)](k−1) P (µ). (4)

Therefore we have

Fk(ω) =
∫ ω

0

Pk(ω) dω (5)

=
∫ µ

0

k [F (µ)](k−1) P (µ) dµ (6)

=
∫ µ

0

k [F (µ)](k−1) dF (µ)
dµ

dµ (7)

=
∫ F (µ)

0

k [F (µ)](k−1) dF (µ) (8)

=
∫ F (µ)

0

(
[F (µ)]k

)′
dF (µ) (9)

= [F (µ)]k. (10)

Similarly we can have Fl(ω) = [F (µ)]l for l-degree nodes. Thus Theorem 1 is
proved:

Fk(ω) = [F (µ)]k = [ [F (µ)]l ]
k/l = [Fl(ω)]

k/l . (11)

B Order Statistic

Given a sample of n variants X1, X2..., XN , reorder them so that Y1 � Y2 �
... � YN . Then Yr is called the r th order statistic [23] for r = 1, 2, ..., N .

If X has the probability function P (X) and the cumulative distribution func-
tion (CDF) F (X), then the probability function of Yr is given by [24]

P (Yr) =
N !

(r − 1)! (N − r)!
[F (X)]r−1 [1− F (X)]N−r P (X). (12)

Therefore the probability function of the largest value YN is

P (YN ) = N [F (X)]N−1 P (X). (13)
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C Algorithm for Predicting Envelopes for Other Degrees

For a network with N nodes and degree distribution P (k), if we know the
BOSAM envelope El = {(i, ei) | i ∈ Il} for degree l, then we can use Theo-
rem 1 to predict the envelope Ek for degree k as

Ẽk = {(̃i, ei) | i ∈ Il}, (14)

where

ĩ = N<k + Nk

(
i−N<l

Nl

)k/l

(15)

and
Nk = N · P (k), N<k = N ·

∑k−1
1 P (k).

D Algorithm for Scaling Envelopes with Network Size

For a network with N nodes, if we know the BOSAM envelope Ek = {(i, ei) | i ∈
Ik} for degree k, the scaling of the envelope to the network size of N ′ is given
by

Ẽ′
k = {(ĩ′, ẽ′i) | i ∈ Ik}, (16)

where

ĩ′ = i
N ′

N

and

ẽ′i = ei
N ′

N
.
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Generalized Farey Tree Network with Small-World 
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Abstract. Generalized Farey tree network (GFTN) model with small-world is 
proposed, and the topological characteristics are studied by both theoretical 
analysis and numerical simulations, which are in good accordance with each 
other. Analytical results show that the degree distribution of the GFTN is 
exponential. As the number of network nodes increasing with time interval (or 
level number), t, the clustering coefficient of the networks tends to a constant, 
ln2; the diameter of the network is increasing with t, the resulting networks are 
evolved from disassortative to assortative and show assortative coefficient tends 
to 0.25 for large t.  

Keywords: Generalized Farey tree network, topological properties, theoretical 
analysis, small world, numerical simulation. 

1   Introduction 

Due to diversity and complexity of real-world networks in the nature and human 
society, real-world network structures often are of rich and varied architecture. How to 
find a more suitable and another kind of complex network in nature and human society 
has been a challenging and significant issue in network science. According to our 
knowledge, generalized Farey tree and its pyramid have been applied to describe 
complexity of nonlinear complex systems [1-3] since 1980s. In previous study Kim 
and Ostlund constructed a Farey triangle to obtain rational approximants of pair of 
irrational number motivated by the interest in nonlinear systems. They have shown that 
frequency locking in maps can be organized by the Farey arithmetic that provides 
rational approximants of irrational numbers, and showed that frequency locking on a 
three torus can be organized by the generalized Farey arithmetic that gives rational 
approximants for pairs of mutually irrational numbers. Then Maselko and Swinney [2] 
found that the Farey triangle can provide a natural compact description of sequences of 
periodic state observed in their experiments on the Belousov-Zhabotinskii reaction. 
Fang [3] have also found that in nonlinear dynamical system mode locking and 
complicated multi-peaked periodic oscillations can be described by the generalized 
Farey tree, triangle and pyramid, which demonstrated that this classification provides a 
natural, compact and elegant means of organizing complexity and reveals the self-
similar structure of the nonlinear dynamics. Calvo and his cooperators [4] have also 
investigated the hierarchical structure of three-frequency resonances in nonlinear 
dynamical systems with three interacting frequencies, in which they hypothesize an 
ordering of these resonances based on a generalization of the Farey tree organization 
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from two frequencies to three, and the experiments and numerical simulations 
demonstrated that their organization may describe the hierarchies of three-frequency 
resonances in representative dynamical systems, and may be universal across a large 
class of three-frequency systems. 

Could we use generalized Farey organization to describe complex networks from a 
view point of network science [5-6]? That is our motivation for this paper. The answer 
is positive. We propose and construct another family of complex network: generalized 
Farey tree network (GFTN) which can depict and reveal complexity and universality of 
complex network systems. Main theoretical results of topological properties in the 
GFTN, including degree distribution, clustering coefficient, diameter and degree-
degree correlation coefficient (assortative coefficient), are deduced theoretically. This 
work can be extended to generalized Farey organized network pyramid, which will be 
appeared elsewhere.   

2   Construction Method of the Generalized Farey Tree Network 
(GFTN) 

In the ordinary Farey analysis an infinite tree of rational numbers can be constructed 
from a pair of rational numbers: the Farey sum of the pair p/q and p’/q’ is 
(p+p’)/(q+q’), which is the rational mediant between p/q and p’/q’ with largest 
denominator. This Farey addition can be continued infinitely, yielding the Farey tree. 

Constructional rule of the GFTN is as follows. (1) It is similar to ordinary Farey 
tree above, but in the GFTN three nodes of network start from the adjacent three 
values of (0/1, 1/1, 1/0), which represent first generation, also so-called first level. (2) 
First level (generation) is (0/1, 1/1), (1/1, 1/0) and (1/0, 0/1), respectively. Thus they 
format three families (branches). (3)Second level of the GFTN has (0/1+1/1=1/2), 
(1/1+1/0=2/1) and (1/0+0/1=1/1), the GFTN can be constructed in a recursive way. 
Fig.1 illustrates the diagram of the first three steps of the GFTN and Fig.2 gives the 
GFTN with the 6 levels which consists of the three branches (families).  

 

 
t = 0 

Fig. 1. The first three levels (steps) of the GFTN 
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t = 1 
 
 

 
t = 2 

Fig. 1. (continued) 
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t = 5 

Fig. 2. The GFTN with the 6 levels, which consists of huge three families 

3   Topological Properties of the GFTN 

In the following sections, we denote the network after t steps by , 0tG t ≥ , and the total 

numbers of nodes and edges in Gt are nt and et respectively. For t=0, G0 is a triangle 
composed by the first level’s three nodes (0/1, 1/1, 1/0), which link to each other. 
When t ≥ 1, the number of next level’s nodes added to the network tn∆ is three times 

the number of new nodes appearing in a single Farey sequence. So we have 

13 2t
tn −∆ = ⋅ . (1) 

Each new node has two edges that link the new node to two nodes. The p/q of each 
new node is taken in increasing level from the GFTN. Thus at time interval t ≥ 1, 
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according to the evolving rules, the numbers of total nodes and total edges in the 
GFTN are respectively 

1 0

1 1 0

, 3

2( ), 3
t t t

t t t t

n n n n

e e n n e
−

− −

= + ∆ =
= + − =

. (2) 

Combining with Eq. (1), the solution of Eq. (2) is 

1

3 2

3 6 2 3 (2 1)

t
t

t t
t

n

e +

= ⋅

= − + ⋅ = ⋅ −
. (3) 

Topology properties are of fundamental significance to understand the complex 
dynamics of real-world systems. Here we focus on four important characteristics: 
degree distribution, clustering coefficient, diameter, and degree-degree correlations.  

3.1   Degree Distribution 

Degree ki of a node i is the number of edges connected to it. In general, the 
importance of a node is in proportion to its degree. From Eq. (3), we have the average 
number of degree of network at time interval t, 

2 2( 3 6 2 )
4.

3 2

t
tt

t
t

e
k

n
→∞− + ⋅= = ⎯⎯⎯→

⋅
 (4) 

Degree distribution Pk, which is the probability that a node chosen uniformly at 
random has degree k, is one of the most important statistical characteristics of a 
network. Let ki,t is the degree of node i at step t, and tj is the current step j at which 
node i is added to the network. Then by construction, initial degree of each new node 
at tj, is 2, and the increment of old node at tj-1 is 2 for j ≥ 1. It is not difficult to find 
following relation: 

, , 1

,0

2, 1
.

2
i t i t

i

k k t

k
−= + ≥⎧⎪

⎨ =⎪⎩
 (5) 

The solution of Eq.(5) is 

, 2( 1), 0,1, , .i jk j j t= + =  (6) 

Therefore, the degree in the GFTN at step t is discrete and the nodes have 
maximum degrees are the first three nodes in G0. Combing with Eq.(6), we can give 
the relationship between k and Nk, which is the number of total nodes whose degree 
are all k in Gt of the GFTN, we have 

2

3 2 , 1,2, ,
.

3, 1

t j

k j

j t
N N

j t

−⎧ ⋅ =
= = ⎨ = +⎩

 (7) 



 Generalized Farey Tree Network with Small-World 1683 

Since the number of all nodes in network at step t is nt, we can deduce the degree 
distribution P2j according to the knowledge of classical probability. 

2
2

3 2 3 2 1
, 1, 2, ,

3 2 2
.

3 3 1
, 1

3 2 2

t j t j

t j
j t

j
t

t t
t

j t
N n

P
n

j t
n

− −⎧ ⋅ ⋅= = =⎪ ⋅⎪= = ⎨
⎪ = = = +⎪ ⋅⎩

 (8) 

Let k=2j, we have j=k/2, and 22 2
k

j −− = . Through substitution of variable, 

k
k

2
2

2
2 , 2,4, , 2 2 , 2, 4, , 2 ,2(t 1).
2 , 2( 1)

t
k j

t

k tP P k t
k t

−
−−>∞

−

⎧ ⎫⎪ ⎪= …= = ⎯⎯⎯→ = … +⎨ ⎬
⎪ ⎪= +⎩ ⎭

 (9) 

From Eq. (9), degree distribution of the GFTN follows the form of exponential. 
Fig.3 shows the curve of degree distribution at step t=10 and t=100 and theoretical 
results fit well with numerical ones.  

Theoretic curve is taken as 

22
k

kP
−

= . (10) 

It is seen from Fig.3 that the theoretical result of degree distribution is in 
agreement with numerical simulation. 

3.2   Clustering Coefficient 

While average clustering coefficient(C) is considered as another characteristic of a 
network, we also derive the analytical expression of the C. In a network the local 
clustering coefficient Ci of a node i is defined as Eq. (11) and C is the algebraic 
average of all Ci. 

2

( 1)

1
t

i
i

i i

ii G
t

E
C

k k

C C
n ∈

⎧ =⎪ −⎪
⎨
⎪ =
⎪⎩

∑
. (11) 

where Ei is the number of links presenting among its neighbors of the given node i in 
a network and ki is the degree of node i, nt is the total number of nodes in network. 

By construction, at step 0, it is straightforward to calculate exactly the Ci and 
C=1. When a node i joins the network at step j, ki and Ei are 2 and 1 respectively. 
After that, if the degree ki of node i increases by one, its new neighbor must connect 
to one of its presenting neighbors. So Ei increases by one at the same time. All the 
edges among neighbors of node i can almost be a closed polygon except an edge is 
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lacked. Anyway, for a node i which degree is ki, there is only ki-1 links among its 
neighbors. 

1i iE k= − . (12) 

So, combing with Eq. (3), (7), and (12), Eq. (11) can be rewritten as 

2( 1) 2

( 1)
i

i
i i i

k
C

k k k

−
= =

−
. (13) 

And for t ≥ 1 

1 2 3

1 2 3

1

1 1 2 2 2 2 2
(3 2 3 2 3 2 3 2 3 )

2 4 6 2 2( 1)3 2

1 1 1 1 1 1 1 2 1
(2 2 2 2 ) ( )

1 2 3 1 12 2

ii

t t t t t
k i tk

t

t i
tt t t t t

t t i

C N C
n t t

t t i t

− − − −

−
− − − −

=

= = ⋅ + ⋅ + ⋅ + + ⋅ + ⋅
+⋅

= + + + + + = +
+ +

∑

∑
 (14) 

 

Fig. 3. Comparison of the degree distribution of network between theoretic result (circle) and 
numerical one (line).  (a) t=10, (b) t=100. 
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Fig. 4. Comparison of the cluster coefficient of the GFTN between theoretical result (circle) 
and numerical one (line) with the increasing of step t 

 
In the limit of large step t, 

1 1

1 1

1 2 1 1 2 1
lim lim ( ) lim lim

12 2 2 ( 1)

1 1 1
lim lim lim

2 2 ( 1) 2

t i t i
t t

t t ti it t t t

t t

i t ii it t t

C
i t i t

i t i

− −

= =→∞ →∞ →∞ →∞

= =→∞ →∞ →∞

= + = +
+ +

= + =
+

∑ ∑

∑ ∑
 (15) 

According to the D’Alembert discriminance of convergence of positive term series, 
we have 

1

1
1( 1)2

lim lim 1
1 2( 1) 2
2

i

i i

i

ii

i
i

+

→∞ →∞

+ = = <
+

. (16) 

So Eq. (12) is constringent. With the expanding series formula of logarithmic, 

2 3 4

2 3 4

1 1 1
(1 ) ...., ( 1 1)

2 3 4
1 1 1

(1 ) ...., ( 1 1)
2 3 4

ln x x x x x x

ln x x x x x x

+ = − + − + − < ≤

− = − − − − − − < ≤
. (17) 

we have 

2 3 4

1

[ (1 ) (1 )] [ (1 ) (1 )]

2
1 1 1

....
2 3 4

i

i

ln x ln x ln x ln x

x
x x x x

i

∞

=

+ − − − + + −

= + + + + =∑
. (18) 
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Taking the value x=2-1, Eq. (15) can be rewritten as 

1

1 1 1 1 1 1
lim [ (1 ) (1 )] [ (1 ) (1 )] 2

2 2 2 2 22

t

iit
C ln ln ln ln ln

i=→∞
= = + − − − + + − =∑  (19) 

Fig.4 shows the relationship between C and t from theoretical and numerical 
results, which are consistent. Theoretic curve is calculated with Eq. (14). 

3.3   Diameter and Small World 

The length of the geodesic, lij, is defined as the minimum number of edges from node 
i to node j in a network. The maximum value of lij between any pair of its nodes is 
called the diameter of the network at step t, which is denoted by Dt. Diameter plays an 
important role in the transport and communication within a network and it can 
measure maximum delay of them. By construction, when t=0 there are the first three 
nodes in the network and D0 =1. As increasing of step t, Dt is associated with the new 
nodes joined to the network at step t, and we can observe the relationship between Dt 
and t as following 

( ) 1D t t= + . (20) 

Fig.5 shows the relationship between Dt and t from theoretical and numerical 
results, which are consistent. We observe Eq.(20) that Dt= t+1 for the GFTN. Since at 
time t the network diameter is also equal to t+1, so the average path length(APL) of 
the network is less than t+1. In the mean time, the logarithm value of total number of 
nodes nt  is ln(3 2 ) ln 3 ln 2t t⋅ = + , which equals approximately to tln2 for large t. It 

shows that D grows logarithmically with the network size nt, so its APL grows slower 
than ln(nt). It means obviously that the GFTN  has the small-world characteristic.  

 

Fig. 5. Comparison of the diameter of networks between theoretic result (circle) and numerical 
one (line) with the increasing of step t 
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3.4   Degree-Degree Correlations 

Besides above three network characteristics, degree-degree correlations (or so-called 
assortative coefficient) are usually used to measure the remaining degree—the 
number of edges leaving the node other than the one we arrived along. A widely 
accepted formula is the one of assortative coefficient rc proposed by Newman[7] as 
following. 

1 1 2

1 2 2 1 2

1
[ ( )]

2
1 1

( ) [ ( )]
2 2

t i i t i ii i

c

t i i t i ii i

e p q e p q
r

e p q e p q

− −

− −

− +
=

+ − +

∑ ∑

∑ ∑
. (21) 

where pi and qi are the degrees of the vertices at the ends of the ith edge, with i=1,  
2, …, et. And rc lies in the range -1≤rc≤1. 

A network is said to show assortative mixing when rc>0, and it indicates that the 
nodes in the network that have many connections tend to be connected to other nodes 
with many connections. A network is said to show disassortative mixing when rc<0, 
and it indicates that the nodes in the network that have many connections tend to be 
connected to other nodes with few connections. The value of rc is zero for no 
assortative mixing or disassortative mixing. 

By construction above, the GFTN is composed of three Farey trees, and each of 
them has similar topology structure. An arbitrary edge epq in a single Farey tree can be 
analyzed through the two nodes of it connects, p and q. According to the current steps 
tp and tq, at which the two nodes joined to the network, we can easily obtain their 
characteristics as filled in the Tab.1, where Nkp,kq is the number of edges epq. 

Table 1. Characteristics of edge and two nodes that it connects in the network 

tp tq Nkp,kq kp kq 
0 1·3 2(t+1) 2(t+1) 
1 2·3 2(t+1) 2t 
2 2·3 2(t+1) 2(t-1) 
… … … … 

0 

t 2·3 2(t+1) 2[t-(t-1)] 
2 2·3 2t 2(t-1) 
3 2·3 2t 2(t-1) 
… … … … 

1 

t 2·3 2t 2[t-(t-1)] 
… … … … … 

i+1 2·2i-1 ·3 2[t-(i-1)] 2(t-i) 
… … … … 
i+j 2·2i-1·3 2[t-(i-1)] 2[t-(i+j-1)] 
… … … … 

i 
(i≥1) 

t 2·2i-1 ·3 2[t-(i-1)] 2[t-(t-1)] 
… … … … … 
t-1 t 2·2t-2 ·3 4 2 
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Combing with Tab.1, Eq.(21) can be rewritten as following 
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(22) 

From the expression of rc in Eq. (22), we can easily calculate its value with t trends 
to infinity. 

1
lim 0.25

4c
t

r
→+∞

= =  (23) 

Fig.6 gives the relationship of rc with t and compares of theoretical with numerical 
results, which are consistent each other. While t<4, rc<0 and network show 
disassortative mixing. While t ≥ 4, rc > 0 and rc is tend to a constant, the network 
show assortative mixing. 

 

Fig. 6. The rc vs t and comparison of theoretical with numerical results 
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4   Conclusions 

In summary, we have introduced and studied another kind family of complex 
network: generalized Farey tree network of the time evolution with geometrically 
growth. We have derived the analytical expressions of characteristic quantities of the 
GFTN and computed corresponding numerical results, which are in good accordance 
with each other. These characteristic quantities include degree distribution, average 
clustering coefficient, diameter, as well as the degree-degree correlations, which are 
determined by the step (level number) t and in accordance with large amount of real 
observations. We have revealed the main features of the GFTN as follows. The degree 
distributions is exponential form with discrete. The average clustering coefficient of 
the GFTN is decreasing as step t (or level number) increasing and is tendency to a 
constant, ln2 for large time t. The GFTN has the small world since the APL is less 
than ln(nt). The degree-degree correlations are independent when t is large and the 
networks almost show assortative mixing.  

The features above of the GFTN provide a new way to study the complexity-
diversity and universality-simplicity of the real-world networks. Further work will 
study weighted GFTN, and it can be extended to investigate another kind of 
generalized Farey organized pyramid [8].  
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Abstract. Supply chain is a special kind of complex network. Its com-
plexity and uncertainty makes it very difficult to control and manage.
Supply chains are faced with a rising complexity of products, structures,
and processes. Because of the strong link between a supply chain’s com-
plexity and its efficiency the supply chain complexity management be-
comes a major challenge of today’s business management. The aim of
this paper is to quantify the complexity and organization level of an in-
dustrial network working towards the development of a ‘Supply Chain
Network Analysis’ (SCNA). By measuring flows of goods and interaction
costs between different sectors of activity within the supply chain bor-
ders, a network of flows is built and successively investigated by network
analysis. The result of this study shows that our approach can provide
an interesting conceptual perspective in which the modern supply net-
work can be framed, and that network analysis can handle these issues
in practice.

Keywords: supply network, complexity, complex network, network
analysis, entropy, fuzzy variable.

1 Introduction

In today’s business environment, where the pressure is on providing accuracy
and flexibility to partners, while at the same time reducing costs, the only way
to achieve these goals is by improving processes both internally and externally.
At the same time, the walls of the enterprise continue to move out; there is
outsourcing with more and more partnerships and organizations reaching out
to one another. Companies are outsourcing what is not attached to their core
competencies, so the bottom line is flexibility. At the same time, the bottom
line is also agility; many researches focus on the ability of an organization to
adapt to change and also to seize opportunities that become available due to
change [2,3].

A supply chain (SC) may be defined as an integrated process wherein a number
of various business entities (i.e., suppliers, manufacturers, distributors, and retail-
ers) work together in an effort to: (1) acquire raw materials, (2) convert these raw
� Supported by NSFC under grant 70671057 and 70771052.
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materials into specified final products, and (3) deliver these final products to re-
tailers. This chain is traditionally characterized by a forward flow of materials and
a backward flow of information [1]. In most cases, a supply chain, however, is not a
simple linear sequence of connections, but rather, an intricate web-like structure,
therefore a supply chain is also called a supply network (SCN).

Supply Chain Management (SCM) is deputy to the coordination of all these
distinct processes in the most efficient way. Supply Chain Management means
transforming a company’s supply chain into an optimally efficient, customer-
satisfying process, where the effectiveness of the whole supply chain is more
important than the effectiveness of any individual department. We are there-
fore operating with a complex network of relations and connections between
different partners. On the one hand, market globalization and products variety
required by customers are trends from which no company can ignore but, on
the other hand, the increased mix of products and the increased suppliers and
customers stock, the fragmentation of orders and the consequent supply chain
expansion demands continuing and increasingly complex control and managing
systems. Modern enterprises must break barriers to the creation of connections
with partners to maintain competitiveness, but, at the same time, they need
more sophisticated methods to study and control how they are linked in their
global network. If the number of partners increases, then production might in-
crease, but system entropy and its indirect costs will increase as well. Managers’
decisions and external resources and business can amplify or attenuate effects
of such complexity on the Supply Chain. These and other considerations should
warn us of the urgency for effective management strategies to preserve compet-
itiveness, increase organization and control complexity of the industrial supply
chain. Understanding and improving this integrated network is slightly more
complicated. System analysis can contribute to overcome this short-sightedness
because it allows the examination of elements and linkages in an interacting
group as a whole. Now, “we are close to know just about everything there is to
know about the pieces: but we are as far as we have ever been from understanding
nature as a whole” [4].

Today supply chains are suffering from a high complexity, which is due to
several causes, such as customer tailored and elaborate products, global procure-
ment and distribution, or technological innovations. Besides a raising complexity
in the structures and processes of the manufacturer itself, also the whole supply
chain is infected by this complexness. Because of the direct link between the ef-
ficiency and the complexity of a supply chain, complexity management becomes
a major task of today’s business management.

The PRTM research[5] shows that the success of world-class companies stems
from their ability to reduce the complexity of their supply chain architecture.
All aspects of the supply chain contribute to the complexity: physical breadth
and configuration, management, relationships with suppliers and customers, or-
ganizational structure, and information technology capabilities.

These aspects become complex for several reasons. Competitive pressures con-
stantly drive businesses to expand their capabilities. In addition, most people in
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large organizations continue to wear functional hats and, as one might expect,
strive for functional excellence: As each function does what is in the best interests
of its customers or internal stakeholders, it places demands on other functions,
which in turn introduces greater complexity. Finally, complexity simply evolves
over time from the cumulative outcome of many seemingly unrelated functional
decisions. These decisions leave in their wake supply chain artifacts that service
a need that may no longer exist.

This work applies network analysis paradigms to supply chains in order to
compute the complexity and organization level of an industrial network. The
main objectives of this study are two folded: (1) to provide new criteria for
assessing organization and measuring complexity of SCN; (2) to provide a po-
tential approach for supply chain improvement to reduce complexity and increase
efficiency and competitiveness of companies.

2 Related Research

Complexity reduction as a strategic goal for the operation has been investigated
and measured by previous works in this field. A number of specific simplification
techniques can be applied to the supply chain. The key is to identify those
that will improve the different performance levers for each supply chain process
element. Literature dealing with this topic can be classified on the basis of:

– Introductory and/or general studies. This research activity presents the
whole problem of Supply Chain Performance Management and Control, un-
derlines the special features of the modern supply network and introduces a
large set of supply chain performance indices [6].

– Statistical approaches. Analysis of correlations existing between qualitative
measures of complexity and general supply chain performance indices [7,8].

– Analytical approaches to measure the complexity of supply chains and man-
ufacturing systems[9].

The main approaches towards measuring system complexity are based on entropy
measures: information-theoretic modelling of manufacturing organizations has
led to the development of an entropic method to compute the static and dynamic
complexity measure of a single manufacturing system [10,11,12].

Researchers gradually focused on supply chain complexity too during the past
several years. One of the most notable examples of quantification of the com-
plexity of a supply chain is the one introduced by Sivadasan et al. [13], in which
a single customer-supplier relationship is analyzed by the use of the information
entropy measure.

Choi et al [14]. proposed that many SCNs emerge rather than result from pur-
poseful design by a singular entity. The emergent patterns in a SCN can much
better be managed through positive feedback, which allows for autonomous ac-
tion. Imposing too much control detracts from innovation and flexibility; con-
versely, allowing too much emergence can undermine managerial predictability
and work routines. Therefore, when managing SCNs, managers must appropri-
ately balance how much to control and how much to let emerge.
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Sharon et al.[15] studied the connection between product complexity and ver-
tical integration using original empirical evidence from the auto industry. Their
research shown that complexity in product design and vertical integration of
production are complements: that in-house production is more attractive when
product complexity is high, as firms seek to capture the benefits of their invest-
ment in the skills needed to coordinate development of complex designs. And
they found a significant and positive relationship between product complexity
and vertical integration.

Richard’s “Supply chain complexity triangle” [16] describes the interaction of
deterministic chaos, parallel interactions and demand amplification. It provides a
useful framework for understanding the generation of uncertainty within supply
chains.

Bozarth et al. [17] proposed a model of SC complexity and empirically tested
it using plant-level data from 209 plants across several different countries. Their
results shown that upstream complexity, internal manufacturing complexity, and
downstream complexity all have a negative impact on manufacturing plant perfor-
mance. Furthermore, SC characters that drive dynamic complexity are shown to
have a greater impact on SC performance than that drive only detail complexity.

In a summary, SC complexity has great impact on its whole systematic perfor-
mance, but current research on SC complexity is not enough, so it is meaningful
to study it deeply.

3 A Framework

SCs can be described as networks, constructions made of boxes and arrows; the
former identify the components and the latter describe flows of various nature.
Flows can be divided in four classes: (1) inputs from outside the system; (2) flows
between components; (3) exports to other systems; and (4) dissipation. losses.

We can sketch the flows of goods and materials (in pieces or money value per
time period) inside a SCN or single production plant using a matrix, T , of flows
which represents fluxes from compartment i to compartment j, that is, from row
to column. If there are N compartments in the network, the matrix T will be
composed of an N ×N sub-matrix accommodating flows between compartments
and rows and columns accounting for the inputs and outputs coming into and
leaving the system. The 0th row and column, labelled IM, represents Imports of
goods (or materials) into the system, the (N + 1)th row and column, labelled
EXP., will account for Exports from the system (usable goods/materials), while
the (N + 2)th row and column, labelled DISS., will stand for Dissipations. Total
System Throughput (TST) is simply the sum of all coefficients, that is,

TST =
N+2∑
i=0

N+2∑
j=0

tij
�
= t··. (1)

In what follows we will often use contractions to shorten the formulae and t.. will
stand for sum across all rows (first dot) and columns (second dot). In the same
way, ti. will be the sum of the ith row and t.j the sum of the jth column.
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3.1 Entropy and Joint Entropy

We depict a SCN as a collection of transition probabilities (i.e., the probability of
finding a ‘quantum’ of the exchanged goods in a certain box at any time), and we
compute the entropy (p log(p)) of the system considering inputs to any node and
outputs from any node. In particular, we represent the network as a weighted ad-
jacency matrix, and we compute the entropy associated with row sums (probabil-
ities of leaving the boxes) and columns sums (probabilities of entering the boxes).
If, at a given time, we mark a particle at random that is travelling in the system,
we will find the probability associated with the event “the particle is moving from
compartment i to compartment j” and we will call this quantity the probability
associated with the arrow from i to j.

Shannon introduced a measure of the entropy associated with the process X
equal to the sum of the probabilities of each possible outcome i times the logarithm
of the probabilities.

HX = −
∑
i∈X

p(i) logP (i) (2)

The entropy associated with the events like “a particle is leaving compartment i
and entering compartment j”is usually called the joint entropy HO,I

HO,I = −
N+2∑
i=0

N+2∑
j=0

pO,I(i, j) log pO,I(i, j) = −
N+2∑
i=0

N+2∑
j=0

tij
t..

log
tij
t..

(3)

The entropy associated with outputs from compartments will therefore be

HO = −
N+2∑
i=0

pO(i) log pO(i) = −
N+2∑
i=0

ti.
t..

log
ti.
t..

(4)

and the entropy associated with inputs to compartments:

HI = −
N+2∑
j=0

pI(j) log pI(j) = −
N+2∑
j=0

t.j
t..

log
t.j
t..

(5)

3.2 Conditional Entropies

The conditional entropy is:

HI|O = −
N+2∑
i=0

pI|O(j|i) log pI|O(j|i) = −
∑

i = 0N+2
N+2∑
j=0

tij
t..

log
tij
t..

(6)

In the same way we can define the conditional entropy HO|I . Then the following
identity holds:

HI,O = HI + HO|I = HO + HI|O. (7)
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3.3 Average Mutual Information (AMI) Index

Average Mutual Information (AMI) is defined as

AMI = HO −HI|O = HO + HI −HI,O (8)

This formula explicitly states that the information is equal to the decrease in en-
tropy associated with inflows once we know the outflows (or the decrease in out-
flows entropy once we know the inflows), and that AMI possesses symmetry. In a
network of exchanges many configurations are compatible with the same Through-
put level (TST). More constrained topologies are those in which a restricted num-
ber of flows exists, so that the medium is forced to move along a limited number
of pathways. This occurs when compartments are more functionally specialized in
the system. The AMI index measures such degrees of specialization or amount of
constraints on the medium. If the flows are constrained to follow a given path, then
knowing that a particle is leaving compartment i also tells us that it will enter com-
partment j, leading, therefore, to the maximum possible AMI: this configuration
is usually associated with a linear flow exchange. Obviously, 0 ≤ AMI ≤ HI,0.

3.4 Principal Steps of the Methodology

(1) Measure flows of goods, money and interactions between different sectors of
activity within the supply chain borders

(2) Build a network of flows
(2.1) Input from outside
(2.2) Flows between components
(2.3) Export to other systems
(2.4) Dissipation losses

(3) Build a matrix of flows and calculate total system throughput
(4) Depict the network as a collection of transition probabilities
(5) Calculate network indices (i.e., Average Mutual Information (AMI) index)
(6) Compare results and identify critical parts (bottleneck)
(7) Improve and control supply network improvements

4 Model with Fuzzy Information

In most real applications, the matrix T is difficult to obtain, but we can get some
inaccurate information by some kind of methods such as forecasting and experts
estimation, therefore, it is more reasonable to use fuzzy data to represent this.
Suppose that the information of matrix T comes from n different experts’ esti-
mation. Each expert gives an estimation with form of a triangle fuzzy number
A = (α, a, β). The information would be accurate if α = β = 0. The expectation
of a triangle fuzzy number is defined as [18]

E(A) = a +
β − α

4
. (9)
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Suppose that each entry of the matrix T comes from judgements of n experts’ on
p attributes of the corresponding objects such as price, capability, flexibility etc.
Each judgement is presented by a triangle fuzzy number [aij , bij , cij ], i.e. the con-
servative, the most possible and the optimism estimation respectively. Let αij =
bij − aij , βij = bij − cij and rij = bij + βij−αij

4 (i = 1, · · · , p; j = 1, · · · , n), then
the initial estimation matrix R = (rij)n×p for this entry is obtained. Suppose the
weight matrix of different experts is e = [e1, · · · , en], then the integrated weight
matrix is

W = e×R, (10)

where, W = [t∗1, · · · , t∗p] and t∗i =
∑n

j=1 ej × rij . After normalization, the fuzzy
weight matrix is WF = [t1, · · · , tp] where

ti =
t∗i∑p
i=1 t∗i

. (11)

After this treating, we can evaluate the current SC configuration performance or
give some improvement suggestion to the current SC by the method present in
section 3.4.

5 Example

In this section, the supply chain configuration problem is used as an example to
show how the potential complexity of a supply chain should be considered in the
phase of configuration. The supply chain configuration problem (SCCP), intro-
duced by Graves and Willems [19], is the problem of determining the configura-
tion of a supply chain, i.e., what suppliers, parts, processes and transportation op-
tions (modes) to select at each stage in the supply chain. It arises after the logistics
network of the supply chain and product design have been determined. There are
various ways to conduct each stage of a supply chain. For example, raw material
can be procured from different suppliers; products can be manufactured or assem-
bled on different machines; finished goods can be shipped through different modes.
Each option differs in lead time and cost reflecting the time-cost trade-off. The
goal of SCCP is to select the options and thus the configuration of supply chain so
that some supply chain metric is minimized. In addition, supply chain complexity
should be considered in the configuration stage. This is our start point.

Research on network design focuses on developing the optimal manufacturing
and distribution network for a company’s entire product line. Geoffrion and Pow-
ers [20] describe the evolution and primary assumptions in this field. These ap-
proaches generally formulate large-scale integer linear programs that capture the
relevant fixed and variable operating costs for each facility; these variable costs go
beyond manufacturing costs to include tariffs and taxes. This stream of research
(for instance, Geoffrion and Graves [21], Arntzen et al. [22]) differs from this paper
in its level of detail and scope. Network design focuses on the design of two or three
echelons in the supply chain for multiple products; the supply chain configuration
problem focuses on a single product family at the supply chain level, allowing it
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to model all the echelons in the supply chain and to explicitly capture the impact
of variability on the supply chain.

During recent years, much research on SCCP have been made. Li [23] studied
SCCP under resource constraints. A new modeling framework based on multi-
mode resource-constrained project scheduling for configuring the supply chain
subject to explicit resource constraints was proposed. Their model was able to
handle additional practical issues such as quality level requirements and general
temporal constraints, which are often encountered in the real world. A constraint
programming based solution approach was proposed and implemented.

In [24], Wang and Shu modeled supply chain uncertainties by fuzzy sets and
developed a possibilistic supply chain configuration model for new products with

Table 1. Options for Notebook Computer

component description option lead time cost-added
Parts w/4-week lead time 1 35,40,42 145,130.00,120

2 15,20,24 134.2,133.25,130
3 9,10,12 135,134.91,133.2
4 0,0,3 138.10,136.95,134.23

Parts w/3-week lead time 1 15,20,24 210,200.00,180.00
2 8,10,12 210,202.50,200
3 0,0,1 208,205.03,200

Parts w/2-week lead time 1 6,10,12 158,155.00,145
2 0,0,2 162,156.93,150

Parts on consignment 1 0,0,1 210,200.00,190
Circuit board assembly 1 18,20,22 115,120.00,128

2 4,5,6 145,150.00,158
LCD display 1 50,60,65 312,300.00,268

2 4,5,6 360,350.00,330
Miscellaneous components 1 25,30,32 213,200.00,187
Metal housing 1 65,70,72 230,225.00,220

2 23,30,34 265,240.00,220
Battery 1 50,60,65 43,40.00,32

2 18,20,22 55,45.00,40
Notebook assembly 1 4,5,6 130,120.00,100

2 1,2,4 138,132.00,130
Gray cover 1 35,40,45 6,5.00,4

2 12,15,18 6.5,5.50,5
Blue cover 1 35,40,45 6,5.00,4.5

2 13,15,17 6.5,5.50,5
Gray assembly 1 0,1,2 40,30.00,25
Blue assembly 1 0,1,3 35,30.00,24
US demand-gray 1 4,5,6 15,12.00,10

2 0,1,3 30,20.00,15
Export demand-gray 1 12,15,18 20,15.00,12

2 1,2,3 35,30.00,26
US demand-blue 1 4,5,6 15,12.00,10

2 0,1,2 30,20.00,15
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unreliable or unavailable statistical data. The supply chain was modeled as a net-
work of stages. Each stage may have one or more options characterized by the cost
and lead-time required to fulfill required functions and may hold safety stock to
prevent an inventory shortage. The objective was to determine the option and in-
ventory policy for each stage to minimize the total supply chain cost and maximize
the possibility of fulfilling the target service level. A fuzzy supply chain model was
developed to evaluate the performance of the entire supply chain and a genetic al-
gorithm approach was applied to determine near-optimal solutions. The proposed
approach allows decision makers to perform trade-off analysis among customer
service levels, product cost, and inventory investment depending on their risk at-
titude. It also provided an alternative tool to evaluate and improve supply chain
configuration decisions in an uncertain environment.

Wang and Che [25] presented an integrated model for modelling the change be-
havior of product parts, and for evaluating alternative suppliers for each part by
applying fuzzy theory, T transformation technology, and genetic algorithms. The
proposed model was based on the concepts of part change requirements, fuzzy per-
formance indicators, and the integration of different attributes, to allow the part
supplier selection of a specific commercial product to be explored and modelled.

Wang [26] examined the problem of assessing the configuration change of engi-
neering products with complex structure through the observation of actual case.
An analysis model was proposed and applied to a production system, where the
parts of products are manifold and any part is available with several suppliers,
so as to establish an efficient scheme to select eligible suppliers in case that cer-
tain parts need to be replaced. Four steps were involved in the analysis model. In
addition to the analysis of component parts with association graph, fuzzy theory
and data T transfer were also employed, meanwhile, taking such assessment at-
tributes as cost, quality and time into consideration, in order to effectively assess
the efficiency of configuration change schemes.

The example is from [19]. A notebook computer consists of three major sub-
assemblies: the liquid crystal display (LCD), the circuit boards, and the housing.

Fig. 1. A Notebook Computer Supply Chain Configuration
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The LCD is a standard component that is purchased from an external vendor. The
housing is a custom-designed product that is also sourced from an external ven-
dor. To create the circuit boards, components are purchased from external ven-
dors and assembled by a contract manufacturer. The assembly process involves
assembly of the components and quality testing and creates a generic notebook
computer. Some important data are listed in Table 1. Using our method, we can
get a satisfactory configuration as shown in Fig. 1.

6 Conclusions

Supply chains are often described as complex and extended networks. The great
number of connections within partners, system integration and product variety
increase the complexity of the supply chain and, as a consequence, its connected
indirect costs. Many supply chains designed to be flexible and agile are constrained
by their structural complexity to be inflexible. This interdisciplinary work tries
to bring in a new methodology for measuring how much fluxes inside the supply
chain are constrained. The method in this paper appears to identify the dynamical
bottlenecks in supply chain connections and provide consideration of supply chain
improvement in an organization. When the network is very large, the computation
is huge, this is a drawback of this method and it would be our further research.

References

1. Christopher, M.: Logistics and Supply Chain Management. Richard D. Irwin, Inc.,
Financial Times, New York (1994)

2. Gunasekaran, A., Yusuf, Y.Y.: Agile manufacturing: a taxonomy of strategic and
technological imperatives. International Journal of Production Research 40(6),
1357–1385 (2002)

3. Yusuf, Y.Y., Sarhadi, M., Gunasekaran, A.: Agile manufacturing: the drivers, con-
cepts and attributes. International Journal Production Economics 62(1), 33–43
(1999)
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Abstract. Proxy authorization makes it possible to entrust the right of signing 
or making decisions to other parties. This paper analyzes the basic principles 
and security problems of proxy authorization schemes and presents three proxy 
authorization schemes based on elliptic curves cryptosystem. In the first multi-
party proxy authorization scheme, a group of n members can cooperate to 
entrust their right, and the authorizing right can be supervised by secret sharing 
mechanism. In the second multicast proxy authorization scheme, the members 
can entrust their right in multicast mode. The multicasting design strategy 
prevents coalition attack, avoids the problem of generalized signature forgery. 
In the last conditionally anonymous scheme, the identity blinding algorithm 
enables the proxy signer to be anonymous and the anonymity can also be 
revoked if necessary. This design strategy avoids the misuse of proxy 
authorization and renders effective supervision on signature entrusting and 
proxy signing.  

Keywords: Proxy authorization, multi-party authorization, multicast communi-
cation, forward security, BAN logic. 

1   Introduction 

Proxy authorization is essential in electronic commerce and other electronic 
transactions, it makes it possible for one to entrust his right of signing or making 
decisions to other parties. In electronic commerce and electronic government, there 
are many cases that proxy authorization is needed. For example, a member of the 
board of a company will have to sign a file in the name of the company board, or a 
secretary has to ratify an application for the manager. In electronic transactions, proxy 
authorization signature can well satisfy these application requirements. With the 
development electronic transactions, proxy authorization schemes with additional 
properties have been a new trend in the study of proxy authorization designed for 
specific requirements. 

The prototype of proxy authorization signature is proxy signature, which is first put 
forward by Mambo, Usuda and Okamoto in 1996. Proxy signature can be defined as 
the following: 

A and B are the two users of a signature system( M ， S ， K , )(⋅SIG , )(⋅VER ） , 

and ( Ak , AK ), ( Bk , BK ) are their secret and public key pairs, if the following 

conditions are satisfied: 
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(1) A computes a number f with his secret key Ak , and sends it to B secretly; 

(2) Any one (including B) will have no advantage trying to get Ak if he gets f ; 

(3) B generates a new secret key for signature with Bk and f, and there exists a 

public verifying algorithm )(⋅ABVER  which satisfies =),,( msKVER AAB True is 

equivalent to ),( mfSIGs AB= ; 

(4) If anyone intends to get Ak , Bk , f or ABf ,any signature ),( mfSIGs AB=  will 

not be of any help. 

Then ( M ， S ， K , )(⋅SIG , )(⋅VER ）  is a  proxy signature system and A  

authorizes  B with his right for generating  signature , B gets the proxy authorization. 
A is original signer; B is proxy authorization signer, f is the entrusting secret key 

and ABf  is proxy signature key. 

Presently, the security threats and weaknesses of different proxy authorization 
schemes can be summarized as the following: 

(1) Lack of secrecy protection. Most proxy signature schemes lay emphasis on the 
protection of authorization rights of original signer, so the secret parameter f and 

private key Ak  of original signer is well protected in the protocol. But the secrecy and 

security of proxy signer fall into neglect for the consideration of efficiency. Although 
the leakage of proxy signature key poses no threat to the original private key, yet it 
breaks the rules of fair transaction in e-commerce or e-government.  

(2) Instable signing group. In present schemes, system parameters are related with 
the identity information of proxy signers. When accepting or deleting proxy signer , 
the system parameters essential for signature, authentication and revealing signer’s 
anonymity will also change with the identity information. The original system 
parameters will naturally be invalid, so the group public key and private keys of other 
signers will also have to be changed. In addition, the resetting of the whole signature 
system will also be needed to reinforce the security of the renewed scheme. In such 
circumstances as with frequently changed proxy signers, present proxy authorization 
signature schemes prove to be impracticable too [1-8].  

(3) Security threats from coalition attack and generalized forgery. A viable proxy 
authorization signature scheme is resistant to forgery attack both from outer 
adversaries and inner adversaries. Nevertheless, in present signature schemes, 
attackers from the proxy group have apparent advantages over outer adversaries for 
the original signer and proxy signer must interact to generate system parameters in the 
system initialization protocol. Therefore, present proxy authorization signature 
schemes are vulnerable to coalition attack and generalized signature forgery. 

(4) Low efficiency. The security of present proxy authorization signature schemes 
mostly depends on the difficulty of discrete logarithm problem on finite field 

)( pGF or large prime factor decomposing problem. What’s more, proxy 

authorization signature is a complex authentication protocol on multi-levels, and 
many complex computations in the existing schemes (such as scalar multiplication, 
inverse transformation) have proved unnecessary and redundant. Therefore, present 
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signature schemes have such weaknesses as large secret key size, complex 
computation, and low efficiency for hardware and software application [9-14]. 

To overcome the security threats and weaknesses in existing schemes, we present 
three proxy authorization schemes based on ECC (Elliptic Curve Cryptosystem) and 
provide analyses on security, feasibility and efficiency. As to the security proof of the 
schemes, we introduce BAN logic and Kailar logic into the analyzing of schemes. The 
one-way trapdoor function is based on ECDLP (Elliptic Curves Discrete Logarithm 
Problem), and the algorithms of the schemes take great advantage of the superiority of 
ECC, such as high efficiency, short key length and etc.  

2   Multi-party Proxy Authorization Scheme 

First, we present a multi-party proxy authorization scheme based on ECC, the scheme 
operates in a sequential mode. 

2.1   System Parameter  

Considering system security and implementing efficiency, the parameters of the 
scheme are as follows: 

qF  denotes a finite field ( q is a large prime number)，an elliptic curve on this finite field 

is defined as baxxyE ++= 32: ( qFba ∈, , 0)(mod274 23 ≠+ qba ). P )( qFE∈  is 

a base point whose order is large prime number of considerable scale. The order 
satisfies )(Pord 160≥= l . 

Then, as to any k ∗∈ lZ  , the computation of kPK = via k and P is 

computationally feasible; but the computation of k  via K and P  is the ECDLP 
(Elliptic Curves Discrete Logarithm Problem), which is computationally infeasible 
[15-19]. 

ψ denotes a function which makes the conversion from a point ),( yxP = on 

elliptic curve to x , and it’s marked xP)( . A  is the message sender, C is the 

signature verifier, 1B , 2B ,… nB is a group of message signers. ik ∈ (1, 2… n－1) is 

the private key of iB , and pkK ii = is the corresponding public keys. )(⋅H is 

secure one-way hash function. 

2.2   Signature Generating 

A sends message m  to the first proxy signer 1B , and the signature for this message is 

temporarily set as 0=s . After receiving signature message ( m ,( 11, −− ii Rs )), every 

signer iB (i≥2) testifies the signature and executes the following protocols. 
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Step 1: iB  randomly selects iu ∗∈ lZ and computes 

    )(mHm =′ ,  
 

(1) 
 

    
0≠= puR ii ,

 

 
(2) 

         )(mod)(1 lumRkss ixiiii ′−+= − .   
 
(3) 
 

Step 2: then he sends ( m , ( ii Rs , )) to the next signer 1+iB , and sends iR to other 

signers after iB and also the signature verifier C . 

2.3   Signature Verifying 

Every proxy signer iB (i≥2) should verify signature of 1B , 2B ,… 1−iB , and the 

signature verifier C should testify all the proxy signers. When 12 +≤≤ ni , 

iB testifies: 

psRmKR i

i

j
j

i

j
jxj 1

1

1

1

1

?)( −

−

=

−

=

+′= ∑∑ . (4) 

If the formula is correct, iB  accepts the proxy signature of 1B , 2B ,… 1−iB as valid 

ones, if the proxy signatures precedent prove invalid, iB  will deny to generate a new 

signature.  
As to the signature verifier C , he testifies the following:   

psRmKR n

n

j
j

n

j
jxj +′= ∑∑

== 11

?)( .   (5) 

If the formula is correct, C  accepts the proxy signature of 1B , 2B ,… nB as valid 

ones, if the formula proves incorrect , C  will terminate the protocol. 

2.4   Analysis of Multi-party Scheme 

According to formula (3) )(mod)(1 lumRkss ixiiii ′−+= −  

⇒ )(mod)( 11121 lumRkss ixiiii −−−−− ′−+=  

∑
−

=

′−=
1

1

))(mod)((
i

j
jxjj lumRk   
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According to formula (5) psRmKR n

n

j
j

n

j
jxj +′= ∑∑

== 11

?)(  

⇒ psRm i

i

j
j 1

1

1
−

−

=

+′∑ plumRkpum
i

j
jxjj

i

j
j ∑∑

−

=

−

=

′−+′=
1

1

1

1

))(mod)((  

          plumRkum
i

j
jxjjj∑

−

=

′−+′=
1

1

))(mod)((  

plRk
i

j
xjj∑

−

=

=
1

1

)(mod)( ∑
−

=

=
1

1

)(
i

j
jxj KR  

Thus the multi-party proxy authorization scheme proves correct. 

3   Proxy Authorization for Multicast Communication 

In this part, we present a proxy authorization scheme for multicast communication 
environment. The scheme operate in a multicast mode, the scheme is composed of n 
members that intend to entrust their right and a signature collector. 

3.1   System Parameter  

qF  denotes a finite field ( q is a large prime number)，an elliptic curve on this finite field 

is defined as baxxyE ++= 32: ( qFba ∈, , 0)(mod274 23 ≠+ qba ). P )( qFE∈  

is a base point whose order is large prime number of considerable scale. The order 
satisfies )(Pord 160≥= l . 

ψ denotes a function which makes the conversion from a point ),( yxP = on 

elliptic curve to x , and it’s marked xP)( . A  is the message sender, C is the 

signature verifier, 1B , 2B ,… nB is a group of message signers. ik ∈ (1, 2… n－1) is 

the private key of iB , and pkK ii = is the corresponding public keys. )(⋅H is 

secure one-way hash function. cB is the message collector in the multicast proxy 

authorization scheme.  

3.2   Signature Generating  

A  sends message m to every signer iB ( i =1,2,…, n ) and the signature collector cB , 

the signature for the time being is defined as s =0. After getting the message, every 

signer iB and the signature collector cB will execute the following: 
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Step 1: iB  randomly selects iu ∗∈ lZ and computes 

0≠= puR ii . (6) 

Then he sends iR to the signature collector. 

Step 2: After getting all the signature piece iR ( i =1,2,…, n ), cB  computes 

 ∑
=

=
n

i
ixi RRR

1

)( .   (7) 

Then cB sends R to every signer iB ( i =1,2,…, n )  

Step 3: As to message m , every signer iB computes  

    )(mHm =′ ,  
 

(8) 

    )(mod)())(( luRkRms ixiixi −+′= . 
 
(9) 

is is the signature piece of message m generated by iB ,then iB sends( m , is ) to the 

signature collector cB . 

Step 4: After getting all the signature pieces ( m , is ) ( i =1,2,…, n ), cB computes       

         ∑
=

=
n

j
j lss

1

)(mod .  (10) 

Then ( m , Rs, ) is the final signature for message m , and it will be sent to 

signature verifier C . 

3.3   Signature Verification  

After receiving signature message ( m , Rs, ), signature verifier C will compute the 

following formula to testify the signature. 

    )(mHm =′ ,  
 

(11) 

    spRKmR
n

i
ix +=′+∑

=

?))((
1

.  
(12) 

If the formula is correct, then ( m , Rs, ) is a valid proxy signature for message 

m generated by iB ( i =1, 2,…, n ), or else it will prove invalid. 
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3.4   Multi-cast Scheme Analysis 

According to formula )(mod)())(( luRkRms ixiixi −+′=  

⇒ ∑
=

=
n

i
i lss

1

)(mod  

)](mod)())([(
1

luRkRm ixiix

n

i

−+′=∑
=

 

According to formula 0≠= puR ii  

⇒ spR + ∑∑
==

−+′+=
n

i
ixiix

n

i
ixi RRKRmRR

11

])())([()(  

∑
=

−+′+=
n

i
ixiixixi RRKRmRR

1

])())(()[(  

∑
=

+′=
n

i
ix KRm

1

))(( ∑
=

′+=
n

i
ix KmR

1

))((  

Thus the proxy authorization scheme for multicast communication proves correct. 

4   Anonymous Proxy Authorization Signature Based on ECC 

In this part, we will present a proxy authorization scheme with conditional anonymity, 
the conditional anonymity can protect the privacy of the proxy signer and renders 
effective supervision on the proxy entrusting and proxy signing.  

4.1   System Parameters  

The parameters of the scheme are as follows: qF  denotes a finite field ( q is a prime 

number of n bits, 190≥n ), an elliptic curve on this finite field is defined as follows: 

baxxyE ++= 32: ( a , qFb∈ , 0)(mod274 23 ≠+ qba ). )( qFEP∈  is a base 

point whose order is a large prime number l (which satisfies 160≥l  

bits). )(# qFE denotes the order of the elliptic curve which has a factor of large prime 

number larger than 160 bits. ∗∈ lBA Zkk ,  are the private key of original signer A and 

a proxy signer B ( PkK AA = , PkK BB = is the public key), )( qB FEID ∈  is the 

identity information of  B, w ∗∈ lZ f is the entrusting information, )(⋅h is a secure 

one-way hash function.  
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4.2   Proxy Entrusting 

Step 1: A randomly selects ∗∈ lZu , and computes 

       PIDuhDI xBB ))(||(=′ .       (13) 

Step 2: A sends BDI ′ to proxy signer B secretly, CID  is the blinded identity of B. 

Later, B generates and issues signatures with the blinded identity BDI ′ . 

Step 3: Similarly, A performs interactive protocols with other group members and 

then keeps record of three-element triple ( BID , BDI ′ , u ) of each member so 

that he can trace the group member when necessary.  

Step 4: With randomly selects ∗∈ lZu  A computes  

      0≠= uPU , 

        )(mod))(||( luUwhks xaA += .    

(14) 

 
(15) 

Step 5: A sends (U , As , w ) to B as the entrusting private key . 

Step 6: B computes the following formula to testify the validity of As  

      UKUwhPs axA += ))(||(? .            
 

(16) 

Step 7: If testifying formula (4) is incorrect, the protocol will be aborted, otherwise, B 

generates a pair of new keys ( bck , PkK bcbc = ) with the help of A, and then 

declares his new public key bcK with identity BDI ′   

Step 8: B computes 

      ))(mod( lksk bcAc += , 

     abcBC KkIDIDI ++= .  

(17) 

 
(18) 

Then ck is the private key for proxy authorization signature, and PkK cc =  is the 

corresponding public key for verifying proxy signature. 

4.3   Proxy Authorization Signature Generating  

Step 1: As to message m，B randomly selects v∈ ∗
lZ and computes 

      0≠= vPV , 

    ))(mod)((1 lVmvks xc += − .  

(19) 

 
(20) 

Step 2: Then B sends ( m , s ,V , w  , bcK ) to verifier as the proxy authorization 

signature for message m . 
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4.4   Signature Verification  

Step 1: The verifier first testifies   

      cbcax KKUKUwh =++))(||( , 

    PVmVsK xc )(? += .  

(21) 

 
(22) 

Step 2: If the formula is correct, he affirms that the signature ( m , s ,V , w , bcK ) is 

signed by a valid proxy signer, or else the signature will not be accepted. 

4.5   Anonymous Identity Tracing 

When disputes or any doubt arise, the anonymity of a proxy signer has to be revoked 
for notarization. 

Step 1: The signature verifier first testifies proxy signature ( m , s ,V , w  , bcK ) with 

the formula in verification protocol. 
Step 2: Then A computes  

      bca KkIE −= , 

    bcaC KkIDIF −−= .  

(23) 

 
(24) 

Step 3: A searches for the three-element triple ( BID , BDI ′ , u ) in which 

EIDID CB =+ 、 FIDB =  from all the triples that he has kept. Then BID  

in the triple is just the real identity information of the specific group member. 

4.6   Analysis of the Anonymous Scheme 

As to formula cbcax KKUKUwh =++))(||( in signature verifying, 

bcax KUKUwh ++))(||( PkuPPkUwh bcax ++= ))(||(  

     PkukUwh bcax )))(||(( ++=  

According to formula )(mod))(||( luUwhks xaA +=   

⇒ )))(||(( bcax kukUwh ++ ))(mod( lks bcA +=  

PkukUwh bcax )))(||(( ++⇒ Pks bcA )( +=  

According to formula ))(mod( lksk bcAc +=  

⇒ ccbcA KPkPks ==+ )(  
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As to formula =+ PVmV x)( PVmvPVmvP xx ))(()( +=+   

According to ))((1
xc Vmvks += −  

⇒ ))(( xc Vmvsk +=  

ccx sKPskPVmv ==+⇒ ))((  

Thus the signature protocol of the anonymous proxy authorization is correct. 

As to identity tracing formula, according to formula bca KkIE −= and formula  

  abcBC KkIDIDI ++=  

⇒ bcaabcBC KkKkIDIDE −++= BC IDID +=  

According to formula bcaC KkIDIF −−= and formula abcBC KkIDIDI ++=  

⇒ bcaCabcBC KkIDKkIDIDF −−++= BID=  

Thus the notarization protocol of the anonymous scheme also proves correct. 

5   Analyses of the Scheme with BAN Logic and Kailar Logic 

As to the above schemes, we present formalizing analyses of their privacy, integrity 
and other properties with BAN logic and Kailar logic. 

5.1   Formalizing Analyses of Protocol and BAN Logic 

Methods for cryptographic protocol analyzing can be categorized as natural language, 
symbolization method and formalization method. The former two methods have long 
been put into practice; in 1978 Needham and Schroeder put forward the method of 
formalization analyzing to find the flaws in protocols. Formalization method is 
mathematical method to describe the system properties, and it aims to find the 
inconsistence and incompleteness in a system. Formalization methods focus on protocol 
properties and are independent of specific cryptographic algorithms. Formalization 
methods have two forms: methods based on algebraic analyses and methods based on 
logic inferring. The former one includes Dolve-Yao model which was put forward by 
Dolve and Yao in 1983, Dolve-Yao model is a algebraic model for cryptographic 
protocol modeling. The other is based on logic methods, among which BAN logic is the 
most important one. BAN logic is cryptographic protocol analyzing method based on 
logic inferring put forward by Burrows, Abadi and Needham in 1989.It focuses on 
entity trust and trust infering, and makes great improvement on SPA(Security Protocol 
Analysis)problem.The following is the basic sybolms in BAN logic. 

S ≡ M: denotes S believes M; 

S< M: denotes S sees M; 

S ≈ M: denotes S said M, that is S sent message M; 
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S ⇒M: denotes S controls M, that is S has the judging right to message M; 

﹟ (M) : denotes fresh(M), that is message M is new; 

⎯→⎯K S: denotes S owns public key K, and the relevant private key is 

secure; 

{ M
SS} : denotes generating a signature for message M with the private key 

(for signing) of S; 

{ M
GS KS} : denotes the joint signature with private key of one party and 

public key of the other. 

The following is the rules of BAN logic that we refer to in our analyzing. 

R1 Message Meaning Rule   

      
)(

}{,

MBA

MABAA K
K

≈≡

⎯→←≡ <
,

)(

}{, 1

MBA

MABA
K

K

≈≡

⎯→⎯≡ −<
.

 

 

(25) 

 

R2 One-time Random Number Testing Rule 

        
)(

),(

MBA

MBAMfreshA

≡≡

≈≡≡
. (26) 

R3 Adjudication Rule   

        
MA

MBAMBA

≡
≡≡⇒≡ ,

. (27) 

R5 Trust Projecting Rule 

        
XA

YXA

≡
≡ ),(

. (28) 

R7 Once Said Projecting Rule  

        
YBAXBA

YXBA

≈≡≈≡
≈≡
,

),(
. (29) 

R10 Seeing Rules 

        MA

MABA
K

K

<

< 1}{, −⎯→⎯≡
,

MA

MAAA K
K

<

< }{,⎯→⎯≡
.

 

(30) 
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5.2   Scheme Analyzing with BAN Logic 

S (Signature Generator), G and C (Signature Verifier) are the protocol parties in the 

scheme, PkK cc = , PkK gg = , PkK ss = are the relevant public keys, T is time 

sign. In our scheme {  TC, M
GC KS}  is equivalent to {  TC, M

cgK} . 

The scheme can be described in Needham symbol as the following. 

1) S→C: S, G 2) C→S:{ TC, R,M,G,{  TC ,R,M,S
GC KS}

SC KS}  

3) S→G: {  TC ,R,M,S
GC KS} ,{ TS ,S

GS KS}  4)  G→S:{ TS+1
SG KS}   

And can be further processed as the following.  

C→S: { TC, M, {  TC, M
GC KS}

SC KS}  

S→G: {  TC, M
GC KS} ,{ TS 

GS KS} from S 

G→S: { TS+1 
SG KS} from G 

And then we can get the basic hypothesis for the protocols. 

(1) S ≡ ⎯→⎯ CK
C    (2)S ≡ ⎯→⎯ GK

G (3)G ≡ ⎯→⎯ SK
S  

(4)C ≡ ⎯→⎯ SK
S     (5)C ≡ G ≡ ⎯→⎯ SK

S (6)G ≡ C ⇒M  

(7)S ≡ (C ⇒M)     (8)G ≡﹟ (TC)    (9)S ≡﹟ (TC)   (10)G ≡﹟ (TS) 

As to step 2 in the scheme, according to explanatory rule of BAN logic,  

⇒ S< { TC, M,{  TC, M
cgK}

scK}  

According to hypothesis (1) and R1, R10  

⇒ S ≡ C ≈ ｛TC ,M，{  TC ,M
cgK} ｝ 

With rule R7 ⇒ S ≡ C ≈ ｛ TC, M｝  

According to hypothesis (9), R2 and the conclusion above 

   ⇒ S ≡ C ≡ ｛ TC, M｝  

Then with rule R5, we can infer 

       ⇒ S ≡ C ≡ M 

According to hypothesis (7), R3 and the conclusion above 

⇒ S ≡ M 
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As to step 3 in the scheme, according to explanatory rule of BAN logic,  

       ⇒G< {  TC, M
GC KS} ,{ TS

GS KS}  

According to hypothesis (1), R1, R10 and the conclusion above 

⇒G ≡ C ≈ ｛ TC, M, {  TC , M
cgK} ｝  

With rule R7 ⇒G ≡ C ≈ ｛ TC ,M｝  

According to hypothesis (9), R2 and the conclusion above 

⇒G ≡ C ≡ ｛ TC, M｝  

And with rule R5  

        ⇒G ≡ C ≡ M 

According to hypothesis (7), R3 and the conclusion above 

⇒G ≡ M 

With the latter message in step 3 

       ⇒G ≡ S ≈ {TS ,S ,{  TC ,R, M , S
GC KS} } 

And with rule R7  

              ⇒G ≡ S ≈ {{  TC ,R， ，M S
GC KS} } 

According to hypothesis (9), (5), rule R2 and the conclusion above 

⇒G ≡ S ≡ M 

And with step 4 ⇒  S ≡ G ≈ {TS＋1}  

According to hypothesis (9), (10), rule R2 and the conclusion above 

⇒  S ≡ G ≡ M 

Thus, we prove that the schemes satisfy the objectives of BAN logic: 

1. G ≡ M     2. S ≡ M      3.G ≡ S ≡ M     4.S ≡ G ≡ M 

And they also satisfy the objectives of VO logic (Van Oorschot): 

1. G ≡ S ≈ M     2. G ≡ C ≈ M    3.G ≡﹟ (M)  

5.3   Scheme Analyzing with Kailar Logic 

First, we introduce the basic rules and symbols in Kailar logic that will be referred to 
in our analyzing. 
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aK ≡ S: denotes aK Authenticates S, that is aK  can testify the validity of 

signature from S 

S< { M
SS} : denotes someone has sent message M to S with signature generated 

with sS   

S ≈ M: denotes S says M, that is S declares M and is responsible for M 

S ⎯→⎯m : denotes S has sent message m , that he sends message m to others 

⎯→⎯m  S: denotes S has received message m  , that is S receives message m  

S ⇒M: denotes S can prove M, that is S can prove M to a third party without 

disclosing any secret 
X∈M: denotes X is an explanation of M or it is combination of several domains 

⎯→⎯m S: denotes S is trusted for the correctness of message m  that he has 

declared. 

The following are the relevant rules in Kailar logic.    

R1 Comprising Rule     

        
),(S

;S

yx

yxx

⇒

⇒⇒
. (31) 

R2 Signature Rule   

        
)(

)(;;}{ 1

xBS

BkSmxmS
k

≈⇒

≡⇒∈−<
. (32) 

R3 Trust Rule 

        
xS

BSxBS x

⇒

⎯→⎯⇒≈⇒ )(;)(
. (33) 

R4 Connection Rule   

        
)(

;

xyS

ySxS

⇒

⇒⇒
. (34) 

In our scheme, PkK cc = , PkK aa = , PkK bb = are the public keys. 

The communication protocol in the scheme is equivalent to a protocol (described in 
Needham symbol). 
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1) A→C:{ m,A,B
ACK} 2) C→A:{ ak , bK

ACK}  3)A→B:h(m),{ { m
ak}

bK}  

4) B→C:{  h(m),A,B,{ { m
ak}

bK}
BCK}  5) C→B:{ bk , aK

BCK}  

And then we can get the basic hypothesis for the protocols. 

(1) A,B ⇒ ( ACK ≡ C , BCK ≡ C) (2) A,C ⇒ （ bk ≡ B)  

(3) B,C ⇒ ( ak ≡ A）  (4) A,B ⇒ ⎯→⎯m C 

(5) A ≈ m⇒  A ⎯→⎯m  (6) B ≈ h(m)⇒ ⎯→⎯m  B    

As to step 4 in the scheme, according to Kailar logic,  

⇒  C ⇒ B ≈ h(m), C ⇒ B ≈ { { m
ak}

bK}   

And with connection rule R4  

⇒  C ⇒ (B ≈ h(m),B ≈ { { m
ak}

bK} ) 

According to hypothesis (2), rule R2 and the conclusion above 

⇒  C ⇒ ( ⎯⎯ →⎯ )(mh B , ⎯⎯⎯ →⎯ bkakm }}{{
B) 

With hypothesis (4), rule R3  

⇒  A ⇒ ( ⎯⎯ →⎯ )(mh B , ⎯⎯⎯ →⎯ bkakm }}{{
B) 

According to hypothesis (2), signature rule R2  

⇒  A ⇒ (B ≈ h (m) ) 

According to hypothesis (6), comprising rule R1  

⇒A ⇒ ( ⎯→⎯m B) 

As to step 1,2 and4, According to hypothesis (1), trust rule R3  

⇒C ⇒ (A ⎯⎯ →⎯ )(mh )C ⇒ (A ⎯⎯⎯ →⎯ bkakm }}{{
) 

Then with connection rule R4 

       ⇒C ⇒ (A ⎯⎯ →⎯ )(mh , A ⎯⎯⎯ →⎯ bkakm }}{{
) 

According to hypothesis (3), rule R2, R1and the conclusion above 

⇒  C ⇒ (A ≈ m) 
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According to hypothesis (1), trust rule R3 

 ⇒  B ⇒ (A ≈ m) 

According to hypothesis (5), R1and the conclusion above 

 ⇒  B ⇒ (A ⎯→⎯m ) 

Thus, we prove that the schemes satisfy the objectives of Kailar logic: 

1. B ⇒ (A ⎯→⎯m )    2. A ⇒ ( ⎯→⎯m B) 

6   Additional Properties of the Scheme 

Additional properties make proxy authorization more applicable for real-life 
application; furthermore, many additional properties come from the special 
requirements of different circumstances. In addition to the advantages of present 
proxy authorization signature schemes, the proposed schemes have many additional 
properties, such as conditional anonymity, forward security and multi-party 
supervision. These properties make our scheme more applicable to such circumstances 
as with restricted computation ability and integrated space, circumstances with limited 
bandwidth yet requiring for high-speed operation. 

(1) Conditional anonymity. In the scheme, the attack of BID via BDI ′  is equivalent 

to ECDLP and attacking the one-way property of hash function )(⋅h . In the 

verification protocol, the verifier first testifies whether identity certificate is from a 

valid proxy signer by formula  cbcax KKUKUwh =++))(||( ,then checks the 

validity of signature with the formula PVmhVsK xc ))((? += , the proxy signer 

who signs can not deny that he has generate a proxy signature of message m  with 

private key ck  and random parameter v . If disputes or any question arise, the 

identity information BID  of the group member can be recovered with 

bca KkIE −= and formula bcaC KkIDIF −−=  in anonymity tracing protocol, 

thus the anonymity is conditionally traceable.  
Furthermore, the anonymity entrusting and revocation protocol can be executed on 

secret sharing mode, that is, the secret can be divided into n pieces for n 
members，only a group of no less than t members can cooperate to recover the secret. 
With secret sharing, the scheme provides effective supervision on authorization and 
signature generating. 

(2) Forward security. The key pair ( cK , ck ) is irrelevant with the real 

identity BID . No one but the proxy signer who generates and issues the signature can 

figure out whether two different proxy signatures are generated by the same signer. If 
a signature is successfully attacked or the anonymity tracing protocol is executed, 
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other proxy signature key pairs and identity are still secure and anonymous, so the 
group signature scheme proves to be forward secured.  

(3) Resistance to coalition attack. If proxy signers or the original singer collude to 

forge proxy authorization signature of B, they will also have to attack ck  and the 

random number v according to the analyses outlined above. Since these secret 
parameters are generated randomly and independently for a specific signature process, 
other proxy signers and the original singer know nothing but their own secret 
parameters, so the coalition attack of original signer and valid proxy signers possesses 
no superiorities over that of outer adversaries and single attacker. 

7   Conclusion and Future Work 

In the paper, we analyze the basic principles and potential application of proxy 
authorization. Considering the security problems and system flaws in other schemes, 
we present three improved proxy authorization schemes. The first two schemes can 
achieve multiple authorizations for multicast communication environment, and the 
schemes can be reinforced by secret sharing mechanism. The third scheme can 
provide conditional anonymity for proxy signers, if a signature is successfully 
attacked or the identity tracing protocol is executed, other signatures generated by the 
same proxy signer and signatures generated by other signers are still secure and 
anonymous, so the scheme proves to be forward secured.  

The proposed schemes can achieve the same security with less storing space, 
smaller communication band-width and less overheads of the system and thus well 
embody the design principles of low communication costs and system overheads. 
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Abstract. Funnelling effect, in the context of searching on networks,
precisely indicates that the search takes place through a few specific
nodes. We define the funnelling capacity f of a node as the fraction of
successful dynamic paths through it with a fixed target. The distribution
D(f) of the fraction of nodes with funnelling capacity f shows a power
law behaviour in random networks (with power law or stretched exponen-
tial degree distribution) for a considerable range of values of the parame-
ters defining the networks. Specifically we study in detail D1 = D(f = 1),
which is the quantity signifying the presence of nodes through which all
the dynamical paths pass through. In scale free networks with degree dis-
tribution P (k) ∝ k−γ , D1 increases linearly with γ initially and then at-
tains a constant value. It shows a power law behaviour, D1 ∝ N−ρ, with
the number of nodes N where ρ is weakly dependent on γ for γ > 2.2.
The latter variation is also independent of the number of searches. On
stretched exponential networks with P (k) ∝ exp (−kδ), ρ is strongly de-
pendent on δ. The funnelling distribution for a model social network,
where the question of funnelling is most relevant, is also investigated.

Keywords: Search, algorithms, betweenness centrality, distributions.

1 Introduction

Searching on networks has attracted a lot of attention recently. In general, the
problem is to send a signal to a target node from a source node. It has been
shown in some studies on real networks that it is possible to find short paths
[1,2,3,4,5,6,7] during such a searching or navigation on small world and scale-
free networks. This implies that even with only local knowledge of the network,
there is a small world effect, i.e., the average number of steps to reach the
target is O(log(N)) where N is the number of nodes in the network. In several
theoretical studies the interest therefore has been to find out the scaling relation
of the shortest searching path lengths with the number of nodes using different
searching algorithms [8,9,10,11,12,13,14,15,16,17,18,19,20].

The notion of the small world effect emerged from the results of the original
experiments made by Milgram [1] in which letters had to be hand delivered
to a specific target. Apart from the observation of small world effect it was
also claimed that the successful paths filtered through a few nodes [3] and this
effect was termed funnelling. In these experiments however, very few chains

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1719–1730, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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were completed and the results could be less than conclusive. In a later study by
Dodds et al [4], where search experiments on email networks were conducted, it
was concluded that no such funnelling effect exists for social networks.

The question of funnelling has not been adequately addressed so far in any
theoretical study to the best of our knowledge. In fact, no precise quantitative
definition of funnelling has been proposed either.

We define the funnelling capacity of a node to be the fraction of dynamic
paths through it when the target is fixed and the source is varied. In a realistic
search, failure to reach the target has a considerable probability and searches
with a possibility of termination [17,18] have been studied earlier. Hence, with
a fixed target, we define the funnelling capacity fi of the ith node as

fi =
No of successful searches through the ith node

Total no of successful paths
. (1)

Defined in this way, it may seem that the funnelling capacity, averaged over all
targets is the same as the betweenness centrality [21] of the node. The latter is
defined as the fraction of shortest paths through a node and is a much studied
quantity, but it must be remembered that it is obtained from the global knowl-
edge of the network, and is thus a static property. Thus these two quantities
are expected to behave differently in general. Funnelling capacity, which is a
dynamic variable will obviously depend on the search algorithm.

It may also be mentioned that keeping the target fixed is an important cri-
terion; a node in general is not expected to be part of the traffic for all choices
of source-target pairs (the target is selected randomly). On the other hand if
one relaxes this criterion, only the hubs can show the funnelling effect. In the
experiments of social searching also, funnelling has been considered by keeping
the target fixed [1,4].

In the present work, we have carried out simulations, in which, after generating
the desired network, we fix a target and allow different nodes to be the source
nodes. The dynamic path to the target (if it exists) is then found out to calculate
the funnelling capacity. We then obtain the distribution D(f), which is precisely
the fraction of nodes with funnelling capacity f . To obtain D(f), such searching
processes are repeated on many networks.

Strictly speaking, fi is dependent on the target node as well, but here we have
not studied that aspect directly. Rather, we expect that the dependence will be
reflected in the distribution D(f) itself.

The presence of funnelling effect would imply that D1 = D(f = 1) should be
non-zero. We have therefore focussed our attention on this quantity and studied
its behaviour as a function of the parameters of the network.

We have studied some random networks with given degree distribution as well
as a correlated network which can serve as a toy model of a social network. The
chosen degree distributions are either scale-free or stretched exponential type
and are controlled by suitable parameters.

In addition, we consider as a parameter ν, the ratio of the number of searches
to be made (i.e., number of sources) to the total number of nodes N . Unless
otherwise mentioned, the value of ν has been taken to be 0.1.
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Since the degree of a node is an important quantity of a network and it is
customary to study the behaviour of quantities as a function of degree, we have
also studied the average funnelling capacity 〈f(k)〉 of nodes with degree k in
case of scale-free networks.

We have used Monte Carlo simulations to study the funnelling effect by gener-
ating networks of size ≤ 5000 and taking averages over typically 10000 to 20000
network configurations.

In sections II and III the results for scale-free and stretched exponential net-
works are presented respectively. In section IV, funnelling distribution in the
toy model of social network has been discussed. In the last section we have
summarised the results and drawn a few concluding remarks.

2 Funnelling in Scale Free Networks

In this section we discuss the results for networks which are constructed with a
scale free degree distribution but are otherwise random. The search algorithm
which has been used is degree based; such algorithms have been considered in
networks (especially for scale free networks) quite commonly [9,10].

We have generated random scale free networks with degree distribution
P (k) ∝ k−γ with the exponent γ lying between 2 and 3 corresponding to realis-
tic networks. The generation of the networks and the algorithm are described in
detail in [17]. We allow a minimum of two links (degree) for each node, while the
maximum is N1/2. All links are undirected and there are no multiple links be-
tween a given pair of nodes. We have used two degree based algorithms described
in the following subsections. There is a general rule that a node can receive a
message only once and searches terminate in case there is no neighbour left to
whom the message can be passed.

2.1 Highest Degree Search (HDS)

Here the message is passed to a neighbour with the highest degree dh (highest
degree search or HDS). In case of multiple neighbouring nodes with degree dh,
one is selected randomly. However, if the target node happens to be a neighbour
of a node, the message will be conveyed to it without considering the degree of
other neighbours. When finding out the neighbour to whom the signal is to be
passed, the neighbours which have already received it once are not considered.

With this algorithm, it is observed that D(f) shows a power law decay against
f with exponent close to 1 but as γ increases beyond γ = γ∗ � 2.4, the power
law behaviour is observed only for a limited range of f and shows a more rapid
decay to zero as f → 1. The results are shown in Fig. 1.

We find another intriguing behaviour of D(f) for γ values below γ∗. Here,
D(f) actually shows a tendency to increase for f very close to unity. (By defini-
tion the maximum value of f is one and therefore the increase in D(f) cannot
continue indefinitely. ) In fact, even for γ > γ∗, f = 1 is a special point where
D(f) shows a significantly higher value than that at f just below unity causing a
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Fig. 1. The funnelling distribution D(f) is shown for scale-free networks with γ = 2.8,
2.6, 2.4 and 2.2 (from top to bottom) for ν = 0.1. The straight line has slope equal
to -1.

discontinuity in D(f). This is another reason to study the behaviour of D1 more
intricately. The reason for the discontinuity in D(f) for γ > γ∗ is apparently due
to the presence of a few nodes through which the searching path always passes
(e.g., the nearest neighbours of the target).

In order to investigate the behaviour at f = 1 more closely, we have plotted
D1 as a function of γ (Fig. 2). We notice that D1 first increases linearly with γ
and then tends to attain a constant value at higher γ.

The γ = 2.0 is a special point where the average degree shows a logarithmic
divergence. If the average degree is large, D1 will naturally be small as there are

 0
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 1.8  2  2.2  2.4  2.6  2.8  3

D
1

γ
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Fig. 2. The value of the distribution D(f) at f = 1 in scale-free networks is shown
against γ for two different network sizes
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Fig. 3. The average funnelling capacity as a function of degree is shown for scale free
networks with γ = 2.8, 2.6, 2.4 and 2.2

many available neighbouring nodes to pass on the signal. Hence the value of D1

initially increases with γ. However, as γ increases further the number of hubs
decrease and consequently D1 does not increase anymore. It can be expected
that D1 should decrease for very high values of γ, however, for γ ≤ 3.0 this
tendency is not strongly evident.

As γ increases, the number of nodes with large degree becomes less and the
above observation indicates that the funnelling capacity of nodes with less de-
gree must increase with γ. Indeed, this is evident from a plot (Fig. 3) of the
average funnellng capacity 〈f(k)〉 against degree k for different γ. This data also
show that there is no simple algebraic relation between 〈f(k)〉 and the degree as
has been noted for the betweenness centrality showing clearly that betweenness
centrality and funnelling are not trivially related.

Plotting D1 against N , we show that funnelling disappears in the thermo-
dynamic limit for all γ (Fig. 4). D1 in fact follows a power law decay with N ;
D1 ∝ N−ρ. For γ = 2, ρ � 0.75 and decreases from this value as γ is increased;
beyond γ ∼ 2.2, ρ = 0.60±0.01 (weakly dependent on γ). This indicates that the
funnelling capacity has universal behaviour for higher values of γ. Interestingly,
the exponent is larger for smaller values of γ, i.e., when the number of hubs is
large. This is consistent with the fact that in such a situation, there are multiple
routes available for a message to reach the target, thereby making the funnelling
capacity of nodes lesser.

We have also studied D1 as a function of N for different ν and find that power
laws are obeyed for each ν (Fig. 5) with the exponent equal to 0.60 ± 0.01 in
each case. The magnitude of D1 decreases linearly with the number of search,
which is also easy to understand (e.g., if there is only one searching process, all
the nodes which take part in this search have funnelling capacity equal to 1, the
maximum possible value).
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Fig. 4. The variation of D1 against N is shown for SFN with different γ (γ = 2.0, 2.2, 2.4
and 2.8). At higher values of γ, the exponents are equal to ∼ 0.60, while for γ = 2.0 it
is ∼ 0.75.
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Fig. 5. The variation of D1 against N is shown for SFN with γ = 2.4 and different
values of ν showing that the exponents are not dependent on ν

2.2 Tunable Degree Based Algorithm

Next we study the funnelling distributions on random scale-free networks with
a tunable degree based algorithm. Precisely, here the search has a preferential
algorithm. During the search, if one of the neighbours of the messenger node
happens to be the target itself, the message will be sent to the target. If not,
then the ith neighbour will receive the message with a probability Πi, where

Πi ∝ kλ
i . (2)
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Fig. 6. The distribution D(f) is shown for a scale free network with γ = 2.0 with
different algorithms corresponding to different values of λ (eq (2))

Thus here the algorithm can be extended from a random search (RS) (λ = 0)
to a highest degree search (HDS) (λ → ∞) scheme as described in [17]. The
rule that a message cannot be passed on to the same node twice is still applied.
The essential difference between the present algorithm and the HDS is while the
tunable degree based algorithm is stochastic, the HDS is deterministic.

We have taken scale free networks with γ < γ∗ such that we know that in the
limit λ→∞, it does show a funnelling effect (i.e., power law degree distribution
up to f = 1). We find that for small λ values, D(f) has a fast decay as f
approaches one, while above a certain value of λ = λ∗ it has a power law decay
with the upward bend as noticed for the HDS. For λ < λc, there is a power law
behaviour only over for a finite range of values of f . The value of λ∗ depends
on γ, it being higher for higher values of γ. We find that λ∗ is in fact very high
(∼ 10 for γ = 2.0) (Fig. 6) and we have checked that at such large values of λ,
essentially the signal is being passed to the neighbour having the highest degree.
The power law decay of D(f) for large λ again occurs with an exponent close to
unity, which is to be expected.

3 Funnelling in Stretched Exponential Network

There are many real world networks (e.g., social networks) which do not have a
scale-free degree distribution. We have therefore considered networks in which
the degree distribution has a stretched exponential distribution:
P (k) ∼ exp(−ckδ). The value of c is unimportant and we set it equal to 1.
The maximum degree allowed here is N1/2. Very small values of δ gives rise to a
very highly connected network which is somewhat unphysical and therefore we
have taken δ > 0.2. The funnelling distributions D(f) again shows a power law
variation with a change occurring at δ = δ∗ (lying between 0.6 and 0.7), above
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Fig. 7. The funnelling distribution D(f) is shown for stretched exponential networks
with δ = 0.8, 0.7, 0.6, 0.5 and 0.4 (from top to bottom) with ν = 0.1. The straight
line has slope equal to 0.85.

which the funnelling distribution falls rapidly with f . The power law exponent
is, however, different from that observed in scale free networks; it has a value
close to 0.85. Once again we notice that below δ∗, D(f) shows a power law decay
and a slightly upward bend as f approaches one (Fig. 7).

Here too we study the variation of D1 with network sizes and find that a
power law variation exists, (Fig. 8) however, in this case the exponent is strongly
dependent on δ. The exponents decrease in magnitude as δ is increased, e.g.,
ρ � 1.0 for δ = 0.4 and ρ � 0.5 for δ = 0.6. Once again we note that as in
the case of scale free networks, the exponent for the smaller value of δ is higher,
when the number of highly connected nodes is larger.

4 Funnelling in a Correlated Network

Funnelling is an important issue in social searches and therefore we have con-
sidered in this section a network which is not entirely random in the sense that
there is a correlation between nodes. The nodes, in reality, have many char-
acteristic features (other than the degree) which seriously affect the searching
process [4,13]. In a very simplified picture, we consider only one such character-
istic which we call the similarity factor ξ of the individuals, ξ varying between 0
and 1 randomly. Since we have actually tried to simulate a social network, the
degree distribution is taken to be P (k) ∝ exp(−k). However, while constructing
the network with such a distribution, the bonding between two nodes is now
made according to the probability

Pi,j ∝ |ξi − ξj |−α, (3)

such that for positive values of α, similar nodes will have more connection prob-
ability. As an example, ξ may simply denote the geographical position of a node.
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Fig. 8. D1 = D(f = 1) against network size N is shown for stretched exponential
networks δ = 0.6, 0.5 and 0.4 (from top to bottom) indicating that the exponents are
different as the straight lines drawn to fit the curves have different slopes (see text)

The algorithm used is a greedy one: while searching, a node here sends the signal
to a node with the similarity characteristic closest to that of the target node.

Searching on a generalised class of stretched exponential networks, (i.e., those
with degree distribution exp(−kδ)) with similarity dependent connections has
been recently considered [19] and it has been observed that the success rate
of searching is drastically reduced as δ is increased. Using a similarity based
search algorithm and varying the parameter α, it was observed that the best
searchability occurs at values of α close to 1.5 for any δ. For both higher and
lower values of α the searchability deteriorates. At large α, the network is highly
clustered in the sense that nodes which have comparable values of ξ happen to
have a strong bonding and since the target node is randomly selected the success
rate falls. On the other hand, at small α, the nodes are highly uncorrelated which
makes searching based on similarity ineffective.

As far as funnelling is concerned, we find some intriguing results which show
that searchability and funnelling properties are not simply related. Here we have
a considered a degree distribution ∝ exp(−k) where the searchability is rather
poor [19]. Still, for small values of α, there is a power law variation of D(f)
with an exponent close to 1.5 (weakly dependent on α). For higher values of α,
large fluctuations occur, the power law behaviour is lost and the distribution
tends to become flat (see Fig. 9). The change in behaviour of the distribution
might suggest that a phase transition is occurring here, but we would not like
to conclude anything as the fluctuations are too large to comment.

In order to understand the above results, we first discuss the case α = 0 which
corresponds to a network without any correlation. This is simply an exponential
network where there is no funnelling effect with HDS as noted earlier. But with
the present algorithm, we find that there is indeed a power law variation of
D(f). What could be the reason for this? It appears that since the nodes are



1728 P. Sen

 1e-05

 1e-04

 0.001

 0.01

 0.01  0.1  1

D
(f

)

f

α = 0.5

α = 1.5

α = 2.0

α = 4.0

Fig. 9. The distribution D(f) is shown for a network where the linkings depend on a
similarity factor for different values of α (eq (3))

uncorrelated, the target node is connected to nodes with arbitrary similarity
factors. However not all of them will take part equally in the search process
because of the algorithm and successful paths will be mostly through a few nodes
making it possible the existence of a few nodes with large funnelling capacity.

Apparently, the funnelling effect diminishes with correlations as the present
results suggest. In fact, with α �= 0, when we have a correlated network, there can
be several nodes to which the signal can be passed which are equally ‘distant’
from the target. This effectively makes the funnelling capacity of individual
nodes lesser which is reflected in the distribution. For very high α, this effect is
enhanced to a large extent making the distribution nearly flat.

5 Discussions and Concluding Remarks

In this paper we have, for the first time to our knowledge, attempted a quan-
titative study of the phenomenon of funnelling relevant to search or navigation
on a network. First we have proposed a definition of funnelling capacity f of
a node and thereafter estimated the funnelling distribution D(f). The point
f = 1 has been treated specially as a non-zero value of D1 = D(f = 1) would
indicate funnelling is indeed occurring. Our studies on scale-free and stretched
exponential networks have shown that funnelling will not survive for infinite
networks and also decrease if the number of searches is increased. However, we
have obtained power law decay behaviour for both D(f) versus f and D1 versus
N variations. The exponent for D(f) is different for different networks. In case
of the scale free network, we note that the exponent ρ obtained from the D1

versus N plots is weakly dependent on γ for 2.2 < γ < 3.0 while in stretched
exponential networks, it is non-universal. We have also used different algorithms
in the different networks, e.g., degree based algorithms for networks which are
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uncorrelated and similarity based algorithm on correlated networks; the results
show that the algorithm seriously affects the funnelling distribution.

To show how the algorithm can affect the funnelling capacity one can take
the example of a simple hypothetical network. Suppose the network has uniform
degree k = l with a tree structure. Thus the successful paths to the target will
flow with equal probability through its l neighbouring nodes when the algorithm
does not take into account any correlations (note that the HDS and the random
search are identical in this case). Thus these l nodes will take part in 1/l fraction
of searches, their l2 neighbours also take part in 1/l2 searches and so on making
D(f) ∝ 1/f . However, if now an algorithm based on correlations is used, the
message flow will no longer be uniform and the distribution D(f) will be quite
different. In fact we have obtained exponents for D(f) which are different but
of the order of unity in the different networks.

To explain the result obtained in [4] that there is no funnelling effect in a
social search, one can argue on the basis of the present results that this is due
to the fact that the human network is far from random and has quite strong
correlations. On the other hand, in the earlier experiments [1], funnelling was
observed since the number of searches conducted (compared to the network size)
was very small.
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Abstract. In this paper, a set of delay stochastic differential equations,
which involves the mechanisms of intrinsic and extrinsic noises, time de-
lays and negative feedback, is proposed to describe the nonlinear dynam-
ics within a general biological network motif. Frequency domain analysis
method is exploited to study the interplays among such mechanisms.

Keywords: Intrinsic and extrinsic sources, negative feedback, transcrip-
tional and translational time delay, frequency domain analysis.

1 Introduction

Intensive experimental studies have proved that noise plays an important role
in gene regulation [1]. The firstly provided direct experimental evidence of the
biochemical origin of phenotypic noise [2] has demonstrated that the level of
phenotypic variation in an isogenic population can be regulated by genetic pa-
rameters. The outcome of Elowitz et al. (2002) [3] reveals that both intrinsic
noise and extrinsic noise contribute substantially to overall variation. Transcrip-
tion rate, regulatory dynamics, and genetic factors control the amplitude of
noise. Blake et al. (2003) [4] demonstrate experimentally that, in eukaryotic gene
expression, increased noise in the transcription of a regulatory protein leads to
increased cell-cell variability in the target gene output, resulting in the prolonged
bistable expression states. Through studying gene regulation at the single-cell
level, Rosenfeld et al. (2005) [5] find that protein production rates fluctuate over
a time scale of about one cell cycle, while intrinsic noise decays rapidly. In the
same year, the result of Pedraza and Oudenaarden [6] has shown that noise in a
gene is determined by its intrinsic fluctuations, transmitted noise from upstream
genes, and global noise affecting all genes. Newman and co-workers [7] showed
that classes of genes regulated by the same proteins have similar noise levels
and that essential genes are often less noisy than inessential ones. Very recently,
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Zhu and Salahub [8] find that the most dominant noise source comes from pro-
moter fluctuations. All the experimental works mentioned above highlight the
importance of including stochastic effects in regulatory networks.

Noise arises in one of the two ways. Internal noise is inherent in the biochemical
reactions. Its magnitude is proportional to the inverse of the system size, and
its origin is often thermal. On the other hand, external noise originates in the
random variation of one or more of the externally set control parameters. [9]
Paulsson (2004)[10] reviewed these two kinds of noise from both mathematical
and biological perspectives.

Systems with time delays are quite ubiquitous in nature. The experimental ev-
idences [11,12] have shown that the role of time delays has come to light because
the delays in the corresponding reactions are particularly long in comparison
with other characteristic times of the system. For example, binding reactions
and phosphorylation cost little waiting time for the next reaction, while tran-
scription and translation involve so many sophisticated processes that the time
lag should not be neglected. Hirata et al.(2002)[11] have shown that Hes1 protein
oscillation is delayed by about 15 min relative to the Hes1 mRNA oscillation.
This time delay may reflect the time required for protein degradation. Monk
(2003)[12] notes that there is an average delay of around 10-20 min between the
action of a transcription factor on the promoter of a gene and the appearance
of the corresponding mature mRNA in the cytoplasm.

A model based on stochastic delay differential equations has the advantages of
not only considering the intrinsic noise and extrinsic noise, but also not having to
specify all the processes explicitly and their effect can be substituted for a time
delay. Barrio et al.(2006)[13] compare previous continuous delay models with
discrete stochastic delay models to explain oscillations in the numbers of Hes1
mRNA and Hes1 protein in mouse. They agree with the statement that discrete
delay approach seems to give greater insight into the underlying cellular dy-
namics in terms of the system parameters. Tian et al.(2007)[14] have developed
the delay chemical master equation for describing biological reactions. They find
that for an oscillating system generated by time delays, noise can increase the ro-
bustness properties of the system to maintain the oscillating expression pattern.

Even numerous studies have been carried out as mentioned above, however,
the delayed feedback control system combined with both intrinsic and extrinsic
noise receives less attention and still remains further consistent study. The aim
of this paper is to incorporate the effects of time delays and feedback into a gen-
eral biological network motif. We study the interplays among such exponents by
deriving the correlation function and power spectrum of the input and output sig-
nal. Numerical simulation is exploited for comparison with the analytical results.

This paper is organized as follows: In Sec.2,we propose a common biological
network motif, which are quantified by a set of delay stochastic differential equa-
tions. In Sec.3, we analyze our model on frequency domain through analytical
derivation. In Sec.4, we use numerical simulation to show the effect of delay,
feedback and cross correlation. Last, summary and some physical discussions
are presented in Sec.5.
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2 A Stochastic Biological Network Motif with Delay

In recent years, the network motifs, which are the basic building blocks of net-
works, have been used to study complicated networks [15,16,17]. Shen-Orr and
his coworkers find that much of the network is composed of repeated appearances
of several highly significant motifs. Each network motif has a specific function in
determining gene expression, such as generating temporal expression programs
and governing the responses to fluctuating external signals [15].

We begin with a most common biological network motif, which is relative
simple yet maintains a high degree of biological relevance [15,18]. Time delay is
taken into account as a key point in protein degradation process, which repre-
sents essential time for gene transcription and translation. Meanwhile, stochastic
behavior from both intrinsic and extrinsic sources is considered.

Our model is described by a set of chemical Langevin Equations,

dX (t)
dt

= AS(t− τ1)−BX (t)− CX (t − τ2) + η1(t), (1)

dS(t)
dt

= k−1 − k−1S(t) − k1S(t)X (t) + η2(t) (2)

where S represents an input signal, while X stands for the output. An example
of this dynamics is the protein degradation [19]. B is non-delayed rates of the
protein degradation, while A and C is the rate of the delayed production and
degradation reaction separately. Here notes that X is regulated by the input
signal S after time τ1, and by itself with a time delay of τ2. Moreover, the signal
itself undergoes a negative feedback by the protein X .

In Eqs. (1)-(2), η1(t) stands for intrinsic noise, which is related to low gene
copy numbers; while η2(t) presents the extrinsic noise, which is attributable to a
noisy cellular environment. Both of the intrinsic and extrinsic noise are Gaussian
white noise,

< ηi(t) >= 0, < ηi(t)ηj(t′) >=< ηiηj > δ(t− t′), {i, j = 1, 2}. (3)

3 Frequency Domain Analysis

In biochemical networks, the noise in the output signal depends upon the noise
in the biochemical reactions that constitute the network, the so-called intrinsic
noise, and on the noise in the input signal, called extrinsic noise [3,10,20]. Zon
et al. note that the noise properties of biochemical networks are most clearly
elucidated via the power spectra of the time traces of the copy numbers of the
components [21]. For complex networks with multiple noise sources and signal
processing elements, direct analysis through the time domain solution becomes
difficult or even obscures the intuitive connection between the calculated noise
behavior and network elements. However, the power spectrum provided us an
easy way for analyzing the noise in complex networks.
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In order to analyze our model on the frequency domain, we first replace the
X (t) and S(t) in Eqs. (1)-(2) by

X (t) = X ∗ + x(t),S(t) = S∗ + s(t) (4)

where X ∗ and S∗ represent the stationary solution of the determinate equations
of Eqs. (1)-(2) with τ1 = τ2 = 0, which can be expressed as

X ∗ =

√
1 + 4εA/B′ − 1

2ε
, S∗ =

B + C

A
X ∗ =

1
1 + εX ∗ (5)

where ε = k1/k−1 represents the strength of negative feedback mechanism. Then
Eqs. (1)-(2) can be rewritten as

dx(t)
dt

= As(t− τ1)−Bx(t) − Cx(t− τ2) + η1(t) (6)

ds(t)
dt

= −Es(t)− Fx(t) − k1s(t)x(t) + η2(t) (7)

where E = k−1 + k1X ∗ and F = k1S∗.
The Fourier transformations of Eqs. (1)-(2) take the form

iωx(ω) = Ae−iωτ1s(ω)−Bx(ω)− Ce−iωτ2x(ω) + η1(ω), (8)

iωs(ω) = −Es(ω)− Fx(ω)− k1√
2π

∫ ∞

−∞
s(ω − ω0)x(ω0)dω0 + η2(ω). (9)

Since Eq. (9) is an integration equation, Eqs. (8)-(9) can be solved by inter-
polation method and truncated at a specific order. Under the approximations
of weak noises and weak negative feedback mechanism, in this paper, the solu-
tions of both x(ω) and s(ω) are retained up to the second order of η1(ω) and
η2(ω). The validation of such approximations will be discussed further with our
numerical simulation in Sec. 4. By defining the intermediate variables:

f1(ω) = iω + B + Ce−iωτ2 , f2(ω) = Ae−iωτ1 , f3(ω) = iω + E + F
f2(ω)
f1(ω)

,

g1(ω) = − F

f1(ω)f3(ω)
, g2(ω) =

1
f3(ω)

, g3(ω) = − k1√
2πf3(ω)

,

J1(ω, ω0) = (
Ff2(ω0)

f1(ω0)f3(ω0)
− 1)

F

f1(ω0)f1(ω − ω0)f3(ω − ω0)
,

J2(ω, ω0) = − Ff2(ω0)
f1(ω0)f3(ω0)f1(ω − ω0)f3(ω − ω0)

, (10)

J3(ω, ω0) = −(
Ff2(ω0)

f1(ω0)f3(ω0)
− 1)

1
f1(ω0)f3(ω − ω0)

,

J4(ω, ω0) =
f2(ω0)

f1(ω0)f3(ω0)f3(ω − ω0)
,

Ik =
∫ ∞

0

Jk(0, ω0)dω0, {k,m, n = 1, 2, 3, 4},
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Im,n(ω) =
∫ ∞

−∞
Jm(ω, ω0)J∗

n(ω, ω0)dω0,

Lm,n(ω) =
∫ ∞

−∞
Jm(ω, ω0)J∗

n(ω − ω0, ω0)dω0.

The correlation functions of x(ω) and s(ω) can be obtained from Eqs. (8)-(9)
and expressed as

Ss(ω) =< s(ω)s∗(ω′) >

= α1 < η2
1 > +α2 < η1η2 > +α3 < η2

2 >

+α4(< η2
1 >)2 + α5(< η2

2 >)2 + α6(< η1η2 >)2

+α7 < η2
1 >< η1η2 > +α8 < η1η2 >< η2

2 > (11)

Sx(ω) =< x(ω)x∗(ω′) >

= β1 < η2
1 > +β2 < η1η2 > +β3 < η2

2 >

+β4(< η2
1 >)2 + β5(< η2

2 >)2 + β6(< η1η2 >)2

+β7 < η2
1 >< η1η2 > +β8 < η1η2 >< η2

2 > . (12)

The parameters α1, β1, α2, β2, · · · , α8, β8 represent the contributions of < η2
1 >,

< η1η2 >, · · · , < η1η2 >< η2
2 > to the correlation functions Ss(ω) and Sx(ω),

respectively. With the aid of the intermediate variables defined in Eq. (11) and
from Eqs. (8)-(9), those parameters can be expressed as

α1(ω) = |g1(ω)|2 , α2(ω) = 2Re [g1(ω)g∗
2(ω)] , α3(ω) = |g2(ω)|2 ,

α4(ω) = 4 |g3(0)|2 (I1)2δ(ω) + |g3(ω)|2 (I1,1(ω) + L1,1(ω)),

α5(ω) = 4 |g3(0)|2 (I4)2δ(ω) + |g3(ω)|2 (I4,4(ω) + L4,4(ω)),

α6(ω) = 4 |g3(0)|2
[
(I2)2 + (I3)2 + 2(I1I4 + I2I3)

]
δ(ω)

+ |g3(ω)|2 (I1,4(ω) + I4,1(ω) + I2,3(ω) + I3,2(ω) + I2,2(ω) + I3,3(ω)

+L1,4(ω) + L4,1(ω) + L2,3(ω) + L3,2(ω) + L2,2(ω) + L3,3(ω)) ,

α7(ω) = 8 |g3(0)|2 (I1I2 + I1I3)δ(ω) + |g3(ω)|2 (I1,2(ω) + I2,1(ω) + I1,3(ω) + I3,1(ω)

+L1,2(ω) + L2,1(ω) + L1,3(ω) + L3,1(ω)),

α8(ω) = 8 |g3(0)|2 (I2I4 + I3I4)δ(ω) + |g3(ω)|2 (I2,4(ω) + I4,2(ω) + I3,4(ω) + I4,3(ω)

+L2,4(ω) + L4,2(ω) + L3,4(ω) + L4,3(ω)),

β1(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α1(ω) +
2Re[f2(ω)g1(ω)] + 1

|f1(ω)|2 ,

β2(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α2(ω) +
2Re[f2(ω)g2(ω)]

|f1(ω)|2 ,

β3(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α3(ω), β4(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α4(ω),
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β5(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α5(ω), β6(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α6(ω),

β7(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α7(ω), β8(ω) =
∣∣∣∣f2(ω)
f1(ω)

∣∣∣∣
2

α8(ω).

It is worthwhile to mention that a module, which consists of one component X
and an input signal S, has recently been discussed by Nicola and co-workers [20].
They explicitly described the detection of the signal by studying a set of coupled
Langevin equations for the interacting species S and X . It is very interesting that
in absence of delays and feedback, which means τ1 = τ2 = 0, ε = 0 in our model,
the analytical results in Eqs. (11)-(12) can be reduced as

Ss(ω) =
F 2 < η2

1 > −2F (B + C) < η1η2 > +((B + C)2 + ω2) < η2
2 >

(AF + E(B + C))2 + (E2 − 2AF + (B + C)2)2ω2 + ω4
(13)

Sx(ω) =
(E2 + ω2) < η2

1 > +2AE < η1η2 > +A2 < η2
2 >

(AF + E(B + C))2 + (E2 − 2AF + (B + C)2)2ω2 + ω4
(14)

which is consistent with the results presented in [20].
Another characteristic feature of the analytical results in Eqs. (11)-(12) is

that when < η1η2 > is assumed to be zero, which means that η1 and η2 are
uncorrelated, both Ss(ω) and Ss(ω) can be written as a sum of intrinsic and
extrinsic contributions which is the so called the spectral addition rule as derived
in [10]. Even in this case, the coefficients in our results still include the effects
coming from the time delays and negative feedback mechanism.

4 Numerical Calculations

In our numerical calculation, we use the second order stochastic Runge-Kutta
method for integrating the chemical Langevin equations (1) and (2), and Gaus-
sian integration method to calculate the integrations in(11). Parameters incor-
porated in Eqs. (1) and (2) are chosen as A = 1, B = 2, C = 1, k−1 = 1, ε = 1,
respectively. The strength of noises are < η2

1 >=< η2
2 >=< η1η2 >= 0.01. In

this case, the system does not posses bifurcations and is always stable with a
single stationary solution.

The numerical results have shown that the correlation functions Ss(ω) and
Sx(ω) of s(t) and x(t) are precisely consistent between the ones with chemi-
cal Langevin equations (1)-(2) and the ones with (11)-(12), which verifies our
truncation method in Eqs. (8)-(9).

4.1 Effect of Time Delay

It has been well recognized that time delay plays a very significant role in the
dynamics of biological networks. Thus, we first pay our attentions to the roles
of time delays in the general biological network motif discussed in this paper.
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Fig. 1. Power spectrum of input S and output X related to the effect of time delays.
Parameters incorporated in Eqs. (1) and (2) are chosen as A = 1, B = 2, C = 1,
k−1 = 1, ε = 1, respectively.

Figures 1(a-d) show the power spectrum of input S and output X related
to the effect of time delays. It obviously shows that only the low frequency
part of the power spectrum is sensitive to the variation of τ1 when τ2 = 0. For
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input signal S, as τ1 increases, both the magnitude of the main peak and the
number of the peaks would increase, meanwhile, for output X , the number of
the peaks would increase while the magnitude of the main peak do not change
with increasing τ1.

When we turn to examine the effect of τ2 when τ1 = 0, we could find that
the output X shows much more complicated behavior than the input S. On low
frequency part of the power spectrum, not only the magnitude of the oscillation,
but also the number would increase with the increasing τ2 for both Ss(ω) and
Sx(ω) of s(t) and x(t).

4.2 Effect of Feedback Negative Feedback Mechanism

Now we are at the position to study the effect of negative feedback mechanism
which is also a very important dynamical component of the common network
motif in biological and other systems [15,16,17]. Figures 2(a-d) show Ss(ω) and
Sx(ω) with various values of ε that represents the effect of negative feedback
mechanism. Here it should be noted that the term of negative feedback mecha-
nism appearing in Eq. (2) is a nonlinear one, which is different from the linear
one as discussed in [20].

From the numerical results, one may conclude that when the system undergoes
no time delays, the strong negative feedback contributes to low frequency part
of the power spectrum for both X and S. This may reflect the fact that negative
feedback makes biological network more robust against biochemical noise.

Together with the effect of the time delay, negative feedback does not only
reduce the variance of the noise, but also shifts this noise to higher frequencies.
The low frequency part of the power spectrum shows no simple relationship
with the increasing strength of negative feedback. This may reveal that negative
feedback may enhance the effect of time delay, while their quantitative relation
is rather complicated and very difficult to work out analytically.

4.3 Effect of Correlation between Intrinsic and Extrinsic Noises

It has been shown by our numerical results that coefficients α4−α8 and β4−β8

are higher order small quantities than others. This consequence supports our
method to retain the interpolation to the second order of η1(ω) and η2(ω) in
Eqs. (8)-(9). The second order terms of < η2

1 >, < η1η2 > and < η2
2 > make the

dominant contributions to Ss(ω) and Sx(ω).
As an example, Fig. 3 shows the coefficients α1, α2, α3, β1, β2 and β3 for the

case of τ1 = 0, τ2 = 5. From this figure, one may conclude that: (I) α2, which
corresponds to the contribution from correlation between intrinsic and extrin-
sic noises, is always negative. So we see that the contribution from correlation
between intrinsic and extrinsic noises reduces the correlation Sx(ω), especially
in the low frequency regime; (II) contrarily, β2 is always positive and thus the
contribution from correlation between intrinsic and extrinsic noises enhances the
correlation Ss(ω).
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Fig. 2. Effects of feedback ε on power spectrum of input S and output X . (a) Ss(ω)
for τ1 = τ2 = 0; (b) Sx(ω) for τ1 = τ2 = 0; (c) Ss(ω) for τ1 = 5, τ2 = 0; (d) Sx(ω) for
τ1 = 5, τ2 = 0. Other parameters are the same as in Fig. 1.

The coefficients α1, α2, α3, β1, β2 and β3 have the frequency selectivity and
consist of several Gaussian distributions on frequency. This would be highly
useful, because it would allow a modular description of noise propagation.
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Fig. 3. Coefficients α1, α2, α3, β1, β2 and β3 for the case of τ1 = 0, τ2 = 5. Other
parameters are the same as in Fig. 1. Note that the distance between two neighboring
peaks is very close to 2π/τ2.

5 Summary and Discussions

Stochasticity in biological networks has attracted intensive attention from both
experimental and theoretical researchers in the last decade. With the aid of new
experimental techniques, people could follow the gene expression in single cell
over time. Stochasticity has been found to be very significant because of low
gene copy number and fluctuating cellular environment. Time delay, which is
found to be ubiquitous in nature, has now been considered as a key component
in gene regulation.

In this paper, we first present a most common delayed biological network
motif with intrinsic and extrinsic noises. Two time delays are introduced to
reveal compound multistage reactions involving the sequential assembly of long
molecules, meanwhile, negative feedback mechanism is presented to take into
account the effects of internal degrees of freedom in the motif. We have derived
the autocorrelation function and power spectrum analytically to show the effects
of time delays and negative feedback mechanism, and carried out the frequency
domain analysis.

From the numerical simulation, we have seen that different time delay corre-
sponds to different shapes of spectrum, and only the low frequency part of the
power spectrum is sensitive to the value changes of time delays. For input signal
S, as τ1 increases, both the magnitude of the main peak and the number of the
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peaks would increase. However, for output X , the number of the peaks would
increase while the magnitude of the main peak do not with increasing τ1. As τ2
increases, the output X shows much more complicated behavior than the input
S. On low frequency part of the power spectrum, not only the magnitude, but
also the number of the oscillation would increase for both input S and output X .

Here notes that τ1 is the delay of signal transmission, and τ2 is the delay of
transcription and translation processes. And the non-Markovian effect, which
means multi-peak behavior in the power spectrum, is due to the time delays. If
we could measure these delays experimentally, noise of specific peak frequency
would be filtered during noise propagation.

Negative feedback and the cross correlation between intrinsic and extrinsic
noises may reduce the variance of the noise, and so as to make biological network
more robust against biochemical noise.
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Abstract. We calculated the frequency distributions of cluster sizes in the sand 
pile models. Two cellular automata models differing in the rules of adding sand 
particles are used. For the model with local perturbation only, the distribution 
shows a power law behavior regardless of the spatial dimension that the sand pile 
is situated at. For the other model where the perturbation generated by the addi-
tion of a sand particle is not confined to one site only, the distribution is generally 
a power law plus an exponential cutoff. These results are consistent with what 
was found previously for another complex system using a model of constrained 
minority game. The frequency distributions in higher dimensions than two are 
also calculated and discussed. 

Keywords: power law, frequency distribution, sand pile. 

1   Introduction 

Frequency distributions have been found to follow a power law in many complex 
systems[1]. One famous example is the Gutenberg-Richter power law for earth-
quakes[2]: the number of occurrences of earthquakes in a given region has a power-law 
relation to the magnitudes of the earthquakes. Bak[3] proposed the concept of 
self-organized criticality (SOC) to explain how such a complex system works. They 
demonstrated SOC by means of a sandpile model in which one builds a sand pile by 
dropping sand particles one by one from the top. The sand pile will grow until it reaches 
its critical state with a maximal slope, which, however, is unstable. Adding particles 
further will cause an avalanche after which the sand pile will gradually rebuild itself 
back to the critical state. Thus the system constantly self-organizes itself to approach 
the critical state which is then followed by an avalanche of a certain scale. They used a 
cellular automaton model to simulate the dynamics of a sand pile[4] and claimed that 
frequency distribution of the sizes of the avalanches indeed followed a power law. 
Some variants of their models have since been proposed and solved or simulated[5,6,7]. 
One general conclusion of these theoretical works is that SOC is a good description for 
the dynamics of a sand pile, but the frequency distributions of the cluster sizes do not 
necessarily follow a power law. In many cases, a power law with an exponential cutoff 
is observed. One is reminiscent of the results of a different complex system called the 
constrained minority game[8], the frequency distributions of which also shows either a 
power law or a power law with an exponential cutoff, depending on the relative mag-
nitude of two parameters used in that system. 
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In this article we investigate the original sand pile model of Bak et al[4] in various 
spatial dimensions and one variant of it using a different rule for adding sand particles. 
Our aim is to understand what parameters of a sand pile model are the dominant factors 
in determining the behavior its frequency distribution. 

2   Sand Pile Models and Simulation Results 

We first construct cellular automaton models for a sand pile. Because there is azimuthal 
symmetry for a conic sand pile, for simplicity we consider only a quarter of a sand pile 
bounded by two perpendicular walls. The height of sands at position ),( yx , 0>x , 

0>y , is denoted by ),( yxh . The slope of the sand pile at ),( yx  is defined as sum 

of height differences between the position ),( yx  and its two neighboring sites down 

along the hill: )]1,(),([)],1(),([),( +−++−= yxhyxhyxhyxhyxs . The 

dynamics of the model consists of the processes of adding and falling of the sand parti-
cles. We add a sand particle at a random position every time. On each adding, we check 

the slopes at all positions. When ),( yxs  is larger than a predefined critical value cs , 

one sand particles at ),( yx  will drop, either to position ),1( yx +  or )1,( +yx . 

Thus for our model, the dynamics of the sand pile follow the following rules: 
Adding rule: when a sand particle is added at a random position ),( yx , do 

1),(),( +→ yxhyxh . (1) 

Falling rule: when csyxs >),( , do 

1),1(),1(1)1,()1,(

1),(),(

++→+++→+
−→

yxhyxhoryxhyxh

yxhyxh
 

(2) 

Alternatively, we use the slope ),( yxs  as the dynamic variable and let on average a 

0.5 sand particle falls to each of the two positions ),1( yx +  and )1,( +yx  when 

csyxs >),( . Accordingly, the rules for simulation are: 

Adding rule: when a sand particle is added at a random position ),( yx , do 

1),1(),1(

1)1,()1,(

2),(),(

−−→−
−−→−

+→

yxsyxs

yxsyxs

yxsyxs

 

(3) 

Falling rule: when csyxs >),( , do 

1),1(),1(

1)1,()1,(

4),(),(

+±→±
+±→±

−→

yxsyxs

yxsyxs

yxsyxs

 

(4) 
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When a sand particle drops from the boundary Rx =  or Ry = , it disappears from 

the system. The model can be readily extended to an abstract one with underlying 
spatial dimension being larger than 2. That is, we can consider the height and the slope 
of the sand pile as a function of more than two rectangular coordinates. 

Bak et al.[4] used a different set of adding and falling rules in their simulations for 
the dynamics of the sand piles. They dealt with the variation of a variable ),( yxK  

without giving its explicit relation to the height of a sand pile at ),( yx . At each time 

step, they perturbed the system locally by adding 1 to the value of ),( yxK  at random 

position ),( yx . Thus their adding rule is 

Adding rules of Ref. [4]:  at random position ),( yx , do 

1),(),( +→ yxKyxK  (5) 

When cKyxK >),( , they made the following changes 

Falling rules of Ref.[4]: cKyxK >),( , do 

1),1(),1(

1)1,()1,(

4),(),(

+±→±
+±→±

−→

yxKyxK

yxKyxK

yxKyxK

 

(6) 

Comparing with our model, it is interesting to see that the variation of ),( yxK  is 

partly like ),( yxh  (in adding rules) and partly similar to ),( yxs  (in falling rules). 

We will see below that the results of their model using Eqs.(5) and (6) are different 
from those of our model using Eqs. (3) and (4). 

Let n be the number of sites affected due to addition of a sand particle to a sand pile, 
and D(n) be the probability of the occurrence of cluster size n. Starting form arbitrary 
random stable sand pile we simulated the dynamics of the above two models and col-
lected data for 100 thousands time steps. The results for the model according to Eqs. (5) 
and (6) averaged over 100 samples are plotted in Fig. 1. The log-log plot of D(n) has 

approximate power law τ−nnD ~)(  with τ  = 0.98, 1.36, 1.49, and 1.65 when the 

underlying spatial dimension is 2D, 3D, 4D, and 6D respectively. Our results for 2D 
and 3D cases agree with the previous results of Bak et al.[4]. 

The results of D(n) calculated from first 100,000 time steps of the simulation using 
Eqs. (3) and (4) are also close to a power law distribution. However, for this model we 
found that D(n) has not reached its stability after first 100,000 time steps. The number 
of occurrence of each cluster size per 100,000 time steps decreases with time. The 
shape of the plot of the distribution D(n) bents away from  a power law as time in-
creases (Fig. 2). It takes about 5,000,000 time steps before the distribution D(n) stabi-
lizes to a curve with a power law plus an exponential cutoff. 
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Fig. 1. Frequency distributions of cluster sizes using the rules described by Eqs. (5) and (6). The 
distribution is more close to a power law in higher dimension because the system size increases 
much faster than the level of complexity of the system. The straight lines indicate a power law 
with τ = 0.98, 1.36, 1.49, and 1.65 respectively. 

 

Fig. 2. Frequency distributions of cluster sizes at different time using the rules described by Eqs. 
(3) and (4). The distribution takes long time (about 5,000,000 time steps) to reach stabilization. 
The final stable distribution follows a power law plus an exponential cutoff. 
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If we keep adding sand particles always at the top the sand pile instead of at a ran-
dom position in the model of Bak et al (Eqs. (5)(6)), the distribution D(n) is also close 
to a power law similar to Fig. 1. However, when rules Eqs(3),(4) are used, keep adding 
sand particles at the top yields power law distribution for D(n)  too instead of  a curve 
like Fig. 2. This is because the adding rule Eq. (3) is equivalent to Eq. (5) if only the top 
position (1,1) is concerned. While when sand particles are added randomly at any po-
sition ),( yx , Eq. (3) makes a big difference with Eq. (5). 

In Fig. 3 we plotted the results of our model for various system sizes and dimensions. 
The difference between one another is discussed in the following section. 

 

Fig. 3. Comparison of the frequency distributions of different system sizes and spatial dimen-
sions. Results are obtained using the rules described by Eqs. (3) and (4). For a fixed system 
L=400´400=160000, the 2D case has smaller level of complexity than the 4D case so that its 
distribution is closer to a power law than the 4D case. On the other hand, when we decreases both 
the underlying spatial dimension and the system size from the 4D case, the distribution bent 
further away from a power law. 

3   Discussion on the Forms of the Frequency Distributions 

We have seen that the distribution D(n) in sand pile models follows a power law or a 
power law plus exponential cutoff, depending on the dimension and the size of the sand 
pile, and the rules one used. These results are consistent with what was found in the 
variance distributions of a constrained Minority game [8]. In Ref. [8], it was found that 
there are two critical parameters in a complex system and the relative magnitude of 
them determines the distribution to be the form of a power law, a power law plus an 
exponential cutoff, or a log-normal. One of the critical parameters is the system size L. 
In current sand pile models discussed above, the system size L can be taken as total 
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number of sites of a sand pile. The other parameter M is called information in Ref. [8]. 
It indicates how complicated a system is inter-connected so that we might as well call it 
the level of complexity of the system. It was shown in Ref. [8] that the frequency dis-
tribution of a complex system shows a power law behavior when M is small. As M 
increases for a fixed L, the frequency distribution changes from a power law to a power 
law plus an exponential cutoff, and then to a log-normal. It is not yet clear what the 
equivalence of M is in the sand pile models. It is however reasonable to assume that M 
is a monotonic increasing function of the number of ways that are generated by a per-
turbation to make changes to the system. For example, we see that the adding rule Eq. 
(3) has affected three sites while the rule Eq. (5) has perturbed one site only. Accord-
ingly, the value of M for our model is expected to be larger than that of the Bak et al’s 
model. The underlying dimension can change the value of M too. In 2D case, the falling 
rule affects 4 neighboring site of the perturbed position. That is, a perturbation has four 
different paths in changing the system. In 3D case, there will be 6 paths. In 4D, we have 
8, etc. Thus when we simulate the dynamics of the sand pile in higher dimension, we 
have higher value of M. With these understandings, we can have a qualitative expla-
nation for frequency distributions shown in Figs. 1, 2, and 3: 

(i) For a given rule and a fixed dimension, say 2D, the value of M is fixed. 
When one increases system size L, e.g. increasing from 20´20 to 
400´400, we obtain a better approximation to a power law. 

(ii) For a fixed dimension and system size, say 2D with 50´50 sites, the value 
of L is fixed. Changing the adding rule from Eq. (5) to Eq. (3) will in-
crease the value of M. Thus the frequency distribution changes from a 
power law to a power law plus an exponential cutoff. 

(iii) For a fixed system size, say L=400´400=160000, increasing the under-
lying dimension, say from 2D to 4D as shown in Fig. 3, the curve will 
bent further away from a power law because M has increased. 

(iv) Increasing both dimension and system size as the case shown in Fig. 1, 
although the value M increases when underlying dimension increases, the 
system size L has also increased in much larger amount (20 times larger 
when one goes from 2D 20´20 to 3D 20´20´20). Thus the frequency 
distribution is more close to a power law in higher dimension. 

4   Conclusion 

We have calculated the frequency distribution of the cluster sizes in two dynamic sand 
pile models situated at various spatial dimensions. We found that the distribution fol-
lows a power law when the perturbation to the sand pile is local at one site only. In a 
more realistic model the perturbation is not pure local so that the system is connected in 
a more complicated way (i.e., the system has a higher level of complexity), the distri-
bution changes to a power law plus an exponential cutoff. This result is consistent with 
the previous finding in another complex system dealing with a complete different 
phenomenon related to the minority game. We have also simulated the sand pile models 
in higher spatial dimensions than two. In higher dimension a sand particle has more 
number of paths to fall so that the system is connected in a more complex way. We 
found, while keeping the system size fixed, the frequency distribution differs from a 
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power law more for a sand pile situated at higher dimension. This result again supports 
the general property for the frequency distributions of complex systems: the distribu-
tion follows a power law when the system size is large enough, but changes to a power 
law with an exponential cutoff when the system size decreases or the level of com-
plexity increases. 
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Abstract. This paper discusses the use of Fister-Panetta model in the
visualisation of cancerous growths. Cancer evolution and the associated
proper medication strategy is an example of such a complex problem
that requires an interdisciplinary approach in order to be properly ad-
dressed. The paper addresses some basic aspects regarding how cancer
research could benefit from the cooperation between mathematics and
biology, describes how to model and visualize cancer tumor with recur-
sive algorithms and Fister and Panetta pattern.

Keywords: Cancer modeling, cancer visualization, computer graphics,
Fister-Panetta upper bound.

1 Introduction

Cancer is a class of diseases or disorders characterized by uncontrolled division
of cells, and the ability of these cells to invade other tissues, either by direct
growth into adjacent tissue through invasion or by implantation into distant
sites by metastasis. Metastasis is defined as the stage in which cancer cells are
transported through the bloodstream or lymphatic system. Cancer may affect
people at all ages, but risk tends to increase with age. It is one of the leading
causes of death in developed countries [1].

Mathematical modeling can be a powerful tool for understanding biologically
observed phenomena which cannot be understood by verbal reasoning alone.
One such example is that of homeostasis in the colonic crypt. The single layer
of epithelial cells that line the crypt is renewed every two to three days by a
number of long-living stem cells that remain at the bottom of the crypt [2]. As
the stem cells divide, their progeny migrate up the crypt wall, and once at the
top they are shed into the lumen or undergo apoptosis. This general structure
of stem, transit and differentiated cells is also found in many other biological
systems, for example the hematopoietic system.

In recent years there has been a great deal of interest concerning three catch-
phrases: nonlinear dynamics, chaos, and complexity. This interest has led to a
large number of popular-science articles relating to the visualization of cells,
many of these feature very high end graphical simulations [3].

Technologies such as ultrasound are being used to evaluate tumours in 3D
[4]. 3D microscopy imaging to display 3D biological tissue architecture during
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carcinogenesis [5]. Models and Simulations are being widely used, for example
Mathematical models have been used to describe ontogenetic growth [6]. Two-
dimensional modelling has been used in the area of tumour growth and mor-
phology [7], while simulations have been used in the area of benign avascular
tumour growth [8].

Recent studies of cancer visualisations focus on fractal geometry. The irregular
shapes, can be used to describe the pathological architecture of tumours and for
yielding insights into the mechanisms of tumour growth and angiogenesis that
complement those obtained by modern molecular methods [9]. Until now the
emphases of fractal based cancer research was to determine cancer cell growth
patterns at cell level but not the geometrical shape of tumour itself.

The process of understanding the underlying pathophysiology of cancer, its
progression, mechanisms of drug resistance at various scales, as well as the op-
timization of drug dosing protocols is a quite difficult one as it is the subject of
a vast amount of research, directed towards the development of effective treat-
ment and prevention strategies. Because of the high complexity of this disease,
it has always been difficult to assign quantitative measurements to each of its
components [10]. This may be, in part, because of the nature of the experimen-
tal investigation, where the mechanisms are often studied and analyzed in an
isolated context. It has often been suggested that a conceptual framework is
highly required in order to better understand the quantitative data produced by
tumor biologists and clinical oncologists. In this quite complex context, cancer
research may consistently benefit from mathematical modeling and biocompu-
tation. Of course, this approach can be fully integrated with biological research
and clinical experiments and trials. Traditional biological and clinical experi-
ments require costly investments in both time and materials, and are sensibly
limited by the equipment precision, human error and the inability to distinguish
between various underlying mechanisms that govern the tumor growth dynamics.
Meantime, a critical weakness of the theoretical models is their plasticity in un-
critically recapitulating training data, without impeding on the model’s actual
validity and predictive capacity. Nevertheless, models can provide researchers
with tools likely to allow them to run computational experiments that would
be otherwise very difficult to recreate in an experimental environment [11]. The
modeling techniques could be particularly useful for analyzing phenomena like
the varying adhesion forces between cells or the varying membrane permeability
of a particular cell line. Also, modeling can provide valuable quantitative and
even qualitative data, particularly useful for planning biological experiments,
used to test the theoretical hypotheses [12]. Data produced by the biological
experiments defines necessary constraints in order to choose the appropriate
model parameters. Therefore, although theoretical-only and experimental-only
approaches have inherent flaws and limitations, an ideal synergy between the
two can be approached by using a circular and recursive-like methodology.

Mathematical models are popping up everywhere in cancer research. The ap-
proaches are as diverse as the disease they are grappling with. Fister, a mathe-
matician at Murray State University in Kentucky, studies optimalcontrol models
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that promise to provide physicians the best timetables for drug treatments. Her
colleague Carl Panetta, of the St. Jude Children’s Research Hospital in Ten-
nessee, uses systems of elementary differential equations, typically 30 or 40 at a
time, to predict a patient’s response to a given drug regimen. At the University of
Washington, applied mathematicians James Murray and Kristin Swanson have
developed a brain tumor model that is simple by comparison but uses complex
three-dimensional brain anatomy to improve on the predictions of physicians
about the spread of the tumors. Meanwhile, in Israel, Zvia Agur from the In-
stitute for Medical Biomathematics is working on the ultimate biomathematical
model: a “virtual cancer patient” for non-Hodgkin’s lymphoma, which will take
into account all the stages of a cancer cell’s life cycle. If these mathematical de-
scriptions of cancer have any common denominator, it is a scrupulous attention
to biological correctness. They are moving past the vague qualitative conclusions
of older mathematical models in biology and making quantitative, testable pre-
dictions about real patients (or at least laboratory animals). “I have worked in
applications of mathematics to biology for nearly 30 years,” says Murray, who
was the founding director (in 1983) of the Centre for Mathematical Biology at
Oxford University [13]. “The whole tenor has changed in the last 10 years. At
the Dundee meeting of the Society for Mathematical Biology, one could have
been delighted to see that almost all of the talks were biologically oriented. The
speakers were solving their equations quantitatively and saying what the answers
predicted biologically. Having been brought up in Scotland, under the gloom of
Calvinism, one shouldn’t be optimistic about anything, but I am particularly
optimistic about the future of mathematical biology.”

To combine 3D visualisation with mathematical modeling is significant for
cancer research. It not only visually quantises data, but also scientifically sup-
port data for visualisation. This combination gives an approach to visualise and
simulate functionally for cancer tumour. It will truly help cancer research in
both educational academic and practical area.

2 Review of Similar Works

Modelling the complex development and growth of tumour angiogenesis using
mathematics and biological data is a rapidly increasing area of cancer research.
Architectural complexity is the main feature of every anatomical system, in-
cluding organs, tissues, cells and sub-cellular entities. The vascular system is a
complex network whose geometrical characteristics cannot be properly defined
using the principles of Euclidean geometry. However, fractal geometry is a more
powerful means of quantifying the spatial complexity of real objects [14].

In recent years there has been a great deal of interest concerning three catch-
phrases: nonlinear dynamics, chaos, and complexity. This interest has led to a
large number of popular-science articles relating to the visualization of cells,
many of these feature very high end graphical simulations [3].

Technologies such as ultrasound are being used to evaluate tumours in 3D
[4]. 3D microscopy imaging to display 3D biological tissue architecture during
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carcinogenesis [5]. Models and Simulations are being widely used, for example
Mathematical models have been used to describe ontogenetic growth [6]. Two-
dimensional modelling has been used in the area of tumour growth and mor-
phology [7], while simulations have been used in the area of benign avascular
tumour growth [8].

Recent studies of cancer visualisations focus on fractal geometry. The irregular
shapes, can be used to describe the pathological architecture of tumours and for
yielding insights into the mechanisms of tumour growth and angiogenesis that
complement those obtained by modern molecular methods [9]. Until now the
emphases of fractal based cancer research was to determine cancer cell growth
patterns at cell level but not the geometrical shape of tumour itself.

3 Mathematical Modeling

Mathematical models can provide for both biologists and medical personnel the
necessary tools for guiding their efforts to elucidate fundamental mechanisms
of cancer progression and either improve current treatment strategies or stim-
ulate the creation of new ones. Many already proposed cancer models focus on
one or more of the cancer progression phases, more specific avascular, angio-
genesis or vascular, and can typically be considered a discreet, continuum or
hybrid approach [13]. Continuum models are inspired by principles from fluid
and continuum mechanics, and generally describe cancer-related variables, such
as cell population, oxygen concentration, nutrient distribution or growth factor
as continuous fields by means of differential equations. By contrast, cellular au-
tomaton (CA) models describe the dynamics of discrete elements, for example
tumor cells, whose states are governed by a set of probabilistic and/or determin-
istic rules [15]. The state evolution of these elements can and usually must be
tracked through space and time. Hybrid cancer modeling approaches generally
combine continuous fields with CA descriptions. In particular, substances, such
as oxygen, nutrient, drug and growth factors can be as a continuum in the tumor
microenvironment, while individual CA elements dynamically evolve in response
to local substance concentration [16].

3.1 General Considerations

Optimal control techniques are used to develop optimal strategies for chemother-
apy. In particular, the article [17] investigates the qualitative differences between
three different cell-kill models: log kill hypothesis (cell-kill is proportional to
mass); Norton-Simon hypothesis (cell-kill is proportional to growth rate); and,
Emax hypothesis (cell-kill is proportional to a saturable function of mass). For
each hypothesis, an optimal drug strategy is characterized that minimizes the
cancer mass and the cost (in terms of total amount of drug). The cost of the
drug is nonlinearly defined in one objective functional and linearly defined in
the other. Existence and uniqueness for the optimal control problems are ana-
lyzed [18]. Each of the optimality systems, which consists of the state system
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coupled with the ad joint system, is characterized. Finally, numerical results
show that there are qualitatively different treatment schemes for each model
studied. In particular, the log-kill hypothesis requires less drug compared to
the Norton-CSimon hypothesis to reduce the cancer an equivalent amount over
the treatment interval [19]. Therefore, understanding the dynamics of cell-kill
for specific treatments is of great importance when developing optimal treat-
ment strategies. When developing effective treatment strategies, understanding
the effects of chemotherapeutic drugs on tumors is of primary importance. Sev-
eral approaches to modeling chemotherapeutic induced cell-kill (killing of tumor
cells) have been developed. One of the early approaches was by Schabel, Skip-
per, and Wilcox who proposed that cell-kill due to a chemotherapeutic drug
was proportional to the tumor population. This hypothesis is based on in vitro
studies in the murine leukemia cell-line L1210. It states that for a fixed dose,
the reduction of large tumors occurred more rapidly than for smaller tumors.
Skipper’s concept is referred to as the log-kill mechanism.

Norton and Simon find this model to be inconsistent with clinical observa-
tions of Hodgkin’s disease and acute lymphoblastic leukemia which showed that,
in some cases, reduction in large tumors was slower than in histologically simi-
lar smaller tumors. Therefore, Norton and Simon hypothesize that the cell-kill
is proportional to the growth rate (e.g., exponential, logistic, or Gompertz) of
the tumor. A third hypothesis notes that some chemotherapeutic drugs must
be metabolized by an enzyme before being activated. This reaction is saturable
due to the fixed amount of enzyme. Thus, Holford and Sheiner [20] develop
the Emax model which describes cell-kill in terms of a saturable function of
Michaelis-CMenton form. Fister and Panetta have previously developed a treat-
ment strategy using optimal control techniques for the use of cellcycle specific
drugs such as Taxol for the reduction of breast and ovarian cancers [19]. The
model included a resting phase which made it more realistic in the clinical set-
ting. Among other things, the model showed that treating with repeated shorter
periods allows more drug to be given without excess damage to the bone marrow.
Several other models where optimal control methods have been utilized in an-
alyzing effective chemotherapeutic treatments include Swan and Murray. Swan
obtained feedback treatment control drug characterizations for cancer models
under a quadratic performance criterion. Murray has considered systems of nor-
mal and tumor cells under the hypotheses of Gompertzian and logistic growth in
which he controls the rate of administration of drugs. Murray has minimized the
tumor burden at the end of treatment and, in another application, the toxicity
level, defined as the area under the drug concentration curve.

4 Application for Cancer

The 3D visualization system is a Java based application that uses the Swing
package for User Interface design and the Java3D package for rendering the 3D
scene. There are three distinct sections to the interface (Figure 1). The main
display window (1), which displays the 3D tumour rendering. It provides zoom
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Fig. 1. Interface of application

Fig. 2. Control Panel Group

and rotational, user interaction modalities. The Control Panel (2) situated to
the right of the main visualisation window, allows for the modification of input
parameters to the visualisation engine. It contains a group of tabs for various
controlling functions. The tool bar (3), features options to quickly change settings
such as camera views, animation, saving of images to disk, and so forth.

4.1 Recursive Routing

The visualisation engine provides for four differing methods of scene generation:
Sphere, Linear, Plain and Random. The Sphere mode allows tumour growth to
extend out from a central mass in a spherical fashion. Linear growth extends
the tumour mass in one direction only. The Plane type allows for growth across
an axial plain. Random tumour growth produces a mass that extends from the
nodal point in an irregular pattern.
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A rendering class specifies all the nuances of how a tumour may be described,
details include type, age, cell details and so on. Each type of tumour visualisation
has its own generation procedures and includes recursive method calls to generate
new cells.

Two of the most notable parameters that influence the behaviour of the re-
cursive methods ability to generate new cells are: sphere radius(R) and the step
(level).

Within a 3D coordinate system, the initial construct is a sphere, the central
point of the sphere is mapped to the origin of 3D space (0, 0, 0) , the radius
is R. Therefore there are 6 directional vectors by which the tumour can grow
outward from the central point.

Tumour volume is related by radius. Recursive functions get level parameter
to generate surface of tumour with different radius that calculated by volume
result of mathematical functions.

The code shows how to generate a tumour with specified volume(Listing 1.1).
To generate tumour for specified volume, first gets radius with tumour type.
Then calculate the level that recursive functions needed by voxel radius. Finally
call recursive functions to generate tumour.

function generateVolume(volume){
var radius = getRadius(volume, tumourType);
var level = getRecursiveLevel(radius, voxelRadius);
processDivid(level, vectora, vextorb);
...

}

Listing 1.1. Generate tumour with specified volume

Tumour growth is determined by the inclusion of additional cancerous cells.
Given any two neighbouring voxels (v1, v2) a new central voxel can be added(v3).
With the inclusion of the new voxel (v3), examination of the relation between it
and its outlying neighbours, voxels (v1, v2) will allow for the addition of another
two voxels (v4, v5). This operation is carried out recursively until the desired
level of detail is reached (Listing 1.2).

public void processDivid(int level, Vector3d v1,
Vector3d v2){

if (level<=0) return;

Vector3d vc=getCenterVector(v1,v2);
rootBG.addChild(
new Cell(appc,vc,getRRnum()));
//get center voxel

processDivid(level-1,v1,vc);
// recursion
processDivid(level-1,v2,vc);
// recursion

}

Listing 1.2. Recursive Cell Insertion between two neighbouring Voxels
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Insertion of additional voxels between three neighbouring voxels (v1, v2, v3)
requires the insertion of a central voxel (v4). Between this new voxel (v4) and
the three initial voxels (v1, v2, v3) insert voxels (v5, v6, v7). For two of the new
voxels (v5, v6, v7) and one of the original voxels (v1, v2, v3) carry out the same
operations as for voxels (v1, v2, v3). The recursion parameter (level) (Listing 1.3)
is the step of the insert processing.

public void processDivide(int level, Vector3d v1,
Vector3d v2,Vector3d v3){

if (level<=0) return;

Vector3d vc=getCenterVector(v1,v2,v3);
rootBG.addChild(new Cell(appc,vc,getRRnum()));
// and center cell into three voxels
Vector3d newvc1=getCenterVector(v1,v2,vc);
rootBG.addChild(new Cell(appc,newvc1,getRRnum()));
Vector3d newvc2=getCenterVector(v1,v3,vc);
rootBG.addChild(new Cell(appc,newvc2,getRRnum()));
Vector3d newvc3=getCenterVector(v2,v3,vc);
rootBG.addChild(new Cell(appc,newvc3,getRRnum()));
// get three new cells
processDivide(level-1,v1,newvc1,newvc2);
processDivide(level-1,v2,newvc3,newvc1);
processDivide(level-1,v3,newvc2,newvc3);

}

Listing 1.3. Recursive Cell Insertion between three neighbouring Voxels

Fig. 3. Example of sphere geometry

An example of the spherical geometry shape (Figure 3) gives an example of
the output produced from the algorithms above. In this case the step of the
processing is two. It shows spherical geometry with uniform cell size (left) and
random cell size (right).

4.2 Critiques of the Application

The visualisation algroithms are based only on visual. The cancer cell simply
presented by sphere and the quantity of cancer is reduced. This application is not
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based on mathematical modeling. This might limit the practical of application
only on education. It can’t be use for most of research propose that need precise
calculation or mathematical framework.

Sphere presentation for voxel spends too much system resource. Only small
part of surface be presented in final image, rest of surface increases data and
occupation of memory space. It will decrease calculation speed and rendering
performance.

The application generates tumour without exact volume. The overlapped
sphere voxels are hard to calculation. Mensuration of research is not rely on
this presentation algorithms.

5 Framework for Cancer Visualisation

The Fister-Panetta growth provides a very realistic approach for the cancer
control, considering a significant amount for the dose magnitude and control.

Some simple simulation was carried out with a dose magnitude of 0.1 units
and a response to the treatment of 1 for several values of the cancer grow rate. As
we can see, N0(t) (represented by the red line) is an upper bound for the cancer
growth. The third problem N3(t) is closely related to the upper bound, its graph
being represented by the orange line. The first and the second problems N1(t)
and N2(t), represented by the blue and the green lines respectively, prove to have
a sensibly less abrupt growth rate. In other words, these mathematical models of
the drug administration therapy configure the best options for designing a drug
administration strategy and, therefore, they are more likely to be used for the
real medical activity calibration. The numerical values for r = 0.05, r = 0.1 and
r = 0.2 are represented in the next 2 figures. Figures (Figure 5) and (Figure 7)
show the output of the simulation when using N1(t).

Fig. 4. Fister-Panetta growth functions for r = 0.05
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Fig. 5. Tumour simuliation growth functions for r = 0.05

Fig. 6. Fister-Panetta growth functions for r = 0.1

Fig. 7. Tumour simuliation growth functions for r = 0.1

6 Conclusion

The article specifies a general framework to simulate growth of cancer tumour.
The mathematical model generates cancer tumour volume by time; volume value
could be used for 3D visualisation of cancer tumour that could be simulation
cancer tumour growth under different situations. Thus, this framework could be
useful for similar medical simulation work with different mathematical models
and visualisation tools.
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Abstract. Design, implementation and deployment of network proto-
cols is a challenging and difficult task. Determining their correctness and
feasibility for large-scale networks is even more complicated. This paper
presents Flecs, a framework for fascilitating implementation of forward-
ing protocols for packet-switched networks. We build upon the observa-
tion that the forwarding functionality can be modeled as a combination
of well-defined but customizable components, the functionality of each
component is constrained by the fundamental axioms of communication.
Flecs provides a protocol specification language and automatically gen-
erates the protocol implementation from the specification.

1 Introduction

Designing, implementing and deploying network software is an expensive and
time-consuming process. As a result, modular network architectures have gained
significant interest in the networking research community. Modular architectures
are ideal vehicles to design, develop, test and optimize individual components of
communication protocols.

In this paper we describe Flecs, a framework that employs modularization to
quickly implement forwarding functionality of communication protocols. Exist-
ing research in protocol prototyping is generally directed towards optimization
and performance enhancement techniques [15,11]. Current systems lack a solid
theoretical foundation, which makes it almost impossible to formally analyze
their behavior with respect to forwarding. Notable exceptions include [3,14],
which study the underlying principles of connectivity in communication proto-
cols. In contrast, our work builds on an axiomatic basis for expressing commu-
nication primitives that provides a theoretically sound framework for expressing
fundamental inter-networking concepts such as deliverability of messages. In
particular, we use the axiomatic basis to derive and implement a universal for-
warding engine, constrained by the axioms of our theoretical framework. We do
so by using meta-compilation techniques to rapidly generate protocol implemen-
tations for a variety of forwarding schemes. A parallel stream of research has
made an attempt to define communication invariants using axioms [5,4].

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1761–1773, 2009.
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Fig. 1. Ethernet Bridge in Flecs

The axiomatic framework defines abstract components called abstract switch-
ing elements or Ases. This facilitates the overall protocol design by dividing
it into sub tasks and makes use of the divide-and-conquer strategy to simplify
complex forwarders. The axioms in the framework help constrain the behavior
of Ases as communication protocol components in contrast to prior work, where
each module can perform arbitrary processing actions.

We illustrate the concepts behind the design of Flecs using Ethernet Bridg-
ing as an example. Figure 1 shows the configuration of a learning Ethernet
bridge. The model only requires a single Ase called EthBridge. The correspond-
ing Flecs implementation is shown in Figure 2.

In the given model, EthBridge is directly connected to all the network inter-
faces (in this case four, i.e. eth0, eth1, eth2 and eth3). A packet arriving at any
interface is forwarded to the EthBridge Ase which looks at the Ethernet desti-
nation (dest mac) and source (src mac) (Figure 2(b), lines 8-9). Each arriving
packet is forwarded based on a lookup of the switching table and the Ase learns
the reverse path towards src mac and updates the switching table if necessary.

An equivalent implementation of the Ethernet bridge takes more than 3000
lines of code in FreeBSD. This work also presents encouraging results from our
experience with implementing the universal forwarding engine. The project was
undertaken with the following goals.

– Implement fundamental packet processing operations that can be used to
compose complex packet forwarding schemes.

– Define a meta-language to specify packet forwarders and demonstrate its
feasibility by implementing non-trivial forwarding schemes.

– Implement tools to auto-generate runnable forwarder implementations from
the specifications written in our meta-language.

The rest of the paper is organized as follows. Section 2 gives an overview of
related work followed by a brief restatement of the axiomatic formulation from
[4], in Section 3. Section 4 examines the Flecs framework and its core compo-
nents. Section 5 describes the implementation of Flecs. Implementation details
and detailed protocol examples have not been included due to space limitations.
Section 6 illustrates the practical capabilities of our framework by compactly
describing the forwarding scheme in IP. Section 7 evaluates the effectiveness of
our approach and we end with conclusions and future work in Section 8.
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1 EthBridge bridge {

2
3 control {

4 [*, *] ->

5 [setup/none][forward/none];

6 }

7
8 switching {

9 [eth$i, *] -> [eth-$i, null];

10 }

11 }

12
13 config(eth0, eth1, eth2, eth3)

14 {

15 eth0 <-> bridge <->eth1;

16 eth2 <-> bridge <->eth3;

17 }

(a)

1 DEFINE ETHERNET_ADDR_LEN 6

2 DEFINE DEST_MAC_OFFSET 0

3 DEFINE SRC_MAC_OFFSET 6

4
5 ASE EthBridge {

6 peek {

7 READ {

8 dest_mac DEST_MAC_OFFSET

9 ETHERNET_ADDR_LEN

10 src_mac SRC_MAC_OFFSET

11 ETHERNET_ADDR_LEN }

12 CONTROL { dest_mac }

13 }

14
15 forward { LOOKUP { dest_mac } }

16
17 setup {

18 UPDATE { * src_mac prev null }

19 }

20 };

(b)

Fig. 2. (a) Ethernet Bridge configuration represented in Flecs (ethbridge.flecs) (b)
Definition of the EthBridge Ase in Flecs (ethbridge.ase)

2 Related Work

Our work is related to a handful of attempts to build engines for rapid protocol
prototyping. It also relates to work in understanding the architecture of the
Internet. The axiomatic framework described in [5,4] succinctly formalizes the
design principles behind communication protocols and provides a basis for formal
reasoning about their properties. We briefly describe the axioms in the next
section. Flecs attempts to implement the constraints defined by the axioms,
using Click [8,7], whereas other approaches like [1,2] fail to build upon a sound
theoretical framework.

Click defines a flexible, modular architecture for building configurable routers.
Click routers can be configured by connecting Click components, called elements,
in a directed graph. Each element defines a simple packet processing operation,
such as queuing, scheduling, switching, and interfacing with network devices.We
differ from this approach in that we specify protocols at a higher level of ab-
straction rather than in a general-purpose programming language. In addition,
our design constrains the programmer according to the axiomatic formulation
of packet forwarding [4]. We find Click to be complementary to our work and
indeed we use it to build the first prototype of our system.

Estelle (Extended State Transition Language) [6] is a format description tech-
nique to describe communication protocols and services developed within the In-
ternational Standard Organization (ISO). This technique is based on an extended
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finite state transition model. The Estelle framework consists of objects called
modules. An Estelle specification is a set of cooperating modules, interacting with
each other by exchanging messages through links called channels.Our approach
has several similarities with Estelle. However Flecs is unlike Estelle in that it
strives to present a higher level of abstraction to the programmer and constrains
the design in accordance with the axiomatic principles. Approaches like SDL [12],
LOTOS [13] and Esterel [15], also describe techniques to express communication
protocols using formal descriptions, like Estelle. Instead of expressing protocols
in completely abstract terms, they use an approach that requires protocols to be
specified in an implementation oriented formal description. The code generated
is generally in the form of a skeleton that must be completed by the programmer.

Flecs represents a middle ground approach compared to previous approaches
to protocol design. It allows the user to define forwarding protocols in a domain
specific language constrained by the axioms of communication; yet it retains the
clarity and simplicity in design that enables us to prove some essential properties
of protocols.

3 Background on the Axioms of Communication

The axiomatic formulation given by Karsten et al. [4] describes the properties of
the “leads to” relation denoted as →. In these axioms the Ases are denoted by
letters A, B and C having input and output ports for inter-Ase communication.
At Ase B, the input port from predecessor A is denoted as AB and the output
port to a successor C is BC . A variable port is denoted as x. The unit of com-
munication between Ases is a message m. A message m that exists at a port
x is denoted as m@x. An Ase maintains a private set of mappings, called the
switching table. The switching table at Ase B is denoted as SB and contains
mappings 〈A, p〉 �→ {〈C, p′〉} from an Ase-string pair 〈A, p〉 to a set of Ase-string
pairs {〈C, p′〉}. The switching table can be queried through a lookup operation
SB[A, p]. The “leads to” relation is defined by the following four axioms:

LT1. (Direct Communication)
∀A,B,m : ∃AB ,A B ⇐⇒ m@AB → m@AB.

LT2. (Local Switching)
∀A,B,C,m, p, p′ : ∃AB,BC ∧ 〈C, p′〉 ∈ SB[A, p] =⇒ pm@AB → p′m@BC .

LT3. (Transitivity)
∀x, y, z,m,m′,m′′ : (m@x→ m′@y)∧ (m′@y → m′′@z) =⇒ m@x→ m′′@z.

LT4. (Reflexivity) ∀m,x : m@x→ m@x

These axioms constrain Ase packet processing. LT1 denotes direct commu-
nication between Ases A and B. This is possible if and only if A and B are
connected to each other by a link. Axiom LT2 expresses the lookup and switch-
ing capability of an Ase. Note that in the theoretical model a packet pm is
logically split into a header prefix p and the opaque message m during each local
switching step. LT2 also covers any form of multi-destination forwarding, such
as multicast, since the set SB[A, b] may have multiple elements. LT3 describes



FLECS: A Framework for Rapidly Implementing Forwarding Protocols 1765

transitivity over direct communication and local switching to splice the individ-
ual forwarding steps together. These three axioms naturally express the simplex
forwarding process in a communication network, where, potentially, at each for-
warding step, a forwarding label is swapped. Axiom LT4 specifies reflexivity for
simplification of certain formal proofs.

3.1 Constraints Imposed by the Axiomatic Basis

The axiomatic basis imposes stringent constraints on the behavior of an Ase.
These constraints apply to two main aspects of Ase design.

Inter-Ase Communication: These constraints arise directly from the axioms
themselves. LT1 restricts each Ase by only allowing direct communication be-
tween neighbors. Two Ases are neighbors if and only if they are directly con-
nected to each other. The second constraint arises from LT3. This bounds the
overall connectivity of an Ase by the transitive closure of direct communication
and local switching.

Processing within an Ase: The first constraint is that the Ase is not allowed
to overwrite or redefine the main loop which forms the core of Ase processing.
This prohibits the user from defining completely new Ases in the framework. The
second constraint is imposed by the processing patterns. The Ase is restricted to
a small well-defined set of patterns. Any Ase specific processing must be defined
by specialization and configuration of the patterns.

4 Framework

There are two main considerations which drive the design of the meta-language
in Flecs. First, our protocol specification language should comply with the
axiomatic fundamentals [4], which constrain packet processing in Ases. Second,
Flecs should allow programmers to specify complete protocol functionality. The
routine tasks of packet manipulation can be extracted as a super component
and can be reused for different implementations instead of being re-written from
scratch [9,10]. This enables the programmer to automate the task of protocol
composition from a minimum set of specifications.

Restricting the programmer to a limited domain specific language constrains
the design choices for the protocol. An obvious benefit of using Flecs is that
the programmer does not have to bother with the intrinsic details of networking
which is common in protocol implementations. A less obvious benefit is that the
programmer is restricted from making bad design choices.

4.1 Object-Oriented Design of Ases

Flecs models fundamental protocol abstractions as objects, represented by
Ases. The framework predefines a Base Ase (Base) and the programmer can
implement new Ases by refining Base to produce Ases required to construct a
specific protocol. Figure 3 illustrates the general design of the Flecs framework.
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Fig. 3. The Design of the Flecs Framework

It depicts the inheritance of Ases from Base to compose the final forwarder. A
protocol instance is made up of Ase instances, connected together to form a con-
figuration graph. Representing protocol abstractions this way not only achieves
our goal of constraining Ases using our axiomatic formulation, but it also sup-
ports our secondary goal of dividing the functionality into smaller components,
hence making the specifications simpler and easier to write.

Object-oriented programming is well-suited for representing the Ases. One
characteristic of Flecs is that it partitions protocol state such that each Ase
operates on its own local state information. Object-oriented design fosters this
way of thinking by packaging related meta-data and procedures together within
an Ase. Another benefit is that object-orientation provides inheritance as an in-
built language discipline for supplying packet processing functionality and data
structures from the Base. It should be noted here that there are certain protocol
specific functions, such as TTL decrement or checksum re-computation in an IP
Router, which are difficult to generalize. The framework allows the program-
mer to include arbitrary functions in the Ases to make the implementations
interoperable within the existing architecture.

It should be noted that Flecs is object-oriented only with respect to the
protocol abstractions built in the Base. Flecs programmers cannot define ar-
bitrary, new and unconstrained Ases. The language specifications only allow the
programmer to create specializations of the Base. This makes Flecs specific
for packet processing, and unlike a general purpose, object-oriented language,
it does not explicitly provide the programmer with language-level constructs to
optimize protocol software. This restriction allows us to exploit the knowledge
of common patterns in protocol operations for internal optimizations. This gives
additional power to Flecs over hand-coded optimizations by reducing per-layer
overhead, even though the protocol graph is not determined until run time.

Flecs represents fundamental tasks in protocols as packet processing primi-
tives. It predefines a collection of primitives, using which any arbitrary network
protocol can be easily composed. These primitives include pop (to remove a pre-
fix of the packet header), push (appends a prefix to the packet header), send,
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receive, lookup (looksup the switching table) and update (inserts entries to
the switching table).

4.2 Internals of an Ase

It turns out that the forwarding functionality of an Ase can be specified through
a small number of processing patterns, using the primitives described above. We
use patterns and primitives to abstractly describe the design of Ases. We log-
ically partition overall Ase processing into several processing patterns. Each
pattern defines either a forwarding or control procedure. Forwarding includes
manipulation of the packet header as well as packet switching based on a switch-
ing table lookup. This forwarding operation is along with the necessary modi-
fications to the packet is defined by the forward pattern. Control patterns are
designed to update local or remote Ase state. These include setup (updates
Ase state), resolve (performs remote lookup), respond (responds to a remote
lookup request) and rupdate (updates Ase state based the reply for resolve).

Patterns model complex operations of packet processing than the afore-
mentioned primitives. In fact, each pattern can be composed from a set of
primitives arranged in a block of code using regular programming constructs.
For different Ases the same pattern can be configured differently, possibly with
different options, to yield different functionality. Essentially, it is the processing
patterns that implement the constraints imposed by the axiomatic formulation.

Ases are a particularly novel aspect of Flecs. Each Ase operates on a specific
prefix of the packet header. It extracts the relevant information from this header
prefix and uses it for processing the packet and forwarding. An Ase can be in-
stantiated multiple times in the same configuration. An active instance of an Ase
in a particular forwarder configuration can emulate a protocol layer such as IP.

Ases make processing and switching decisions based on values retrieved from
the packet header. They can carry out complex operations such as swapping
header fields, encapsulating a message with a new header or removing header
prefixes as required by the specific protocol. The functionality of an Ase is
defined by the processing patterns it implements (e.g. forward pattern in Eth-
Bridge, Figure 2(b)). At runtime, the behavior of an Ase is determined by its
local state. Ases maintain their local state in control and switching tables. These
are initialized for each instance of an Ase in the configuration.

The pseudo-code in Figure 4 shows the main processing routine for an Ase.
When a packet arrives at an Ase, it is handed to its process routine. Process
extracts the relevant fields from the packet header and looks up the control
table to determine which patterns are to be executed on the packet. If there
is no matching entry for a particular packet in the control table, the packet
is discarded. Otherwise, the patterns returned by the lookup are sequentially
executed on the packet.

The control table determines the patterns to be executed on different pack-
ets received by the Ase. Entries in the control table specify mappings as
[Asex, p′] → {[pattern/subtype]}, where Asex is the Ase from which the packet
was sent and p′ is a set of strings; the pair forms the key for that entry. The
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1 process(Packet *p, AseRef prevAse) {

2 s = peek(p)

3 patterns[] = lookup(control, {prev, s})

4
5 for (each pattern in patterns[]) {

6 if (p) execute(pattern, p)

7 }

8 }

Fig. 4. The Main Processing Routine of an Ase

key maps onto a set of patterns. As can be noted from the table structure, the
loop enforces an order on pattern execution. This is an additional constraint
not captured by the axioms. Switching table entries are mappings of the form
[Asex, p′] → {[Aseyi , p′′]}. In the forward pattern, a packets forwarding path is
determined by using previous Ase and a set of header fields as the lookup value.
The lookup returns a set of Ase and string pairs, and copies of the packet are
then forwarded to each of those Ases along with the string p′′ which is used as
a name for the destination Ase of this packet. Note that this gives us the ability
to handle broadcast, multicast as well as anycast packets.

5 Implementation

We have implemented Flecs using Click [8], a framework for building flexible,
configurable routers. We use a hybrid approach of class inheritance and meta
compilation to produce the desired Click implementation and configuration. The
complete protocol development process in Flecs is shown in Figure 5 where
Base is implemented as a Click element. Ase specifications are compiled by the
asec compiler to generate code for the corresponding Click elements. Ases are
implemented as complex Click elements, extending Base to inherit the generic
functionality. Given the Ase design, it can easily be noticed that a traditional
protocol layer can be modelled as an Ase. A particular protocol configuration

Fig. 5. Flecs Implementation in Click
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might require multiple instances of the same Ase to simulate a single layer.
A specific Flecs configuration can be translated into the corresponding Click
configuration using the confic compiler. The elements are compiled to form the
Click executable which interprets the configuration file to produce the desired
forwarding functionality represented by Forwarder in Figure 5.

Succinctly stated, the Flecs framework is comprised of two meta-compilers
and the respective meta-language specifications. The Ase compiler, called asec,
compiles Ase specifications written in Ase Description Language (ADL) to
generate Click element code representing the Ase. The configuration compiler,
namely confic, compiles configurations specified in Flecs Configuration Lan-
guage (FCL) to produce a Click configuration. It should be noted here that
Flecs does not depend on any specific functionality of Click, rather we can
implement the Flecs compilers in any reasonable packet processing engine.

6 Examples

In this section, we discuss how the Flecs framework can be used to implement
some well-known and non-trivial forwarding protocols. In the following sections,
we discuss a couple of protocol implementations with diverse compositions. In
general, the framework can be used to implement forwarding in DNS [18,19],
Mobile IP [17], Dynamic Source Routing [16] and other multicast and anycast
protocols with little effort. We discuss the implementation details of an IP for-
warder.

6.1 IP Forwarding

A simple IP forwarder can be modeled in Flecs as shown in Figure 6. An IP
packet arriving at a network interface is forwarded to the corresponding ETH Ase.
ETH Ase’s switching lookup on the Ethernet destination and protocol determines
whether to forward the packet to the IP Ase, ARP Ase or drop it. If the intended
Ethernet destination of the packet differs from the Ethernet address assigned to

Fig. 6. IP Router in Flecs
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the respective ETH Ase, the packet is dropped, otherwise the Ethernet header is
popped off and the packet forwarded to IP Ase.

The IP switching table lookup determines the interface to forward the packet
and passes it on to the corresponding ARP Ase, annotating the packet with the
next hop IP address given in the switching table entry of IP Ase. Protocol
specifications are not given due to space constraints. The IP switching table
is the routing table of the IP Router. This can be configured manually during
initialization or rupdate in the IP Ase can be defined for handling routing table
updates. ARP looks up its switching table to resolve the next hop IP address,
pushes the resolved Ethernet address and forwards the packet to the ETH Ase
which recasts the packet in the correct Ethernet header and relays it to the
respective interface.

ETH and ARP Ases are also configured to handle ARP requests and ARP
replies, hence the extra arrows between them. The ARP Ases are configured with
the local ip and the corresponding Ethernet address.

7 Evaluation

Figure 7 demonstrates the feasibility of using the Flecs framework to prototype
forwarding functionality of communication protocols. It shows the difference be-
tween the lines of code written by the programmer in Flecs compared to the
number of lines of code generated by the asec compiler for different protocol
implementations. For example an Ethernet bridge configuration can be specified
in Flecs along with its configuration for a two network interfaces in less than
thirty lines (2). The same implementation in Click results in more than two
hundred lines of code. Flecs produces the Click implementation from the spec-
ification in less than a hundred lines of code. This does not include the generic
code inherited from Base. A comparable Ethernet bridge written for FreeBSD is
more than 3K lines of code. This difference between implementations in different

Fig. 7. Comparison of the number of
lines of code in the .ase file with
the number of lines generated by the
asec compiler. Click implementation of
Etheret bridge is in 236 lines of code.

Fig. 8. Forwarding Rates of an IP
Router in Flecs
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environments results partly because of our generalized nature of the framework,
reusable code base and inheritance model and partly because other implemen-
tations have a big chunk of error handling and optimization code. This includes
optimizations such as the spanning tree protocol implementation and network
interfacing with the LAN driver in FreeBSD. We specify the IP forwarder in
187 lines of ACL. The Ase compiler produces 657 lines of Click code for IP.
A comparable Click implementation for IP forwarding (not using the Base class
functionality provided by Flecs) takes more than 2K lines of code. A similar im-
plementation in Linux would probably consist of several thousand lines of code.
Flecs generalizations not only reduces the amount of work the programmer has
to put in to prototype a specific forwarder, but also makes it easier to locate
bugs which might be difficult to find due to the complexity of a code base.

We also evaluate the cost of adhering to the axiomatic constraints and the
generalizations implemented in Flecs. Figure 8 characterizes the performance
of an IP forwarder in Flecs by measuring the rate at which it can forward 64
byte packets, when compared to a Click implementation of a comparable IP for-
warding configuration. This analysis presents the router behavior under different
workloads. The experiments were conducted by running the implementations in
user-level Click, on the same machine. The Flecs-generated implementation
peaks at 7,000 packets where as the Click implementation peaks at 10,000. The
resulting Ases from Flecs were modified to use an optimized data structure to
hold extracted values from the packets and table lookups.

We expected to see some performance degradation due to the nature of gener-
alization enforced on the Ase processing. The results show a performance hit of
30%. This is an encouraging result considering that we have not yet incorporated
any optimization techniques into our compilers and we are performing at 70%
of a protocol specific implementation. We observe that each IP packet passes
through five complex elements, each performing at least two lookup operations,
compared to thirteen simple elements in the Click implementation with a single
lookup amongst them. Optimized data-structures for holding the control and
switching tables would probably result in regaining s significant portion of the
performance loss. Furthermore the asec compiler can utilize domain knowledge
to produce optimized forwarding code.

8 Conclusions

This paper describes Flecs, a framework for rapid protocol prototyping. Flecs
applies a divide-and-conquer strategy to decompose complex protocols into a
combination of Ases. Ases can support a wide variety of complex packet for-
warding tasks through composition.

There are a three main advantages of using Flecs for implementing packet
forwarders. The first is that by using the Flecs framework the time to design
and implement communication protocols can be drastically reduced. The second
advantage is that by adhering to the axiomatic basis, the generalized proofs of
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correctness of patterns can eventually be used in augmentation with automated
theorem provers to prove correctness of protocol implementations. The third
advantage emerges from our use of the object-oriented inheritance model to
extract the generic functionality and the main processing loop in the Base. This
not only constrains design choices but also reduce the protocol specifications to
mere data-oriented specializations of the Base.

Given the current status of our work, we can implement optimization tech-
niques available to a domain specific framework to generate very efficient imple-
mentations.
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Abstract. By analyzing the data of Fortune Global 500 firms from 1996
to 2008, we found that their ranks and revenues always obey the same
distribution, which implies that worldwide firm structure has been stable
for a long time. The fitting results show that simple Zipf distribution is
not an ideal model for global firms, while SCL, FSS have better fitting
goodness, and lognormal fitting is the best. And then, we proposed a
simple explanation.

Keywords: worldwide firm size distribution, Fortune Global 500, log-
normal distribution.

1 Introduction

Firms or enterprises play key roles in world economy by providing various prod-
ucts and services. Many indexes including revenue, gross asset, numbers em-
ployed, and profit are usually used to present their economic status and strength.
Those indexes are regarded as firm size generally, and they vary enormously,
from sole traders up to huge corporations employing tens of thousands of workers.
However, there are many evidences show that firm size distributions in different
economies are likely the same – they are all highly skew, which means that small
firms are very common whereas huge ones are extremely rare [1]. What character
do they have? Does this collective character derive from independent individual
firms? These issues have attracted lots of attentions in the recent hundred years.
Many attempts have been done, among which statistical analysis plays a very
important role [2]. Although the economic evolution exhibits complexity, by dis-
playing the statistical characteristics of microeconomic individuals, some stable
macroscopic distributions are exhibited, which make clear that there are certain
basic rules in complex economy.

In 1931, R. Gibrat, who’s the pioneer studying firm size distribution, found
that firm size could be described by lognormal distribution [3]. The Gibrat’s
Law (or law of proportionate effect) was proposed simultaneously to depict such
lognormal character. Later in 1949, G. K. Zipf found that distribution of the U.S.
corporations’ assets was approximately subjected to a power-law, or Pareto-Zipf
law [4]. Since then, lots of empirical researches have been conducted on firm size
distribution.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1774–1782, 2009.
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There are many empirical works continuously coming forth for a long time.
By studying British firms, Hart and Prais (1956) found evidence which shows
that lognormal fits fairly well the firm size distribution, while the growth rate
of certain firm was independent with its size [5]. And H. A. Simon and C. P.
Bonini in 1958 concluded that firm size distribution basically obeyed power law
[6]. B. H. Hall studied publicly traded firms in the U.S. manufacturing sector
from 1972 to 1983, and he found the number of employees in those firms obeyed
Gibrat’s Law [7]. M. H. R. Stanley and his companions found the truth that
“the upper tail of the size distribution of firms is too thin relative to the log
normal rather than too fat, as had previously been believed” [8]. For Japanese
companies, K. Okuyama (1999) et al. reported a power-law income distribution
over more than three decades [9]. J. J. Ramsden and Gy. Kiss-Haypál (2000)
analyzed firm size distribution in different countries using annual net revenue
as substitute for firm size, and they found that so-called Simple Canonical Law
(SCL, a sort of modified Zipf’s law) fitted the data well [10]. R. L. Axtell (2001)
obtained Zipf’s law when firm size was defined as the number of employees or
the amount of receipts over the U.S. firms [11]. J. Voit found lognormal firm size
distribution in Germany from 1987 to 1997 [12]. More recently, R. Hernández-
Pérez and his colleagues adopted three models including SCL, finite size-scaling
(FSS), and lognormal to analyze developing as well as developed countries and
found that in different cases different models fit the data better [13]. P. Angelini
and A. Generale [14], and J. Growiec [15] also have done lots of meaningful
researches on firm size distribution in different countries.

It is natural for people to consider one country as a unit, whose citizens as
well as their activities are linked by the same cultural and economic elements –
language, laws, currency, history, etc. And the works mentioned above basically
focus on firm size distribution within the scope of one country.

However, as we know that almost every country is made up of several het-
erogeneous regions, and each of them has different degree of industrialization
and probably unique cultural background. Commercial relationships between
different nations are much the same comparing with that within a large nation.
Meanwhile, under economic globalization – the integration of economies and
markets worldwide through transnational trade, direct foreign investment, mi-
gration, and spread of technology, the biggest corporation wherever it is faces a
worldwide economy nowadays. So, thinking about firm size distribution through-
out the world is meaningful.

In this paper, we will focus on the Fortune global 500 and try to find which
model from above literature review fits these data better. In Section 2 we would
introduce the source of the data and explain it briefly. Then we will carry out
data fitting in section 3 in detail and a simple explanation in section 4, and
finally drive our conclusion in section 5.

2 The Data

The data we used in this paper come from Fortune Global 500, which is a ranking
of the top 500 corporations worldwide as measured by revenue. This list which
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includes the top 500 industrial corporations, financial corporations, and service
providers is compiled and published annually by Fortune magazine from 1995. Its
latest issue is published on July 21, 2008, and we have collected all the thirteen
lists from 1996 to 2008.

From these data, we could find easily the truth that the list has been fluctu-
ating all the time. Without considering change of the firm’s name, there were
about 400 firms in one list retaining in the list of the next years’, and only 111
firms showed up in all the thirteen lists. Moreover, if a firm showed up in both
of two adjacent lists, most likely the two ranks would be different. Even the
list of countries and districts showed up is varying – the number of countries
or districts having at least one firm in the list trends up, from 25 in 1996 to
33 in 2008. Particularly, Poland, Singapore, Thailand, Saudi Arabia, Portugal,
Ireland, and Austria became a new member of the list in more recent years.

The number of firms within certain country or district varies too. As showed
by Fig. 1, the number of Chinese firms in the list have increased stably from
2 to 29, while of Japanese firms dropped rapidly from 141 to 64 in the same
period. The number of U.S. firms increased firstly and then decreased, yet France
presents strong stability, holding about 40 firms all the time. There is some
stability character for all the years, U.S. holds more than 30% and five developed
countries, including U.S, Japan, France, Germany and U.K., take the absolutely
big share.

Then we concentrate on each list separately. In each list, there are big gaps be-
tween the numbers of different countries or districts. For example, in the newest
list the U.S. holds 153 seats, which is more than two times over Japan which
holds 64 seats. And in the same list, Luxembourg, Malaysia, Poland, Portugal,
Saudi Arabia, Singapore, Thailand, and Turkey only have one firm each. This is
a skew character, too.

Fig. 1. The number of firms of some countries in the Fotune Global 500. The curves
from top down are for the U.S., Japan, France and China respectively.
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Fig. 2. The size distribution of Fortune Global 500 from 1996 to 2008. The curves from
lower to upper are approximately for earlier to latter. The subplot at left-bottom is
distribution of the normalized revenue.

Zipf plot, which is a plot of the log of the rank vs. the log of the variable being
analyzed, is very proper for discussion about upper tail distribution. Fig. 2 shows
the log of firm revenue vs. the log of corresponding rank in Fortune Global 500
for each of all the 13 lists. The sub-figure at left-bottom of this Figure shows
the log of revenue share, which is the proportion of a firm’s revenue among the
Fortune Global 500 ’s total revenue in the year, vs. the log of firm rank in that
year.

These curves in Fig. 2 are approximately parallel, and the curves in the sub
figure almost go all the way with them. It means these data follow the same
distribution. Then we use Kolmogorov-Smirnov (KS) test as a goodness of fit
test. KS statistic is simply the maximum distance between the cumulative dis-
tribution functions (CDF) of the data and the fitted model:

D = max
x∈R

|F (x)− P (x)| . (1)

Here F (x) denotes the first CDF and P (x) the second CDF, which is usually a
hypothesized CDF.

We found the KS statistics for every couple among the 13 lists is no more
than 0.034, and there is no sufficient evidence and the null hypothesis of same
distribution cannot reject at level 0.1. So we have the first conclusion, although
there are dynamics in size distribution of Fortune Global 500, but we argue the
distribution retain consistently for all years. Which character hold in the upper
tail distribution? In next section, we will fit the average revenue share by some
classic forms.
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3 The Fitting

In this section, we will fit the average revenue share with four kinds of functions
including simple power law (Zipf law), SCL, FSS, and lognormal distributions
which were frequently used in literatures on firm size.

the Zipf’s law has the form

sr = β1r
−β2 , (2)

where sr is a company’s size, and r is its rank of revenue in the list, beginning
with the largest; β1 is a normalizing coefficient, and β2 is Zipf exponent [4]. The
corresponding exponent in power law is 1 + 1/β2 [16].

The so-called SCL is defined as

sr = β1(r + β2)−β3 , (3)

where β1, β2 and β3 are the parameters [4,10,13]. It is obvious that if we set
β2 = 0, equation 3 will return to the simple Zipf’s law.

The fitting curve named Finite Size-Scaling (FSS) has two components: power
law and exponential properties as follows [13,17],

sr = β1r
−β2e−β3r. (4)

And finally comes the last one–log-normal distribution.

sr = exp
[
β1Φ

−1

(
1− r

β2

)
+ β3

]
, (5)

where Φ is a function of standard normal cumulative distribution, and β3 and
β1 are the mean and standard deviation of ln(sr); while the β2 is firm number
coefficient [8].

We use nonlinear least-squares regression to fit the average revenue share with
these models. The fitting results are shown in figure 3 and table 1.

The estimated exponents’ values are listed in column 2 to column 4 in table 1.
The estimated mean squared error (MSE), which is a important index reflecting
the goodness of fitting, are listed in column 5. The MSE values indicate the SCL,
FSS and lognormal models have better fitting goodness than the Zipf’s because

Table 1. Estimated exponents, corresponding mean squared error and KS statistics
for Zipf’s, SCL, FSS and lognormal models

fitting function β̂1 β̂2 β̂3 MSE KS statistics
Zipf 0.022 0.477 – 1.919 × 10−7 0.069
SCL 0.048 4.311 0.644 1.423 × 10−8 0.017
FSS 0.019 0.381 0.002 5.402 × 10−8 0.016

lognormal 1.105 1130 -7.440 3.207 × 10−8 0.007
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Fig. 3. The fitting results. the circles are the average revenue share. The solid lines
are fitting curves from the four models as (a) Zipf’s law, (b) SCL, (c) FSS and (d) the
lognormal.

they are smaller. However, if KS statistics values are considered, the lognomal
model is more appropriate. Although the SCL fitting has minimum MSE, the
estimated values are lower than real share value in a long range from rank 41
to 232, so the fitting for the whole data is not good enough. By contraries, the
lognormal is well fitted at the whole scope in spite that it is not well fitted for
some single data.

4 Explanation

How to explain the worldwide firm size distribution is approximately consistent
with lognormal model? The Fortune Global 500 are firms from several countries
and districts. If we know the distributions for firms of each country or district,
we could know the distribution for the whole world. Actually, it is pointed out
that the sum of multi lognormal variables have no determined distribution func-
tion, but it would be approximately lognormally distributed, especially when
the number of original distributions is small and the independent distributions
are similar [18,19]. So, if the firm size from each single country follows lognor-
mal distribution, the worldwide distribution is approximately lognormal. Luck-
ily, researchers have found that some country-wise firm size distribution follows
lognormal distribution, so we can give a simple explanation for the worldwide
phenomenon.

For convenience, we put all firms into three groups, the first group only in-
cludes the U.S., which is the biggest economy and the most powerful country in
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Table 2. Estimated exponent values, mean squared error values

groups fitting function β̂1 β̂2 β̂3 MSE KS statistics

group
1

Zipf 4.374 × 105 0.573 – 1.123 × 108 0.054
SCL 7.110 × 105 1.328 7.046 × 10−1 6.709 × 107 0.022
FSS 4.110 × 105 0.481 5.573 × 10−3 6.721 × 107 0.007

lognormal 1.408 639 8.742 6.404 × 107 0.007

group
2

Zipf 3.375 × 105 0.488 – 1.015 × 108 0.080
SCL 1.034 × 106 5.283 7.54 × 10−1 2.736 × 107 0.022
FSS 2.923 × 105 0.333 7.357 × 10−3 6.899 × 106 0.010

lognormal 0.909 232 10.186 8.413 × 106 0.010

group
3

Zipf 3.480 × 105 0.541 – 4.172 × 107 0.046
SCL 3.939 × 105 0.336 5.738 × 10−1 3.994 × 107 0.037
FSS 3.288 × 105 0.472 3.552 × 10−3 2.474 × 107 0.011

lognormal 1.532 2103 7.620 2.831 × 107 0.013

Fig. 4. The lognormal fittings for groups. (a) is for group 1 or the U.S. firms, (b) group
2 or the firms of Japan, France, Germany and the U.K., (c) other countries’ firms or
group 3, (d) is comparison of all the real data with integration of three estimated
lognormal distributions.

the world and takes the biggest share more than 30% in each year. The second
group includes Japan, France, Germany and U.K., which are developed coun-
tries and have some similar characteristics. We put all the other countries and
districts into group 3.

For instance, we discuss the list in 2008. The number of group 1 to 3 are 153,
173, 174 perspectively.

The lognormal fittings for each group is shown in table 2. The fittings of the
other three models for each group are also given in order to compare. We find
the fittings of the lognormal and FSS models have higher goodness for each
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group than the Zipf and the SCL since the KS values are very small. So we can
not reject the H0 hypothesis that the true distributions follow the lognormal
or FSS. Considering the better fitting results of logrmal for the whole data
as shown in table 1 and the empirical evidences of the lognormal distribution
provided in many works such as [3,5,7,8], we think that the lognormal is more
appropriate. The fitting results of lognormal model for each group are good as
shown in subfigure (a) to (c) in Fig. 4. We also compare all the real data with
the integration of three estimated lognormal distributions, it is acceptable well.

5 Conclusions

In this paper, we focus on the worldwide firm size distribution which seems to
be neglected by former researches studying firm size distribution. Through data
of all the thirteen Fortune Global 500 lists from 1996 to 2008, we found that
although the firms, the firms’ revenue, and relative countries and districts varies
a lot, the revenue share distribution is fairly stable all the time. Using KS test, we
confirm that distribution of each list is the same and there is no enough diversity
to reject the null hypothesis. We fitted empirical average distribution of raw data
by four kinds of classic functions used commonly in relative literatures. The KS
statistics values support that lognormal one is the best model for Fortune Global
500 firm size distribution while the simple Zipf’s law is not an ideal one. Then,
we argue that the collective lognomal-like character is derived from integration
of single lognormal functions.
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Finite Time Ruin Probability in Non-standard
Risk Model with Risky Investments

Tao Jiang

Zhejiang Gongshang University, Hangzhou City 310018, P.R. China
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Abstract. In this paper, under the assumption that the claimsize is
subexponentially distributed and the insurance capital is totally invested
in risky asset, some simple asymptotics of finite horizon ruin probabili-
ties are obtained for non-homogeneous Poisson process and conditional
Poisson risk models as well as renewal risk model, when the initial capi-
tal is quite large. Extremal event is described in this case because some
claim can be larger than initial capital even it is large enough. The re-
sults obtained extended the corresponding results of related papers in
this area.

Keywords: ruin probability, conditional Poisson process, renewal risk
model, non-homogeneous Poisson process, subexponential class, regu-
larly varying tail.

1 Models

Consider a Cramér-Lundberg model. In this model the claim sizes, Xn, n =
1, 2, ..., constitute a sequence of independent, identically distributed (i.i.d.) and
non-negative random variables (r.v.’s) with common distribution function (d.f.)
F = 1−F . The claim arrival times, σn, n = 1, 2, ..., form a homogenous Poisson
process

N(t) = sup {n ≥ 1 : σn ≤ t} , t > 0, (1)

with a constant intensity λ, where, supφ = 0 by convention. The total surplus
of a company up to time t, with perturbed term σ0W0(t), is denoted by U(t),
which satisfies the following equation:

U(t) = u + ct−
N(t)∑
k=1

Xk + σ0W0(s), (2)

where, u > 0 is the initial capital, c > 0 is the constant rate of premium,
{W0(t), t ≥ 0} is a standard Brownian motion and σ0 > 0 is the volatility coef-
ficient of σ0W0(t). If the inter-arrival times σ1, σn − σn−1 for n = 2, 3, ... have a
common distribution of general form, then the model above is called the renewal
model.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1783–1793, 2009.
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If in (1), parameter λ is time dependent, then {N(t), t ≥ 0} is called non-
homogeneous with intensity function {λ(t), t ≥ 0}. If for arbitrarily fixed t, s > 0,
N(t) satisfies that

P (N(t + s)−N(s) = k) =
∫ ∞

0

e−λt (λt)
n

n!
GΛ(dλ),

where Λ is a r.v. with d.f. GΛ. Then {N(t), t ≥ 0} is called conditional Poisson
process.

All limit relationships in this paper, unless otherwise stated, are for u → ∞.
A ∼ B and A

>∼ B respectively mean that limu→∞
A
B = 1 and limu→∞

A
B ≥ 1.

1.1 Investment in Risky Asset

If an insurer invests his capital in a risky asset, then its capital value should be
specified by a geometric Brownian motion

dVt = Vt(rdt + σdW (t)), (3)

where {W (t), t ≥ 0} is a standard Brownian motion and r ≥ 0, σ ≥ 0 are
respectively called expected rate of return and volatility coefficient. It is well
known that stochastic equation (3) has the following solution

Vt = V (0)e(r− 1
2 σ2)t+σW (t).

Therefore, at time t, the surplus with risky investment could be expressed as

U(t) = e∆(t)(u +
∫ t

0

e−∆(s)dU(s)), (4)

where, ∆(t) = βt + σW (t), β = r − σ2/2.
Through out, {Xn, n ≥ 1}, {N(t), t ≥ 0}, {W (t), t ≥ 0} and {W0(t), t ≥ 0}

are assumed to be mutually independent.

Definition 1. We define

ψ(u, T ) = P ( inf
0≤s≤T

U(s) < 0|U(0) = u),

the finite time ruin probability within time T . If T = ∞, we say that ψ(u,∞) is
ultimate ruin probability.

Ruin probability reflects the possibility that the surplus process moves below
zero.

In this paper, under the assumption that the risk models are non-homogenous,
conditional Poisson process and renewal risk model respectively, some asymp-
totics of finite time ruin probabilities, with investment in risky asset, are derived.
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1.2 Heavy-Tailed Claims and Some Related Results

Heavy-tailed risk has played an important role in insurance and finance because
it can describe large claims; see Embrechts et al. (see [6]) for a nice review.
We give here several important classes of heavy-tailed distributions for further
references:

– class L (Long-tailed): a d.f. F belongs to L iff

lim
x→∞

F (x + t)
F (x)

= 1

for any t (or equivalently, for t = 1);
– class R−α: a distribution F belongs to R−α iff

F (x) = x−αL(x), x > 0,

where L(x) is a slowly varying function as x → ∞ and index −α < 0. R−α

is called regularly varying function class, or Pareto-like function class with
index −α.

– class S (Subexponential): a d.f. F belongs to S iff

lim
x→∞

F ∗n(x)
F (x)

= n

for any n (or equivalently, for n = 2); where F ∗n denotes the n-fold convo-
lution of F , with convention that F ∗0 is a d.f. degenerate at 0.

These heavy-tailed classes satisfies R−α ⊂ S ⊂ L (see Embrechts et al. [6]).
The asymptotic behavior of the ultimate ruin probability ψ(u) is an important
topic in risk theory. In the recent literature, the asymptotic behavior of the ruin
probability with constant interest force has been extensively investigated. One
of the interesting results was obtained by Klüppelberg and Stadtmuller([12]),
who used a very complicated Lp transform method, proved that, in the Cramér-
Lundberg risk model, if the claimsize is of regularly varying with index −α,
then

ψ(u) ∼ λ

αr
F (u), (5)

where r is constant interest force. Asmussen ([1]) and Asmussen et al. ([2])
obtained a more general result:

ψ(u) ∼ λ

r

∫ ∞

u

F (y)
y

dy, (6)

where the claimsize is assumed to be in S∗, an important subclass of S. In
the case of compound Poisson model with constant interest force and without
diffusion term, Tang ([16]) obtained the asymptotic formula of finite time ruin
probability for sub-exponential claims. Tang ([17]) proved that, in the renewal
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risk model with constant interest force, if the d.f. of claimsize belongs to regularly
varying class with index −α, then ultimate ruin probability satisfies that

ψ(u) ∼ Ee−rαθ1

1− Ee−rαθ1
F (u),

which extends (5) essentially. Jiang ([10]) extended some results to the risky
case. See also Jiang ([8], [9]). Dufresne and Gerber ([4]) first researched the ruin
probability for jump-diffusion Poisson process. Veraverbeke ([20]) discussed the
asymptotic behavior of ruin with diffusion term.

The rest of this paper is organized as follows: In Section 2, main results of
this paper are presented. In section 3, after some necessary lemmas are supplied,
the proofs of the main results are completed.

2 Main Results

The following theorems are main results of this paper:

Theorem 1. Consider non-homogenous Poisson model introduced in Section 1.
If F ∈ R−α, then it holds that

ψ(u;T ) ∼ F (u)
∫ T

0

λ(s)e−(αβ− 1
2 α2σ2)sds. (7)

Notes and Comments. When F ∈ R−α and the perturbed term disappears, the
results of Tang ([10]) is consistent with this Theorem. In particular, this result
is also in consistence with that of Veraverbeke ([20]), who pointed out that the
diffusion term W0(t) does not influence the asymptotic behavior of the ruin
probability. We should point out that the diffusion term W (t) plays an essential
role in influencing the interest force.

Theorem 2. Consider conditional Poisson process introduced in Section 1. If
F ∈ R−α, then

ψ(u;T ) ∼ F (u)EΛ

∫ T

0

e−(αβ− 1
2 α2σ2)sds. (8)

Notes and Comments. In these two Theorems, if parameter λ is a constant and
perturbed term disappears, then (7) and (8) turn to the following:

ψ(u;T ) ∼ λ

αr
F (u)(1− e−αrT ), (9)

which is in consistence with the result of Klüppelberg and Stadtmuller ([12]).

Theorem 3. In the renewal model with surplus (4) and R−α claims. Denote
q = Ee−(αβ− 1

2 α2σ2)θ1 and m(s) is the renewal function of renewal process N(t).
Then

ψ(u;T ) ∼ F (u)
∫ T

0

e−(αβ− 1
2 α2σ2)sdm(s). (10)
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Theorem 4. In the renewal model with surplus process (4). Still denote q =
Ee−(αβ− 1

2 α2σ2)θ1 . If F ∈ S and m(s) is defined in Theorem 3. Then

ψ(u;T ) ∼
∫ T

0

P (X1e
−βs−σW (s) ≥ u)dm(s). (11)

If we denote ψk(u) as the ruin probability when ruin happens not later than kth
claim, then in the renewal case, we can obtain the following Theorem:

Theorem 5. In the renewal model with surplus (4). Let q = Ee−(αβ−1
2 α2σ2)θ1 .

If F ∈ R−α, then

ψk(u) ∼ F (u)
q − qk+1

1− q
. (12)

Notes and Comments. From Theorem 5, we can get the main result of Tang
(2005a) easily.

3 Proofs of Main Theorems

3.1 Several Lemmas

The following lemma is well known Ross ([19]):

Lemma 1. Let {N(t)}t≥0 be a Poisson process with arrival times {σk, k ≥ 1}.
Given N(T ) = n for any fixed T > 0, the random vector (σ1, σ2, ..., σn) is equal in
distribution to the random vector

(
TU(1,n), ..., TU(n,n)

)
, where

(
U(1,n), ..., U(n,n)

)
are the order statistics of n i.i.d. (0, 1) uniformly distributed random variables
U1, ..., Un.

The following lemma can be found in many standard textbooks on stochastic
process, see, for example, Karatzas and Shreve ([11]).

Lemma 2. If W (t) is a standard Brownian Motion, then the moment of any
order of max0≤t≤T W (t) exists.

Lemma 3. For following randomly weighted series W =
∑∞

n=1 βnXn, where
{Xn, n ≥ 1} is a sequence of nonnegative i.i.d.r.v.’s, with common distribution
F ∈ R−α, and {βn, n ≥ 1} is another sequence of nonnegative r.v.’s, which is
independent of {Xn, n ≥ 1}. If one of the following assumption holds:

1. 0 < α < 1 and for some ε > 0, it holds
∑∞

n=1 E(βn
α+ε + βn

α−ε) <∞;

2. 1 ≤ α < ∞ and for some ε > 0, it holds
∑∞

n=1 E(βn
α+ε + βn

α−ε)
1

α+ε < ∞,
then

P (W > u) ∼ F (u)
∞∑

n=1

Eβα
n

See Resnick ([18]).
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Notes and Comments. The great advantage of Lemma 4, is that no informa-
tion about the dependence structure of the sequence {βn, n ≥ 1} is wanted. The
following Lemma can be found in Tang ([15]):

Lemma 4. Let {Xi, 1 ≤ i ≤ n} be n i.i.d. subexponential r.v.s, with common
distribution F . Then for any fixed 0 < a ≤ b < ∞, uniformly for all a ≤ ci ≤
b, 1 ≤ i ≤ n

P (
n∑

i=1

ciXi > u) ∼
n∑

i=1

P (ciXi > u).

3.2 Proofs of Main Results

Proof of Theorem 1.

By the definition of ruin probability, we have

ψ(u;T ) = P
(
e−∆(t)U(t) < 0 for some T ≥ t > 0|U(0) = u

)
. (13)

For each t ∈ (0, T ], we have

u−
N(t)∑
i=1

Xie
−∆(σi) + σ0

∫ t

0

e−∆(s)dW0(s)

≤ e−∆(t)U(t)

≤ u + c

∫ T

0

e−∆(s)ds−
N(t)∑
i=1

Xie
−∆(σi) + σ0

∫ t

0

e−∆(s)dW0(s). (14)

Without essential difficulty, one can see that ψ(u;T ) satisfies that

ψ(u;T ) ≥ P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u +

c

β
ξ + ξη) (15)

and

ψ(u;T ) ≤ P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u + ξη), (16)

where

ξ = eσ max0≤s≤T (−W (s)) and η = σ0 max
0≤t≤T

∫ t

0

e−βsdW0(s).

From Ross ([19]), N(t) with intensity function λ(s) can be regarded as a random
sampling of some homogenous Poisson process N(t) with constant parameter λ,
where λ(s) ≤ λ. Now we introduce the indicator function 0f event Ai, I(Ai). We
say that Ai happens, if at time σi, with probability λ(σi)/λ, Xi is picked out.
From Lemma 3
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P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u) = P (

N(T )∑
i=1

Xie
−∆(σi)I(Ai) ≥ u)

= P (
∞∑

i=1

Xie
−∆(σi)I(Ai)I(σi ≤ T) ≥ u)

∼ F (u)
∞∑

i=1

∫ T

0

E[e−α∆(s)(λ(s)/λ)]dFσi (s)

∼ F (u)
∫ T

0

E[e−α∆(s)(λ(s)/λ)]dm(s)

= F (u)
∫ T

0

λ(s)e−(αβ− 1
2 α2σ2)sds, (17)

where, we have used the fact that, the renewal function of Poisson process m(t),
is just λt. For any fixed ε > 0

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u +

c

β
ξ + ξη)

≥ P (
N(T )∑
i=1

Xie
−∆(σi) ≥ (1 + ε)u)− P (

c

β
ξ + ξη ≥ εu)

≥ P (
N(T )∑
i=1

Xie
−∆(σi) ≥ (1 + ε)u)−

EξτE(η + c
β )τ

(εu)τ , (18)

where we have used Markov inequality. Lemma 2 implies that Eξτ <∞. Choos-
ing τ > 0 such that

EξτE(η + c
β )τ

(εu)τ

is the higher order infinitesimal of P (
∑N(T )

i=1 Xie
−∆(σi) ≥ (1 + ε)u). By (17)

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ (1 + ε)u) ∼

F (u)
∫ T

0
λ(s)e−(αβ− 1

2 α2σ2)sds

(1 + ε)α . (19)

By the arbitrariness of ε, we obtain that

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u +

c

β
ξ + ξη) >∼ F (u)

∫ T

0

λ(s)e−(αβ− 1
2 α2σ2)sds. (20)

On the other hand

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u + ξη) ≤ P (

N(T )∑
i=1

Xie
−∆(σi) ≥ (1− ε)u) + P (ξη ≥ εu)

≤ P (
N(T )∑
i=1

Xie
−∆(σi) ≥ (1− ε)u) +

EξτEητ

(εu)τ . (21)
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Similarly

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u + ξη) <∼ F (u)

∫ T

0

λ(s)e−(αβ− 1
2 α2σ2)sds. (22)


�
Notes and Comments. Rewrite

max
0≤t≤T

∫ t

0

e−rsdW (s) = max
0≤t≤ 1−e−2rT

2r

∫ − 1
2r ln(1−2rt)

0

e−rsdW (s).

Denote
∫ − 1

2r ln(1−2rt)

0
e−rsdW (s) by M(t). We aim to prove that M(t) is Brown-

ian motion. From Fima ([7]), we only need to prove that, the quadratic variation
process, [M,M ](t), equals to t, because M(t) is a local martingale. Using the defi-
nition of the quadratic variation, we have [M,M ](t) =

∫ − 1
2r ln(1−2rt)

0
e−2rsds = t.

Hence, the m.g.f. of max0≤t≤T

∫ t

0
e−rsdW (s) exists and Eητ exists. It is not diffi-

cult to check that the result of Klüppelberg and Stadtmuller ([12]) is the special
case of Theorem 1 if F ∈ R−α, λ is some constant and T = ∞.

Proof of Theorem 2. Similar to the proof of Theorem 1, we have

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u)

∼
∫ ∞

0

∞∑
n=1

P

(
n∑

i=1

Xie
−∆(σi) ≥ u|N(T ) = n,Λ = λ

)
P (N(T ) = n|Λ = λ)G(dλ)

=
∫ ∞

0

∞∑
n=1

P

(
n∑

i=1

Xie
−∆(TUi) ≥ u

)
P (N(T ) = n|Λ = λ)G(dλ)

∼ P
(
X1e

−∆(TU1) ≥ u
)∫ ∞

0

∞∑
n=1

nP (N(T ) = n|Λ = λ)G(dλ)

= EΛF (u)
∫ T

0

e−(αβ− 1
2 α2σ2)sds, (23)

where we have used Lemma 2. 
�
Proof of Theorem 3. By Lemma 3

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u) = P (

∞∑
i=1

Xie
−∆(σi)I(σi ≤ T) ≥ u)

∼ F (u)
∞∑

i=1

Ee−αβσi−ασW (σi)

= F (u)
∫ T

0

e−(αβ− 1
2 α2σ2)sd

∞∑
i=1

F (s)
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= F (u)
∫ T

0

e−(αβ− 1
2 α2σ2)sdm(s). (24)

Similarly we can end the proof. 
�

Proof of Theorem 4. We only consider P (
∑N(T )

i=1 Xie
−∆(σi) ≥ u). Because

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u) =

∞∑
k=1

P (
k∑

i=1

Xie
−∆(σi) ≥ u,N(T ) = k), (25)

while

P (
k∑

i=1

Xie
−∆(σi) ≥ u,N(T ) = k)

=
∫

(N(T )=k)

P (
k∑

i=1

Xie
−∆(σi) ≥ u)dF (σ1, ..., σk+1)

=
∫

(N(T )=k)

E[E[P (
k∑

i=1

Xie
−∆(σi) ≥ u|W (σ1), ...,W (σk))]]dF (σ1, ..., σk+1)

∼
∫

(N(T )=k)

E[E[
k∑

i=1

P (Xie
−∆(σi) ≥ u|W (σ1), ...,W (σk))]]dF (σ1, ..., σk+1)

=
∫

(N(T )=k)

k∑
i=1

P (Xie
−∆(σi) ≥ u)dF (σ1, ..., σk+1)

=
k∑

i=1

P (Xie
−∆(σi) ≥ u,N(T ) = k), (26)

hence

P (
N(T )∑
i=1

Xie
−∆(σi) ≥ u) =

∞∑
k=1

P (
k∑

i=1

Xie
−∆(σi) ≥ u,N(T ) = k)

∼
∞∑

k=1

k∑
i=1

P (Xie
−∆(σi) ≥ u,N(T ) = k)

=
∞∑

i=1

∞∑
k=i

P (Xie
−∆(σi) ≥ u,N(T ) = k)

=
∞∑

i=1

P (Xie
−∆(σi) ≥ u,N(T ) ≥ i)

=
∞∑

i=1

P (Xie
−∆(σi) ≥ u, σi ≤ T )

=
∞∑

i=1

∫ T

0

P (Xie
−∆(s) ≥ u)dFσi(s)
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=
∫ T

0

P (Xie
−∆(s) ≥ u)dm(s). (27)

Hence Theorem 4 is completed. 
�
Proof of Theorem 5. We deal with the proof by induction. For k = 1

ψ1(u)

= P (u +
∫ θ1

0

e−∆(y)dy −X1e
−∆(θ1) < 0)

=
∫ ∞

0

Fθ1(ds)
∫ ∞

−∞
P (X1 > ueβs+σt + eβs+σt

∫ s

0

e−∆(y)dy)
1√
2πs

e−
t2
2s dt

∼ F (u)
∫ ∞

0

e−ασsFθ1(ds)
∫ ∞

−∞

1√
2π

e−
v2
2 e−ασv

√
sdv

= F (u)q, (28)

we have used the fact that X1 is in L class. Assume that

ψn(u) ∼ F (u)
q − qn+1

1− q
, (29)

we should prove that (29) holds for n + 1. Denote

ue∆(θ1)) + c

∫ θ1

0

e∆(θ1)−∆(y)dy

by V (θ1, u). With total probability formula

ψn+1(u)
= ψ1(u) + ψ1(u)E[ψn(V −X1, u)I(V ≥ X1)]

∼ ψ1(u) +
q − qn+1

1− q

∫ ∞

0

Fθ1(ds)
∫ ∞

−∞
Φ(0,s)(dt)

∫ ∞

0

e−αrs−ασtFX1(dy)F (u)

∼ (q +
q − qn+1

1− q

∫ ∞

0

e−αrsFθ1(ds)
∫ ∞

−∞
e

1
2 α2σ2sΦ(0,1)(dt))F (u)

=
q − qn+2

1− q
F (u), (30)

so by using induced assumption, Theorem 5 is finished. 
�
We can see that, when n = ∞, this Theorem turns to

ψ∞ ∼ q

1− q
F (u),

which contains the result of Tang ([16]) as a special case.
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Abstract. In this article we present and evaluate an epidemic algorithm
for the synchronization of coupled Kuramoto oscillators in complex net-
work topologies. The algorithm addresses the problem of providing a
global, synchronous notion of time in complex, dynamic Peer-to-Peer
topologies. For this it requires a periodic coupling of nodes to a single
random one-hop-neighbor. The strength of the nodes’ couplings is given
as a function of the degrees of both coupling partners. We study the
emergence of self-synchronization and the resilience against node fail-
ures for different coupling strength functions and network topologies.
For Watts/Strogatz networks, we observe critical behavior suggesting
that small-world properties of the underlying topology are crucial for
self-synchronization to occur. From simulations on networks under the
effect of churn, we draw the conclusion that special coupling functions
can be used to enhance synchronization resilience in power-law Peer-to-
Peer topologies.

Keywords: Self-Synchronization, Networks, Coupled Oscillators, Ku-
ramoto Model, Peer-to-Peer.

1 Introduction

Self-synchronization phenomena have been observed in various branches of sci-
ence, ranging from biology, physics, astronomy or chemistry to computer science.
During the last decades, several models have been proposed which are suitable
to explain the self-synchronizing behavior of multi-agent systems like interacting
cells, celestial bodies, insects or neurons. Among these, the Kuramoto model [13]
for coupled oscillators is among the most interesting ones since it has proven to
be exactly solvable despite considering a large set of non-linearly coupled entities.

Following the discovery and analysis of such models, an important question
is if and how these can be utilized in engineered systems. Since they address
a large number of constituents with no centralized control, complex Peer-to-
Peer topologies are an interesting domain for the application of self-organization
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principles. In such systems, self-synchronizing behavior can be used to provide a
network-wide synchronous chronology of states without requiring central coor-
dination. Such a synchrony facilitates distributed algorithms requiring a number
of peers to synchronously perform concerted actions and can e.g. be utilized by
round-based protocols [2]. However, when applying self-synchronization models
to real-world Peer-to-Peer systems, special requirements need to be taken into
account. First of all, their decentralized character prohibits the usage of mod-
els that involve an all-to-all coupling as e.g. adopted in the original Kuramoto
model. Populations of locally interacting nodes need to be considered instead.
Considering topologies with highly diverse vertex degrees (like e.g. scale-free net-
works), even the applicability of models that consider a coupling to all nearest
neighbors appears questionable as it would seriously overburden network hubs.
Furthermore, other than those considered in common synchronization models,
Peer-to-Peer topologies are characterized by high rates of node fluctuations and
constant topology changes. In order to be applicable in real-world scenarios, it
is therefore important to assess the resilience of synchronization mechanisms
against this kind of dynamics.

In this article we investigate an epidemic algorithm for synchronizing complex
networks of coupled Kuramoto oscillators. For this, we consider populations
of nodes with Gaussian distributed frequencies and equally distributed phase
skews. The synchronization algorithm involves nodes to exchange their current
oscillator phase with a single random neighbor in regular intervals. Different
coupling strengths based on the degrees of both coupling partners are considered.
Having presented some background of research on self-synchronization in section
2, a more detailed description of our algorithm and some basic assumptions will
be given in section 3. While not giving formal arguments for the emergence
of self-synchronization, we argue that the algorithm is informally justified by
the application of mean-field arguments in Kuramoto’s original model and the
convergence of epidemic aggregation in complex networks [11]. Furthermore, in
section 4 we present simulation results which indicate that the algorithm provides
for a self-organized synchronization in small-world network topologies.

2 Background

The phenomenon of self-synchronization has been extensively studied especially
in the field of biology where it appears to be almost pervasive. Its occurrences
range from neuronal activation patterns, the synchronization of cardiac cells to
the flashing of fireflies [23]. One of the earliest models to explain self-synchronizing
phenomena in biology is based on the concept of frequency pulling, i.e. oscillators
pulling on each other’s intrinsic frequencies. This model has e.g. been investigated
in [25] in the context of neuronal cells. Considering oscillator interaction as phase-
dependent influence and sensitivity functions, the generalized relaxation oscillator
model introduced in [26] has opened the problem to formal analysis. In [13], a vari-
antwith sinusoidal all-to-all coupling has been solved exactly despite its non-linear
nature. Formal analysis of this so-called Kuramoto model is facilitated by the ap-
plication of ideas from mean-field theory, i.e. a single oscillator can be looked at
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as being influenced by the average phase of all other oscillators. In the subsequent
years, chains and rings of oscillators with a nearest-neighbor-coupling have been
studied as well [8] [6].

More recently, nearest-neighbor couplings have been investigated in complex
network topologies. In [10], a graph theoretical reformulation of Kuramoto’s
model is studied and the critical coupling constant is found to depend on a
graph’s Laplacian matrix. In [5], it has been shown that synchronizability ben-
efits from disassortative networks in which high degree nodes are connected to
low degree ones. Most recently, asymmetric couplings that are based on a node’s
degree have been studied for complex network topologies [18] [19] [15].

A special class of models inspired by biological systems is called “Integrate-
and-Fire”. Here a state variable - e.g. a voltage - builds up until a threshold
value is exceeded which leads to a sudden discharge. This discharge advances
the state variables of neighbor nodes. Such a model for self-synchronization has
e.g. been proposed by [20] to explain synchrony in cardiac pacemaker cells. In
[17] this model has been generalized, showing that systems with a monotonic
and concave down evolution of local state variables will eventually synchronize.
An adaptive variation of this model has been studied in [7].

These discoveries have paved the way for the application of self-synchronization
mechanisms in engineered networks. For small-scale sensor network topologies,
the self-synchronizing behavior of pulse-coupled oscillators has e.g. been investi-
gated by [16]. A self-organized synchronization of heartbeat events in the Peer-
to-Peer topology Newscast [12] has been proposed in [2]. Closest in scope to our
work, this algorithm is based on the adaptive Ermentrout model [7] and assumes
a coupling of nodes to a continuously updated random sample of nodes from the
entire network.

Generally, a network’s topology has great influence on the synchronization
behavior of nearest-neighbor-coupled oscillators. In [24] a model for graphs of
varying randomness and small-world characteristics is introduced: The authors
mention that self-synchronization in small-world networks of coupled oscillators
emerges about as fast as in Kuramoto’s mean-field model although these networks
have significantly fewer edges. This result has been substantiated by a formal anal-
ysis of n Rössler systems performed in [4], showing that the number of required
edges for self-synchronization to occur is especially low for small-world graphs.

Finally, our work has been inspired by the concept of epidemic aggregation. In
[11], it has been shown that a set of aggregate functions can be efficiently calcu-
lated in large dynamic networks based on periodic information exchanges with
random nodes. A study of this scheme in different networks has shown that it
works efficiently in small world topologies.

3 Epidemic Self-synchronization in Complex Networks

Based on the large body of existing work on coupled oscillators, in this article we
seek to find a robust synchronization mechanism for large-scale complex Peer-
to-Peer topologies. Since our algorithm is basically an epidemic variation of the
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Kuramoto model with weighted coupling strengths, we briefly discuss the basic
Kuramoto model in its most common notation prior to describing our algorithm
in more detail.

3.1 Kuramoto Model Primer

In its simplest mean-field form, the Kuramoto model consists of N all-to-all cou-
pled oscillators with frequencies ωi and a coupling constant K [1]. The advance
of an oscillator’s phase Θi is coupled to the current phase of all other oscillators
in the following way:

∂Θi

∂t
= ωi + K ·

N∑
j=1

sin(Θj − Θi)

Hence, for K = 0, a node i’s phase Θi advances with constant speed at its
intrinsic frequency ωi. Assuming Θk ∈ [0, 2π) and interpreting Θk as a node k’s
position on a limit-cycle, for K > 0 the advance of an oscillator’s phase at any
given time t depends on the angle between its local phase and the phases of all
other nodes. Positive angles speed up, negative angles slow down an oscillator’s
phase advance. Although this model is fully nonlinear, it has been shown that
frequencies and phases of all oscillators eventually self-synchronize if (a) the
coupling constant K exceeds a certain critical value Kc and (b) oscillators are
identical or near-identical [13]. For a detailed survey of the Kuramoto model and
several dependent variations, we refer to [1]. A review of a large body of research
based on the Kuramoto model can be found in [22].

3.2 Epidemic Degree-Weighted Self-synchronization

In this section we introduce an epidemic synchronization algorithm based on
the Kuramoto model. Rather than being continuously coupled to all nodes, the
algorithm assumes that nodes are coupled to a single random one-hop-neighbor
in periodic intervals. We further assume that the coupling strength is given as
a function of the degree of both coupling partners, i.e. depending on the chosen
coupling partner, the coupling strength may differ across subsequent coupling
iterations. A detailed and formal description of the algorithm is given in the
remainder of this section.

Let each node v ∈ V in an undirected graph G = (V,E) possess a randomly
skewed local clock tv, a Gaussian distributed frequency ωv as well as an oscil-
lating signal γv(tv). Defining its period Tv as Tv = 1

ωv
, a node’s current position

within this period can be written as

Θv = Θv(tv) =
(tv modTv) · 2π

Tv
.

Θv represents a node v’s current phase in its oscillator cycle. With this, we define
a node’s oscillating signal γv(tv) as

γv = γv(tv) = sin (Θv) .
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For self-synchronization to occur, we assume that in regular intervals a node
v selects a random neighbor w and that both nodes exchange their current
phases Θv and Θw. With deg(v) denoting the number of v’s neighbors, we further
assume that the nodes v and w update their periods (and thus frequencies) in
the following way:

Tv = Tv + f(deg(v), deg(w)) · sin(Θv −Θw)
Tw = Tw + f(deg(w), deg(v)) · sin(Θw −Θv)

In this definition, f denotes a coupling strength function, whose value depends
on the vertex degrees of both coupling partners. In the following we give three
intuitive examples for such coupling functions. We start by using the constant,
mean-field coupling strength of the original Kuramoto model. For some real value
C it is defined as

f1(deg(v), deg(w)) =
C

|V |
Speaking informally, the intention of using this coupling strength in the original
Kuramoto model was to scale the influence exerted on a certain oscillator to
C times the mean of all phase differences. With this in mind, it is questionable
whether this coupling can produce self-synchronizing behavior for locally coupled
oscillators. Considering the heterogeneity of vertex degrees it would be surpris-
ing if there existed a uniform critical value C for different complex topologies.
Although a formal analysis of critical coupling strength for arbitrary network
topologies with nearest-neighbor couplings is still an issue of ongoing research,
recent numerical simulations suggest that degree-based weighting provides uni-
form criticality in complex networks of oscillators coupled to all neighbors [14].
Although so far not substantiated by formal analysis, it seems intuitive when
considering the initial intention of letting oscillators be influenced by a “mean
phase difference”. Thus - justified by the accumulation of influences across sub-
sequent couplings to different neighbors - for our epidemic algorithm it appears
reasonable to investigate the following coupling function:

f2(deg(v), deg(w)) =
C

deg(v)

With both coupling functions f1 and f2, a node does not differentiate between the
influence exerted by different neighbors and thus inherently implies equal credi-
bility. In real-world networks occurring in nature or engineering this assumption
is often not justified. Most of these networks exhibit highly heterogeneous vertex
degrees and are disassortative, i.e. high degree nodes are often coupled to many
small degree nodes. Being influenced by more nodes, the synchronization state
of such “hubs” is likely to be more reliable. Power-law networks emerging from
preferential attachment are an important example for disassortative networks.
The fact that the attractiveness of hubs in real-world networks often stems from
higher stability or better capabilities can be assessed as another argument for a
degree-based differentiation of a neighbor’s importance. Based on these consid-
erations, it seems justified to privilege hubs by selectively elevating the coupling
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strength to high degree nodes. Similar ideas have been considered e.g. in [9].
While maintaining the degree-based weighting in f2, we define f3 as follows:

f3(deg(v), deg(w)) =
g(deg(w))
deg(v)

In this definition, g denotes some real-valued, monotonically increasing func-
tion. We further assume that for all vertex degrees x of a network, g(x) is within
the critical range for K that guarantees self-synchronization in the original Ku-
ramoto model. This can be achieved by estimating network size and thus max-
imum degree. For the simulations presented in the following section, a function
of the form

g(x) = C +
x

S

has been used, with C denoting a certain lower threshold of critical coupling
strength and S being a reasonably chosen scaling constant.

In the following sections, simulation results for different topologies and cou-
pling strength functions will be presented. Particular emphasis is placed on the
question which functions result in the emergence of self-synchronization and how
they relate to the resilience of synchrony against failing nodes.

4 Experimental Results

In this section we study the emergence of self-synchronization in experiments
based on the epidemic synchronization scheme described above. In order to eval-
uate the evolution of synchrony, we define the normalized macroscopic signal Γ
of a graph G = (V,E) as the superposition of microscopic node oscillations with
reference to a global time frame, i.e.

Γ (t) =
∑

v∈V γv(t)
|V | .

Another way of looking at Γ is as a “sound” being composed of “tones” γv

that are generated by the oscillations of individual nodes. In the terminology
of acoustics, the degree of synchronization of individual tones can be assessed
by looking at the loudness and harmonics of the global sound. In analogy, one
can intuitively attribute the degree of synchronization to certain properties of Γ :
Phases and frequencies of a population of sinusoidal oscillators are synchronized
if Γ is pure-sinusoidal with a peak-to-peak amplitude of 2 and if the spectrum
of Γ exhibits only a single frequency. Obviously Γ is a rather illustrative and
informal metric which will be used to monitor the evolution of synchrony. In
order to reliably compare different states of synchrony, a more objective metric
is required. I(G) denoting the maximum intensity in the Fourier spectrum of a
network G and IMax denoting the maximum intensity in a reference graph with
synthetically synchronized identical oscillators, we define

σ(G) =
I(G)
IMax
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for this purpose. It is clear, that σ(G) = 1 holds true for a population of perfectly
synchronized oscillators. Generally, values of σ that are closer to 1 indicate that
more oscillators exhibit the same frequency.

In order to assess the synchronization behavior of our algorithm in differ-
ent network topologies, simulations have been performed using TopGen [21], an
open-source, event-based network simulator that has been developed within our
working group. TopGen can generate and analyze various network topologies
and is extensible by custom modules. Experiments can be assembled much like
combining building blocks by using several modules at once. Hands-on and vi-
sual experimenting with coupled oscillators is facilitated by special support like
e.g. the visualization of oscillator populations, oscilloscopic real-time analysis of
definable global characteristics (like e.g. Γ ) or integrated Fast Fourier Transform
on streams of configurable measurands. TopGen source code and binaries as well
as several video captures of coupled oscillator experiments are available online
from the author’s website1.

4.1 Static Topologies

In the following, we study oscillograms of the signal Γ for different topologies
and coupling functions. We also study Fourier spectra of Γ , which have been
obtained using a discrete 8192-sample Fourier transformation. All results pre-
sented in this section have been obtained by simulating 20000 iterations of the
epidemic algorithm described above. For this, different random graph topologies
with 10000 nodes and roughly 50000 edges were used. All of them were checked
to be connected prior to performing simulations. The natural periods of oscil-
lating nodes were Gaussian-distributed with µ = 100 and σ = 25 iterations,
initially phase skews of individual nodes were uniformly distributed within a
node’s natural period. For the simulations presented in this section, we did not
consider any potential message exchange latencies that might occur in reality.
Figure 1 shows oscillogram and frequency spectrum of the macroscopic signal
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Fig. 1. Oscillogram and Frequency Spectrum of Γ in a 104 Node Reference Graph (No
Synchronization)

1 http://syssoft.uni-trier.de/˜scholtes
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Γ in a reference graph with 10000 nodes and with no self-synchronization in-
volved. As one would expect from the superposition of unsynchronized Gaussian
oscillations, the oscillogram exhibits no pronounced dynamics and the frequency
spectrum is Gaussian shaped with a small maximum intensity around the mean
frequency µ = 100. Our σ-metric yields a value of 2 · 10−3 for this reference
network.

We begin our analysis by considering graphs generated by the Watts/Strogatz
[24] model. The main advantage of this model is that it allows to study the
interrelation between a network topology’s small-world characteristics and the
emergence of self-synchronization. For this, two model parameters k (number of
nearest-neighbors in initial ring lattice) and p (probability to reconnect a node to
a random node) can be be tuned to produce graphs of increasing randomness and
with increasingly pronounced small-world characteristics. The resulting graph
can range between a regular ring lattice (p = 0) or a completely random graph
(p = 1). Based on these parameters, we will denote Watts/Strogatz graphs
with WS(p, k). Because a WS(p, k) graph with N nodes has N ·k

2 edges and we
intended to perform all simulations on equally-sized graphs with 10000 nodes
and roughly 50000 edges, the parameter k has been set to 10 for all subsequent
experiments.

In Figure 2, the evolution of the macroscopic signal Γ is depicted for different
topologies and coupling strength functions over 20000 simulation steps. Since an
averaging over several simulation runs would impair Γ ’s significance as an illus-
tration of the process of self-synchronization, results of a single but representative
simulation are shown instead. The results suggest that self-synchronization did
not emerge for f1, while for WS(p, 10) graphs the degree of synchronization with
couplings f2 and f3 seems to depend on the parameter p. Complementing these
rather illustrative results, Figure 3(a) shows the averaged degree of synchroniza-
tion σ for several simulation runs and different network topologies. These results
suggest that for our epidemic synchronization scheme, the synchronizability of
a WS(p, 10) graph increases with higher parameters p.

Above results for WS-model graphs incite to explore several more points in
its parameter space. For this, the average synchronization degree σ(G) has again
been measured for several simulations of our epidemic algorithm in a WS(p, 10)
graph with coupling function f3 and different values p. The results that can be
seen in Figure 3(b)2, show that the onset of self-synchronization in Watts/Strogatz
graphs occurs suddenly at roughly the same critical point pc = 0.01 that has been
identified for the emergence of small-world properties [24].

Another important class of complex networks are those whose vertex de-
gree distributions obey a power law, i.e. a node’s probability to have exactly
k links is proportional to k−γ for some real-valued γ. A simple and conve-
nient model for power-law graphs which exhibit small-world characteristics is
the Barabási/Albert (BA)[3] model. It is based on preferential attachment, i.e.
the probability of incrementally added nodes to establish links to existing nodes
is proportional to the target nodes’ degree, higher degree nodes being more likely

2 Please note the log-scale x-axis.
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Fig. 2. Synchronization in Static Watts/Strogatz and Barabási/Albert Graphs

to receive even more links. For the simulations the following results are based
on, the number of links l that each newly added node established has been set
to l = 5. Figures 2(j) - 2(l) and 3(a) show the results of experiments with BA
graphs with 10000 nodes and roughly 50000 edges. Similar to the results for
WS(p, 10) graphs with p > 0.5, one observes a fast convergence towards a syn-
chronized state for the degree-weighted coupling strength functions f2 and f3,
while f1 did not result in a stable synchronization state.

Based on above findings, it is interesting to study the coupling strength func-
tion f1 in more detail. In Figures 2(d), 2(g) and 2(j) one observes an initial
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Topology f1 f2 f3

WS(0,10) 0 0.03 0.08
WS(0.02,10) 0 0.44 0.59
WS(0.5,10) 0 0.97 0.94
WS(1,10) 0 0.79 1
BA 0 0.95 0.95

(a) Avg. σ for Different
Couplings
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convergence towards a (partially) synchronized state. After having quickly
reached a certain maximum amplitude, it gradually fades and the amplitude
stabilizes at a low level. At first glance it seems strange that the system even-
tually stabilizes in an unsynchronized state although it initially started to syn-
chronize from an unsynchronized state as well. We can clarify this by looking
at the frequency spectra of Γ after having performed 20000 iterations of our
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algorithm in a BA graph. In the spectra of coupling functions f2 and f3 which
are shown in Figure 4, one observes sharp peaks with maximum intensity at the
global mean frequency, i.e. the spectra one would expect from a population of
synchronized oscillators. In contrast, the spectrum for f1 is highly heterogeneous
and exhibits no dominant frequency. With this we can explain the stabilization
in an unsynchronized state, since for the Kuramoto model it has been shown
that self-synchronization can only occur if oscillator frequencies are homoge-
neous enough (as e.g. the case for the Gaussian distributed initial state shown in
Figure 1). For this reason, states of total desynchronization with non-Gaussian
distributed frequencies are irreversible and the macroscopic signal Γ stabilizes
at a low amplitude.

4.2 Dynamic Topologies

A major hurdle that complicates the application of distributed technologies in
large-scale distributed computing systems is the impact of the dynamics induced
by leaving or joining network nodes. Thus, an important task when designing
distributed algorithms is to assess their susceptibility to this kind of dynamics,
so-called churn. In this section, we present simulation results that have been ac-
quired in order to evaluate the resilience of our epidemic synchronization scheme
against dynamic nodes. Based on the results from the previous section, simula-
tions have been performed using WS(1, 10) and BA graphs. In the remainder of
this section we only consider the coupling functions f2 and f3, since only these
promise the emergence of self-synchronization.

In a first series of experiments that have again been performed using the simu-
lation environment TopGen, the effect of randomly failing and joining nodes has
been investigated. For this, in each simulation step a randomly chosen fraction
of 0.1% respectively 1% of all nodes was removed from random graph topologies
consisting of 10000 nodes. The same number of nodes was added again in the same
simulation step in a way that did not alter the graph’s vertex degree distribution.
Hence the graphs remained in a state of equilibrium, newly added nodes being ini-
tialized with random frequencies and phases using the same parameters as in the
original graph initialization (see section 4.1). Simulation results for different cou-
pling functions, graph topologies and rates of random churn are shown in Figure
5 and 6. While a churn rate of 0.1% resulted in a state of at least partial synchro-
nization both for WS(1, 10) and BA graphs, synchronization largely broke down
when the churn rate was set to 1%. As can be seen in Figure 5, there are notable
differences in the signal evolution for BA and WS(1, 10) topologies in terms of
amplitude fluctuations: These fluctuations are much stronger in BA graphs than
in WS(1, 10) topologies. Although this finding requires further evaluation, it can
be intuitively attributed to situations where hubs were removed from the network
based on the random churn model. Comparing the performance of the different
coupling strength functions f2 and f3, one recognizes that using f3 seems to in-
tensify amplitude fluctuations in BA model graphs while increasing the average
degree of synchronization (see Figure 6).
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Fig. 5. Oscillograms of Γ in WS and BA Graphs with Different Rates of Random
Churn

Churn Rate WS(1,10), f2 WS(1,10), f3 BA, f2 BA, f3

0.1 % 0.48 0.52 0.54 0.62
1 % 0 0 0.03 0.09

Fig. 6. Avg. Synchronization Degree σ under the Effect of Random Churn

Based on the considerations leading to the introduction of the coupling strength
function f3 in section 3, for many real-world network topologies with highly
diverse vertex degrees it is justified to relate a node’s degree to its reliability:
Highly connected Internet routers are probably - or at least hopefully - better
secured against failures and attacks, Websites with many incoming links would
probably not have become popular if they were not continuously accessible and
hubs in prevalent Peer-to-Peer overlay topologies usually emerge because their
past behavior has shown superior reliability. Thus, it seems reasonable to consider
a degree-coupled churn model in which a node’s probability to fail is reciprocally
proportional to its degree. Figures 7 and 8 show results of a series of simulations
based on such a degree-coupled churn model, again using churn rates of 0.1% re-
spectively 1% per simulation step and different coupling strength functions. As
in the previous random churn experiments, all exitting nodes were immediately
replaced with new, randomly initialized ones in a way that did not change the
graph’s vertex degree distribution.

The results in Figure 7 show that under the effect of degree-coupled churn,
synchrony in Watts/Strogatz networks eventually fades for a churn rate of 1%
per iteration. For Barabási/Albert graphs, one observes better resilience against
degree-coupled churn both for the coupling strength functions f2 and f3. We
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Fig. 7. Oscillograms of Γ in WS and BA Graphs with Different Rates of Degree-
Coupled Churn

Churn Rate WS(1,10), f2 WS(1,10), f3 BA, f2 BA, f3

0.1 % 0.6 0.63 0.81 0.67
1 % 0.08 0.01 0.38 0.66

Fig. 8. Avg. Synchronization Degree σ under the Effect of Degree-Coupled Churn

attribute this to the stabilizing effect exerted by hubs in BA model topologies.
Since the degree-coupled churn model assumes that hubs fail with smaller proba-
bility, there likely remains a stable “core” that is highly connected to the residual
network. A surprising outcome of our simulations is that, compared to f2, for
BA networks under 0.1% churn the coupling function f3 leads to a 17% decrease
of σ, while resulting in a 70% increase for a 1% churn rate (see Figure 8). Further
simulations are required in order to reveal how different scaling parameters for
f3 and different vertex degreee exponents influence this result.

5 Conclusion

In this article, we introduced and evaluated an epidemic self-synchronization
mechanism for complex networks of Kuramoto-based oscillators. The algorithm
is based on a periodic exchange of the oscillator’s phase with a single random
neighbor. Simulations suggest that the self-synchronizing behavior depends on
small-world characteristics as well as on a degree-weighted coupling strength.
Intuitively, these findings can be attributed to the mean-field coupling in the Ku-
ramoto model as well as to the efficiency of epidemic aggregation in small-world
topologies. In accordance to [24], our simulations revealed critical behavior with
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respect to the parameter p in the Watts/Strogatz model. Furthermore, it has
been argued that selectively boosting coupling strengths to high degree vertices
provides a basis for improving synchronization resilience of power-law networks
in situations of massive churn. From these findings we draw the conclusion that
the proposed scheme is a promising approach for the self-organized provision of a
global concept of time in complex and dynamic Peer-to-Peer network topologies.

Another interesting question when applying the scheme to real-world Peer-to-
Peer network topologies is the controllability of the network’s global frequency
and phase. Although rigid results could not yet be included in this article, first
experiments have been performed suggesting that using the coupling strength
function f3, the synchronization state (frequency and phase) in power-law net-
works can be efficiently adjusted by instrumenting a small number of highest-
degree nodes3. Epidemic self-synchronization could thus be utilized to efficiently
provide an adjustable, network-wide, synchronous chronology of states. By this,
it can serve as a foundation for adaptable, cycle-based distributed algorithms op-
erating on large-scale dynamic Peer-to-Peer power-law topologies. Representing
a first application of our mechanism, a probabilistic mutual exclusion algorithm
for dynamic complex networks has been implemented. Here subsequent oscillator
cycles are used to elect privileged nodes and access critical sections. The algo-
rithm will be presented in more detail in a subsequent publication. Apart from
further substantiating our claims with more detailed and comprehensive simu-
lations, investigating further applications of our epidemic self-synchronization
scheme will be an interesting future task.

We conclude this article with a discussion of its main weaknesses and open
issues. A major - and probably the foremost - deficiency of our work is the lack of
a formal analysis of the algorithm’s synchronization behavior. Such an analysis
is complicated by the fact that it involves randomized neighbor couplings with
nonlinear and asymmetric coupling strengths. Although apparently being a sim-
pler problem, the analysis of topologies of all-neighbor coupled oscillators with
symmetric coupling strengths has proven to be hard and is subject of ongoing
research. Notwithstanding the fact that they can not replace formal analysis, we
argue that at this borderline simulations are to date the best available tool to
assess an algorithm’s behavior. Another important aspect that has not yet been
considered is the effect of communication latency on the performance of our syn-
chronization scheme. Intuitively one would expect message latency to limit the
maximum frequency at which oscillators can be synchronized. Extensive simula-
tions based on realistic communication latencies are required to investigate this
issue in more detail. Conveniently, the TopGen simulation environment contains
facilities to generate and respect latency data based on realistic router-level
Internet graphs. Another issue that has not yet been considered is a further
evaluation of the epidemic algorithm’s parameter space. It will be interesting
to investigate the interrelations between parameters like e.g. frequency of inter-
node couplings, coupling strength parameters, network size, power law exponent,
initial frequency distribution and synchronization behavior. For the experiments

3 Videos of simulations available at http://syssoft.uni-trier.de/˜scholtes
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presented in this article, some intuitively chosen, reasonable values have been
used and more comprehensive evaluations must be considered future work. An
important issue of using epidemic algorithms in graph topologies with highly
diverse vertex degrees is the potential burden put on the highest degree vertices
since those can be potentially chosen as random coupling partner by a large num-
ber of neighbors. An investigation how this problem can be mitigated for our
epidemic synchronization scheme is an important issue and must be considered
future work.

Finally, during our simulation experiments with different network topologies,
another interesting question emerged that could not yet be addressed: One might
ask whether the effects of topology on a network’s synchronization behavior
can be utilized to provide an efficient and decentralized monitoring of global
network characteristics. For this, it will be important to investigate whether
global properties can be related to the behavior of local oscillator signals. Such
a relation might empower individual nodes to efficiently infer valuable global
knowledge of network characteristics that can otherwise be hard to extract.
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Abstract. Distributed denial-of-service (DDoS) attacks are network-wide 
attacks that cannot be detected or stopped easily. They affect “natural” spatio-
temporal packet traffic patterns, i.e. “natural distributions” of packets passing 
through the routers. Thus, they affect “natural” information entropy profiles, a 
sort of “fingerprints”, of normal packet traffic. We study if by monitoring 
information entropy of packet traffic through selected routers one may detect 
DDoS attacks or anomalous packet traffic in packet switching network (PSN) 
models. Our simulations show that the considered DDoS attacks of “ping” type 
cause shifts in information entropy profiles of packet traffic monitored even at 
small sets of routers and that it is easier to detect these shifts if static routing is 
used instead of dynamic routing. Thus, network-wide monitoring of information 
entropy of packet traffic at properly selected routers may provide means for 
detecting DDoS attacks and other anomalous packet traffics.  

Keywords: distributed denial of service attack, packet switching network, entropy. 

1   Introduction 

The packet switching technology was conceived by Paul Baran as a way to 
communicate in the aftermath of a nuclear attack, as a sort of resilient command and 
control network [1]. Fortunately, no implementation of packet switching network has 
ever had to undergo the test of its ability to withstand a nuclear attack. However, the 
Internet, one of the best known applications of packet switching technology, is 
constantly under attacks of different types, e.g.: intrusion, packet tapping, phishing, 
computer worms, computer viruses, denial of service (DoS) attack, and many others. 
Purpose and scope of these attacks are different, ranging from the commercial to the 
political domain, and often they serve only the self actualization of the perpetrators.  

The most common implementation of DoS is the distributed DoS (DDoS) attack. 
The attack is “distributed” because the attacker carries on his/her actions by means of 
multiple computers, located at various network nodes, and called “zombies”, almost 
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always controlled in a covert and surreptitious way without any knowledge of their 
legitimate owners. We focus on the type of DDoS attack directing a huge number of 
“ping” requests to the target victim of the attack, [2] and [3]. In this type of attack, the 
target (victim) machine becomes saturated with external communications requests, 
being pounded by spurious packets, so that it becomes effectively unavailable to 
legitimate traffic. The Mafiaboy attacks of February 2000 against Amazon, eBay and 
other big sites are an example of this type of attacks. They caused millions of dollars 
damage and they are often quoted by computer experts, [4] and [5].  

DDoS attacks are network-wide attacks. Thus, they cannot be detected or stopped 
easily. To detect them packets headers, packets aggregate flows, and/or correlations 
are analysed with the aim of distinguishing normal traffic from the attack traffic. 
Often packet traffic is analysed near the victim or near the attack sources [6].  
However, in many DDoS attacks packets are “normal-looking” and the existing 
methods are not accurate enough to distinguish between normal and attack packets. 
For early detection of DDoS flooding attacks Yuan and Mills [6] proposed to study 
spatio-temporal correlations of packet traffic monitored at a number of observation 
points in a network for the purpose of detecting shifts in spatio-temporal patterns of 
packet traffic. They have demonstrated that given a sufficient number of observation 
points one can infer a shift in packet traffic patterns for larger areas outside the 
observation routers, [6]. Thus, by monitoring macroscopic network-wide shifts in 
spatio-temporal patterns of packet traffic one may discover when a more detailed 
analysis is needed to detect potential DDoS attack.  

DDoS attacks are purposely created by humans. Thus, they must affect the natural 
“randomness” and “natural structure and order” of packet traffic under normal 
conditions [7]. In turn they must affect the “natural” information entropy profiles of 
“normal” packet traffic and cause shifts in these profiles, [7] and [8]. We study if 
these shifts may be detected by calculating entropy of packet traffic monitored at a 
small number of selected routers. For each set of monitored routers we establish first 
a baseline i.e. a profile of entropy of packet traffic under normal conditions, called a 
“fingerprint”, and study how it is affected by DDoS attacks. If the values of entropy 
of packet traffic sharply decrease from the “fingerprint” profile shortly after a start of 
DDoS attack, this means with certainty presence of an infrequent event, i.e. an 
emerging anomaly in packet traffic [8]. In our simulations these anomalies are 
caused by “ping” DDoS attacks. Our simulations show that for small sets of properly 
selected monitoring routers the entropy profiles of packet traffic passing through 
them detect onsets of “ping” DDoS attacks in our virtual experiments and that these 
profiles are qualitatively similar to the network-wide entropy profiles. Also, that it is 
easier to detect DDoS attacks when a static routing is used instead of dynamic 
routing. Our study shows that information entropy provides promising tool to detect 
DDoS attacks. 

The paper is organized as follows. First, we briefly describe our existing 
abstraction of PSN ([9], [10]), its C++ simulator, Netzwerk ([11], [12]), and explain 
how they have been customized to model a “ping” type DDoS attacks. Next, we 
introduce definition of entropy functions used by us in detection of DDoS attacks in 
our virtual experiments. We present selected simulation results and our conclusions. 
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2   PSN Model and Its DDoS Attack Customization 

Our PSN model ([9] and [10]) is an abstraction of the Network Layer of the 7-Layer 
OSI Reference Model [13] and like in real networks is concerned primarily with 
packets and their routings; it is scalable, distributed in space, and time discrete. It 
avoids the overhead of protocol details present in many PSN simulators designed with 
different aims in mind than study of macroscopic network-wide dynamics of packet 
traffic flow and congestion. We view a PSN connection topology as a weighted 
directed multigraph L where each node corresponds to a vertex and each 
communication link is represented by a pair of parallel edges oriented in opposite 
directions. In each PSN model setup all edge costs are computed using the same type 
of edge cost function (ecf) that is either the ecf called ONE (ONE), or QueueSize 
(QS), or QueueSizePlusOne (QSPO). The ecf ONE assigns a value of “one” to all 
edges in the lattice L. Since this value does not change during the course of a 
simulation this results in a static routing. The ecf QS assigns to each edge in the 
lattice L a value equal to the length of the outgoing queue at the node from which the 
edge originates. The ecf QSPO assigns a value that is the sum of a constant “one” plus 
the length of the outgoing queue at the node from which the edge originates. The 
routing decisions made using ecf QS or QSPO rely on the current state of the network 
simulation. They imply adaptive or dynamic routing where packets have the ability to 
avoid congested nodes during the PSN model simulation. In our PSN model, each 
packet is transmitted via routers from its source to its destination according to the 
routing decisions made independently at each router and based on a minimum least-
cost criterion of selecting a shortest path from a packet current node to its destination. 
This results in the minimum hop routing (minimum route distance) if the PSN model 
is setup with ecf ONE and the minimum route length if it is setup with ecf QS or 
QSPO. Since ecf QS and QSOP are dynamic functions, it is important to notice, that 
in the case of PSN model setup with ecf QS or QSPO each packet is forwarded from 
its current node to the next one belonging to a least cost shortest path from a packet 
current node to its destination at this time. The PSN model uses full-table routing, that 
is, each node maintains a routing table of least path cost estimates from itself to every 
other node in the network. The routing tables are updated at each time step when the 
ecf QS or QSPO is used, see [9], [10]. They do not need to be updated for the static 
ecf ONE, because the values of this ecf  do not change over time, see [9] and [10]. We 
update the routing tables using distributed routing table updates algorithm [10].  

In our simulations to study DDoS attacks we use a version of PSN model in which 
each node performs the functions of host and router and maintains one incoming and 
one outgoing queue which is of unlimited length and operates according to a first-in, 
first-out policy, see [10] for other options. At each node, independently of the other 
nodes, packets are created randomly with probability λ called source load. In our PSN 
model all messages are restricted to one packet carrying time of creation, destination 
address, and number of hops taken.   

In the PSN model time is discrete and we observe its state at the discrete times k = 
0, 1, 2, …, T, where T is the final simulation time. At time k = 0, the setup of the PSN 
model is initialized with empty queues and the routing tables are computed. The time 
discrete, synchronous and spatially distributed PSN model algorithm consists of the 
sequence of five operations advancing the simulation time from k to k + 1. These 
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operations are: (1) Update routing tables, (2) Create and route packets, (3) Process 
incoming queue, (4) Evaluate network state, (5) Update simulation time. The detailed 
description of this algorithm is provided in [10]. 

To study DDoS attacks we modified the above described PSN model to allow 
modeling a PSN containing one victim computer and a user defined number of 
zombies either located at specified nodes or located at random. Start and end of attack 
time can be specified separately for each zombie. As in most real life cases, zombies 
continue to carry on their normal jobs during the attack, i.e. they act also as sources, 
destinations, and routers of legitimate data transfers. However, each zombie also 
sends a packet to the victim at each time step of the simulation. 

3   Entropy Functions 

We calculate entropy of packet traffic passing through monitored routers/nodes of 
PSN model as follows [8]. Let M be a set of N monitored routers. The set M may 
include all network routers except zombies and the victim. We index all routers in the 
set M by the parameter i (i.e., i = 1, …, N). We denote by q(i,k) a number of packets 
at the outgoing queue of a router i at time k. At each time k we calculate probability 
density function p(i,k) of packets queuing at a router i of the set M as follows 

p(i,k) = q(i,k)/ ∑i=1
N q(i,k). 

We calculate entropy function of packet traffic monitored at routers of the set M as  

H(M, k) = - ∑i=1
N p(i,k)logp(i,k), 

using convention that if p(i,k) = 0, then p(i,k)logp(i,k) = 0.  

4   Virtual Experiment Setups of DDoS Attacks 

To study entropy based detection of DDoS attacks we carried out simulations for PSN 
model setups with network connection topology isomorphic to Lp (37) (i.e., periodic 
square lattice with 37 nodes in the horizontal and vertical directions) and each of the 
ecf  ONE, QS and QSPO. Thus, we considered PSN model setups Lp (37, ecf, λ), 
where ecf = ONE, or QS, or QSPO, and λ is a value of source load that the network is 
operating under normal conditions. We studied DDoS attacks when source load value  
λ = 0.040. At this value each PSN model setup is free of any congestion, i.e. is in its 
free flow state. The critical source load value λc , i.e. the phase transition point from 
free flow to congested network state, for each of the considered PSN model setups is 
as follows: λc = 0.053 for Lp (37, ONE),  and λc = 0.054 for Lp (37, QS) and Lp (37, 
QSPO). Since each simulation of a PSN model setup starts always with empty queues, 
all DDoS attacks started after the initial transient time, i.e. when the network was 
operating already in its normal steady state for some time. All DDoS attacks started at 
time k0 = 20480 that was much larger than the transient times and lasted until the final 
simulation time, T = 131072 (the same for all PSN model setups).  

We considered a series of separate DDoS attacks each characterized by a number 
of active attackers/zombies. In this series of attacks, while increasing number of 
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zombies we maintained always the same locations of the zombies from the DDoS 
attacks with their lower numbers, i.e. each time we added only new zombies to the set 
of the zombies from the previous attack.  Additionally, in all the experiments we 
always maintained the same location of a victim. In this paper we present the results 
for the DDoS attacks with number of active attackers/zombies varying from 5 to 10, 
i.e. with the number of zombies varying from about 0.37% to 0.73% of the total 
number of nodes/routers in the network.  The results of the DDoS attacks experiments 
with number of zombies less than 5 are discussed in [8]. 

For each PSN model setup operating under normal conditions (i.e., in the absence 
of any attack) and for each considered set M of monitored routers/nodes we calculated 
first entropy function H(M,k). Thus, we built first a “natural” entropy function, a sort 
of “fingerprint” profile of the given PSN setup, characterizing normal PSN operation, 
i.e. normal traffic passing through the routers of the set M. Next, we calculated the 
entropy function H(M,k) for each PSN model setup being under a DDoS attack. We 
calculated entropy functions H(M,k) for sets M of different sizes (i.e., having different 
numbers of monitored routers) and for each set size we considered sets M that differ 
only in locations of the monitored routers. We selected locations of monitored routers 
randomly using different seeds of random number generator. Since we are interested 
in the dynamics of packet traffic passing through the routers/nodes that are not the 
victim or the zombies under DDoS attacks we selected the sets M in such a way that 
they did not include the victim and the zombies. The routers/nodes that are not the 
victim or the zombies/attackers are called “normal” router/nodes.  

5   Entropy Based Detection of DDoS Attacks in PSN Models 

Fig. 1 displays time dependent plots of “natural entropy” profiles (i.e., with 0 
attackers) and of the entropy functions of packet traffic monitored at 100% of 
“normal” routers during DDoS attacks on PSN model with Lp (37, ONE, 0.040) setup 
in Fig. 1 (a) and Lp (37, QSPO, 0.040) setup in Fig. 1 (b). The colours of the plots 
correspond to the number of attackers, 0, and 5 to 10, and they are explained in the 
figure legends. We observe that the “natural entropy” profiles are almost constant 
functions and their values are very similar for both PSN model setups. Thus, the 
probability distributions of packets among the “normal” routers are similar ones when 
networks operate under normal conditions. As soon as each DDoS attack starts the 
entropy functions decrease very fast until they reach new levels at which they remain 
almost constant. Thus, using the entropy functions one may detect almost 
immediately anomalies in packet traffic because when their values sharply decrease 
from the “fingerprint” profiles shortly after the DDoS attacks begin this means that 
these functions detect with certainty the presence of an infrequent event, i.e. an 
emerging anomaly in packet traffic, and in our case “ping” type DDoS attacks.  

The new levels that entropy functions reach are higher when the number of 
attackers is larger, see Fig. 1. This is because with the increase of the number of 
attackers the numbers of routers that become locally congested increase and their 
locations form patterns that are more spatially distributed in the network, in particular 
when the network uses ecf ONE. Our simulations show that the pattern of local 
congestion formation for the PSN model with Lp (37, ONE, 0.040) setup is different  
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 (a)  

 (b) 

Fig. 1. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 100% of “normal routers” (i.e., all routers/nodes except 
the victim and the “zombies”) during DDoS attacks in PSN model with Lp (37, ONE, 0.040) 
setup in (a) and Lp (37, QSPO, 0.040) setup in (b). The colours of the plots correspond to the 
number of attackers, 0, and 5 to 10 and they are explained in the figure legends. Each DDoS 
attack starts at k0 = 20480. 

from the one of the PSN model with setup Lp (37, QSPO, 0.040) or Lp (37, QS, 
0.040). For the PSN model with setup Lp (37, ONE, 0.040) the local congestion 
builds up along the shortest paths from zombies to the victim,  while for the PSN 
model with setup Lp (37, QSPO, 0.040) or Lp (37, QS, 0.040) it builds up mostly 
around the victim. This may explain why the values of the new levels of entropy 
functions, i.e. when networks are under DDoS attacks, are higher for the PSN model 
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with setup Lp (37, ONE, 0.040) than with Lp (37, QSPO, 0.040), see Fig. 1. 
Additionally, when adaptive routing is used instead of the static one, packet traffic 
self-organizes to avoid local congestions, thus, smaller number of routers outside the 
closest neighbourhood of the victim experience higher local congestion in comparison 
with the other routers.  Let us mention that the “natural entropy” profile and the 
corresponding entropy functions of PSN model with setup Lp (37, QS, 0.040) under 
the DDoS attacks  (not shown here) are very similar to those of the PSN model with 
setup Lp (37, QSPO, 0.040). Thus, under the DDoS attacks the behaviours of packet 
traffics of PSN model using ecf QS are similar to those of the PSN model using ecf 
QSPO. From Fig. 1 we observe that the entropy functions of packet traffic monitored 
at 100% of all “normal” routers drop almost immediately after start of each attack. 
Thus, the entropy functions almost immediately detect the considered DDoS attacks. 
Two questions arise naturally. Will the entropy functions of packet traffic monitored 
at a smaller number of “normal” routers detect the DDoS attacks?  Will these 
functions retain qualitatively the same “information” about packet traffic dynamics as 
the entropy functions calculated for 100% of all “normal” routers? Some answers to 
these questions are provided by Fig. 2 to Fig. 6.  

In Fig. 2 and Fig. 3 the horizontal plots, fluctuating around constant values, 
correspond to the “natural entropy” profiles of packet traffic passing through 5% of 
all “normal” routers selected randomly with seed 1 in Fig. 2 (a) and Fig. 3 (a), and 
with seed 2 in Fig. 2 (b) and Fig. 3 (b). For each ecf type (i.e., ONE or QSPO) the 
behaviours of the entropy “fingerprints” are very similar to each other regardless of 
which seed value was used to select the set of monitoring routers. Thus, for each ecf 
type the probability distributions of packets among the routers of these two sets of 
monitoring routers are similar ones. Our simulations show that the entropy functions 
of packet traffic monitored at only 5% of all “normal” routers (i.e., at 68 routers out of 
1369 routers in our model) may significantly deviate downward from their “natural 
profiles” almost immediately after DDoS attacks start on the networks, as can be seen 
from Fig. 2 (a) and (b), and Fig. 3 (b). However, from Fig. 3 (a) and (b) we see that 
the behaviours of the entropy functions may be influenced by the selection of the 
locations of the monitoring routers. On Fig. 3 (a) we see that the entropy functions 
corresponding to all DDoS attacks (i.e., with 5 to 10 attackers) on the PSN model 
with setup Lp (37, QSPO, 0.040) are superimposed with the respective entropy 
“fingerprint” plot, i.e. when number of attackers is “0”. We notice on Fig. 3 (a) only 
some increase in the entropy functions’ fluctuations during the DDoS attacks and we 
do not observe the sudden drop in values of the entropy functions displayed on Fig. 3 
(b) that happens just after the start of the DDoS attacks.  

For the PSN model setup with ecf QS we observed behaviours of entropy functions 
(not shown here) very similar to those of the PSN model setup with ecf QSPO. The 
results displayed on Fig. 2 and Fig. 3 may imply that it is easier to detect anomalous 
packet traffic employing the entropy functions calculated for small set of monitoring 
routers if the PSN model is using static routing instead of the dynamic ones. Thus, the 
question arises by how much one needs to enlarge the set of monitoring routers of 
Fig. 3 (a) to detect anomalous packet traffic. For the PSN model with the setup 
Lp (37, QSPO, 0.040) we obtained entropy functions’ plots looking still similarly to 
those on Fig. 3 (a) when we used as a set of monitoring routers 10% of all “normal”  
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 (a) 

 (b) 

Fig. 2. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 5% of all “normal” routers randomly selected, with 
seed 1 in (a) and with seed 2 in (b), during DDoS attacks in PSN model with Lp (37, ONE, 
0.040) setup. The colours of the plots correspond to the number of attackers, 0, and 5 to 10 and 
they are explained in the figure legends. Each DDoS attack starts at k0 = 20480.  

 
routers selected randomly with seed 1. However, when we increased further the set of 
monitoring routers, i.e. when we used 20% of all “normal” routers selected randomly 
with seed 1 (in our case 274 out of 1369 routers) the values of entropy functions of 
packet traffic passing through these routers dropped almost immediately after start of 
each DDoS attack, see Fig. 4. Thus, the entropy functions detected almost 
immediately DDoS attacks on our PSN model with the setup Lp (37, QSPO, 0.040). 
The graphs of the entropy functions displayed on Fig. 4 are qualitatively similar to the  
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 (a) 

 (b) 

Fig. 3. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 5% of all “normal” routers randomly selected, with 
seed 1 in (a) and with seed 2 in (b), during DDoS attacks in PSN model with Lp (37, QSPO, 
0.040) setup. The colours of the plots correspond to the number of attackers, 0, and 5 to 10 and 
they are explained in the figure legends. Each DDoS attack starts at k0 = 20480.  

graphs of entropy functions shown on Fig. 3 (b). We see on Fig. 3 (b) that the graphs 
become almost constant after very short transient times. These transient times are a bit 
longer on Fig. 4. Furthermore, on Fig. 3 (b) the constant values are almost identical 
while on Fig. 4 they are slightly different. This may mean that in the case of the 
monitoring set of routers of Fig. 3 (b) the probability distributions of packets among  
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Fig. 4. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 20% of all “normal” routers randomly selected, with 
seed 1, during DDoS attacks in PSN model with Lp (37, QSPO, 0.040) setup. The colours of 
the plots correspond to the number of attackers, 0, and 5 to 10 and they are explained in the 
figure legends. Each DDoS attack starts at k0 = 20480.  

these monitoring routers are very similar for all the DDoS attacks while in the case of 
the set of monitoring routers of Fig. 4 the probability distributions of packets among 
the monitoring routers slightly differ among DDoS attacks. In other words, in the first 
case (i.e., Fig. 3 (b) case) the monitoring routers are similarly locally congested 
during all DDoS attacks, while in the second case (i.e., Fig. 4 case) the local 
congestions of the monitoring routers slightly differ among the DDoS attacks. The 
differences among levels of local congestions of the monitoring routers during 
different DDoS attacks become more noticeable if each monitoring set consists of 
40% of all “normal” routers selected randomly with seed 1 or seed 2, as can be seen 
from Fig. 5 (a) and (b). The graphs of entropy functions displayed on Fig. 5 (a)  
are qualitatively very similar to those shown of Fig. 1 (b). The entropy functions  
of packet traffic monitored at 100% of all “normal” routers (i.e., those displayed on 
Fig. 1 (b)) and those of packet traffic monitored at 40% of all “normal” routers 
selected randomly with seed 1 (i.e., those displayed on Fig. 5 (a)) convey very similar 
information about how the distributions of local congestions differ among different 
DDoS attacks on the PSN model with setup Lp (37, QSPO, 0.040). Thus, the entropy 
functions of packet traffic calculated for a significantly smaller set of the monitoring 
routers may retain qualitatively the same “information” about packet traffic dynamics 
as the entropy functions calculated for 100% of all “normal” routers. We obtained 
very similar results for the DDoS attacks on the PSN model with the setup Lp (37, 
QS, 0.040) to those with the setup Lp (37, QSPO, 0.040).  In the case of DDoS 
attacks on the PSN model with the setup Lp (37, ONE, 0.040) our simulations show 
that the entropy functions of packet traffics monitored at 100% of all “normal” routers  
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(a) 

(b) 

Fig. 5. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 40% of all “normal” routers randomly selected, with 
seed 1 in (a) and with seed 2 in (b), during DDoS attacks in PSN model with Lp (37, QSPO, 
0.040) setup. The colours of the plots correspond to the number of attackers, 0, and 5 to 10 and 
they are explained in the figure legends. Each DDoS attack starts at k0 = 20480.  

(see Fig. 1 (a)) and those of packet traffic monitored at 20% of all “normal” routers 
selected randomly with seed 1 (see Fig. 6) are qualitatively very similar. Thus, under 
DDoS attacks on the PSN model using static routing the entropy functions of packet 
traffic monitored at smaller sets of routers than those if dynamic routings are used 
may retain qualitatively the same information about the packet traffic dynamics as the 
entropy functions calculated over 100% of all “normal” routers. 
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Fig. 6. Time dependent plots of “natural entropy” profile (i.e., with 0 attackers) and of entropy 
functions of packet traffic monitored at 20% of randomly selected, with seed 1, “normal” 
routers during DDoS attacks in PSN model with Lp (37, ONE, 0.040) setup. The colours of the 
plots correspond to the number of attackers, 0, and 5 to 10 and they are explained in the figure 
legends. Each DDoS attack starts at k0 = 20480. 

6   Conclusions 

Our simulations show that information entropy may detect anomalous packet traffic in 
data networks since such traffic changes “natural” spatio-temporal packet traffic 
pattern, i.e. “natural” distribution of packets among routers. We observe that the 
considered “ping” type DDoS attacks change “natural entropy” profiles of packet 
traffic monitored at properly selected small set of “normal” routers (i.e., excluding the 
victim and zombies). The values of entropy functions of packet traffic monitored at 
these sets of routers sharply decrease from the “natural entropy” profiles shortly after 
the beginning of each DDoS attack. This means that the entropy functions detect with 
certainty presence of an infrequent event, i.e. an emerging anomaly in packet traffic 
and in our case a DDoS attack. Our simulations show that for each set of monitored 
routers the plots of entropy functions of packet traffic for the PSN model setup using 
ecf QSPO and the one using ecf QS are qualitatively and quantitatively similar but 
they are different from those of the PSN model setup using ecf ONE. We observe that 
using entropy functions it is much easier to detect DDoS attacks on the PSN model 
using static routing than dynamic routing. The static routing does not have the ability 
to route packets avoiding congested network routers. Thus, congestion develops very 
quickly along the paths from zombies to the victim and around the victim altering 
“natural packet traffic” distributions and the entropy “fingerprint” profiles. For 
networks using dynamic routings packet traffics are more evenly distributed among 
the routers and it takes longer for congestion to develop, most likely, first around the 
victim and from there to spread out into the network. Also, we noticed that entropy 
functions of packet traffic monitored at properly selected small sets of “normal” 
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routers may retain qualitatively the same information about the packet traffic 
dynamics as the entropy functions calculated over 100% of all “normal” routers. In 
conclusion, we demonstrated that information entropy and entropy functions have the 
ability to detect DDoS attacks. However, several questions need to be explored 
further, i.e. how to select the monitored routers and how many of them so that entropy 
functions can reliably detect anomalous packet traffic regardless of its intensity.  
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Abstract. Despite the large size of most communication systems such
as the Internet and World Wide Web (WWW), there is a relatively short
path between two nodes, revealing the networks’ small world character-
istic which speeds the delivery of information and data. While these net-
works have a surprising error tolerance, their scale-free topology makes
them fragile under intentional attack, leaving us a challenge on how to im-
prove the networks’ robustness against attack without losing their small
world merit. Here we try to enhance scale-free network’s tolerance under
attack by using a method based on networks’ topology re-constructing.

Keywords: Complex network, scale-free network, network, robustness,
intentional attack.

1 Introduction

Small world and scale free are widely observed in most communication systems,
such as the Internet, the World Wide Web (WWW) and Wireless Sensor Network
(WSN) [Albert et.al 1999; Albert and Barabsi 2002]. The small world property
of these communication networks is characterized by their short average path
length [Watts and Strogatz 1998], which guarantees the efficient delivery of infor-
mation and data. Usually, in these networks nodes are not uniformly distributed
but follow a power-law distribution [Barabsi and Albert 1999], implying that
these networks are scale-invariant without a ’typical’ node (a Gaussian distri-
bution has a mean node). The scale-free property which is rooted in network’s
inhomogeneous connectivity distribution seriously reduces the network’s attack
survivability, making scale-free not a good candidate topology for communica-
tion systems [Albert and Barabsi 2002; Callaway et.al 2002]. However, small
world is not the causality of scale-free; for example, a random network which
has a Gaussian degree distribution can also be a small world network [Albert and
Barabsi 2002]. This fact and the feasibility of re-constructing the communication
systems’ topological structure enable us to construct an ideal communication
network with message delivery efficiency and strong attack tolerance.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1823–1826, 2009.
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2 Method and Algorithm

There are some candidacy methods to archive our goal. For instance, rewired
the network, add a links or node as less as possible, replace the hub as a special
sub graph.

We re-construct the network by combined several methods and detaching
hub’s neighbor nodes with the increasing of average path length less than one.

The idea of network rewiring algorithm is proposed as following: a. Find out
the largest hub which has the maximum degree in the network. b. Select the
pivot node which connects to the hub and has the minimum degree. c. Delete
the link between the pivot node and the largest hub and connect the pivot node
to the node with the second smallest degree. Then set a ’nonHubChanged’ tag
to these two nodes to avoid redo the change work. d. If the connectivity of the
network has changed then redo the rewire process by selecting another minimum
degree node as the pivot node. The new pivot’s selection rule is: select the node
with a degree equal to less than the old pivot’s degree. e. If the connectivity of the
network dose not change after rewired, go to a again. Otherwise go to f. f. Set a
’hubChanged’ tag to the hub. If still have some nodes without any changed tag.
Selected anther node as hub in remained set nodes. Then go to d.

After re-linked, the degrees of the hubs have been reduced without increasing
the network’s average same degree.

In Fig. 1, we show a subset network of WWW and the rewired network based
on our algorithm. We can see that the average path length of the network only
increased less than one, however, the in P(k) k- has a sharp decrease, implying
that we successfully decrease the network’s scale-free property by not losing its
small world characteristic.

The parameter Sg/So is wildly used to describe the robustness of networks.
Where Sg is the size of the largest component in the network after damaged net-
work and So is the largest component size of original network. We observe this

Fig. 1. Sub network of WWW and its re-constructed network
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parameter as changing the links in subset network of WWW and the original
one as Fig 2 shows:

Fig. 2. Attack the top degree nodes

We randomly remove nodes from the original and rewired network. We find
that both the original network and the rewired network have the same compo-
nents until removed 30.

On the contrary, after removing the top three percent degree nodes, the origi-
nal network are divided into two parts. But the rewired network is still connected.
This means under intended attack, the rewired network is stronger than original
one.

3 Conclusion

In this paper, we proposed an algorithm to enhance robustness of complex com-
munication networks under intentional attacks. We considered the scale free is
a crucial property associated robust of network. We found that after rewired
network follow the algorithm the degree of big hub will be decrease, then the
result from attack will be alleviated. On the other hand, the average path length
of the network only has a neglectable difference between the rewired and original
network.
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Abstract. In this paper, we abstract a kind of stochastic processes from
evolving processes of growing networks, this process is called growing
network Markov chains. Thus the existence and the formulas of degree
distribution are transformed to the corresponding problems of growing
network Markov chains. First we investigate the growing network Markov
chains, and obtain the condition in which the steady degree distribution
exists and get its exact formulas. Then we apply it to various growing
networks. With this method, we get a rigorous, exact and unified solu-
tion of the steady degree distribution for growing networks.

Keywords: growing network Markov chains, BA model, scale-free,
degree distribution.

1 Introduction

Barabási and Albert [1] found that for many real-world networks, e.g., the World
Wide Web(WWW), the fraction of vertices with degree k is proportional over a
large range to a power-law tail, i.e. P (k) ∼ k−γ , where γ is a constant indepen-
dent of the size of the network. For purpose of opening up mechanism producing
scale-free property, they proposed the well known BA model and summarized
the reasons: growth and preferential attachment. The proposing of BA model
led to a great echo among people, with hundreds of advanced network models
proposed and studied,it also gave rise to a new upsurge in studying complex
networks. Some important examples are as follows:

Example 1 (BA model [1]). Barabási and Albert et al. proposed a model which
starts with a small number (m0) of vertices, at each time step add a new vertex
with m (≤ m0) edges that link the new vertex to m different vertices already
present in the system. To incorporate preferential attachment, they assumed the
probability Π that the new vertex will be connected to a vertex i depends on
the connectivity ki of vertex i, that is Π(ki) = mki/

∑
j kj . After t steps the

model leads to a random network with t + m0 vertices and mt edges. Let ki(t)
denotes the degree of vertex i at time t, from the mechanism of the model we
know that ki(t) is a Markov chain.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1827–1837, 2009.
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Example 2 (Growing network with random links). Each vertex is choosen
randomly in this case, that is, Πi = 1/t, everything else remains the same as BA
model.

Example 3 (LL model(i) [2]). The model is proposed like this: at each time step
a new node with m links (edges) is added, and the probability Πi is determined
by m (1−p)ki+p∑

j [(1−p)kj+p] , where 0 ≤ p ≤ 1 is a parameter characterizing the relative
weights between the deterministic and random contributions to Πi, and the sum-
mation is over the whole network at a given time. The model reduces to the BA
model for p = 0 and it becomes a completely random network for p = 1. So far the
evolving mechanism of the LL model has not found, so we introduce the following
example in which the boundary between preferential and random are clear.

Example 4 (LL model(ii)). Everything else remains the same as the former ex-
ample except that Πi = m(1−p)

2mt+N0
k + mp

t+m0
.

Example 5 (Generalized collaboration networks [3]). Zhang P.P., et al. supposed
the initial network to be several complete graphs with m0 vertices, the sum of
degree ki0 is k0. At each time step add a new vertex to the network and connect
it to T − 1(T is a constant) different vertices already present in the system. The
probability that vertex i get a link is proportional to the degree of the vertex,
i.e. Πi = ki/

∑
l kj . After this, link all the T vertices to form a complete graph.

Example 6 (ZRZ model [4]). The initial network (t = 0) is a complete graph (m-
complete graph) with m vertices and C2

m edges. At each time step a new vertex
is added to the network, it will connect to all the vertices of a m−complete graph
selected randomly, that is m + 1 people are collaborated in an act.

Example 7 (KK model [5]). At the beginning (t = 1) we have one group with
one element in it. At each time step we add a new element to the system. With
probability p it will belong to one of existing groups. The probability that it
joins the ith group is proportional to the size of the group (ki/N) (the number
of elements is equal to the time i.e. N = t). With probability q = 1− p, the new
element will belong to a new group.

Example 8 (DMS model [6]). At each time step a new site appears. Simultane-
ously, m new directed links coming out from non-specified sites are introduced.
Let the connectivity qs be the number of incoming links to a site s, i.e., to a site
added at time s. The probability that a new link points to a given site s is pro-
portional to the following characteristic of the site: Hs = H+qs, thereafter called
its attractiveness. All sites are born with some initial attractiveness H ≥ 0, but
afterwards it increases because of the qs term. Note that one may allow multiple
links, i.e., the connectivity of a given site may increase simultaneously by more
than one.
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Example 9 (LCD model [7]). Based on BA model, Bollobás et al. proposed an-
other model which allows multiple links and loops.

Except LCD model, the existence and deduction of degree distribution of the
present models (including the noted BA model) are devoid of exact mathematics
basis. Recently, a mechanism for BA model is given in [8] and [9]. Moreover the
existence and exact formulas of the degree distribution were also provided. In
this paper we abstract a kind of Markov chains from enumerated models, we call
it as growing network Markov chains. First we investigate the growing network
Markov chains, and obtain the condition in which the steady degree distribution
exists and get its exact formulas. Then we apply it to various growing networks.
With this method, we get a rigorous, exact and unified solution of the steady
degree distribution for growing networks.

2 Non-multiple Growing Network Markov Chains

For any i = 1, 2, · · · , ki(t)(t = i, i + 1, · · ·) are Markov chains non-decrease with
respect to t taking values in {0, 1, 2, · · ·}. Suppose there exists a positive integer
i0, s.t, {ki(t)}(i ≥ i0) have the initial distribution P{ki(i) = k} = dk,i, with
transition probability

P{ki(t + 1) = l|ki(t) = k} =

⎧⎨
⎩

ft(k), l = k + 1
1− ft(k), l = k
0, otherwise

(1)

where 0 < ft(k) < 1. Let P (k, i, t) := P{ki(t) = k}(t = i, i + 1, · · ·), P (k, t) :=
1
t

t∑
i=1

P (k, i, t).

Definition 1. The above Markov chains {ki(t)}t=i,i+1,···(i = 1, 2, · · ·) are called
series of non-multiple growing network Markov chains, for short we call it non-
multiple growing network Markov chains, if the limit P (k) = lim

t→∞
P (k, t) exists,

and

P (k) ≥ 0,
∞∑

k=0

P (k) = 1 (2)

we say that the degree distribution of non-multiple growing network Markov
chains exists, and P (k) is the steady degree distribution of {ki(t)}. Further, if
P (k) is power-law, i.e.,

P (k) ∼ k−γ(k ≥ k0) (3)

{ki(t)} are called scale-free non-multiple growing network Markov chains.

Lemma 1. If lim
i→∞

dk,i = dk exists and satisfies
∞∑

k=0

dk = 1. lim
t→∞

tft(k) :=

F (k) also exists, and there is a non-negative integer m to satisfy dk = 0, k =
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0, 1, · · · ,m − 1, dm > 0, and F (k) > 0(k = m,m + 1, · · ·). Then lim
t→∞

P (m, t)
exists, moreover

P (m) =
dm

1 + F (m)
(4)

Proof. With the Markovian property, we have

P (m, i, t + 1) = P (m, i, t)[1− ft(m)], (i ≤ t) (5)

By the definition of P (m, t) and P (m, t + 1, t + 1) = dm,t+1, we obtain

P (m, t + 1) =
t

t + 1
P (m, t)[1− ft(m)] +

1
t + 1

dm,t+1 (6)

The above difference equation has the following solution

P (m, t) =
1
t

t−1∏
i=1

[1− fi(m)]

⎧⎨
⎩P (m, 1) +

t−1∑
l=1

dm,l+1

l∏
j=1

[1− fj(m)]−1

⎫⎬
⎭ (7)

Let

xt = P (m, 1) +
t−1∑
l=1

dm,l+1

l∏
j=1

[1− fj(m)]−1

yt = t

t−1∏
i=1

[1− fi(m)]−1 > t →∞

We easily have

xt+1 − xt = dm,t+1

t∏
j=1

[1− fj(m)]−1

yt+1 − yt = [1 + tft(m)]
t∏

j=1

[1− fj(m)]−1 > 0

With lim
t→∞

tft(m) = F (m), we have

xt+1 − xt

yt+1 − yt
=

dm,t+1

1 + tft(m)
→ dm

1 + F (m)
, (t →∞) (8)

With the Stolz-Cesáro theorem [10], we have Eq (4) and complete the proof. 
�

Lemma 2. If the conditions in Lemma 1 are all satisfied, and for k > m,
lim

t→∞
P (k − 1, t) exists, then lim

t→∞
P (k, t) exists, moreover

P (k) =
F (k − 1)
1 + F (k)

P (k − 1) +
dk

1 + F (k)
(9)
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Proof. With the Markovian property, we have

P (k, i, t + 1) = P (k, i, t)[1− ft(k)] + P (k − 1, i, t)ft(k − 1) + dk,t+1 (10)

The definition of P (k, t) and P (k, t + 1, t + 1) = dk,t+1 yield

P (k, t + 1) =
t

t + 1
P (k, t)[1− ft(k)] +

t

t + 1
P (k − 1, t)ft(k − 1) +

dk,t+1

t + 1
(11)

The above difference equation has the following solution

P (k, t) =
1
t

t−1∏
i=1

[1− fi(k)]×

{P (k, 1) +
t−1∑
l=1

[lP (k − 1, l)fl(k − 1) + dk,l+1]
l∏

j=1

[1− fj(k)]−1} (12)

Similar to Lemma 1 we have Eq(9), then complete the proof. 
�

Theorem 1. If the conditions in Lemma 1 are all satisfied, the steady degree
distribution of {ki(t)} exists, moreover

P (k) =

⎧⎪⎪⎨
⎪⎪⎩

dm

1+F (m) , k = m
k−1∏
i=m

F (i)
1+F (i+1) [

dm

1+F (m) +
k−1∑
l=m

dl+1
1+F (l+1)

l∏
j=m

F (j)
1+F (j+1)

], k > m (13)

Proof. From Lemma 1 and Lemma 2, Eq (13) comes into existence. 
�

Theorem 2. Suppose there is a non-negative integer M ≥ m and satisfies dk =
0(k > M). And if there two constants A,B, satisfy F (k) = Ak + B, then

(I)The degree distribution P (k) satisfies

∞∑
k=m

P (k) = 1 (14)

(II) If A > 0, then {ki(t)} are Scale-free growing network Markov chains, and

P (k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dm

1+Am+B , k = m
k−1∏
i=m

Ai+B
1+A(i+1)+B [ dm

1+Am+B +
k−1∑
l=m

dl+1
1+A(l+1)+B

l∏
j=m

Aj+B
1+A(j+1)+B

], m < k ≤ M

Γ (k+ B
A )

Γ (k+ B
A +1+ 1

A )

Γ (M+ B
A +1+ 1

A )

Γ (M+ B
A )

M−1∏
i=m

Ai+B
1+A(i+1)+B [ dm

1+Am+B

+
M−1∑
l=m

dl+1
1+A(l+1)+B

l∏
j=m

Aj+B
1+A(j+1)+B

] ∼ k−(1+ 1
A ), k > M

(15)
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Specially, if dm = 1, dk = 0(k �= m), then

P (k) =

{
1

1+Am+B , k = m
Γ (k+ B

A )

Γ (k+ B
A +1+ 1

A )

Γ (m+ B
A +1+ 1

A )

Γ (m+ B
A )

1
1+Am+B ∼ k−(1+ 1

A ), k > m
(16)

(III) If A = 0, B > 0, {ki(t)} are scale-free growing network Markov chains.
(IV) The case for A < 0 or A = 0, B < 0 will never happen.

Proof. From Eq(4), (9) and the given condition, we easily obtain Eq(14). (II),
(III) and (IV) are also easily proved. 
�

Let ki(t) denote the degree of the vertex added at time-step i evolved at time t in
the former examples, and {ki(t)} are growing network Markov chains. Therefore
we can apply Theorem 1 and Theorem 2 to the former examples.

Example 1. We have dm = 1 and ft(k) = mk
2t , so A = m

2 , B = 0

P (k) =

{
2

m+2 , k = m
Γ (k)

Γ (k+3)
Γ (m+3)

Γ (m)
2

m+2 ∼ 2m2k−3, k > m
(17)

the network is scale-free with scaling exponent γ = 3. This is identical with the
results in [1][6][11][8][9]. A different and exact proof of degree distribution and
an evolving mechanism of this model have been provided in papers [8] and [9] .

Example 2. From the model we have dm = 1 and ft(k) = m
t , so A = 0, B = m.

The steady degree distribution exists, and

P (k) =
m

1 + m
P (k − 1) =

(
m

1 + m

)k−m 1
1 + m

(18)

is exponentially distributed, the network is not scale-free.

Example 3. dm = 1 and ft(k) = m 1−p
(1−p)2mt+ptk + m p

(1−p)2mt+pt ,
A = m 1−p

(1−p)2m+p , B = m p
(1−p)2m+p . If p �= 1, the degree distribution

P (k) =

⎧⎪⎪⎨
⎪⎪⎩

2m+(1−2m)p
m2+2m+(1−m2−m)p , k = m

Γ (k+ p
1−p )

Γ (k+ p
1−p +3+ p

m(1−p) )

Γ (m+ p
1−p +3+ p

m(1−p) )

Γ (m+ p
1−p )

2m+(1−2m)p
m2+2m+(1−m2−m)p

∼ k−(3+ p
m(1−p) ), k > m

(19)

is power-law with scaling exponent γ = 3 + p
m(1−p) . P (k) follows exponential

distribution if p = 1.

Example 4. We have dm = 1,ft(k) = m 1−p
2mt+N0

k + mp
t+m0

.A = 1−p
2 , B = mp.

P (k) =

⎧⎨
⎩

2
2+m+mp , k = m

Γ (k+ 2mp
1−p )

Γ (k+ 2mp
1−p +1+ 2

1−p )

Γ (m+ 2mp
1−p +1+ 2

1−p )

Γ (m+ 2mp
1−p )

2
2+m+mp , k > m

(20)
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If p = 1, P (k) is not power-law, and if p �= 1

P (k) ∼ k−(1+ 2
1−p ) (21)

is power-law with the scaling exponent γ = 1 + 2
1−p .

Example 5. We get d1 = 1,ft(k) = (T−1)k
k0+Tt , so A = T−1

T , B = 0. So the network
is scale-free and the degree distribution is

P (k) ∼ k−(1+ T
T−1 ) (22)

and scaling exponent is γ = 1 + T
T−1 .

Example 6. dm = 1(m > 2), ft(k) = (m−1)k
mt+1 − m(m−2)

mt+1 , so A = m−1
m , B =

−m(m− 2). The network is scale-free and the degree distribution is

P (k) ∼ k−(1+ m
m−1 ) (23)

with scaling exponent γ = 1 + m
m−1 .

Example 7. d0 = p, d1 = 1− p, ft(k) = pk
t , so A = p, B = 0, in this model ki(t)

denotes the number of elements in group added at time-step i evolved at time t.
The degree distribution is

P (k) =

⎧⎪⎨
⎪⎩

p, k = 0
1−p
1+p , k = 1
Γ (k)Γ (2+ 1

p )

Γ (k+1+ 1
p )

1−p
1+p , k > 1

(24)

so it’s power-law and the scaling exponent is γ = 1 + 1
p .

3 Multiple Growing Network Markov Chains

The degree of a vertex can increase at most 1 in network of non-multiple links.
However, the degree can increase more than 1 if multiple links is permitted.
We have found that the probability of vertex’s degree increase more than 1
is the high-level of infinitesimal. For the purpose of investigating the degree
distribution of multiple linking growing network, we introduce multiple growing
network Markov chains.

For any i = 1, 2, · · · , ki(t)(t = i, i + 1, · · ·) are Markov chains non-decrease
with respect to t taking values in {0, 1, 2, · · ·}, suppose there exists a positive
integer i0, s.t, {ki(t)}(i ≥ i0) have the initial distribution P{ki(i) = k} = dk,i,
with transient probability matrix
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0,0 p0,1 o0,2(1
t ) · · · o0,m′(1

t )
p1,1 p1,2 o1,3(1

t ) · · · o1,m′+1(1
t ) 0

. . . . . . . . . . . . . . .
pK,K pK,K+1 oK,K+2(1

t ) · · · oK,K+m′(1
t )

0 1 0 · · ·
. . . . . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (25)

where pk,l = P{ki(t + 1) = l|ki(t) = k}. For k ≤ K(K is the maximum degree
of vertex i at t)

pk,l =

⎧⎪⎪⎨
⎪⎪⎩

1− ft(k)−
∑k+m′

s=k+2 ok,s(1
t ), l = k

ft(k), l = k + 1
ok,l(1

t ), k + 1 < l ≤ k + m′

0, else

(26)

and for k > K

pk,l =
{

1, l = k
0, l �= k + 1 (27)

Definition 2. The above Markov chains {ki(t)}t=i,i+1,···(i = 1, 2, · · ·) are called
series of multiple growing network Markov chains, for short we call it multiple
growing network Markov chains , if the limit P (k) = lim

t→∞
P (k, t) exists, and

P (k) ≥ 0,
∞∑

k=0

P (k) = 1 (28)

we say that degree distribution of multiple growing network Markov chains exists,
and P (k) is the steady degree distribution of {ki(t)}. Further, if P (k) is power-
law, i.e.,

P (k) ∼ k−γ(k ≥ k0) (29)

{ki(t)} are called scale-free multiple growing network Markov chains.

Lemma 3. If lim
i→∞

dk,i = dk exists and satisfies
∞∑

k=0

dk = 1. lim
t→∞

tft(k) :=

F (k) also exist, and there is a non-negative integer m to satisfy dk = 0, k =
0, 1, · · · ,m − 1, dm > 0, and F (k) > 0(k = m,m + 1, · · ·). Then lim

t→∞
P (m, t)

exists, moreover

P (m) =
dm

1 + F (m)
(30)
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Proof. With the Markovian property, we have

P (m, i, t + 1) = P (m, i, t)pm,m, (i ≤ t) (31)

By the definition of P (m, t) and P (m, t + 1, t + 1) = dm,t+1, we have the
following equation

P (m, t + 1) =
t

t + 1
P (m, t)[1− ft(m)−

m+m′∑
s=m+2

om,s(
1
t
)] +

1
t + 1

dm,t+1 (32)

the above difference equation has the following solution

P (m, t) =
1
t

t−1∏
i=1

[1− fi(m)−
m+m′∑
s=m+2

om,s(
1
i
)]×

⎧⎨
⎩P (m, 1) +

t−1∑
u=1

dm,u+1

u∏
j=1

[1− fj(m)−
m+m′∑
s=m+2

om,s(
1
j
)]−1

⎫⎬
⎭ (33)

Similar to Lemma 1 we have Eq (30). 
�

Lemma 4. If the conditions in Lemma 3 are all satisfied, and lim
t→∞

P (k − 1, t)

exists, then lim
t→∞

P (k, t) exists, moreover

P (k) =
F (k − 1)
1 + F (k)

P (k − 1) +
dk

1 + F (k)
(34)

Proof. With the property of the Markov chains, we have

P (k, i, t + 1)=P (k, i, t)pk,k+P (k − 1, i, t)pk−1,k +
m′∑
l=2

P (k − l, i, t)pk−l,k (35)

By the definition of P (k, t) and P (k, t+ 1, t+ 1) = dk,t+1, we have the following
relation

P (k, t + 1) =
t

t + 1
P (k, t)[1− ft(k)−

k+m′∑
s=k+2

ok,s(
1
t
)] +

t

t + 1
P (k − 1, t)ft(k − 1)

+
m∑

l=2

t

t + 1
P (k − l, t)ok−l,k(

1
t
) +

1
t + 1

dk,t+1 (36)

Solve the above difference equation we have

P (k, t) =
1
t

t−1∏
i=1

[1− fi(k)−
k+m′∑
s=k+2

ok,s(
1
i
)]{P (k, 1) +

t−1∑
u=1

[uP (k − 1, u)fu(k − 1)

+
m′∑
l=2

uP (k − l, u)ok−l,k(
1
u

) + dk,u+1]
u∏

j=1

[1− fj(k)−
k+m′∑
s=k+2

ok,s(
1
j
)]−1} (37)
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Similar to Lemma 1 we have

P (k) = lim
t→∞

P (k, t)

= lim
t→∞

tP (k − 1, t)ft(k − 1) +
∑m′

l=2 tP (k − l, t)ok−l,k(1
t ) + dk,t+1

(t + 1)− t[1− ft(k)−
∑k+m′

s=k+2 ok,s(1
t )]

= lim
t→∞

tP (k − 1, t)ft(k − 1) + dk,t+1

1 + tft(k) + t
∑k+m′

s=k+2 ok,s(1
t )

+ lim
t→∞

∑m′

l=2 tP (k − l, t)ok−l,k(1
t )

1 + tft(k) + t
∑k+m′

s=k+2 ok,s(1
t )

=
F (k − 1)
1 + F (k)

P (k − 1) +
dk

1 + F (k)
(38)

then complete the proof. 
�
Theorem 3. If the conditions in Lemma 3 are all satisfied, then the steady
degree distribution of {ki(t)} exists. Moreover,

P (k) =

⎧⎪⎪⎨
⎪⎪⎩

dm

1+F (m) , k = m
k−1∏
i=m

F (i)
1+F (i+1) [

dm

1+F (m) +
k−1∑
l=m

dl+1
1+F (l+1)

l∏
j=m

F (j)
1+F (j+1)

], k > m (39)

Proof. From Lemma 3 and Lemma 4, Eq (39) comes into existence. 
�
Theorem 4. Theorem 2 is also held when allowing multiple linking and loops.

Theorem 5. If ft(k) = atk+ bt + ok(1
t ), we have lim

t→∞
tft(k) := F (k) = Ak+B

if and only if lim
t→∞

tat = A, lim
t→∞

tbt = B.

Example 8. From the DMS model we get: d0 = 1, ft(k) = m k+H
(m+H)t , so A =

m
m+H , B = mH

m+H , with Theorem 3 and Theorem 4, we have

P (k) =

{
m+H

m+H+mH , k = 0
Γ (k−1+H)

Γ (k+1+H+ H
m )

Γ (H+2+ H
m )

Γ (H)
m+H

m+H+mH ∼ k−(2+ H
m ), k > 0

(40)

So the network is scale-free and degree exponent is 2 + H
m .

Example 9. From the model we get dm = 1, ft(k) = m k
2mt+m , so A = 1

2 , B = 0,
with Theorem 3 and Theorem 4, we have

P (k) =

{
2

m+2 , k = m
Γ (k)

Γ (k+3)
Γ (m+3)

Γ (m)
2

m+2 ∼ 2m2k−3, k > m
(41)

it is the same as in [7].
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Abstract. We propose a two-component growing network model which
comprises two kinds of nodes. Such a network is constructed by intro-
ducing new nodes of either kind with no immediate links and creating
new links between any two nodes. We then investigate the connectivity
of the two-component growing network by means of the rate equation
approach. For a network system with shifted linear connection rate ker-
nels, the in-degree and out-degree distributions take power-law forms;
while for a random growing network, the in-degree and out-degree dis-
tributions are both exponential. Moreover, the in-degree and out-degree
distributions are correlated each other.

Keywords: growing network, connectivity, scale-free, rate equation
approach.

1 Introduction

In terms of random graph, a network consists of nodes and possible links between
any two nodes, in which nodes denote the individuals while links represent the
interactions between two different individuals [1]. And many real-world natural
and social systems, such as the World Wide Web [2], Internet [3], metabolic
network [4], and the science co-authorship [5, 6], can be abstracted as complex
networks. In recent few years, a great deal of effort has been devoted to un-
derstanding various aspects of complex networks from topological structure to
dynamics (see [7-9] and references therein). Most interestingly, many real-world
complex networks are of scale-free and small-world topological structure [10-13].
It is exhibited that in a wide variety of open growing network systems, the de-
gree distribution nk approaches a power-law form, nk ∼ k−ν [14-20].

There are many important models contributing to the interpretation of topo-
logical properties of complex networks. Starting from a ring lattice, Watts and
Strogatz constructed a complex network through random rewiring procedure,
which interpolates between regular and random networks and displays small-
world properties [11]. Barabási and Albert introduced a famous growing network
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model to show the possible origin of scale-free topology of complex networks,
which is well-known as the BA model [12]. The standard BA model yields a
power-law degree distribution with a fixed exponent ν = 3, while some extended
versions of the BA model can “tune” the exponent ν by augmenting the linear
connection kernel to the asymptotically linear connection kernel [16-18].

It should also be pointed out that most of these investigations ignored the di-
versity of nodes and focused only on the single-component networks that comprise
a sole kind of nodes. However, many real-world networks are typically composed
of distinct nodes and links. For example, in the web of human sexual contacts [10],
there are two kinds of individuals, males and females. In a mammalian cell cycle
regulatory system [21], there exist a great diversity of enzymes and substrates as
nodes [19]. As far as we know, there are only a few works devoting their effort to
network models consisting of more than one kind of nodes [19, 20, 22]. Cheng et
al. studied an inhomogeneous network consisting of two kinds of nodes denoted
by A and B [19], in which a type-B node is only permitted to be linked by a type-
A node while a type-A node can be connected either by an A or B node. Kim et
al. investigated the topological properties of a growing network model that incor-
porates multiple species and initial link probabilities [20]. In our previous work,
we proposed a multicomponent growing network model which consists of many
kinds of nodes as well as links only between the nodes of different kind [22]. It is
found that multicomponent networks can also have scale-free topology when the
connection rate kernels are linear or shifted linear.

In this work, we construct a two-component growing network on the basis
of the network models proposed in [19, 20]. Assume that there are two kinds
of nodes denoted by A and B. At each time step, a new link is added to the
network in one of three ways: (i) with probability r a new link is created between
two already existing nodes of different kind; (ii) with probability q1 a new link
is created between two already existing type-A nodes; (iii) with probability q2 a
new link is created between two already existing type-B nodes. Meanwhile, new
nodes are continuously introduced to the system with no immediate links. A new
type-A node is added at a rate p1 and a new type-B node at a rate p2. Here, we
assume that the parameters r, ql and pl (l = 1, 2) are all fixed constants. While
for some situations, the values of the parameters may change with time, and
we shall defer it to a future work. We believe that our model may mimic some
real-world complex systems such as the above-mentioned human sexual contact
web (including homosexual and heterosexual).

The rest of the paper is organized as follows. In Sec. 2, we investigate the two-
component growing network model by using the rate-equation approach and then
analyze the scale-free properties of the degree distribution. A brief summary is
given in Sec. 3.

2 Analytical Solution of Degree Distribution

One can employ the standard probabilistic method or generating function
technique to determine the analytical expression of the degree distribution of a
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growing network model (see, e.g., [1, 23]). Here, we shall investigate the evolu-
tion properties of the two-component growing network model by means of the rate
equation approach (see, e.g., [16-18]). Let Nij(1) (Nij(2)) be the number of type-A
(-B) nodes with i in-links to the nodes of the same kind as well as j out-links to
the nodes of different kind. The joint-degree distribution Nij(l) (l = 1, 2) evolves
according to the rate equation

dNij(l)

dt
= r

Al(i; j − 1)Ni,j−1(l) −Al(i; j)Nij(l)∑
l,m Al(l;m)Nlm(l)

+2ql

Bl(i− 1; j)Ni−1,j(l) −Bl(i; j)Nij(l)∑
l,m Bl(l;m)Nlm(l)

+ plδi0δj0. (1)

Here, Al(i; j) represents the preferential connection rate at which a newly intro-
duced link between two nodes of differen kind is originated from the preexisting
node V

(l)
ij with i in-degrees and j out-degrees, while Bl(i; j) represents the pref-

erential connection rate at which a newly introduced link between two nodes
of the same kind is originated from the preexisting node V

(l)
ij (V (1)

ij denotes a

type-A node and V
(2)
ij denotes a type-B node). In equation (1), the first term

accounts for the the gain/loss in the number Nij(l) due to the new link (between
two nodes of different kind) originated from the nodes V

(l)
i,j−1, while the second

term accounts for the gain/loss in the number Nij(l) due to the new link (be-
tween two nodes of the same kind) originated from or ended in V

(l)
i,j−1 or V

(l)
ij .

It is worth noting that during each connection operation between two nodes of
the same kind, one node can be selected as the origin node as well as the target
node and thus, the factor 2 must be introduced in the second term. The last
term accounts for the continuous introduction of new nodes with no immediate
links. It should be noticed that in the context of this paper l = 1, 2.

The total number of nodes of the same kind is M0(l)(t) =
∑

i,j Nij(l)(t). Sum-
ming up equation (1) over all i and j, we obtain the evolution equation of the
total number of nodes of either kind, Ṁ0(l)(t) = pl, which yields the solution
M0(l)(t) = plt + M0(l)(0). It is obvious that the total number of the nodes of
either kind increases at a fixed rate independent of the connection rate kernels
(Al(i; j) and Bl(i; j)). Moreover, let Il(t) and Jl(t) be the total in-degree and
the total out-degree of the nodes of the same kind, respectively. Then we have
Il(t) =

∑
i,j iNij(l)(t) and Jl(t) =

∑
i,j jNij(l)(t). Multiplying equation (1) with

i and summing them up, one can find that the total in-link of the network
evolves as İl(t) = 2ql, with the exact solution Il(t) = 2qlt + Il(0). Multiplying
equation (1) with j and summing them up, we deduce J̇l(t) = r, which gives
Jl(t) = rt + J1(0). These show that both the total in-degree and the total out-
degree are also independent of the connection rate kernels. Except for the total
number of nodes and the total in(out)-degree, the degree distributions as well
as their higher moments may be dependent crucially on the connection kernels.

According to the comprehensive results of [16, 17], we can conclude that for
a network model with linear or sublinear connection rate kernels, the solution of
equation (1) takes the following form at large times:
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Nij(l)(t) = nij(l)t, (2)

where nij(1) is independent of time t. Here, nij(l) is also called the degree distri-
bution. Otherwise, if at least one of the connection rate kernels is superlinear, the
so-called “winner takes all” phenomenon [16], a single dominant gel node linked
to almost all other nodes, will emerge in our model. Thus, in order to derive
the analytical solution of the degree distribution from equation (1), one should
know in detail the concrete forms of all the connection rate kernels. In this work,
we focus mainly on the growing network with shifted linear connection kernels.
Such a network can exhibit the scale-free properties of the degree distribution,
which is in agreement with the realistic topology properties of some real-world
systems, such as the World wide web.

We consider the connection kernels Al(i; j) = j + λl and Bl(i; j) = i + µl.
In order to ensure that the corresponding connection rates are positive, the pa-
rameters λl and µl are four constants larger than zero. These parameters are
also called additional attractiveness (see, e.g., [24]). In the long-time limit, the
degree distribution takes the form (2). Substituting equation (2) into equation
(1), we recast the governing rate equation into the following recursion equation:

[1 + 2qlb
−1
l (i + µl) + ra−1

l (j + λl)]nij(l) = 2qlb
−1
l (i + µl − 1)ni−1,j(l)

+ra−1
l (j + λl − 1)ni,j−1(l) + plδi0δj0, (3)

where al = r + λlpl and bl = 2ql + µlpl.
We first determine the in-degree and out-degree distributions,

nin
i(l) =

∑
j≥0 nij(l) and nout

j(l) =
∑

i≥0 nij(l). Summing up equation (3) over all
j ≥ 0 and i ≥ 0, respectively, we obtain the recursion equations for the in-degree
and out-degree distributions,

[i + µl + bl(2ql)−1]nin
i(l) = (i + µl − 1)nin

i−1(l) + plbl(2ql)−1δi0, (4)

(j + λl + alr
−1)nout

j(l) = (j + λl − 1)nout
j−1(l) + plalr

−1δj0. (5)

By solving the recursion equations (4) and (5) we can obtain the in-degree and
out-degree distributions as follows:

nin
i(l) =

c1lΓ (i + µl)
Γ [i + 1 + µl + bl(2ql)−1]

, nout
j(l) =

c2lΓ (j + λl)
Γ (j + 1 + λl + alr−1)

, (6)

where c1l = plblΓ [1 + µl + bl(2ql)−1][(bl + 2µlql)Γ (µl)]−1 and c2l = plalΓ (1 +
λl + alr

−1)[(al +λlr)Γ (λl)]−1. For large i and j, we find that both the in-degree
and out-degree distributions take the power-law scale-free forms,

nin
i(l) ∼ i−2−µlpl/2ql , nout

j(l) ∼ i−2−λlpl/r. (7)

The exponents for the in-degree and out-degree distributions can both vary from
2 to ∞ by augmenting the model parameters.

We then discuss the joint-degree distribution. It is of interest to determine
some special joint-degree distributions ni0(l) and n0j(l). Obviously, ni0(l) denotes
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the number of nodes only connecting to nodes of the same kind, while n0j(l)

denotes the number of nodes only connecting to nodes of different kind. From
the recursion equation (3) we can readily deduce

ni0(l) =
c3lΓ (i + µl)

Γ (i + 1 + µl + dl)
, n0j(l) =

c4lΓ (j + λl)
Γ (j + 1 + λl + fl)

, (8)

where dl = bl/(2ql) + rblλ1/(2alql), fl = al/r + 2qlalµl/(blr), c3l = alblplΓ (1 +
µl+dl)[Γ (µl)(albl+2alqlµl+blrλl)]−1, and c4l = alblplΓ (1+λl+fl)[Γ (λl)(albl+
2alqlµl + blrλl)]−1. For large k, both ni0(l) and n0j(l) take the power-law form

ni0(l) ∼ i−1−dl , n0j(l) ∼ j−1−fl . (9)

When 2qlal = rbl, one can deduce the exact expression of the joint-degree dis-
tribution. In this special case, the recursion equation (3) can be reduced to

(i + j + λl + µl + alr
−1)nij(l) = (i + µl − 1)ni−1,j(l) + (j + λl − 1)ni,j−1(l)

+plalr
−1δi0δj0. (10)

By introducing the substitution,

nij(l) =
Γ (i + µl)Γ (j + λl)

Γ (i + j + 1 + λl + µl + alr−1)
mij(l), (11)

equation (11) can be further simplified as

mij(l) = mi−1,j(l) + mi,j−1(l) + hlδi0δj0, (12)

where hl = plalΓ (1+λl +µl + alr
−1)[rΓ (λl)Γ (µl)]−1. Equation (12) can be ex-

actly solved by employing the generating function technique. Multiplying equa-
tion (12) by xiyj and summing them up over all i and j, we find that the
generating function

Gl(x, y) =
∑

i,j≥0

nij(l)x
iyj =

hl

1− x− y
. (13)

Expanding equation (13) in powers of x and y, we then obtain the exact solution
of the joint-degree distribution,

nij(l) =
hlΓ (i + j + 1)Γ (i + µl)Γ (j + λl)

Γ (i + j + 1 + λl + µl + alr−1)Γ (i + 1)Γ (j + 1)
. (14)

The results show that nij(l) �= nin
i(l) · nout

j(l). Hence, the in-degree and out-degree
distributions for either kind of nodes are correlated each other.

Unfortunately, there is no simple consistent expression for the joint-degree
distribution in general cases. By analyzing the recursion equation (3) we can
asymptotically obtain

nij(l) ∼
{

i−θljλl−1 for i � j � 1
j−ηl iµl−1 for j � i� 1, (15)

where θl = 1 + bl(2ql)−1 + rλlbl/(2alql) and ηl = 1 + alr
−1 + 2qlalµl/(blr).
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On the other hand, it is also instructive to determine the total degree distri-
bution Pk(l)(t) =

∑
i+j=k Nij(l)(t), which counts the number of the nodes hav-

ing the same link number without regard to the objects of their links. Letting
Pk(l)(t) = pk(l)t, we have pk(l) =

∑
i+j=k nij(l). By making use of equation (14)

we obtain the asymptotical expression of the total degree distribution at k � 1,

pk(l) ∼ k−2−λlpl/r, (16)

which takes the power-law form. However, it is difficult to deduce the explicit
expression of the total degree distribution for general cases, because we cannot
derive the exact solution of nij(l) from equation (3).

In order to verify that the connection rate kernels being shifted linear is the key
to bringing the scale-free degree distribution, we here investigate another special
case with complete random connection kernels. That is, Al(i; j) = Bl(i; j) ≡ 1
for all i and j. Equation (2) is also valid for this case. Then equation (1) can be
rewritten as

(pl + 2ql + r)nij(l) = 2qlni−1,j(l) + rni,j−1(l) + p2
l δi0δj0. (17)

Equation (17) can also be solved by introducing the generating function Hl(x, y)
=
∑

i≥0,j≥1 nij(l)x
iyj. Multiplying equation (17) with xiyj yields

Hl(x, y) =
p2

l

pl + 2ql + r − 2qlx− ry
. (18)

Expanding equation (18) in powers of x and y, we deduce the exact solution of
the joint-degree distribution as follows:

nij(l) =
(

1
pl + 2ql + r

)i+j+1

p2
l (2ql)irj Γ (i + j + 1)

Γ (i + 1)Γ (j + 1)
. (19)

We then turn to determine the in-degree and out-degree distributions. From
equation (17) we obtain

(pl + 2ql)nin
i(l) = 2qln

in
i−1(l) + p2

l δi0, (pl + r)nout
j(l) = rnout

j−1(l) + p2
l δj0. (20)

The recursion relations for in- and out-degrees can be easily solved to give

nin
i(l) =

p2
l

pl + 2ql

(
2ql

pl + 2ql

)i

, nout
j(l) =

p2
l

pl + 2ql

(
r

pl + r

)j

. (21)

For large i and j, the in-degree and out-degree distributions approach the expo-
nential forms as follows:

nin
i(l) ∼ exp[−k ln(1 + (2ql)−1pl)], nout

j(l) ∼ exp[−k ln(1 + r−1pl)]. (22)

For this random network system, we also have nij(l) �= ni(l) · nj(l). Hence, the
in-degree and out-degree of nodes are correlated each other.
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3 Summary

We have proposed a two-component growing network model, in which new nodes
of either kind are continuously added to the system with no immediate links and
new links are created between any two nodes. By means of the rate equation
approach we have obtained the analytical solutions of the degree distributions
for the two-component growing network with shifted linear or complete random
connection rate kernels. Obviously, the network has two kinds of links, in-links
between nodes of the same kind and out-links between nodes of different kind. We
have analyzed in detail the connectivity of the two-component growing network
system, including the in-degree, out-degree, and joint-degree distributions.

For a network with all the connection rates being shifted linear, the in-degree
and out-degree distributions take the power-law forms. And the joint-degree
distribution nij(l) may take a power-law form in the case of i � j � 1 or
j � i � 1. Moreover, the total-degree distribution for either kind of nodes may
also take a power-law form in some special cases. For the random network with
constant connection rate kernels, the in-degree and out-degree distributions both
take the exponential forms. It is also exhibited that the in-degree and out-degree
are correlated each other.

On the other hand, by choosing the parameters (such as ql = 0, i.e., the links
between any two nodes of the same kind are prohibited) our model can exhibit
the power-law degree distribution in accord with the measurements of the human
sexual contact web [10]. This two-component network model can be expected to
mimic some real-world complex systems, especially, the human sexual contact
web in which measurements distinguish homosexual contacts from heterosexual
contacts.
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ence Foundation of China under Grant Nos. 10305009 and 10775104.
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Abstract. A degree-thresholding renormalization method is recently in-
troduced to find topological characteristics of some complex networks.
As a matter of fact, the applicability of these characteristics depends
on the level or the type of complex networks. Here, a modified version
of this original algorithm is presented to unravel ubiquitous character-
istics of observed email networks and obtain correct understanding of
underlying evolutionary mechanism. Some topology metrics of the email
networks under renormalization were analyzed. The results show that
renormalization email networks have the power-law distribution with
double exponents, are disassortative and become assortative after half
of total renormalization steps, have high-clustering coefficients and rich-
club phenomena. These characteristics are self-similar both before and
after renormalization until half of total renormalization steps, otherwise
are self-dissimilar.

Keywords: complex networks, email networks, topological properties,
self-similarity, renormalization.

1 Introduction

The correct understanding of Internet topology is important to generate real
network topologies, construct accurate network simulation environments and
promote the development of network applications, protocols and routing archi-
tectures [1].

There are three different layers at which to describe Internet topology [2]:
the link layer, the network layer, and the application layer topologies. The net-
work layer topology can itself be seen at five different levels: the IP interface,
the router, the Point of Presence (PoP), the autonomous system (AS), and the
Internet Service Provider (ISP) levels. At the application layer, there are the
World Wide Web (WWW) linkage structure, the email network and the peer
to peer (P2P) topology, and so on. However, some people also assign the email
network as a social network, the WWW as an information network, and the
other level topologies, such as the AS level and the router level topologies, as
technological networks [3].
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In the past decade, the Internet topological properties, especially at the AS
level, the router level, and the WWW of the application layer, have attracted
substantial attention. Research shows that some properties appear at various
level topologies or different type networks, while other properties only exist in
the specific level topologies or the some type networks. For example, at the three
aforementioned levels, the Internet topologies exhibit the properties of the power-
law distribution, the small-world behavior [4][5]. The AS level and the WWW
structure both show disassortative mixing on their degrees [6], and further, the
AS level also has a rich-club phenomenon [7]. Recently, the self-similarity of the
WWW structure had been revealed under a length-scale transformation [8], but
the AS level and the router-level topologies are not self-similar [9]. Even for
them, there have some different properties [10][11].

The properties of the email network were analyzed firstly in [12]. The nodes
correspond to email addresses and the links correspond to emails using data from
server log files. The resulting network exhibits the power-law distribution with
negative exponent γ = −1.81± 0.10, and pronounced the small-world behavior
with high local clustering coefficient C = 3.44 × 10−2 and small mean shortest
path length l = 4.95±0.03. Email is currently a most used service of Internet, so
the email virus is widely used as a major form of computer virus. The spreading of
email viruses is dissimilar in networks with different topological properties [13]. It
is greatly facilitated in real email networks with power-law distribution compared
to random networks [6]. With the flood of email viruses in today’s communication
experience, it is important to reveal the other potential properties of the real
email networks and to deeply understand the underlying evolutionary mechanism
of the real email networks that leads to these common properties.

To obtain further understanding of the real email networks, features of the
renormalization email networks (REMNs) based on a degree-thresholding renor-
malization (DTR) method was investigated. In this paper, the average degree,
the power-law distribution, the assortativity coefficient, the clustering coefficient
and the rich-club connectivity with different values of degree threshold of the
REMNs were analyzed.

2 Degree-Thresholding Renormalization Algorithm

Renormalization is a useful method for analyzing the structure and form of a
complex system. Its essence is to change the amount of coarse-graining of the
complex system in measurement, in order to analyze or reveal some features and
laws of the changing process of physical quantities of the complex system.

The box-covering renormalization method was firstly applied to some complex
networks [8]: the WWW, the social network (Actors), the biological networks
(Esche-richia coli and Homo sapiens) and the cellular networks (Archaeoglobus
fulgidus E. coli and Caenorhabditis elegans), and the results show that there
is a power-law distribution of self-similar structure: NB ∼ l−dB

B , where NB is
the number of boxes needed to cover the complex network, lB is the size of the
box, and dB is the fractal dimension or box dimension. A power-law distribution
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for all boxes with different length-scales was found as follows: P (k) ∼ k−γ ,
where P (k) is the degree distribution, γ is known as the degree exponent of the
power-law distribution. However, there are many coarse-graining methods for a
complex network, and the structure of the complex network is self-similar for
some coarse-graining methods but it is self-dissimilar for others [14].

Recently, an attempt of a new coarse-graining method to apply a DTR pro-
cedure to the Internet AS and the social networks (airport networks) and to the
randomized observed networks preserving the degree distribution was provided
in [15], and the results show that degree distributions and degree-degree correla-
tions are self-similar both before and after renormalization with different values
of threshold, and clustering of the observed networks is self-similar, but one of
the randomized observed networks is not.

In this section, a detailed study of the DTR method used to calculate quan-
tity charactering the topology of email networks was presented. For a observed
original email network (OOEMN) G and threshold kT , the REMNs G(> kT )
induced by nodes with degrees k > kT and the hidden REMNs G′(≤ kT ) in-
duced by nodes with degrees k ≤ kT are extracted from G. For kT = 0, then
G(> kT ) = G, and the hidden REMN G′(≤ kT ) = Ø, where are no nodes with-
out links; G(> kT ) = Ø, and G′(≤ kT ) = G for kT > kmax, where kmax is the
maximum degree of the OOEMN. A modified version of the DTR algorithm is
implemented as follows:

1. Assign a unique id form 1 to n to all nodes of the OOEMN, and given a
threshold kT .

2. Apply a two-dimensional array A[xi, yi] to store the link xi → yi of the
OOEMN, xi and yi represent separately the id of a node form 1 to n.

3. Sort the array. Firstly, sort ascending by the value of the first column xi,
and if the value is the same, then sort ascending by the value of the second
column yj .

4. Eliminate the rows for xi = yi, and eliminate the rows for xi = yj and
xj = yi, generate the new array B[xi, yi].

5. Calculate the maximum degree kmax of the OOEMN.
6. Set the row r = 1, the new array C = [ ] and D = [ ]. Repeat the following

until r is equal to the length of the array B[ ].
6.1. Calculate the occurrence number num1 and num2 of the array element

B[r, 1] and B[r, 2], respectively.
6.2. If num1 ≤ kT | num2 ≤ kT , append the array elements B[r, :] to the

array C[ ] of the REMN G(> kT ), else append the array elements B[r, :]
to the array D[ ] of the hidden REMN G′(≤ kT ).

6.3. Increase r by 1.

In Figure 1 a typical example (10 nodes and 13 undirected links) to illustrate
the DTR method was presented. The first graph with kT = 0 depicts the ob-
served original network. The following resulting networks with kT = 1, 2 or 3
exhibit that the method is applied to it, respectively. For instance, in the case
of kT = 3, there is a resulting sub-network with 2 nodes and 1 link after the
method applied to it, and 8 nodes and 12 links are eliminated. The eliminated
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Fig. 1. Illustration of the DTR method

nodes and links constitute a hidden sub-network (10 nodes and 12 undirected
links).

In Figure 2 the method was applied to the OOEMN (kT = 0), and the result-
ing REMNs are constituted for all kT = 1, 2, 3, · · ·, and kmax. Here, the REMNs
in the case of kT = 20, 30, 40, respectively, were given.

 kT = 0  kT = 20  kT = 30  kT = 40

Fig. 2. The stages of REMNs with kT = 0, 20, 30, 40

3 Properties of Renormalization Email Networks

3.1 Data Source

The data source being available from [16] was applied to construct email networks
at the application layer of the Internet. The data source consists of 1133 nodes
and 10903 directed links [17].

After analyzing this data source, the result shows that there is one looping
back link, which is a start point (id=1133) of a link as well as an end point
(id=1133) of the link, and that there are 5451 links, which overlap backward
the others. In this paper, an undirected and unweighted OOEMN with 1133
nodes and 5451 links by eliminating looping and overlapping back links was
firstly obtained, and then the DTR algorithm was applied to it, and to obtain
the REMNs with kT = 0, 1, 2, · · ·, kmax−1. In Figure 2 the REMNs with kT = 0
(1133 nodes and 5451 links), kT = 20 (145 nodes and 887 links), kT = 30 (46
nodes and 151 links), and kT = 40 (11 nodes and 15 links) were mapped with
the pajek (http://pajek.imfm.si/ ).
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Fig. 3. Top: The number of nodes n and links m versus threshold kT . Bottom: The
average degree k and the maximum degree kmax versus threshold kT .

3.2 Basic Properties

The number of nodes n, the number of links m, the average degree k = 2m/n
and the maximum degree kmax = max{k1, k2, · · ·, kn} are the four basic topolog-
ical properties of the REMNs. The first two properties are the approximate scale
characteristic. REMNs with higher n and m are likely to experience more evo-
lution time. The last two properties are the coarsest connectivity characteristic.
REMNs with higher k and kmax are likely to be more robust.

Four basic properties of the REMNs as a function of threshold in the DTR
method was plotted in Figure 3. Here, two new metrics was introduced as follows:
ρnode = ∆n/(nkT ), and ρlink = ∆m/(mkT ), where ∆n and ∆m are respectively
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the number of eliminated nodes and links of the REMN with threshold kT , so
ρnode and ρlink response to the changing trend of eliminated nodes and links,
respectively.

Figure 3 (top) shows that the number of email addresses and links reduce with
the threshold increasing, and the rate of reduction is getting smaller and smaller.
And furthermore the rate of links reducing is more than one of email addresses
in the REMNs with low-threshold. The metric ρnode in the four intervals is
respectively 6.57%, 4.36%, 3.20%, and 2.48%, but the metric ρlink is 4.85%,
4.20%, 3.24%, and 2.49%, respectively. In other words, the structure evolution
speed of the email networks is getting increasingly great.

With the threshold increasing the average degree increases slowly from 10.8
to the first maximum 14.6 in the interval [0,11], and then decreases to 2.7 in
[11,40], and again increases to the second maximum 3 and then reduces to 1
in [40,51] in Figure 3 (bottom). It shows that the average degree is self-similar
in the REMNs with low and high thresholds, but they are self-dissimilar in the
REMNs with middle thresholds.

It is concluded that the identities of the initially infected email addresses are
more important in sparsely connected REMNs with low average degree than
densely connected REMNs with high average degree [13], so the importance of
them increases slightly firstly, and then decreases secondly and increases thirdly
and decreases finally in the REMNs with the threshold increasing.

3.3 Power-Law Distribution

The degree distribution is the ratio of the number of nodes with degree k to the
total number of nodes: P (k) = n(k)/n, where n(k) is the number of nodes with
degree k. The degree distribution contains more information about connectivity
in a given REMN than four basic metrics of topological properties. For example,
the average degree can be derived from the degree distribution.

Figure 4 shows PDFs of the degree distribution of the REMNs with different
threshold kT versus degree k in log-log scale. The results are shown that each of
the PDF of the REMNs with kT = 1, 5, 10, 20, 30 has a maximum value, where
the corresponding degree kinflexion is 2, 6, 9, 10 and 6. The degree distribution
of the REMNs with high-degree k > kinflexion is the power-law with a negative
exponent: P (k) ∼ k−γ1 , and one of the REMNs with low-degree k < kinflexion

is the power-law with a positive exponent: P (k) ∼ k−γ2 . Comparing the curves
with different thresholds kT , it is concluded that the degree distribution with
high-degree in the REMNs follows power-law with a negative exponent and is
self-similar. But one with low-degree does power-law with a positive exponent
and is approximately self-similar.

In the power-law REMNs, a few email users have many links connected to
other email users, while many email users do a few links. The power-law expo-
nent depicts quantitatively the twisted phenomena of the REMNs topologies, and
affects email viruses propagation. An email virus initially propagates faster on
power-law REMNs with large exponent, and then dose subsequently slower than
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Fig. 4. Log-log plots of the PDFs of REMNs with different threshold kT versus degree k

on those with small exponent [13]. As a result, the behavior of email viruses
propagating on REMNs with similar exponents is self-similar.

3.4 Mixing Characteristic

The correlation of the connection probability and the degree from the power-law
distribution cannot be obtained, while it can do from the joint degree distribution
(JDD), which is the ratio of the number of links connecting nodes with degree k′

and k to the total number of links: P (k′, k) ∼ m(k′, k)/m/2. The disadvantage of
the JDD is that it is intuitive, and the network topologies are not differentiated
with the metric parameters. The average neighbor connectivity (ANC) of nodes
can depict the correlation of networks [18]: knn(k) =

∑
k′=1,2,···,kmax

k′P (k′ | k),
where the conditional probability P (k′ | k) is the probability that a given node
with degree k′ is connected to a node with degree k, and the following equation
is shown: P (k′ | k) = k/kP (k′, k)/P (k). It can be used to measure the mixing
characteristic of networks, namely the connected tendency of nodes with high-
degree [19].

Figure 5 (Top) shows the normalized value knn(k)/(n− 1) of the ANC of the
REMNs with different threshold kT versus degree k in log-log scale. The ANC
increases with increasing kT . One of the REMNs with low-threshold kT increases
slightly with increasing k, where the high-degree email addresses are inclined
to connect with other similar email addresses. One of the REMNs with large-
threshold kT fluctuates up and down for different degree k, where the connection
tendency of high-degree email addresses was vivid. The standard deviation of
the normalized value of the ANC of the REMNs with kT = 0, 1, 5, 10, 20, 30 is
0.0015, 0.0018, 0.0025, 0.0057, 0.0124 and 0.0131, respectively.

Figure 5 (bottom) shows that the average value and the maximum value of
ANC increase slightly with increasing kT , and there have the jumping change
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when kT reaches some value. It is shown that the ANC of the REMNs with
low-threshold kT is self-similar.

The other metrics method of mixing characteristic of networks is assortativity
coefficient liking the following equation [6]: r = (m−1

∑
i jiki − (m−1

∑
i(ji +

ki)/2)2)/(m−1
∑

i(j
2
i + k2

i )/2 − (m−1
∑

i(ji + ki)/2)2), where ji and ki is re-
spectively the degree of two end points of the ith link of the network, and m
is the total links of the network. Figure 6 displays assortativity coefficients of
the REMNs versus threshold. The result shows that the REMNs with kT ≤ 29
are assortative (0 ≤ r < 1), and assortativity coefficient r changes little, so the
REMN is self-similar. The REMNs with kT > 29 are disassortative (−1 ≤ r < 0),
and assortativity coefficient r has big fluctuation, so it isn’t self-similar. Research
shows that the social networks are assortative, and the technological networks
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are disassortative [3]. And in consequence, the REMNs with low-threshold kT

are known as the social networks and the REMNs with high-threshold kT are
known as the technological networks.

The networks with high knn or small r have an excess radial links connecting
email users of dissimilar degrees, and email viruses spread faster in these topolo-
gies [20]. The results show that the spread of the REMNs with low-threshold is
self-similar.

3.5 Clustering Characteristic

The mixing characteristic of REMNs only tells us information about ANC and
the degrees of neighbors for the nodes, but clustering characteristic does tell us
how these neighbors interconnect. There have three main parameters of clus-
tering characteristic: local clustering coefficient (LCC), average clustering coef-
ficient (ACC), and global clustering coefficient (GCC). The LCC is the ratio of
this number to the maximum possible such links: C(k) = 2mnn(k)/k/(k − 1),
where mnn(k) is the average number of links between the neighbors of nodes with
degree k. The ACC is the average value of the LCC [21]: Cavg =

∑
k P (k)C(k).

The GCC is as follows: C = (3×number of triangles in the network)/(number
of connected triples of vertices) [3].

LCCs of the REMNs versus degree k, and clique number and clustering coef-
ficients versus threshold kT were plotted in Figure 7.

Figure 7 (Top) shows that the LCCs can be approximated by a power-law dis-
tribution of degrees for all thresholds. The LCCs of the REMNs with different
threshold are self-similar. The clique number of the REMNs is 3, 2 and 0, and
one of the most REMNs is similar in Figure 7 (middle). The maximum values
of the LCC are much larger than the ACC and the GCC in Figure 7 (bottom).
Although the ACC and the GCC reflect clustering characteristic, there is differ-
ence between them. The value range of the ACC and GCC are 0.16 ∼ 0.35 and
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0.13 ∼ 0.36, respectively. They with kT ≤ 25 increase with increasing threshold
and those with kT > 25 are frequent volatility.

The higher the clustering of an email address, the more interconnected are its
neighbors, thus increasing the path diversity locally around the email address.
It can been concluded that email virus outbreak spread faster in high-clustered
REMNs according to the results in [22], and the spread behavior of email virus
is similar in the REMNs.

3.6 Rich-Club Phenomena

The above properties cannot contain the connectivity of rich email addresses
with high-degree, but the rich-club connectivity (RCC) can do. The RCC φ(r/n)
is the ratio of number of links Er in the sub-network induced by the largest-
degree email addresses r to the maximum possible links r(r − 1)/2: φ(r/n) =
2Er/r/(r− 1). Examples of these observations were provided in Figure 8, which
show that the RCC versus normalized node rank r/n.
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Fig. 8. Log-log plots of the RCCs φ(r/n) versus normalized node rank r/n

The results show the REMNs with the RCC more than 0 have rich-club phe-
nomena and the RCC decreases approximately with node rank increasing, and in-
creases with threshold increasing. The RCC exhibits power-laws for the REMNs
in the area of medium and large normalized node rank r/n, and the exponents
are similar.

In Figure 9 the ratio of rich email addresses of the REMNs to total email ad-
dresses versus degree threshold was plotted. Besides the REMNs with threshold
kT = 26, 27, 28, 29 and 30, the RCCs φ(r/n) = 1, namely the rich email ad-
dresses of the REMNs is a complete connected graph. The ratio of the REMNs
with threshold kT < 26 is approximately similar. The ratio of the REMNs with
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threshold kT > 30 appears in rapid increase stage, and it is not similar. There
are two rich-clubs in the REMNs with threshold kT = 29 and 30.

One can show that REMNs with the same JDDs have the same RCCs. The
converse is not true, but one can fully describe all the JDDs having a given form
of RCCs. Therefore, that the spread of the REMNs with low-ratio is self-similar.

4 Conclusions and Discussion

Various features of the REMNs based on a degree-thresholding renormalization
method applied to the observed email network have been studied. Results show
that the REMNs have various properties which differ from those in other many
complex net-works as follows: positive and negative double exponential power-
law distribution, assortative and disassortative hybrid mixing characteristic, and
which is similar to those as follows: high-clustering coefficients and rich-club
phenomena. It has been found that the properties of the REMNs with low-
threshold kT , where kT is less than half of the maximum threshold of the REMNs,
are self-similar, and those of the REMNs with high-threshold are self-dissimilar.
Furthermore, for REMNs being self-similar, the spread behavior of email viruses
in the REMNs is similar.

The self-similarity of statistical properties of the REMNs can be served as
a general characteristic of email networks as well as giving a further insight
into the understanding of evolutionary mechanism of the real email networks.
Furthermore, it can used to validate existing models and also develop better
topology models.
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Abstract. Object lookup is a basic problem in P2P network. Long-distance 
connections have been used to construct a searchable P2P network according to 
the small-world paradigm. Long-distance connections based on distance can 
achieve a searchable P2P network in theorem. However, it is hard to measure 
the lattice distance between two peers in real P2P network. On the other hand, it 
is easy to construct randomly selected long-distance connections with low 
overhead. We increase the number of randomly selected long-distance 
connections k to improve the performance of object lookup. Simulation results 
show there is some relation among k, the network size N and the average path 
length. The lower bound of k to achieve a searchable P2P network is still an 
open question.  

Keywords: Searchable P2P Network, Small-World Paradigm, Long-Distance 
Connection, Random Selection, Object Lookup. 

1   P2P Network with Long-Distance Connections 

Peer-to-peer (P2P) overlay networks are used for file sharing in recent years [1][2]. In 
P2P network, each peer only keeps in connection with some peers in its routing table 
without any information of the global network, and uses these peers to locate target 
peers and finds desired content. So P2P networks can be thought as complex 
networks. The topology of P2P networks can be modeled by directed graph, where 
nodes represent peers and edges represent connections between peers. Each node only 
has some short-range edges and a few long-range edges.  

A basic problem in P2P network is how to find the desired content from a large 
number of peers rapidly and efficiently [3]. When a peer receives a search request, the 
peer has to forward the request to some neighbor using only local information, if it is 
not the target. The process is called resource discovery or object lookup. Greedy 
algorithm is always used for object lookup in P2P network. Each peer forwards the 
search request to its neighbor which is the nearest to the target. If any random peer 
can be found in O(logN) hops using a decentralized algorithm, the network is called a 
“searchable network”, where N is the network size.  
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In order to improve the performance of object lookup, researchers have paid their 
attention to complex network and found the small-world phenomenon which flashed 
into their minds. The small-world network has two attractive properties [4]: (1) a low 
average hop distance between any two randomly chosen peers, and (2) a high 
clustering coefficient. These properties can be used in P2P network to improve the 
performance of object lookup by building long-distance connections as shortcut. In 
recent years, there are many different kinds of methods to choose long-distance 
connections, such as random selection [5], selection based on distance [6], selection 
based on semantics [7], selection based on social dynamics and behaviors [8], and so 
on. Except for the method of selection based on distance, other methods can all be 
thought as random selection from topology.  

Kleinberg proposed an algorithmic perspective about the small-world phenomenon 
in 2001 [9]. For a d-dimensional grid with N points, the lattice distance of lattice 
points i and j is defined as the number of “lattice steps” separating them, written as 
d(i,j). Kleinberg proposed that there is a decentralized algorithm with the time 
complexity O(log2N), if each peer u has a long-distance connection to point v based 
on distance with the probability proportional to [d(u,v)]-d.  

CAN-SW (CAN using Small-World model) [10] used Kleinberg’s theory to improve 
the performance of object lookup by build a long-distance connection based on distance 
for each peer on CAN [11] overlay. In order to choose long-distance connections, CAN-
SW needs to know the network size and the topology of basic CAN overlay. However, 
it is hard to select the long-distance connections based on distance accurately in real P2P 
network for the following reasons.  

(1) When a peer just joins a P2P network, it will only connect with its neighbors and 
can not know the distances from itself to all other peers. So it is hard for the peer 
to select a peer to build a long-distance connection based on distance.  

(2) Though CAN-SW can choose the remote peer by using the network size and the 
topology of basic CAN overlay in simulation, it is not operable and accurate in a 
real P2P network. Because peers often join and leave P2P network frequently, 
the network size and the basic topology of a real P2P network are always in 
change.  

(3) Besides, as the cost, additional messages are sent to discover remote peers, 
measure the distances and keep the connection with the selected remote peer. 
Whenever the selected remote peer failed, the same process has to be done 
again.  

Above all, it is not a wise idea to build long-distance connections based on distance 
for a real P2P network. On the other hand, it is easy to build randomly selected long-
distance connections for a real P2P network. So we want to construct a searchable 
P2P network by randomly selected long-distance connections.  

2   Randomly Selected Long-Distance Connections 

We can use search history to build a P2P network with randomly selected long-
distance connections, which called NLCH (P2P Network with Long-distance  
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Connections based on History). We also use CAN as the basic grid. For simplicity, 
we assume that the topology is a d-dimensional torus. We build the long-distance 
connection after each successful search and use the search result to build a long-
distance connection from the search source to the search target. Each peer can keep k 
long-distance connections at most. Each peer uses the Least Recently Used (LRU) 
Algorithm to update its long-distance connections.  

Each peer uses a decentralized greedy routing algorithm for object lookup. 
Whenever received a search request, the peer will check all its remote neighbors which 
are connected by long-distance connections and all nearby neighbors which are 
connected by CAN connections, and choose the peer which is the nearest to the target 
as the next hop, as shown in Fig. 1.  

 

Fig. 1. This is an illustration of the topology in NLCH with d=2. Peer E, F, G and H are four 
nearby neighbors of Peer A, while Peer C and D are two remote neighbors of Peer A. When 
Peer A wants to search for Peer B, it will find that Peer C is the nearest to Peer B in all its 
neighbors, and forward the search request to Peer C.  

When a peer just enters the network, it will first use the CAN connections for 
object lookup. After each successful search, the peer can build or replace its long-
distance connections automatically. If some of its long-distance connections failed, 
the peer can also replace the failed link with a new search result after the next 
successful search. So no additional traffic is needed to construct and maintain the 
topology. 

We measure the average path length with different k and N in NLCH while d=3, as 
shown in Fig. 2(a). With the increase of k, results show the average path length can 
decrease rapidly in the first, and then slow down for different N. In order to achieve 
the same performance of object lookup, different k is needed for different N, as shown 
in Fig. 2(b). It seems the average path length can be kept in O(1) with a linear relation 
between k and N.  
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(a) 

 

(b) 

Fig. 2. This is the relation among k, N and the average path length in NLCH with d=3 

3   Conclusions and Open Questions 

We want to construct a searchable P2P network by adding some long-distance 
connections to regular graph, such as a grid or a torus.  

A searchable P2P network can be achieved by building a long-distance connection 
based on distance for each peer, according to Kleinberg’s theory. The time complexity 
of object lookup is O(log2N). However, it is hard to select the long-distance 
connections based on distance exactly. Because the network size and the topology of a 
real P2P network are always in change, it is not operable and accurate to measure the 
lattice distance between any two random selected peers, with only local knowledge for 
each peer. Besides, even using the approximate distance to choose long-distance 
connections, additional overhead is needed to measure the distance, construct and 
maintain long-distance connections.  
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For above reasons, we prefer to use randomly selected long-distance connections to 
improve the performance of object lookup in real P2P network, and propose a P2P 
network with randomly selected long-distance connections called NLCH.  

However, if the number of randomly selected long-distance connections k is a fixed 
constant, the time complexity of object lookup is Ω(N2/3d) in theorem according to 
Kleinberg’s theory. Because it is easy to add randomly selected long-distance 
connections in real P2P network, we increase k to decrease the average path length. 
Simulation results show the average path length of object lookup can be kept as a 
constant, if k increases with N. Obviously, if k is large enough, the average path 
length can achieve O(1); while if k is only a fixed constant, the expected minimum 
path length is Ω(N2/3d). There should be a critical value of k in [1,∞) called k0, from 
which the average path length can decrease from O(N2/3d) to O(logαN), while α is a 
constant. If k>k0, we can construct a searchable P2P network by building randomly 
selected long-distance connections on a regular graph.   

There are still some open questions which we are looking for solutions in complex 
network.  

(1) If k is in Ω(N), the average path length can keep in O(1). But is Ω(N) the tight 
lower bound of k to achieve the average path length of O(1)?  

(2) How to set the lower bound of k in order to achieve a searchable P2P network by 
using randomly selected long-distance connections? 
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Abstract. Reactions involved in cellular metabolism form a complex
network susceptible to targeted attacks. Recent experiments show that
several descriptors of edge essentiality correlate well with lethality of
silencing corresponding genes in a model organism, opening path to
identifying targets for antimicrobial drugs that would disrupt network
functioning in bacteria. However, correlation of high essentiality with
experiment is necessary but not sufficient for a descriptor to be useful.
Also, the essentialities of corresponding edges have to differ markedly be-
tween pathogens and hosts, to yield minimal effect on the latter. Here, we
analyse similarity of profiles of several edge essentiality measures across
multiple species. We show that local measures, based on degrees of a
substrate and a product linked by the edge, or on the alternative paths
connecting the two, are evolutionarily conserved within bacteria, archaea
and eukaryotes, but also differ between these groups, leading to isolated
clusters of species. Furthermore, comparison with a global topological
measure, the relative decrease in network efficiency upon edge removal,
shows that metabolic networks are more conserved locally than globally.

Keywords: Complex networks, metabolic networks, edge essentiality,
clustering of organisms.

1 Introduction

Complex networks gained recognition in recent years as a universal framework
for modelling many natural phenomena. In molecular biology, as the knowledge
on individual constituents of the living cell grows, focus shifts to improving our
understanding of cellular processes by exploring functional, structural or causal
interactions between entities in cellular networks. One biological network that
has been the subject of research is the metabolic network, an integrated view of
known pathways of cellular metabolism. The network is composed of metabolites
linked through enzymatic reactions transforming them.

Metabolic networks were shown to belong to a class of complex networks
with heavy-tailed distribution of vertex connectivity [1]. Complex networks of
this type are abundant in many natural, social and artificial systems [2]. Such
networks are susceptible to planned attack on selected components, but are re-
sistant to small random changes [3]. In the context of metabolic networks, this
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property suggests that random changes in the topology of the network may ac-
cumulate through evolution, with edges disappearing as a result of deletion or
silencing of underlying genes. New edges and, consequently, sometimes also new
nodes may appear as new genes are acquired through horizontal gene transfer or
evolutionary innovation. Hence, networks of more evolutionarily distant species
may diverge in a similar way as their individual genes do. Indeed, several ag-
gregated measures of network topology were shown to differ on average between
large group of organisms. These include mean shortest path length [4], mean
betweenness centrality or mean cluster coefficient [5]. However, these measures
lack direct correspondence to observed biological traits of the organisms.

In this paper, we analyse network descriptors that are designed to capture
essentiality of edges, and thus of underlying reactions and of genes encoding
enzymes catalysing them, for the functioning of a metabolic network. Several
indicators of edge importance have been shown to correlate with experimental
results on lethality of edge removal. The existence of alternative pathways link-
ing the substrates and products of the removed edge was shown to be indicative
of essentiality of a given edge for survival in S. cerevisiae, a species of eukary-
ota [6]. Edge essentiality was analysed also in the context of connectivity of the
metabolites that the edge connects, in a study on lethality of gene deletion in S.
cerevisiae and in E. coli [7]. More global view of edge essentiality, based on short-
est paths connecting all vertices of the network, was also analysed, but without
experimental validation in metabolic networks. Increase in the average shortest
path distances between metabolites after edge deletion was proposed as a mea-
sure of edge vulnerability [8]. A related measure, better suited for disconnected
networks, based on changes in global efficiency, was suggested for analysing the
effect of multi-target drugs on regulatory networks [9,10].

Accurately capturing edge essentiality is crucial for isolating a group of edges
corresponding to gene products that can be used as targets for drugs designed to
act on metabolic pathways of human pathogens. Antimicrobial drugs inhibiting
reactions that correspond to those genes could disrupt functioning of bacterial
metabolic network and lead to eradication of the infection. However, in addition
to being correlated with underlying physiology of the organisms’ metabolism, a
useful essentiality measure must be discriminative between different groups of
species. In particular, the pattern of values of the descriptors should be capable
of clustering networks corresponding to bacteria into a separate group than
networks of their eukaryotic hosts, for example human. Otherwise, the lethality
of silencing the identified genes would not differ between the organisms, leading
to toxicity of the drug.

In this paper, we explore essentiality profiles, describing patterns of values of
essentiality measures for edges in each network. We analyse whether they allow
for reliable clustering of related organisms into isolated groups. To this end,
we analyse metabolic networks of 89 bacteria, archaea and eukaryotes, including
human. We evaluate three measures of essentiality, a local one based on degree of
the metabolites incident with an edge, a local neighbourhood-oriented measure
estimating the existence and length of alternative paths linking substrate and
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product of the deleted edge, and the measure of the effect of edge removal on
global efficiency of transport in the network. For each measure, we analyse its
general properties for metabolic networks, and evaluate the extent to which it is
capable of partitioning networks into clusters that separate bacteria from archaea
and from eukaryotes.

2 Methods for Analysing Edge Importance in Metabolic
Networks

The importance of some edges for the functioning of a network can be analysed
on the varying level of localness. Edge deletion has a direct effect on the ability to
transform a substrate into a product the edge connects. For a directed graph G,
with the length of the shortest path from metabolite v to w denoted as dvw (G),
the edge range of the edge (v, w) [11,8] is

Erng
(v,w) (G) = dvw (G \ (v, w)) . (1)

Edge range captures the length of the shortest alternative path bypassing the
removed direct link between v and w, and reaches infinity in cases where such a
path no longer exists in the entire graph. In this respect, despite its local focus
on a single substrate-product transformation, Erng is a measure that extends
beyond the local neighbourhood of the edge.

Removing an edge may also have a more global effect on the network, in
particular if the edge is on the connecting paths of many metabolites. In such
cases, the new network may have lower efficiency of transport. We measure the
efficiency of a metabolic network represented by a graph with V vertices using
the global efficiency measure [12], Eeff , defined as the normalised sum over
reciprocals of shortest paths lengths between all vertices pairs (v, w) within a
graph,

Eeff (G) =
1

V (V − 1)

∑
v 
=w

1
dvw (G)

. (2)

Global efficiency has been proposed as a measure that captures parallel nature
of the transfer through paths in the network [13]. In this aspect, it complements
graph diameter, a measure that accentuates serial transfer, which has been al-
ready applied to analyse metabolic networks and was shown not to discrimi-
nate between taxonomic groups of species [5]. Global efficiency was employed
in biological context for analysing the effect of multi-target drugs on regula-
tory networks [9,10]. It relies on the same information as the average shortest
paths descriptor, but is better suited for graphs that are not connected, such
as metabolic networks. For such graphs, average shortest paths are limited only
to a single connected component, or only to pairs of connected vertices. The
latter approach may result in unreliable results, such as drop in the value of the
average shortest path length when the network loses connectivity after deleting
an edge.
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Global efficiency of the network may decrease when some edges are eliminated
from the network, leading to increase in some shortest paths. We measure the
drop in efficiency caused by inhibition of a reaction R as the percentage of the
decrease in global efficiency, ∆Eeff , defined as

∆Eeff
R (G) =

Eeff (G)− Eeff (G \ {(v, w) ∈ R})
Eeff (G)

. (3)

Edge-related decrease in global efficiency can also be calculated, if a single edge
is used in place of the set of edges corresponding to the reaction R. Changes in
global efficiency reflect network-wide effects of removal of some edges, and can
in principle be used to analyse global essentiality of reactions and edges they
represent.

We have also included in our analysis a purely local measure of edge signifi-
cance, edge degree [14]. It relates edge importance to the degrees of the vertices
it connects. For edge linking a substrate v to a product w in some reaction, the
edge degree, Edeg, is defined as

Edeg
(v,w) (G) = degout (v) degin (w) . (4)

It is proportional to the number of products the substrate can be transformed
into, degout (v), and to the number of substrates the product may be directly
resulting from, degin (w). Thus, high values of the measure capture the hub-
status of the edge’s incident vertices.

With the measures above, we analysed publicly available metabolic networks
of 89 organisms [4]. Each network is composed of vertices, representing metabo-
lites, and enzymatic reactions transforming the metabolites. Reactions are rep-
resented by directed edges between vertices, with a single reaction corresponding
to one or more edges, depending on the number of substrates and products, and
their transformations. The edges represent only the transformations between
main substrates and products of the reaction. Changes in cofactors and cur-
rent metabolites during the reaction are not reflected in the metabolic network.
This makes the paths through the network more realistic, by eliminating spuri-
ous connection through common reactants, such as ATP. In case the reaction is
reversible, it is represented in the directed graph by two edges.

We evaluated edge range, edge degree and decrease in efficiency for each edge
in every analysed metabolic network. The resulting values form, for each organ-
ism, a profile vector, with non-zero entries for edges present in the given network.
Furthermore, we calculated relative decrease in global efficiency of the network
for each metabolic reaction present in the organism. We normalized the vectors
to unit lengths, and then calculated similarity between organisms as dot products
between corresponding profile vectors. Thus, the similarity between organisms is
equivalent to the cosine measure of their edge- or reaction-importance profiles.
In this way, the agreement between organisms in elements of high essentiality is
more valued than conformity between elements of low values of the importance
measures. The resulting similarity matrix was visualised with the classical metric
multidimensional scaling (MDS). This results in two-dimensional representation
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of the vectors as points, with the Euclidean distances between points on the
plane approximating their original dissimilarities between species.

3 Local Edge Importance in Metabolic Networks

The edge range may be either finite, indicating the existence of an alternative
path leading from substrate to product, or it can be infinite when no alternative
paths are present. The fraction of edges with no alternative paths is high in
metabolic networks, with average and standard deviation values of 78± 4% for
eukaryotes, 77± 5% for bacteria and 87± 5% for archaea. As shown in top left
panel of Fig. 1, the fraction for larger networks is lower than for smaller net-
works, although the effect is not consistent through all species. For networks of
the same size, the fraction is usually higher for archaea and eukaryotes than for
bacteria. For the substrate-product pairs that have alternative paths, the length
of the shortest alternative path is typically longer for eukaryotes and archaea
than for bacteria of the same network size (top right panel of Fig. 1). In effect,
for networks of similar size, edges of eukaryotes and archaea, compared to bac-
teria, have alternative paths less frequently, and when such paths do exist, they
are longer.

High fraction of edges of infinite range stems from the existence of a single
giant component in metabolic networks [15]. Networks of metabolites are com-
posed of a single large connected component, and a set of metabolites that are
either only substrates or products of the component, or are not connected to
it. The fraction of edges with no alternatives is negatively correlated with the
relative size of the giant component within the network, as depicted in bottom
left panel of Fig. 1. As the size of the component does not extend 30% percent
of the network, most edges have at least one end in the sparsely connected parts
of the network, with reduced redundancy. Indeed, we have inspected each edge
in all the networks, and for edges with both ends outside the giant component,
94 ± 2% on average across all species had infinite edge range, while for edges
belonging to the component, only 47± 10% had no alternative paths. For edges
with only the product in the component, the figure was 81± 17%, and for ones
with only the substrate in the component, it was 63± 15%.

Edge range is local in the sense that it involves the transition from a single
substrate to a single product. However, it captures some information about the
neighbourhood of the edge, or even the whole graph in case of no alternative
paths, but even then from the perspective of the influence of graph topology
on this single substrate-product pair. We analysed also a purely local edge-
related measure, the edge degree Edeg, which involves only the counts of edges
incident with the edge. As shown in middle left panel of Fig. 1, mean edge
degree is lower for eukaryotes and archaea than for bacteria of similar network
size. Similar behaviour is observed with maximal edge degree (middle right panel
of Fig. 1). Typical edge degree varying between 4 and 9 is in the range to be
expected from the distribution of the number of incoming and outgoing links
reported previously [1], with vertex degree distribution following a power law
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Fig. 1. Properties of local measures of edge essentiality. Points represent eukaryotes
(black asterisks), archaea (blue circles), and four phyla of bacteria - proteobacte-
ria (green upward triangles), firmicutes (magenta downward triangles), actinobacteria
(cyan diamonds) and chlamydia (red squares).

and low connected metabolites being the most abundant. Furthermore, as shown
in bottom right panel of Fig. 1, metabolic networks with higher fraction of edges
with no alternative paths have lower mean degrees. This would suggest that
the edges with high range value have low degrees, that is, are typically linking
substrates that can be transformed into small number of products and products
with few source substrates.

We analysed whether there is indeed a relation between edge range and edge
degree for individual edges. To this end, we calculated the reciprocal of edge
range, arriving with finite values even for infinite edge range, and estimated the
coefficient of its correlation with edge degree. For most species, as shown in the
bottom panel in Fig. 2, the correlation is larger than 0.5. The exception is a
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group of several archaea and bacteria that have very high fraction of infinite
range edges, exceeding 85% or even 90%, which form pattern vectors containing
mostly zeros when edge range reciprocals are used.

Differences in averages or other aggregated statistics of edge importance mea-
sures are informative regarding the general properties of topological organisation
of metabolic networks, and patterns of its variability across species. They do not
indicate, however, the extent to which these measures are conserved locally, in
the corresponding neighbourhoods within the networks. We have analysed this
by constructing profiles based on the values of edge range and edge degree, and
comparing the profiles edge-wise. The results presented with the use of classical
metric MDS in Fig. 2 show that organisms from the same taxonomic groups form
clusters. Eukaryotes are isolated from both bacteria and archaea, and the latter
also form well-defined groups. The only exception is a group of four Mycoplas-
matales, which are not aligned with the rest of bacteria, but form an isolated
cluster. However, these organisms are indeed significantly different from other
bacteria in the study, being parasites having small genomes, small networks, and
lacking cell wall.

Profiles based on dot product of reciprocals of edge degree values (top right
panel in Fig. 2) and on dot product of Boolean values indicating if the edge
has alternative pathways, that is, whether its range is infinite (top left panel
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between edge degree and reciprocal of edge range (bottom). Species denoted as in
Fig. 1.
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in Fig. 2), show similar behaviour. This indicates that both these properties
are conserved across corresponding edges in closely related species. For edge
range, the conservation in profile values is the more striking as it involves not
only the immediate neighbourhood of the removed edge. Indeed, as shown in
top right panel of Fig. 1, the alternative paths involve on average four steps
for prokaryotes, or ten for eukaryotes. Similarity of results for edge degree and
edge range is partially explained when correlation between the two measures
across edges in the network are considered (bottom panel in Fig. 2). Smaller
correlation for archaea is consistent with change of position of this group of
organisms relative to eukaryotes and bacteria when comparing the results for
the two essentiality measures.

The importance of conservation of edge degrees and of the existence of alter-
native pathways is put into perspective by studies relating the two quantities
to experimental results on organism lethality. The connection between enzyme
essentiality for the organism and the existence of alternative pathways linking
substrates and products of the reaction catalysed by the enzyme has recently
been explored [6] for S. cerevisiae. Reaction was deemed essential if knock-out
of at least 75% of genes responsible for it was lethal. All analysed essential reac-
tions were shown to correspond to edges in the graph with no alternative paths
connecting one of the substrates with one of the products. Moreover, majority of
essential reactions were outside the giant component of the network, showing the
essentiality of connections at the periphery, not only at the centre, of metabolic
networks. A study involving E. coli showed that within genes corresponding to
edges without alternative pathways, the ones that lead to loss of the connection
to larger group of metabolites from the rest of the network are more likely es-
sential for cell growth [16]. The distribution of the sizes of disconnected parts
follows a power law, with enzymes that, when deleted, leave only one metabolite
unavailable being most frequent. As for edge degree, the importance of edges
connected to vertices of low connectivity, not only those connected to hubs, for
functioning of metabolic networks was shown using in silico models for predicting
lethality of gene deletion in E. coli and S. cerevisiae [7].

4 Edge Influence on Global Efficiency of Metabolic
Networks

We measured the global efficiency Eeff for metabolic network of each of the 89
organisms. First, we analysed if the efficiencies depend on the size of the networks.
As shown in the top left panel of Fig. 3, while the values of Eeff vary over an
order of magnitude, between 0.005 and 0.03, no consistent influence of network
size is present within bacteria, archaea or eukaryotes. However, the efficiencies
of the analysed eukaryotes are lower than of bacteria of similar network size, with
average and standard deviationEeff values of 0.0109±0.0047and 0.0172±0.0041,
respectively. For archaea, the mean is 0.0099± 0.0025. This is in agreement with
shorter average path lengths of bacteria reported previously [4].
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Fig. 3. Properties of global efficiency and its decrease after edge removal. Species de-
noted as in Fig. 1.

We analysed the impact of edge deletion on relative decrease in global
efficiency. We measured the maximal, as well as median drop in efficiencies asso-
ciated with removing a single connection between a substrate and a product. The
results, presented in middle left and right panels of Fig. 3, respectively, indicate
that susceptibility of the network to this type of perturbation is not consistent
within species groups. However, a trend of decreasing effect of the perturbation,
in particular of median decrease in efficiency, with the increasing size of the
network is present. This reflects the fact that within smaller networks, lower
number of edges is present, and thus each edge makes a larger contribution to
Eeff , as global efficiency does not increase significantly with network size. With
the exception of four Mycoplasmatales, which have very small genomes, with
network sizes below 200 nodes, a trend of lower median ∆Eeff for more efficient
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networks is observed within all three groups of species, indicating that high effi-
ciency involves more redundancy against random failures in the network (Fig. 3,
bottom right). However, no such trend can be observed when maximal relative
drop in efficiency is measured against network global efficiency (Fig. 3, bottom
left). In fact, no clear correlation is observed between maximal and median drops
in efficiencies across species (Fig. 3, top right).

We analysed if the profile of ∆Eeff for particular reactions is preserved across
related organisms. We used dot product between the profiles to measure similar-
ity. The results, visualised with classical metric MDS in the left panel of Fig. 4,
show lack of cluster structure that would group evolutionarily related species
based on profiles of efficiency decreases for edges within each organism. This is
the more striking when compared with similar results of profiles resulting from
reaction content of organisms in the right panel of Fig. 4, where the profiles are
binary values indicating the presence or absence of a reaction in the metabolic
network of given organisms. For such profiles, as it has been shown previously
[17,18], evolutionarily close organisms tend to form visible clusters. That is, when
substituting ∆Eeff values for all edges present in a network with a constant to
obtain binary edge presence profiles, the clustering improves significantly, show-
ing that ∆Eeff distorts rather than promotes clustering.

The results indicate that removing corresponding substrate-product connec-
tions in metabolic networks of organisms from the same taxonomic group results
in varying values of ∆Eeff , the relative decreases in global efficiencies of their
metabolic networks. This finding shows that while global efficiency is similar
in related organisms, values of ∆Eeff are not good candidates for surrogate
measures in identifying the most vulnerable enzymes across related species, for
example for identifying potential targets for new drugs that target metabolism,
such as some antimicrobial agents. Global efficiency based only on the topology
of the network may not be accurate in this respect because it relies in trans-
port on only the shortest paths. Also, the shortest paths are measured simply
as the number of reactions that are needed to transform one metabolite into
another, which does not take into account the kinetics of the reaction nor the
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Fig. 4. Classical metric MDS visualisation of similarity of profiles based on relative
decrease in global efficiency (left) and on reaction content of metabolic networks (right).
Species denoted as in Fig. 1.
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fluxes through them. Still, even the fluxes may be different in different condi-
tions for the same organism. Moreover, in E. coli, lethality is not correlated with
the estimated level of flux through the reaction [19]. In local measures of edge
importance, simplifications in modelling may not influence the results as heavily.
Furthermore, in the analysis involving edge range, the purely topological feature
of infinite range is definitive and translates into no flux between two metabolites.

5 Conclusion

Effects of inhibition or knock-out of enzymes that catalyse reactions in metabolic
networks are widely analysed, with implications ranging from determining gene
function to identifying targets for drug design. With the latter application in
mind, we analysed here the similarity across species of three measures of edge im-
portance in metabolic networks. We show that the two analysed local measures,
which were proven previously to correlate with experimental data on lethality,
are conserved across related species. The results indicate that these biologically
meaningful measures are suitable for identifying groups of enzymes that would
share high essentiality within a group of related bacteria, but would have dif-
ferent, lower essentiality in their eukaryotic hosts. On the other hand, we show
that a measure that goes beyond local neighbourhood in analysing the effects
of edge removal does not lead to profiles more consistent among closely related
species than among distant ones. Thus, of the previously suggested measures
of edge essentiality, only the local ones are discriminative in addition to being
informative in the context of metabolic networks.
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Abstract. In this paper, we are concerned about the consensus problem for
multi-agent systems in the presence of directed information flow and arbitrary
communication delays. For each agent, only delayed local information can be
used to adjust its value. Information flow between connected agents can be asym-
metric. It will be shown that, whatever the communication delays are in principle,
consensus will eventually be achieved for strongly connected networks. Further-
more, a local controller is designed for one of the agents (but not for each agent)
to control all the agents. Very weak feedback strength is proved to be effective
for the control of multi-agent systems. Numerical simulations are also performed
to verify our theoretical analysis.

Keywords: consensus, arbitrary communication delay, directed network.

1 Introduction

Recently, consensus problem in multi-agent systems has attracted substantial research
effort from researchers in different fields [12][7][8]. The surprising focus on consensus
is in part due to the emergence of such phenomenon in biological and physical system
(school of fish, flocks of birds), as well as its powerful applications in sensor network,
unmanned aerial vehicles and robot networks. For such multi-agent systems, certain
collective behavior is generated via local communications among the agents. A large
amount of literature has been devoted to the consensus behavior in nature, such as
flocking, herding and schooling [12][8][6][2]. Group coordination and synchronization
problems of networked coupled agents (or oscillators) have been recently addressed in
[5][10][15].

Since communication delay is ubiquitous, it is of course practically necessary to
take time-delay into consideration when dealing with multi-agent systems. The effect
of communication delays on consensus and synchronization behaviors has been inves-
tigated in [9][14][16]. In [9], stability results were derived for multi-agent systems with
identical communication delays (including agents’ self-delay). In [14], consensus prob-
lem was studied for networked agents with arbitrary time-delays. However, the net-
work topology in [14] was assumed to be connected and bidirectional or unidirectional
formed in closed rings. In fact, there are a variety of practical examples for directed net-
work, such as information flow (say between PC stations and servers) within internet;
communication channels among different confidential levels in army network.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1877–1886, 2009.
c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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In this paper, we will firstly study the consensus seeking problem in multi-agent sys-
tems with directed information flow and communication delays. Communication delays
can be arbitrary finite constants. We will show that consensus behavior will eventually
be generated if the network is strongly connected. Due to the introduction of arbitrary
communication delays, the final consensus state of multi-agent system is very hard to
predict. However, for many physical, social and biological systems, there is a common
requirement to regulate the behavior of large ensembles of interacting agents [11][1].
Hence, external force is needed if we want to regulate the agents to certain prescribed
state. In this paper, a static feedback controller is designed to control one of the agents,
and the target state is propagated to other agents through local connections. Very weak
feedback strength is proved to be effective for the control of multi-agent systems. Nu-
merical example are also given to illustrate the derived results.

2 Some Preliminaries

The information exchange among agents is described by means of directed or undi-
rected graphs. In this paper, strongly connected directed graph (including undirected
graph as a special case) is considered. A directed graph is said to be strongly con-
nected if, for each pair of nodes i and j, one can find a path from node i to node j, and
meanwhile a path from node j to node i. A directed graph G is a pair (N ,E ), where
N = {1,2, ...,N} is a finite nonempty node set and E ⊆N ×N is an edge set of or-
dered pairs of nodes, called edges. The edge (i, j) ∈ E denotes that agent j can receive
information from agent i. Let matrix A = (ai j) ∈ R

N×N be the weighted adjacency ma-
trix of the directed graph G . We assume that the adjacency elements associated with the
edges of the directed graph are positive, that is, a ji > 0 ⇔ (i, j) ∈ E . And the diagonal
elements aii is assumed to be zero.

Let Ā = (āi j) ∈ R
N×N be the Laplacian matrix of the directed graph G with its el-

ements defined as follows: āi j = ai j for i �= j, and āii = −∑N
j=1, j �=i ai j for i ∈N . Ā is

irreducible due to the strong connectivity of the network topology.

3 Consensus Seeking and Controlling

By introducing communication delays, we consider the following multi-agent system
with directed information flow:

ẋi(t) =
N

∑
j=1, j �=i

ai j(x j(t− τi j)− xi(t)), i ∈N (1)

where xi(t) ∈ R
n denotes the state of agent i, τi j > 0 means the communication delay

from agent j to agent i, and ai j is the element of the weighted adjacency matrix. ai j > 0
implies that agent i can obtain time-delayed (with delay τi j) information x j(t−τi j) from
agent j.

In model (1), communication delays τi j can be diverse, and self-delay is not con-
sidered for all agents. Consensus is said to be achieved if xi(t) → c as t → ∞ for any
i ∈N , where c is a constant vector.



Consensus Seeking and Controlling over Directed Delayed Networks 1879

3.1 Consensus Seeking

In this subsection, we will show that, whatever the communication delays are, the con-
sensus of such multi-agent system can be achieved. It means that consensus is quite
robust against the communication delays.

Theorem 1. Consider the multi-agent system (1) with strongly connected graph G .
Whatever communication delays τi j are, consensus is asymptotically reached under
all initial conditions. That is,

lim
t→∞

xi(t)→ c, ∀ i ∈N , (2)

where c ∈ R
n is a constant vector.

Proof. According to the construction of the Laplacian matrix Ā, one has that zero is an
eigenvalue of matrix Ā. Since the graph is strongly connected, matrix Ā is irreducible
which implies that the real parts of the rest eigenvalues is less than zero [4]. Let ξ =
(ξ1,ξ2, ...,ξN)T be the left eigenvector of Laplacian matrix Ā with respect to eigenvalue
zero. By Perron-Frobenius theorem [4], it can be concluded that ξi > 0 for i ∈N .

Since ξ is the left eigenvalue of matrix Ā corresponding to eigenvalue zero, one has
that ξ Ā = 0, which implies that

ξiāii =−
N

∑
j=1, j �=i

ξ j ā ji. (3)

Further because āii =−
N
∑
j=1

ai j, we can obtain that

N

∑
j=1

ξiai j =
N

∑
j=1

ξ ja ji. (4)

Consider the Lyapunov-Krasovskii functional as:

V (t) = V1(t)+V2(t), (5)

where

V1(t) =
1
2

N

∑
i=1

ξix
T
i (t)xi(t)

and

V2(t) =
1
2

N

∑
i=1

N

∑
j=1

∫ t

t−τ ji

ξ ja jix
T
i (θ )xi(θ )dθ .
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Differentiating functions V1(t) and V2(t) along the solution of system (1) gives that

V̇1(t)

=
N

∑
i=1

ξix
T
i (t)ẋi(t)

=
N

∑
i=1

N

∑
j=1

ξiai j[xT
i (t)x j(t− τi j)− xT

i (t)xi(t)]

=
N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)x j(t− τi j)−

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)xi(t),

and

V̇2(t)

=
1
2

N

∑
i=1

N

∑
j=1

ξ ja ji[xT
i (t)xi(t)− xT

i (t− τ ji)xi(t− τ ji)]

=
1
2

N

∑
i=1

N

∑
j=1

[
ξiai jx

T
i (t)xi(t)− ξiai jx

T
j (t− τi j)x j(t− τi j)

]
.

Therefore, we obtain that

V̇ (t)
= V̇1(t)+ V̇2(t)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)xi(t)+

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)x j(t− τi j)

−1
2

N

∑
i=1

N

∑
j=1

ξiai jx
T
j (t− τi j)x j(t− τi j)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai j
[
xT

i (t)xi(t)−2xT
i (t)x j(t− τi j)

+xT
j (t− τi j)x j(t− τi j)

]
= −1

2

N

∑
i=1

N

∑
j=1

ξiai j
(
xi(t)− x j(t− τi j)

)T (
xi(t)− x j(t− τi j)

)
≤ 0. (6)

Hence, the limit of V (t) exists and is finite. Then the boundedness of xi(t) can be
obtained for i ∈N by referring to the construction of V (t). Further, system (1) implies
that ẋi(t) is bounded for i ∈N . Thus, we can conclude that V̈ (t) is also bounded. Ac-
cording to Barbalat’s Lemma, one obtain that lim

t→∞
ai j(xi(t)−x j(t−τi j)) = 0. Therefore,

lim
t→∞

(xi(t)− x j(t− τi j)) = 0 for agents i and j satisfying ai j > 0.

Since the network is strongly connected, for any two agents i and j, one can find a
path from agent i to agent j and simultaneously a path from agent j to agent i. Hence,
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for each pair of agents i, j ∈N , one can find two constants τ∗i j and τ∗ji, which are certain
linear combinations of all communication delays τi j , such that xi(t)→ x j(t− τ∗i j) and
xi(t− τ∗ji)→ x j(t). Hence, xi(t− τ∗i j − τ∗ji)→ xi(t) for each i ∈N , which implies that
xi(t) tends to be periodic with constant period τ∗i j +τ∗ji. Noting the fact that ẋi(t)→ 0 as
t → ∞, we can conclude that xi(t) tends to a constant steady state c j.

Since the matrix A is irreducible, it can be concluded that the largest invariant man-
ifold of system (1) is M = {x1(t),x2(t), ...,xN(t)|x1(t) = x2(t) = · · · = xN(t)}. This
implies that there exists a constant vector c such that ci = c for each i ∈ N . Hence,
xi(t)→ c as t → ∞. This completes the proof.

Remark 1. From Theorem 1, we can observe that consensus process is quite robust
against the communication delays and the directivity of the graph. Strong connectiv-
ity of the graph can guarantee sufficient information exchange among the agents until
consensus is achieved.

3.2 Consensus Controlling

It has been shown that consensus among agents will appear regardless of communica-
tion delays. Due to the introduction of arbitrary communication delays, the final consen-
sus state c is very hard to predict. Whereas, the need of regulating the behavior of large
ensembles of interacting agents is a common feature for many physical, social and bio-
logical systems [11]. For example, many regulatory mechanisms have been discovered
in the context of biological, physiological and cellular processes, which play fundamen-
tal role for guaranteeing the correct function of the whole network [13]. Hence, certain
controller will be designed to force all agents to certain desired constant state x∗ ∈ R

n.
Consider following controlled multi-agent system:

ẋi(t) =
N

∑
j=1

ai j(x j(t− τi j)− xi(t))+ ui(t), i ∈N (7)

with controller ui(t) designed as follows

ui(t) =
{
−k(x1(t)− x∗), i = 1;

0, otherwise.
(8)

where k > 0 is a constant. From (8), it can be seen that only the first agent is controlled.
Let ei(t) = xi(t)− x∗ be the error state between current state and the objective state,

we can obtain the following error dynamical system:⎧⎪⎪⎨
⎪⎪⎩

ė1(t) =
N
∑
j=2

a1 j(e j(t− τ1 j)− e1(t))− ke1(t),

ėi(t) =
N
∑
j=1

ai j(e j(t− τi j)− ei(t)), i ∈N \{1}.
(9)

Theorem 2. Consider the controlled multi-agent system (9) with strongly connected
graph G . Whatever communication delays τi j are, states of all agents will be success-
fully controlled to the objective state x∗. That is,

lim
t→∞

xi(t)→ x∗, ∀ i ∈N , (10)

where x∗ ∈ R
n is the objective state.
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Proof. Consider a positive definite Lyapunov-Krasovskii functional for the controlled
multi-agent system (9) as

V (t) =
1
2

N

∑
i=1

ξie
T
i (t)ei(t)+

1
2

N

∑
i=1

N

∑
j=1

∫ t

t−τ ji

ξ ja jie
T
i (θ )ei(θ )dθ .

By referring to equality (4) and analysis in Theorem 1, we can obtain the derivative
of this functional along the trajectories of the error dynamical system (9) as

V̇ (t)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai j
(
ei(t)− e j(t− τi j)

)T ·
(
ei(t)− e j(t− τi j)

)
−ξ1keT

1 (t)e1(t)
≤ 0. (11)

It is obvious that V̇ (t) = 0 if and only if e1(t) = 0 and ei(t) = e j(t−τi j) for each pair
of agents (i, j) satisfying ai j > 0. Hence, the set S = {ei(t) = e j(t − τi j) for (i, j) ∈
E ,e1(t) = 0} is the largest invariant set contained in V̇ (t) = 0 for the controlled system.
Then by using the well-known invariant principle of functional differential equations
[3], starting with arbitrary initial values, the orbit of system (9) converges asymptoti-
cally to the set S , that is, ei(t) → e j(t − τi j) for each pair of agents (i, j) satisfying
(i, j) ∈ E and e1(t)→ 0 as t → ∞. Following similar analysis given in Theorem 1, we
can obtain that ei(t)→ e j(t) as t →∞. Since e1(t)→ 0, one can conclude that ei(t)→ 0
for each i ∈N . Therefore, xi(t)→ x∗ for each i ∈N , and the proof is completed.

Remark 2. One important merit of the control scheme is that only one agent (rather
than all agents) is controlled, and local connections among agents are also fully utilized
during the control process. It should also be noted that the feedback strength can be
very small. Hence, the designed control strategy is quite easy and cheap to implement
in reality.

Remark 3. Any node in the strongly connected network can be chosen as the agent to
be controlled and the objective state will also be achieved. The biggest node with the
highest weighted out-degree should be a good choice to make the control process much
more effective and quicker.

4 Numerical Examples

In this section, numerical examples will be given to verify the derived analytical results.
Multi-agent system with 6 agents is taken into account. Topology of the communication
graph is shown in Fig.1, and the constants mean the weight of the directed edges. The
dimension of the agents’ states are selected to be n = 3.
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Fig. 1. Communication graph among six agents

According to the graph topology, one can obtain the corresponding weighted adja-
cency matrix as

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0.2 0 0 0 0
0 0 0 0.3 0.1 0

0.5 0 0 0 0 0
0 0 0 0 0 0.2
0 0 0.15 0 0 0

0.8 0 0.2 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
. (12)

.
Then the Laplacian matrix Ā can be obtained as

Ā =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.2 0.2 0 0 0 0
0 −0.4 0 0.3 0.1 0

0.5 0 −0.5 0 0 0
0 0 0 −0.2 0 0.2
0 0 0.15 0 −0.15 0

0.8 0 0.2 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎦
. (13)

ξ = (0.1424,0.1424,0.0570,0.1068,0.0356,0.1068)T is the left eigenvector of ma-
trix Ā corresponding to eigenvalue zero. By Theorem 1, we can conclude that consen-
sus can be achieved regardless of the communication delays and initial values. With
communication delays randomly chosen from (0,3) and initial values randomly from
(−2,2), Fig.2 shows the consensus behavior of multi-agent system with adjacency ma-
trix A given in (12). Two sub-figures in Fig.2 are plotted under the same initial values
and different communication delays. It can be observed that the final consensus states in
two sub-figures are different from each other due to the different communicationdelays.
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Fig. 2. Consensus seeking under different communication delays and same initial values
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Fig. 3. Consensus controlling under different communication delays and different initial values
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We can conclude that the consensus state is quite closely related with the communica-
tion delays.

In order to regulate the agents’ behavior, external controller is pinned into the first
agent. Let the original point x∗ = 0 ∈ R

3 be the objective state. Take feedback strength
as k = 0.02. Initial values and communication noises are respectively randomly chosen
from (−5,5) and (0,2). Fig.3 depicts the state trajectories of controlled multi-agent
system with feedback strength k = 0.02. Both initial conditions and communications
delays are different between two sub-figures in Fig.3. The effectiveness of the control
strategy can be fully observed from Fig.3. Weak feedback strength 0.02 (compared with
the coupling strength) is shown to be valid. Hence, it can be concluded that the designed
control scheme is very cheap and easy to implement.

5 Conclusions and Future Works

In this paper, we investigate the consensus problem of multi-agent systems over directed
delayed networks. Each agent adjust its state only by delayed local information, and the
information flow among agents is not symmetric. It is proved that consensus will be
achieved regardless of the communication delays and initial values. Control law, which
is only operated on one of the agents, is successfully developed to force all agents to
certain desired objective state. The control feedback strength can be very weak. Nu-
merical simulations are given to show the validity and effectiveness of the analytical
results.

Our future work involves study of consensus problem under several communication
constraints, such as quantization and time-varying delay.
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Abstract. Due to its particular shape, “The Antennae” is a well-known
complex cosmological dynamical structure. Classical simulations of this
phenomenon are based on “top-down” models that required thousands
of point-mass particles. We describe an approach for cosmological simu-
lation, based on a hierarchical multi-agent system, and evidence is shown
that this approach significantly reduces the number of elements needed
to simulate “The Antennae” structure.

Keywords: complexity, hierarchical multi-agent system, cosmology, pat-
terns formation, Antennae, galaxy.

1 Introduction

A complex system is composed of interacting elements that, as a whole, exhibit
properties which cannot be obviously deduced from the ones of the individual
elements. Simulating such systems requires the computation of non-linear inter-
actions and, thus, a high computing power bounds to the number of elements.
Cosmology is a perfect example of this computing concern : from globular clus-
ters to spiral galaxies, deep space shows a wide variety of complex patterns and
behaviors. For years, numerical simulation in cosmology has tried to reproduce
and explain these behaviors by using models based on point-mass particles (such
as [1] [2]). Even if this approach has carried out to successes, some problems re-
main unsolved :

– Observed dynamics highly depend on the number of point-mass particles
used in simulation [4] [3]. Using this approach, some complex patterns do
not appear in simulations till a high number of particles - typically over 10243

(most cosmological models use a grid distribution and, thus, the number of
elements is presented this way).

– In addition, a realistic number of point-mass particles should be around 1041

[5] for a typical spiral galaxy which is a calculative impossibility.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1887–1897, 2009.
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To solve this computing power problem two approaches are currently inves-
tigated. The classical “top-down” approach is to define increasingly precise
models taking in account a very large number of elements and parameters [6]:
each physical phenomenon is calculated by a dedicated algorithm and
results are combined according to the goal of the experiment. The aim of this
approach is to decrease the cost of each interaction by optimizing the algo-
rithms but no algorithm currently allows simulations with a realistic number of
particles.

The study of complex systems has obtained a certain success, in particular by
the use of qualitative models like cellular automata [7] [11] [8]. This approach
modifies the type of interactions, based on the idea that complex behaviors can
emerge from interactions between simple elements [10]. However, if these models
seem adequate to study general laws and tendencies, they seem inadequate to
simulate and predict the behavior of a “real” system [12].

In this paper we present a study of the cosmological phenomenon called “The
Antennae”. We use a multi-agent model, first introduced in [13], that intends
to preserve the global behavior while decreasing the number of elements and,
thus, the number of interactions. This model takes advantages of a hierarchi-
cal multi-agent modeling while keeping a strong bond with physics : physical
laws and interactions governing “The Antennae” are included in the multi-agent
system.

The aim of this paper is that, despite a significant reduction in the number
of elements and interactions, our model shows an emergent dynamical structure
which is close to the observed phenomenon. In the first part, we introduce the
phenomenon and our multi-agent hierarchical model. In the second part, results
get by simulating “the Antennae” with our hierarchical system are compared
with simulations made using a reference cosmological model. We show that there
is qualitative evidence of similarity between observational data, reference model
and our results.

2 “The Antennae”

The phenomenon called “The Antennae” is a collisional structure (Hubble pic-
ture of the structure on Fig. 1) composed of two galaxies, NGC1 4038 and NGC
4039. It is a stellar object at a distance of about 63 million light-years that, due
to its shape, has been modelized and simulated by many cosmological studies.

The observational data indicate that the collision took place 600 Myr ago2. To
get the image of simulation corresponding to the current state of these galaxies,
it is, then, necessary to let evolve the simulation during 600 Myr (see section 4
for the simulation conversion scale). The distribution of the elements is as follows
[24] : 50% of gas, viscous and subjected to gravitation forces and 50% of dark
matter only affected by gravity.

1 New General Catalog: a census of astrophysical structures.
2 1 Myr = 1 million years = 3.1536.1013s
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Fig. 1. NGC 4038/9 (“The Antennae”) image from the spatial telescop Hubble
(http://hubblesite.org/)

3 Hierarchical Multi-agent Model

Our model is a multi-agent system composed by four kinds of agents and com-
plexity levels. Each level is dedicated to a scale of time and space. These levels
correspond to : (1) internal interactions, (2) local interactions and interactions
applying on a short distance, (3) long range interactions and (4) environmental
actions. General model has already been presented in [14] and we focus here on
the model used for “The Antennae” simulation.

Level 1
Level one agent are point-mass particles of matter subjected to gravity :

−→
F ij = −G · mimj

r2
ij

(1)

where G is the gravitational constant, mk the mass of the agent k and with rij

the distance between agent i and agent j.
It exists few algorithms to calculate the impact of the gravitation force (1) on

the various elements of a system. Presented by Barnes & Hut [9] the TreeCode
is one of these algorithms designed to calculate the effect of gravity. It was
proposed to obtain a significant number of particles and a correct resolution.
This algorithm allows to specify a parameter θ which determines from which
distance the action of n close particles is not dissociable from the action of a
particle having the added mass of these n particles. Its use in a wide number of
cosmological algorithm ([17], [15], [16] ...) and its adaptability justifies its use in
our model. To limit the computing time of transition rules of this level we use a
θ near to 0.



1890 J.-C. Torrel, C. Lattaud, and J.-C. Heudin

Fig. 2. Schematic illustration of level one agents

Level 2
We have conducted several experiments to study the behavior of level 1 agent
under the effect of gravity, in various conditions of mass, distribution, initial
velocity, etc. Fig. 3 shows a typical result of these experiments.

These experiments have shown that level 1 agents are driven in disordered
rotation whose radius and spin vary according to time. Structures formed at the
end of all these experiments are spherical and correspond to what we defined as
the level 2 agents.

By correlating the experiments we can realize that it exists in all simula-
tions a transitory series of state (limited in the time or not) during which the
particles collapse on themselves. The duration and the speed of collapse (from
stabilization to total collapsing) are function of the relationship between the
overall mass of the system and the number of agents on which it is distributed
(Fig. 3). These results correspond to the evolution function of the radius ap-
plied on peripheral elements : agents are approximated as a sphere whose radius
and spin varies according to the inner mass. They can represent a mass of gas,

Fig. 3. Left: a typical stable structure formed (1.000 particles) by gravity (G fixed
at its physical value) application on a random distribution. Right: evolution of the
collapse time according to the mass/number of particles ratio.
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Fig. 4. Schematic illustration of level two agents

Fig. 5. Illustration of the concept of core and vicinity (v) in the model, from an exper-
iment carried out on a TreeCode.

purely gravitational matter (called dark matter) or a star. Level two gather all
the interactions applying on a short distance such as accretion [18]. Therefore
the function U applied by this level of complexity will be:

Uxi =
M∑

j=1

µt
j ·
[
V t

j (x) + st
j(x)

]
(2)

Where st
i is the spin of the agent j at time t, V t

j (x) the velocity of the agent j
at time t and µt

j the accretion of the agent j at time t.
Fig. 5 shows examples of this concept of vicinity and level two agents and its

physical mapping : structures, self-formed by the effect of gravity, are surrounded
of a less dense matter halo on which local forces, such as accretion, apply.

Level 3
Level 3 agents are the abstraction of level 2 agents subjected to long range inter-
actions. Regarded as the principal force responsible for cosmological structures
formation, gravity applies to all the elements present in the universe. Transi-
tion rule between level 3 agent is still calculated by a TreeCode but with a θ
parameter making it more precise than level 1 agent (θ >> 1).
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Fig. 6. Schematic illustration of level three agents

Level 4
The universe, as we know it, is expanding. This can be simulated as a force
applied to all the agents and aiming at moving away all elements of the system.
Level 4 agents will be subjected to a radial force applied by the environment.
The aim is to simulate the physical law:

v = H · r (3)

Where H is the Hubble’s constant, r the curvature of space and v the velocity
of an unspecified point of the universe.

Fig. 7. Schematic illustration of level four agent

4 Results

All experiments describe in this section have been done using a C implementation
of the model introduced above and running on dual-core 2GHz PC with 2 Gb of
memory. For gravity computing we used Barnes’ treecode [19].

To check if our model is less dependent to the number of elements used than a
classical model, a series of experiments aiming at repeating the same simulation
with a decreasing number of agents/particles has been carried out. We used de-
creasing numbers of agents/particles : from 10.000 to 500. For each experimental
case, we compared our result with the one obtained using a reference simulation
model of the phenomenon. We choose J. Dubinski’s model [21] - a classical model
that uses a treecode and SPH [20]. The same experimental conditions were used
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Fig. 8. Left, the result of a simulation using Dubinski’s model with 10.000 particles.
Right, the same simulation time with our model. Times are t=6.5s, t=10.9s, t=12.1s
and t=13.8s.

in each simulation : NGC 4038 and NGC 4039 were simulated with a weight of
1.99e+42 Kg. The time scale was : 1s simulation time = 1.05e+15s cosmological
time.

Fig. 8 presents the results of the experiments describe above on our model
(right) and the reference simulation model (left). With 10.000 agents, a structure
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Fig. 9. Left, the result of a simulation using Dubinski’s model with 500 particles.
Right, the same simulation time with our model. Times are t=6.5s, t=10.9s, t=12.1s
and t=13.8s.

similar to “The antennae”, emerges from both models : after the collision of NGC
4038 and NGC 4039 both structures remain compact. It appears “tails” of agents
because of their inertia, but still subjected to the gravitation of the central mass.
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Fig. 10. Percentage of similarity between “The Antennae” shape and the results of
our model (indents) and the results of the reference cosmological model

Experiments done using 9.000 agents/particles down to 500 agents/particles
led to the same qualitative results presented above in Fig. 9.

With such few agents (compare to the reference cosmological simulation), a
structure, qualitatively similar to “The Antennae” continues to emerge from our
model. Same experiment with a cosmological model does not lead to any stable
structure and all the agents are scattered in the universe : dynamics is linear
and the agents scatter progressively.

5 Discussion

The emergence of “The Antennae” shape in our experiments qualitatively show
that, in contrast with the reference model, beyond a threshold as shown on
Fig. 10, the number of elements does not influence dynamics any more. Such a
threshold seems to be due to multi-levels organization but further studies need to
be done to specify the conditions and the reasons of appearance of this threshold
value.

In contrast to the reference simulation model where a reduction of the number
of particles leads to a less homogeneous application of forces, the evolution of the
agents at each level on our model compensate this drift : in both models point-
mass particles (level 1 agent in our model) are subjected to less important gravity
forces. In a classical model, that leads to an expansion dynamics of all the ele-
ments. In the hierarchical model, this leads to an increase of the size of the level
2 agents and the size of the vicinity of these agents. Such an increase modifies the
importance and the range of the transition functions applied by this level (accre-
tion). These transition functions increase the total cohesion between agents, com-
pensating grativity and improving formation and survival of complex structures.

6 Conclusion

In this paper a new hierarchical multi-agent model aiming to solve the inherent
problems of the point-mass particle approach has been described. By simulat-
ing a well-known complex cosmological structure, “The Antennae”, qualitative
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evidences have been presented that a hierarchical multi-agent model is less sensi-
tive to the number of elements used in simulation than classical models : beyond
a threshold, emergent dynamics remain the same. Such experiments have also
already be done in [14] on another structure called “The Mice” [22] [23] [24].

Future works include a deeper quantitative analysis of these results. A second
direction is the study of the complexity classes described by a wide parametriza-
tion of this model : by replacing the universe as-we-know-it in a larger picture
of universe as-it-could-be, we will try to understand patterns formation and dy-
namical evolution. Finally, as it exists a difference between observation and nu-
merical simulation on spheroidal galactic formation (radial velocity of peripheral
elements does not match with the observable one [25]) we can check if our model
can bring some answers.
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Abstract. This paper argues a model of complex system design for sustainable 
architecture within a framework of entropy evolution. The spectrum of sustain-
able architecture consists of the efficient use of energy and material resource in 
life-cycle of buildings, the active involvement of the occupants in micro-climate 
control within buildings, and the natural environmental context. The interactions 
of the parameters compose a complex system of sustainable architectural design, 
of which the conventional linear and fragmented design technologies are insuf-
ficient to indicate holistic and ongoing environmental performance. The com-
plexity theory of dissipative structure states a microscopic formulation of open 
system evolution, which provides a system design framework for the evolution of 
building environmental performance towards an optimization of sustainability in 
architecture. 

Keywords: complex modelling, entropy evolution, sustainable design. 

1   Introduction 

The negative environmental impacts of building design imply that the technologies in 
building industry have been developed with incomplete concerns in both human and 
environmental dimensions. With the challenges of degenerated natural resources, de-
graded natural environment and increasing global population, the significance of sus-
tainable development is raised globally. The concept of sustainability is identified as a 
systematic composition of social, ecological, economic, cultural and technological 
dimensions [7]. In other words, design for sustainability should be an integral partici-
pation of man, nature and technology. 

The integrity of sustainability implies that sustainable design in architecture should 
aim to technologically implement the interactions of all the parameters for an optimised 
environmental performance of a building system, to achieve sustainable symbiosis of 
man and nature. Specifically, these parameters of system sustainability in buildings 
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refers to the end-users’ aspirations, the environmental context, energy and material use 
in buildings, which interact with each other in a complicated non-linear pattern. These 
interactions contribute a dynamic characteristic of system sustainability [15]. It means 
sustainable development must naturally change in response to shifts in any part of this 
dynamic interrelation. In brief, the complexity of system sustainability can be repre-
sented with spatial and temporal coordinates in a way that building environmental 
performance adapts and responds to the constraints of both man and nature through its 
life-cycle. 

Most of current design strategies and technologies for sustainable architecture 
mainly focus on improving the energy performance of buildings [5] [6] [8] [22] [26]. 
Energy-efficiency as a popular approach is interpreted as a respect for the location, the 
users of the building and concerns of conservation of energy and resource, which en-
compasses all those sensibilities of solar and photovoltaic technologies, optimum ori-
entation, diurnal zoning, and energy self-sufficiency as the hybrid or intermediate 
technologies. However, this mixture of fragmented techniques [22] is employed with a 
main focus on energy efficiency within buildings without predicable and controllable 
tools to indicate ongoing performance of the holistic building system in the context of 
its host environment, the natural ecosystem.  

In this context, a radical concept of sustainable architecture is advocated [22], which 
pushes the generally acceptable identification of sustainable architecture further to a 
more interactive and even more ingenious adaptations to the host environment of the 
natural ecosystem. This strategy aims to design buildings climatically and culturally 
effective over time, to regional microclimates and materials and even to global scale. In 
brief, sustainable architecture is currently identified to re-imaging the interrelations 
between human beings and living ecosystems in a more positive manner. 

One of the alternatives for positive interactions of buildings and nature is argued as 
restorative design [1] [9]. In this proposition, a building is designed to nourish and 
restore living systems in an analogy with the positive interrelation of sun with a tree. It 
means that buildings are designed as ecologically productive systems with positive 
contributions to the environment, to restore the environment without sacrificing natural 
resources and to increase the carrying capacity of the ecosystem. This proposition of 
positive interactions of buildings and nature is consistent with the concept of fitness of 
the environment proposed by McHarg [10]. From the basis of ecology and biology, 
McHarg argues, every organism or any system modifies the environment, and the 
environments adapt and evolve to accomplish the fittest of the organisms and the 
natural environment. This interdependence provides a positive model for sustainable 
symbiosis of man-made space and the natural environment. 

With the identification of system sustainability, design for sustainable architecture is 
argued to establish positive interactions of man and nature through innovative tech-
nologies in buildings, towards a more general environmental symbiosis. A new design 
program for sustainable architecture is therefore expected. It is hypothesized as an 
integrated response to the full spectrum of sustainability with an optimized environ-
mental performance evolving from non-linear interactions of all the parameters of 
system sustainability in architecture. 
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Fig. 1. An Interactive Design Strategy for System Sustainability of Architecture 

2   A Paradigm of Entropy Evolution in Complex Open Systems 

It is stated that one of the great misconceptions on sustainable design is that environ-
mental consciousness is not dictated by sound science [23]. By applying the laws of 
science and taking nature as a workable model [2] [9] [14] [19] [22] [23] [28], the 
ecological principles of entropy, for example, the environment is to provide the prod-
ucts demanded by society, both predictable and sustainable. 

A striking interpretation of the Second Law of Thermodynamics [12] [16] [17] [18] 
[20] states that entropy of an open system is the origin of order. Open system in thermo-
dynamics science refers to a system open to energy, matter and information, in which the 
interactions of energy and matters as the thermodynamic parameters are non-linear. The 
status quo of an open system is far-from-equilibrium when various self-organising proc-
esses such as the distribution of energy and matter occur in the system. With complicated 
feedback loops, the open system at the state of far-from-equilibrium is highly sensitive and 
adaptive to external influences. It means any small change in the system triggers fluctua-
tions, for example, remarkable space-time re-organisations and re-distributions of energy 
and matter in the system. 

During the evolution of an open system, entropy is both physical and chemical po-
tential in the spontaneous change of the system, due to the differences or gradients of 
temperature, pressure, concentration of the system, and between the system and the 
surrounding. By the dissipation of material and energetic fluxes as thermal changes, 
entropy is produced from both the internal system and the external environment, such 
as heat flow and mass flow across the system boundary.  

Specifically, by the fluxes of energy and matter across the system, the system is 
evolving in a state of far-from-equilibrium thermodynamics, which means the entropy 
production of an open thermodynamic system increases dynamically. This thermody-
namics of the open system will finish at the state of non-equilibrium, when entropy 
production from the system is compatible with the constraints imposed upon the 
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boundary of the system, and when a highly ordered organization of energy and matter 
in the system arrives eventually. In brief, the interpretation of the Second Law of 
Thermodynamics in an open system implies a microscopic formulation of the evolu-
tionary paradigm for positive design, which evolves to highly ordered organisation 
with positive-feedback loop. Entropy is an indicator of the evolution of an open system. 
The second law of thermodynamics of open system is described in the equation [20]: 

                       dS/dt = ∑ MkSk + Q/T + Sgen                                      (1) 

• dS/dt, the rate of entropy change of an open thermodynamic system, divided by 

the dimension of time; 

• ∑ MkSk = the net rate of entropy flow due to the flows of mass into and out of the 

system (where Sk = entropy per unit mass); 

• Q/T = the rate of entropy flow due to the flow of heat across the system 

boundary; 

• Sgen = the rate of internal generation of entropy within the system. 

Table 1. The Second Law of Thermodynamics of Open Systems [12] [16] [17] [18] [20] 

Phase State of system deS & - diS dS Entropy Impact 

I 
Far-from- equilib-

rium 
deS/dt < - diS/dt dS > 0 Positive Negative 

II Non-equilibrium deS/dt = - diS/dt dS = 0 Neutral Balance 
III Order emergence deS/dt > - diS/dt dS < 0 Negative Positive 

Notes 

dS/dt = ∑ MkSk + Q/T + Sgen → dS/dt = deS/dt + diS/dt (2) 
deS/dt = (∑MkSk + Q/T): entropy change rate due to the external flux of 
energy and matter 
diS/dt=Sgen: entropy change rate due to internal entropy production 

Phase I: A far-from-equilibrium state, dS/dt = deS/dt + diS/dt, where dS/dt >0, diS/dt 
≥0 and deS/dt < -diS/dt. At the far-from-equilibrium stage, entropy in the system is 
incorporated by the internal production within the system and external entropy flow 
from the surrounding; the rate of entropy in total is positive. This stage represents 
increasing entropy of the open thermodynamics system, and results in negative envi-
ronmental impact. 

Phase II: A non-equilibrium state, dS/dt = deS/dt + diS/dt, where dS/dt = 0, and deS/dt 
= - diS/dt. At the non-equilibrium state, the rate of internal generation of entropy within 
the system is compensated by the net rate of entropy flow due to the energy, heat, and 
materials fluxes into and out of the system. In consequence, the system finishes the 
thermodynamics change, and arrives at a highly-ordered organisation when entropy is 
balanced. This state is when order emerges from the system through the spontaneous 
and self-organising evolution of energy and matter fluxes. 
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Phase III: An order state after the evolution of the system, dS/dt = deS/dt + diS/dt, 
where dS/dt < 0, and deS/dt > - diS/dt. In this case, deS becomes sufficiently negative 
and exceed the magnitude of diS, resulting in certain stages of the evolution charac-
terised by dS/dt < 0. It means that because of the entropy flow, order increases in the 
course of the evolution. This can be observed in biological evolution, where an irre-
versible evolution process of an open system, such as an organism, is associated with 
increasing complexity. 

Nicolis & Prigogine [12] thus argue the nature of an open system is a dissipative 
structure far from thermodynamic equilibrium in order to survive; it is thermody-
namically self-adaptive, open to both energy and matter; it exchanges with the host 
environment by continuous fluxes of neg-entropy from the universe, to which they 
return an even larger amount of positive entropy. In consequence, open systems evolve 
to higher and higher forms of order while isolated systems evolve to disorder. 

In sum, by self-organizing and self-spontaneous thermodynamic change to fully take 
use of energy and matter fluxes across the system, an open system evolves through the 
steady growth of structure, organization and complexity to constitute new organizations of 
the system [17] [18] [21]. This evolutionary paradigm of entropy has been used to interpret 
the creation of the universe as an entropy production [12], the regenerative process in 
nature from chaos to order [13] [17], the evolution of an organic life [3] [4] [17] [21] [27], 
the model of origin-of-life [24] and the formation of matter’s structure [12]. 

3   A Model of Open Systems Design for Building Environmental 
Performance 

With the clarification of the concept of entropy, the implication of entropy in a complex 
open system to the built environment is a complex model of open system design for the 
evolution of system sustainability; and entropy is the indicator of the evolution of an 
open system. Specifically, by designing a building, or its subsystem, as an open system 
it is possible to facilitate non-linear interactions of all the parameters of system sus-
tainability. In an entropy paradigm, the complex open system of a building or its sub-
system, which is adaptive and responsive to the constraints from the host environment, 
evolves with positive feedback towards a highly ordered organisation, such as an op-
timised environmental performance of the building. In fact, an open system of a 
building or its subsystem refers to a virtual environmental system immersed with dy-
namic information which represents the non-linear interactions of all the parameters of 
system sustainability. These include the local climate context such as climate, soils, and 
topography, the end-users’ demands and satisfactions of past performance and future 
prediction on the microclimate in the buildings, the available energy and material re-
sources, the distribution and consumption of energy and material resources, the envi-
ronmental impact of that use, such as energy waste and emission, or self-generated 
energy, and the available building technologies. These parameters can be translated and 
converted as elementary parameters of an open system in entropy paradigm, including 
the system, the boundary, the surrounding, the constraints, and the drivers: 
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• Operators of adaptive system: the end-users’ aspirations of micro-climate control; 
• The host environment: the constraints such as the conflicts between the local cli-

mate context and the end-users’ demands and satisfactions; 
• The adaptive system: a building or its subsystem, such as HVAC (heating, venti-

lation and air-conditioning) system; 
• Dynamic fluxes of adaptive system: the information of the fluxes of energy and 

material resources across the boundary of a building system or its subsystem; 
• Internal entropy production: the environmental impact such as emission and waste, 

and positive contributions of self-generated and self-contained energy, etc. 

+

++

 

Fig. 2. Parametric Design of Adaptive Building Environmental Performance 

These parameters follow the rule of the entropy evolution, adapting and evolving 
towards the positive outcome of a highly-ordered organisation of energy and material 
resources as sustainable environmental performance. A formula of parametric design for 
open system in buildings will be developed, which refers that the complication of energy 
and material resource distribution in a system or subsystem of buildings, will be con-
trolled by and responded to the conflicts of end-users and the environmental condition as 
the constraints of the evolution of the open system of buildings or the subsystem. 

                    dS/dt = dX/dt + dY/dt + dZ/dt + dO/dt                               (3) 

• dS/dt: entropy change rate 

• dX/dt: entropy produced by the embodied energy in material flows 

• dY/dt: entropy produced by the operational energy 

• dZ/dt: entropy produced by energy waste and emission 

• dO/dt: the operators of energy and material fluxes: the users and environmental 

context 
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This model composed with parameters and the rule will converge to control mod-
elling for system sustainable design in buildings, by which the environmental per-
formance of a building is manipulable and responsive to the accessible constraints with 
positive outcome. In this context, complex modelling represents a wide range of in-
formation on the physical characteristics of the building, to simulate and analyse al-
ternative scenarios such as the critical constraint of local climate, a variety of demands 
from the end-users and dynamic fluxes of energy and material use in buildings, which 
can then be convert into a final design solution for sustainability. 

In this composition of complex model, the relative information of the internal energy 
and material distributions in the system, which are used to create the microclimatic en-
vironment in the building, is connected to the information of the system’s constraints of 
the conflicts between the end-users’ demand and the local environmental context. Vir-
tually, a building or its subsystem can be designed in a self-sufficient and self-organizing 
mechanics to organize energy capture, distribution and consumption. The interactions of 
all the parameters, including the active involvement of the end-users and the sensitive 
response to the local environmental context are thus established for an adaptive evolution 
within the timeframe of building’s life-cycle. In this process, entropy is a sensitive indi-
cator of the evolution of the adaptive system, indicating the state quo of the system. Once 
entropy is balanced neutrally, it means the positive outcome of non-equilibrium of the 
system arrives, and the constraints or conflicts of the system are resolved. 

The complex model will be used to constitute building information modelling, 
which will provide sufficient informative feedback of ongoing building performance to 
facilitate the adaptation and evolution of system sustainability design in buildings. 
Through manipulable organisation of energy and material resources use in the building 
system, the design proposition is not only to reserve energy and resource use in 
life-cycle of buildings, but also produce positive ecological contribution to the envi-
ronment as interactive design to restore the natural environment. In terms of the 
framework for entropy analysis of open thermodynamic system, the active thermody-
namic fluxes of energy and resources will accelerate the ecological interactions of 
buildings with the host environment of the natural ecosystems. By these positive in-
teractions, the research will reveal the harmonious relations of buildings to their sur-
roundings are ecologically interactive. Therefore, buildings can be identified as part of 
productive ecosystem in nature, restoring the natural environment for sustainable 
symbiosis of man and nature. 

4   Summary 

The paper proposes a model of complex open system design for sustainable architec-
ture within the framework of entropy evolution. This model is converged to complex 
modelling of building environmental performance for a manipulable organisation of 
energy and material resource used in the building system, with an active involvement of 
the end-users responding to the natural environment. By this complex modelling of 
open system as an alternative proposition for system sustainable design in architecture, 
the paper argues it is possible to attain an ideal sustainable environmental performance 
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of a building, a highly-organised energy and material use in buildings. Hence, the 
harmonious relationship of man and nature can be established for the imperative of 
environmental sustainability. This paper is based on a work-in-progress PhD research 
project which will be developed by means of experimental simulation of an open or-
ganic system evolving to minimum entropy stage, in the forms of mathematical ex-
pression and control modelling in the next research stages. 
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Abstract. To probe network characteristics, two predominant ways of
network comparison are global property statistics and subgraph enumer-
ation. However, they suffer from limited information and exhaustible
computing. Here, we present an approach to compare networks from the
perspective of data analysis. Initially, the approach projects each node
of original network as a high-dimensional data point, and the network
is seen as clouds of data points. Then the dispersion information of the
principal component analysis (PCA) projection of the generated data
clouds can be used to distinguish networks. We applied this node pro-
jection method to the yeast protein-protein interaction networks and the
Internet Autonomous System networks, two types of networks with sev-
eral similar higher properties. The method can efficiently distinguish one
from the other. The identical result of different datasets from indepen-
dent sources also indicated that the method is a robust and universal
framework.

Keywords: network comparison, complex networks, data analysis,
graph theory.

1 Introduction

Complex networks are used to depict interaction patterns among units of many
real systems [1,2]. With the aim of deeply understanding these systems, re-
searchers have constructed a large number of networks standing for these sys-
tems in fields of biology, sociology, physics, etc [3,4,5]. These networks are com-
pared in order to improve universal network models based on their common
properties [1,2,6,7], or to infer the unique design principles from particular ones
[8,9,10,11,12,13]. In general, we can compare networks by means of: (i) global
property statistics, such as degree distribution [6], betweenness centrality [8], as-
sortativity, and clustering coefficient [9,13]; (ii) subgraph enumerating, such as
over- and under-represented motifs than in randomized networks [10], graphlet
degree distribution [7], joint degree correlations [14] of subgraph, and trained
subgraph feature [11].

Each type of comparison method has unique traits, some advantages and some
disadvantages. For global property statistics, a network property is usually easy

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1907–1916, 2009.
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of compute and effectively depicts a certain attribute of the network. Neverthe-
less, it could be argued that one single selected property is not sufficient for
large network comparison [5,10,11]. Two networks even with widely different
substructures sometimes exhibit some similar global properties. Furthermore, it
is hard to tell how many and which properties are sufficient to distinguish several
arbitrary networks. In order to enhance expressing ability of the global statistic,
one creative strategy is synthesizing – first is to perform many measurements,
then use pattern recognition tools to extract refined features as comparing cri-
terion [5]. Another strategy is subdividing – to extend the network property on
role-based description which can take into consideration the modular structure
of the network and depict the network in a more precise manner [12]. Unfortu-
nately, these advanced steps need considerable computational resources. Using
subgraph enumerating, the subgraph-based methods can provide abundant lo-
cal information and reveal more of the essential structure of studied networks.
However, for large networks, costly computation makes subgraph enumeration
practically infeasible. Finding an informative and efficient method for network
comparison still remains a challenge.

Here, we propose a method called “node projection” from the data analysis
perspective. The method includes tow steps: first, the node projection method
projects each node of the studied network as a data point in a high-dimensional
space, thus the original network is linked with a particular data distribution; sec-
ond, with the help of a sophisticated tool - principal component analysis (PCA)
[5,15], the dispersion information of the PCA projections of generated data dis-
tribution is used to measure the original network. Experimentally, we apply the
current method to the yeast protein-protein interaction (PPI) networks and to
the Internet at Autonomous Systems (AS) level, two types of networks with
several similar global properties [12,16]. The method can differentiate one type
from the other efficiently. In addition, the identical result based on independent
datasets further indicated that the present method is robust.

2 Methods

As described above, there are two steps, “Node Projection” and “PCA Projec-
tion”, in our method. First, nodes of the studied network will be projected as
data points in a high-dimensional measure space. Second, from the viewpoint of
data analysis, PCA is used to analysis the generated data cloud. See Fig. 1 for
details. We call the whole method also “Node Projection” for the step one dra-
matically converted the network analysis problem into a data analysis problem.

2.1 Step of “Node Projection”

In order to associate each node of the network with a high-dimensional point,
the node projection method assesses nodes using a distance-based quantity called
“global influence”, which quantifies the influence of each node on the whole net-
work. Formally, if the distance (graph theory distance, i.e. the minimum length
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Fig. 1. Schematic illustration of the node projection method. First, all nodes of the
original network are projected into a p-D measure space. The node i is evaluated as
fi = (fi1, fi2, . . . , fip)′ according to its influences on p landmarks. Second, PCA is
used to reduce dimensionality and extract dominant structure of the cloud of data
points. And, the corresponding data point of node i is ri = (ri1, ri2, . . . , riq)′ in the
q-D feature space. On the basis of its distribution patterns, the generated data cloud
provides unique information for network analysis.

of the paths connecting nodes) between nodes i and j is dij , the influence coef-
ficient of one node on the other is defined as fij = max{I − dij , 0}, where I is
a pre-defined parameter. (Note, we can control the parameter I to obtain node
influence measurement of an appropriate precision and computation for large
networks. In this work, I is trivially higher than network diameters.) Then, with
p randomly chosen vertices as landmarks, and arrange all influence values of the
node i on these landmarks in a certain order, a corresponding influence vector
fi = (fi1, fi2, . . . , fip)′ is obtained. (Reasonably, the influence of the node on a
particular landmark can be approximately regarded as the influence of the node
on the local part of the network which the landmark belongs to. Therefore, the
vector fi can also be regarded as a coarse grained measure for the “global influ-
ence” of the node i on whole network. Now, the node i is projected as a p-D data
point fi.) After each node obtains a comparable “global influence” vector based
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on the same set of landmarks, the original network is linked with a particular
data distribution. And node similarity [17] is preserved in the data distribution
(Intuitively, similar nodes which share many of the same neighbors will be asso-
ciated with close vectors.) In what follows, we will analyze the original network
based on its corresponding generated data distribution.

2.2 Step of “PCA Projection”

Given all vectors of n nodes of the network, the generated data point cloud
can be quantified by the node measure matrix F = (f1,f2, . . . ,fn) (F is p ×
n, corresponding to p landmarks and n nodes, where each column is a global
influence vector of a node.) In order to extract dominant structure of the data
distribution to characterize the original network, PCA is utilized to process the
node measure matrix F .

We first normalize F in the measure space R
p and obtain X = (x1,x2, . . . ,xn)

(mean of each row is 0 and standard deviation is 1.) Then the covariance
matrix of X is C = XX ′. According to the singular value decomposition
(SVD) theorem [18], X = UΣV ′, where U ,V are orthogonal matrices (UU ′ =
U ′U = Ip,V V ′ = V ′V = In) and Σ = [Σp,0], Σp = diag(σ1, σ2, . . . , σp),
σ1 ≥ σ2 ≥ · · · ≥ σp ≥ 0. Therefore,

C = XX ′ = (UΣV ′)(V ΣU ′) = UΛU ′

where Λ = (Σ)2 = diag(λ1, λ2, . . . , λp), λi = σi
2 and λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0.

Choosing first q columns of U (denoting as Û , i.e. q eigenvectors of the covariance
matrix corresponding to q largest eigenvalues) as axes of the low-dimensional
space and projecting X on them, we get approximate representations of nodes
R = Û ′X = (r1, r2, . . . , rn) in a q-D (q � p) space. And for

RR′ = (Û ′X)(X ′Û) = Û ′(UΛU ′)Û = Λq

where Λq = diag(λ1, λ2, . . . , λq), R is uncorrelated and with most structural
features of the original data distribution.

PCA Measurements. To characterize the studied network, we use the PCA
measurements “variance contribution ratio (VCR)” and “cumulative contribu-
tion ratio (CCR)” in this work [15]. Given an arbitrary data distribution, the
VCR of the nth PCA component is ρn = λn/Σλ (where λn is the nth eigenvalue
of the covariance matrix C and Σλ is the sum of all eigenvalues) and the CCR
of first n PCA components is ηn = ρ1 + ρ2 + · · · + ρn. For VCR and CCR are
relative measurements, they are reliable in despite of different sizes of compared
networks.

2.3 Datasets

The datasets used in this work are the yeast PPI networks and the Internet AS
networks. They are four yeast PPI networks from four independent data sources
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and six Internet AS networks from three different sources. For yeast datasets [19],
‘YJ’ denote a compositive dataset and ‘YC’, ‘YI’, ‘YU’ denote the CCSB-Y2H,
Ito-core, Uetz sets, respectively. For Internet [20], the data sources are the Route
Views Project, UCLA Internet Research Lab (IRL) and the DIMES project. We
use two Internet datasets from each source and they are in years 2005 and 2007.
Say, ‘IR5’ and ‘IR7’ stand for two samples from the Route Views Project in 2005
and 2007, respectively. Similarly, ‘II5’ and ‘II7’ are IRL data, ‘ID5’ and ‘ID7’ are
from the DIMES project, in 2005 and 2007. Please note that, for divided network
components have no influence on each other, the node projection method only
considers the largest connected component of these networks. See the table for
basic properties of them.

Table 1. Basic statistics of the largest connected components of yeast PPI networks
and the Internet AS networks. The properties are: node number n; edge number m;
mean degree z; mean node-node distance l; exponent of degree distribution α; exponent
of degree correlation β; clustering coefficient cc; modularity Q.

Network n m z l α β cc Q

YJ 1,458 1,948 2.67 6.81 3.03 0.58 0.07 0.82
YC 9,64 1,487 3.09 5.37 2.68 0.54 0.06 0.73
YI 411 497 2.42 6.18 2.74 0.53 0.04 0.79

YU 473 544 2.30 7.53 3.11 0.42 0.02 0.85
IR5 19,513 41,867 4.29 3.77 2.08 0.43 0.26 0.62
IR7 25,050 51,856 4.14 3.89 2.08 0.46 0.22 0.65
II5 21,838 83,686 7.66 3.52 1.94 0.34 0.43 0.56
II7 30,214 146,862 9.72 3.44 1.98 0.32 0.45 0.56

ID5 13,638 31,622 4.64 3.53 2.10 0.41 0.36 0.58
ID7 19,452 48,222 4.96 3.51 2.13 0.47 0.39 0.58

It was reported that the yeast PPI network and the Internet AS network were
similar of several higher topological properties. First, they both exhibit nontrivial
correlation property (both obey 〈K1〉K0 ∝ K−0.5

0 , where 〈K1〉K0 is the average
degree of neighbors of nodes with the degree K0 [16]. As we only consider the
largest network component, most exponent of degree correlation of our results
are near 0.5. See β column of the table). Second, the yeast networks and Internet
networks both have strong modular structure (for all Q > 0.5). Third, treated
by a module-based analysis, they further exhibit similar role-to-role connectivity
pattern [12].

3 Results and Discussion

We apply the node projection method on yeast PPI networks and Internet AS
networks. From this perspective of data analysis, we first observe the effect of
degree distribution and the modules on network structure based on the com-
parison of real networks and their two random ensembles. Then, from this data
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analysis viewpoint, we also compare the distribution profile of generated data
clouds and reasonably divide all real networks into two classes. In addition, we
discuss the stability and complexity of the node projection method.

3.1 Comparison of Real Networks and Random Ensembles

It was previously reported that the degree distribution was an important factor in
network features’ forming [21,22]. And it was further pointed out that the degree
distribution plus the modular structure accounted for most internal structure
[12]. To evaluate the effect of the degree distribution and the modules on network
structure, we compare each studied network with its two ensembles of random
versions.

Two Random Ensembles of Networks. One is purely random ensemble
and the other is module-kept random ensemble. The first ensemble is with the
same degree sequence as the original network by recurrently exchanging one
endpoints of each two random edges [16,21]. The second ensemble restricts the
swap process in the same module to keep both degree sequence and modular
structure unchanged as the initial network [12].

The comparison between real networks and their two ensembles are quantified
using two parameters: ηn/ηrn and ηn/ηmn, where ηn is the CCR of first n PCA
components of the data distribution generated from real networks while ηrn

and ηmn are the average CCR of the corresponding purely random ensemble
and the module-kept random ensemble, respectively. Figures 2(a) and 2(b) show
that the two ratios ηn/ηrn and ηn/ηmn of all studied networks are approximate
1. Moreover, ηn/ηmn is more near 1 than ηn/ηrn (when more data distribution
components are counted in, say n >= 5, the trend is more clear.) Our results
confirm and clarify previous conclusions from a new view: For networks of similar
degree distribution (here, the original network and its purely random ensemble)
generate data point clouds of similar outlines (Fig. 2(a)), it indicates degree

Fig. 2. Comparison of real networks and their two random ensembles. (a) ηn/ηrn gives
the ratio of PCA measurements CCR of the generated data distribution to its purely
random ensemble. (b) ηn/ηmn gives the ratio of CCR of the generated data distribution
to its module-kept random ensemble. The error bars represent the standard deviation.
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distribution is essentially influential on network features [21,22]; The outlines
of generated data clouds of the original network and its module-kept ensemble
are nearly identical (Fig. 2(b)) indicates that once the modular structure is
fixed with degree distribution, real networks are almost determinate without
additional internal structure [12].

3.2 Comparison between Real Networks

We also compare the yeast PPI networks with the Internet AS networks based on
the variance contribution profile (VCP), which reflects over- and under- variance
contribution of each PCA component than the module-kept random version. The
VCP is described by the Z-score [10,12,16,21] :

Zn = (ρn − 〈ρmn〉)/std(ρmn)

where ρn is the VCR of the nth PCA component of the generated data distri-
bution, while 〈ρmn〉 and std(ρmn) are the mean and standard deviation of the
VCR of the corresponding module-kept random ensemble. And the VCP is the
normalized vector of Z-score:

V CPn = Zn/(ΣZn
2)1/2

The VCP of the first ten PCA components (they contain dominant structure
information of the generated data cloud, say more than 85% variance contribu-
tion) of the yeast PPI networks and the Internet AS networks is present in Fig.
3(a). In spite of they are two types of networks with similar features, their VCP
are distinctly dissimilar.

Figure 3(a) shows that subordinate components of the generated data dis-
tributions of the yeast PPI network are less significant than the Internet AS
network. The result shows that the yeast PPI networks are more regular and
more modular than the Internet, and with less local detail. It may be inter-
preted as follows: To PPI network, the propagation of deleterious perturbation
is vital. A strong module structure provides protection against the deleterious

Fig. 3. Comparison of the yeast PPI networks and the Internet AS networks. (a) shows
the variance contribution profile (VCP) of the yeast PPI networks and the Internet
AS networks. The error bars represent the standard deviation. (b) is the correlation
coefficient matrix of the VCP in (a).
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perturbation at the topology level. Affected by the evolutionary pressure, the
PPI networks are composed of biological function modules with little interac-
tion among them, thus less detail. In contrast to the Internet case, complex local
interconnections, detail part of the network, provide optional paths for AS-level
nodes to access the Internet, which is helpful to avoid congestion and promote
communication. That is why subordinate components of the yeast data distribu-
tion, which correspond to detail part, show less significance than the Internet’s.
In Fig. 3(b), the correlations between networks clearly separate the yeast PPI
networks and the Internet AS networks. Furthermore, high correlations between
independent datasets of the same type network illuminate the node projection
method being robust.

3.3 Stability and Complexity

Until now, an important question we should discuss is “how many landmarks
are needed at least to ensure system stability?” The experiments on datasets of
yeast and the Internet AS both indicated that to choose about 200 vertices as
landmarks can export acceptably stable result. To be clarity, the experiments
on the Internet 1997 dataset was designed to demonstrate the stability trend of
increasing vertices (See Fig. 4). Furthermore, the time complexity of the node
projection method is O(p3 + p × |N |), where p is the number of landmarks
(constant, say 200) and |N | is the number of network nodes. Therefore, the node
projection method is with approximately linear complexity of network size.

Fig. 4. Stability of node measure system. The data set is the Internet AS network in
year of 1997. The number of landmarks p increased from 20 to all 3015 vertices. For
every p, the node projection method ran 100 times to obtain averages and deviations
of η1, η3 and η10. The X axis is log scale.

4 Conclusions

In conclusion, we propose a novel method named “node projection” to compare
complex networks from the data analysis perspective. As the studied network is
linked with a generated data distribution, we can measure the data distribution
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to characterize the original network. This framework provides network compar-
ison with efficiency and convenience by using the sophisticated data analysis
tool. The experiments on yeast PPI networks and the Internet AS networks in-
dicate that the node projection can compare networks precisely and robustly. In
future work, more data analysis tools can be adopted in this framework, and it
can be developed into a universal framework. Interpreting the obtained result in
physical sense is another difficult and promising challenge.
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Abstract. We propose an algorithm to detect community structure in complex 
networks based on data field theory. The efficiency and accuracy of the 
algorithm for computer-simulated and real networks make it feasible to be used 
for the accurate detection of community structure in complex networks. Using 
the conductance fluctuating signals measured from gas-liquid two-phase flow 
dynamic experiments, we construct the flow pattern complex network. With the 
applications of the community-detection algorithm to the flow pattern complex 
network, we achieve good identification of flow pattern in gas-liquid two-phase 
flow. In this paper, from a new perspective, we not only present a new 
community-detection algorithm based on data field theory, but also build a 
bridge between complex network and two-phase flow.  

Keywords: complex networks, community structure detection, data field theory, 
two-phase flow pattern identification. 

1   Introduction 

Complex networks, which have been observed to arise naturally in a vast range of 
physical phenomena, can describe any complex system that contains massive units (or 
subsystems) with nodes representing the component units and edges standing for the 
interactions between them. Since the publication of the seminal works of Watts and 
Strogatz [1] as well as Barabási and Albert [2], a lot of complex systems have been 
examined from the viewpoint of complex networks. Examples include World Wide 
Web [3], metabolic networks [4], protein networks in the cell [5], traffic networks [6], 
sexual networks [7], earthquake networks [8] and human electroencephalogram 
networks [9].  

The description of the structure of complex networks has been one focus of attention 
of the physicists’ community in recent years. The levels of description range from the 
microscopic (degree, clustering coefficient, etc., of individual nodes) to the macroscopic 
description in terms of statistical properties of the whole network (degree distribution, 
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total clustering coefficient, degree-degree correlations, etc.) [10–12]. Between these two 
extremes there is a “mesoscopic” description of networks that tries to explain its 
community structure. The general notion of community structure in complex networks 
was first pointed out in the physics literature by Girvan and Newman [13], and refers to 
the fact that nodes in many real networks appear to group in subgraphs in which the 
density of internal connections is larger than the connections with the rest of the nodes 
in the network. Because communities are relatively independent of one another 
structurally, it is believed that each of them may correspond to some fundamental 
functional unit. For example, a community in genetic networks often contains genes 
with similar functions and a community on the World Wide Web may correspond to 
web pages related to similar topics. Detecting and analyzing such communities from 
complex network, therefore, provides a means for functional dissection of the network 
and sheds light on its organizational principles. Furthermore, community structures may 
provide key insights into some uncharacterized properties of a system. For example, 
attempts have been made to identify and characterize communities (called functional 
modules sometimes) in biological networks, leading to in-silicon predictions of the 
functions of some genes [14–15]. 

In this paper, we first propose an algorithm to detect the community structure in 
complex networks based on data field theory. Then, through analyzing the algorithm 
for computer-simulated and real networks, we find the efficiency and accuracy of the 
algorithm make it feasible to be used for the accurate detection of community 
structure in complex networks. Finally, after constructing flow pattern complex 
network with the conductance fluctuating signals measured from gas-liquid two-phase 
flow dynamic experiment, we using the community-detection algorithm achieve good 
identification of flow pattern in gas-liquid two-phase flow. 

2   Community-Detection Algorithm Based on Data Field Theory 

Except the long-range action such as gravity and electromagnetic force, there is also 
short-range action such as nuclear potential which decays in a high speed. According 
to the field theory in physics, after introducing the interactivity of physical particles 
and the methods used to describe the field to the abstract number field space, 
W.Y.Gan et al.[16] proposed an hierarchical clustering method based on data fields. 
In this method, every object in the space is seemed as a particle with certain mass, 
around which exists a symmetrical dummy data field in spheric shape. Similar to the 
description of vector intensity function and scalar potential function in physical field, 
this method introduce the definition of potential function and field strength function. 
Let the potential function be defined as: 
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where ix x− is the distance from object ix  to particle x ; 0( 1,2, , )im i n≥ = ⋅⋅⋅  is the 

mass of each object, which satisfies normalizing condition, expressed by  
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(0, )σ ∈ +∞ is the influence factor which is used to control mutual action range 

between objects. The hierarchical partitioning of the original dataset is performed by 
iteratively simulating the interaction and movement of the data objects in the fields. 
Experimental results show that the proposed approach not only enjoys favorite 
clustering quality, but also has an approximately linear time complexity with respect 
to the size of dataset. 

Enlightened by the hierarchical clustering method based on data fields, we propose 
an algorithm based on data field theory to detect community structure in complex 
networks. We defined the potential function as: 
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where im and σ are constant; j ix x− is the shortest path between node jx and node 

ix . The community-detection algorithm based on data field theory consists of the 

following steps. 

(1) We first evaluate the number of community from the distribution map of 
correspondent elements of the first few non-trivial eigenvectors of the standard 
matrix, by ascertaining the quantity of groups into which most of the elements are 
clustered. Then we search for the key node of each community. Supposing there are k 
communities, we search for the k key nodes and put them in a set denoted as S . 

(2) Let reciprocal of k , which is the number of elements contained in S , be the 
mass of each node. We calculate potential value from current node to each element of 
S , and the current node will belong to the element which has the largest potential 
value. 

(3) If a node i belongs to more than one element of S , we will calculate potential 
value from nodes that have edges with i  to each element of S . Supposing there are 

ik  nodes that have edges with i , we calculate sum of ik  potential value and the 

current node will belong to element which has largest sum of ik  potential value. 

(4) We ergodicly calculate every node of the network until k  communities 
appears. 

In step (1) above, searching the key node of the community is very important to 
analyze the properties of the complex networks. There are many references to 
evaluate the importance of nodes and many ways can be used to search the key node, 
such as the approach based on node degree sequence arranging and the approach 
based on betweenness sequence arranging. The degree value of a node reflects the 
static structure characteristics of the topological model; betweenness reflects the flow  
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of a node which is directly related to the movement of a node; the clustering 
coefficient of a node reflects the clustering state of other nodes around it. Therefore, 
we can assess node’s importance based on node degree value, betweenness and 
clustering coefficient to find the key node in a community. The basic algorithm 
follows. 

(a) We calculate every node’s degree value and the average degree value of the 
network. 

(b) Through thoroughly reviewing the node’s pairs, we explore the shortest path 
between any pair of nodes and calculate the betweenness and clustering coefficient of 
every node contained in the network. 

(c) Let iy  be defined as 

( 1,2, , )i i i iy k b C i Nα β γ= + + = ⋅⋅⋅  (4) 

where α , β and γ  are parameters; ik is the degree value of node i ; ib is the 

betweenness assigned to node i ; iC is the clustering coefficient of node i .And N is 

the number of nodes contained in the network. 
(d) According to the situation, we can select three parameters- α , β and γ  to 

calculate iy of all nodes and then select iy  from large to small in turn to get the k  key 

nodes of k  communities in the network.( k  is the number of communities in a 
network and i  is the serial number of a node). 

3   Experiments and Analysis  

First, as a controlled test of how well the algorithm performs, we have generated a 
network with known community structure. Then, we use a real network (The karate 
club network of Zachary) to test the algorithm. Finally, experiments show that the 
algorithm presented in this paper is of high accuracy with good performance. 

To test whether a particular division is meaningful, here we first introduce a quality 
function or “modularity” Q , proposed by Newman et al. [17]. Let ije  be the fraction 

of edges in the network that connect vertices in community i to those in 

community j , and let i ijj
a e=∑ . Then 

2
( )ii i

i

Q e a= −∑  (5) 

is the fraction of edges that fall within communities, minus the expected value of the 
same quantity if edges fall at random without regard for the community structure. If a 
particular division gives no more within-community edges than would be expected by 
random chance we will get 0Q = . Values other than 0 indicate deviations from 

randomness, and in practice values greater than about 0.3 appear to indicate 
significant community structure [17]. 
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3.1   Computer-Simulated Network 

To test the effectiveness of the algorithm on network without significant community 
structure, according to the network whose modularity can be tuned proposed by 
Newman et al., we generated using Matlab a network without significant community 
structure, which consists of 128 nodes divided into four communities of 32 nodes. 
The modularity of the network is 0.2768. We show in Figure 1(a) the distribution map 
of correspondent elements of the first three non-trivial eigenvectors drawn by Matlab. 
The community structure of network detected by algorithm based on data field theory 
is shown in Figure 1(b). 
 

 

(a) 
 

  

(b) 

Fig. 1. Computer-simulated network: (a) Components of the first non-trivial eigenvector a1 are 
plotted versus those of a2 and a3. (b) Community structure of network detected by algorithm 
based on data field theory and the shapes of the vertices represent the four communities. 
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3.2   The Karate Club Network of Zachary 

We now turn to application of the algorithm to real world network data. The example 
is taken from one of the classic studies in social network analysis. Over the course of 
two years in the early 1970s, Wayne Zachary observed social interactions between the 
members of a karate club at an American university. He constructed networks of ties 
between members of the club based on their social interactions both within the club 
and away from it. By chance, a dispute arose during the course of his study between 
the club’s administrator and its principal karate teacher over whether to raise club 
fees, and as a result the club eventually split in two, forming two smaller clubs, 
centered around the administrator and the teacher. In Figure 2(a) we show a 
consensus network structure extracted from Zachary’s observations [18], in which 
node 1 and 33 respectively represent administrator and the teacher. Feeding this 
network into our algorithm we find the results shown in Figure 2(b). For the karate 
club network, there is controversy over only one node, node 3, which is on the border 
between the communities and so it is understandable that it might be an ambiguous 
case. Compared with Figure 2(a), the community structure detected by our algorithm, 
as shown in Figure 2(b), well revealed the relationships among the members of the 
karate club. 

 
(a)                                                                           (b) 

Fig. 2. The karate club network of Zachary [18], with numbered vertices representing the 
members of the club and edges representing friendships. The shapes of the vertices represent 
the two communities. (a) We show a consensus network structure extracted from Zachary’s 
observations. (b) Community structure of network detected by algorithm based on data field 
theory. 

4   Applications to Gas-Liquid Two-Phase Flow 

Two-phase flow, a primary kind of multiphase system, is found widely in power, 
chemical, petroleum and other related industries. In the study of two-phase flow, flow 
patterns indicate how the phases are distributed and mixed due to the physical nature 
of the system. Two-phase flow patterns depend on the flow rates and direction, the 
conduit shape, size and inclination. Further, heat and mass transfer rates, momentum 
loss, rate of back mixing and pipe vibration all vary greatly with the flow patterns. 
Hence, it is quite important and necessary to recognize the patterns and discern their 
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relationship with the flow properties. But due to the complex nature of two-phase 
flow, theoretical analyses have not been able to describe the system perfectly. 
Therefore, a technique is required to detect and identify the flow regime [19-20]. 

The data we use in this study are the conductance fluctuating signals measured 
from gas-liquid two-phase flow dynamic experiment in vertical upwards pipe of  
inner diameter 125mm, which was carried out in the multiphase flow loop of Tianjin 
University. The whole system is mainly composed of vertical multi-electrode array 
(VMEA) conductance sensor, high speed VCR, exciting signal model, signal modify 
model and data processing unit. The flow loop experiment facility is shown in  
Figure 3(a). The VMEA, researched and produced by our research team, is shown in 
Figure 3(b) and Figure 3(c). Reference [21] gives the detail description of gas-liquid 
two-phase flow dynamic experiments. Figure 4 shows the conductance fluctuating 
signals of five typical flow patterns in vertical upwards pipe. Detail description of 
flow pattern in gas-liquid two-phase flow can be found in Reference [22]. 

Due to the significant difference of electrical sensibility between gas phase and liquid 
phase, the random flow of gas phase will cause voltage fluctuation on the measuring 
electrode under a certain sinusoidal input, which implies that the conductance fluctuating 
signals measured from the VMEA conductance sensor are related to the flow transition. 
Thereby, we construct networks with the conductance fluctuating signal time series. 

 
 
 

 

 

 
 
 
 

              (a)                                       (b)                             
 
 
 
               (a)                                                     (b)                                               (c) 

Fig. 3. (a)The multiphase flow loop. (b)The VMEA measurement section. (c)The geometry of 
VMEA. The VEMA consists of eight stainless steel ring electrodes of the material Cr1Ni18Ti9, 
which are flush mounted on the inside wall of the pmma pipe with 125mm inner diameter and 
divide into four pairs. Sensor A and Sensor B are respectively the upstream and downstream 
sensors. Sensor C is volume fraction sensor. E1-E2 is excitation electrode. 

Now we start from the flow pattern complex network containing 90 nodes, which 
is constructed from the conductance fluctuating signals of 90 different flow work 
conditions, with each flow work condition represented by a single node and edge 
determined by the strength of correlation between nodes. Considering the nonlinear 
characteristics of the gas-liquid two-phase flow, we first extract 90 groups of new 
time series, which can reflect the essential feature of the dynamic system, from the  
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Fig. 4. Conductance fluctuating signals of five typical flow patterns in vertical upwards pipe, in 
which gQ  and wQ  represent gas flow and water flow respectively. (a) bubble flow; (b) bubble-

slug transitional flow; (c) slug flow; (d) slug-churn transitional flow; (e) churn flow. 

original conductance fluctuating signals using the method of Time-Delay Embedding 
[23]. And we use the C-C algorithm [24] to reckon the delay timeτ of every group of 
the original conductance fluctuating signals and choose the specific delay time of 
Time-Delay Embedding, which can make the modularity largest, to establish the new 
time series. Then we extract six features in time domain from every group of new time 
series, i.e. the maximum, minimum, mean value, standard deviation, dissymmetry 
coefficient and kurtosis coefficient. That is, there are 90 time series vectors, each of 
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which contains six elements, corresponding to the 90 nodes of the network. For each 
pair of time series vectors, iT  and jT , the correlation coefficient can be written as: 
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1 1
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where M is the dimension of the time series vector and 
1
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k

k M
=

=∑i iT T , 

1

( ) /
M

k

k M
=

=∑j jT T . C is a symmetric matrix and ijC describes the state of connection 

between node i and j . Choosing a critical value cr , the correlation matrix C can be 

converted into adjacent matrix D , the rules of which read: 

1, ( )
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D
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 (7) 

The threshold value cr determines the characteristics of the resulting network. But up 

to now, there has not been an acknowledged criterion to well determine the value of 

cr . In this paper, we can expect a neighborhood of the threshold value, in which the 

network can capture the characteristics of the time series and the structure of the  
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Fig. 5. Distribution map of the delay time, threshold value and modularity. For the flow pattern 
complex network, after achieving five different delay times calculated by C-C algorithm, we 
plot the curves of modularity with the increasing of threshold value cr under every delay time 
and find that the modularity Q keep stable when cr ranging from 0.965 to 0.985 and the 
modularity Q reach the largest when 7 tτ = ∆ . 
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Fig. 6. (a) Components of the first non-trivial eigenvector a1 of the standard matrix are plotted 
versus those of a2, from which the number of community can be identified. (b) Community 
structure of the flow pattern complex network, which shows that there are three communities 
corresponding to the bubble flow, slug flow and churn flow respectively, and the nodes of the 
network that connect tightly between two communities corresponding to the transitional flow. 

resulting network can keep stable. That is, a proper threshold value can be found just 
by simulating a special dynamical process of the complex network, i.e., decreasing 
the number of connections by increasing the value of cr while keeping the modularity 

of resulting network almost unchanged. According to the principles mentioned above, 
we select 7 tτ = ∆ ( t∆ is the sample interval of original conductance fluctuating 
signals) and 0.978cr = , as shown in Figure 5. Finally, all the nodes and their edges 

form the flow pattern complex network, and the   topological structure of this network 
can be described with the adjacent matrix D . The conditions 1ijD = and 0ijD =

 
correspond to connection and disconnection, respectively. 
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After constructing the flow pattern complex network, we detect its community 
structure using the community-detection algorithm based on data field theory 
proposed in this paper. Three communities of 21,30 and 39 nodes are found, as shown 
in Figure 6, denoted as community a, community b and community c, respectively. 
Moreover, We find that community a mainly corresponds to the bubble flow, such as 
node 2 and node 16; community b mainly corresponds to the slug flow, such as node 
31 and node 44; community c mainly corresponds to the churn flow, such as node 70 
and node 90; the nodes that connect tightly between community a and community b 
correspond to the bubble-slug transitional flow, such as node 19 and node 26; the 
nodes that connect tightly between community b and community c correspond to the 
slug-churn transitional flow, such as node 32 and node 58. So, with the application of 
community-detection algorithm based on data field theory, we achieve good 
identification of flow pattern in gas-liquid two-phase flow. 

5   Conclusion 

In summary, we have presented a community-detection algorithm based on data field 
theory. Applying our algorithm to both computer generated and real-world networks 
with well defined community structures, we got reasonable results that it feasible to 
be used for the accurate detection of community structure in complex networks. Using 
the conductance fluctuating signals measured from gas-liquid two-phase flow 
dynamic experiments, we construct the flow pattern complex network, with each flow 
work condition represented by a single node and edge determined by the strength of 
correlation between nodes. With the applications of the community-detection 
algorithm to the flow pattern complex network, we find that there are three 
communities in the network, corresponding to the bubble flow, slug flow and churn 
flow respectively, and the nodes of the network that connect tightly between two 
communities corresponding to the transitional flow. In this paper, from a new 
perspective, we not only propose a new community-detection algorithm based on data 
field theory, but also build a bridge between complex network and two-phase flow by 
applying the algorithm to flow pattern identification in gas-liquid two-phase flow. 
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Abstract. A new multiphase sinusoidal oscillator is presented. The circuit reali-
zation uses the four-terminal floating nullor（FTFN）to generate arbitrary n 
current sinusoidal signals equally spaced in phase. The proposed circuit consists 
of n CCCIIs, n grounded capacitors and 2n grounded resistors. The oscillation 
condition and oscillation frequency are independently controlled. The former 
depends on the grounded resistance R1 and the latter depends on the grounded 
capacitor C. The circuit also enjoys having simple structure and very low com-
ponent count and it is highly suitable for monolithic implementation.  

Keywords: Four-Terminal Floating Nullor, Multiphase Sinusoidal Oscillator, 
PSPICE Simulation. 

1   Introduction 

Current-mode circuits have become very attractive due to some important advantages 
in comparison with their counterpart voltage-mode circuits. These advantages are: a 
wider bandwidth and dynamic range, a greater linearity, and a lower power consump-
tion. In numerous active device, four-terminal floating nullor(FTFNs) is very con-
spicuous. This model is more flexible and versatile than an operational amplifier(OA) 
and a current conveyor(CCII), it can easily replace arbitrary nulltor and norator device 
without requiring any conditions. The performance of high frequency is good, the 
impedance of output is very high, and it can directly realizes high order transfer func-
tion by cascade not need of match. 

At present, many filters have been developed which use FTFNs. However, few pa-
pers concern sinusoidal oscillators using FTFNs. In this papers, a new multiphase 
sinusoidal oscillator is presented useing the four-terminal floating nullor（FTFN）to 
generate arbitrary n current sinusoidal signals equally spaced in phase. The oscillation 
condition and oscillation frequency are independently controlled [1-3]. 

2   Circuit Description of FTFN 

An FTFN is equivalent to an ideal nullor or is called an operational floating amplifier. The 
nullor model is shown in Fig.1 and its port relations can be characterized as equation (1). 

                                                           
* The Hunan province research project of education department of financial aid (04C346). 
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yx vv = ,     0== yx ii ,      zw ii = .                                        (1) 

The plus and minus sign in equation(1) denotes positive and negative types of the 
positive and negative type four-terminal floating nullor (FTFN++ and FTFN-) respec-
tively. Although the output impedance of the Z and W terminal of the FTFN are arbi-
trary, we adopt an FTFN where the output impedance of the Z terminal is very high, 
and that of the W terminal is very low, as shown in Fig. 1b. 

 
 
 
 
 
 
 
 

                                     (a)                                                              (b)  

Fig. 1. (a) FTFN+; (b) FTFN- 

3   Circuit Principle of Multiphase Sinusoidal Oscillation  

The design of a multiphase sinusoidal oscillator has received a great deal of attention 
in the fields of power electronics, communications and signal processing. Numerous 
techniques for designing a multiphase sinusoidal oscillator have been developed. 
Early versions of the multiphase sinusoidal oscillator circuits provide good perform-
ance but they share common disadvantages of being complicated and constructed with 
large number of both active and passive elements. A simple multiphase sinusoidal 
oscillator is presented in the previous papers [4-14]. This paper proposes a new and 
generalized scheme to realize a multiphase oscillator with a arbitrary n number of the 
phase signal of the oscillator, where 3≥n  and n can be odd. The signal flow graph of 
multiphase sinusoidal oscillator’s principle is shown in Fig.2. 

 

Fig. 2. Signal flow graph of multiphase sinusoidal oscillator’s principle 

In Fig.2, the basic building block is a first-order negative lowpass section. Every 
section has the same transfer function and can been described as  

                 
bs

a
sAI +

−=)( .                                                   (2) 

In addition, a is the gain and b is the pole angular frequency. 
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Now connecting n identical block results in structure of Fig.2. From Fig.2, the 
open loop gain can be expressed as 
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For oscillation to sustain, the Barkhausen criteria must be satisfied:  
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Therefore the proper equation can be characterized by 
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From (6) the system will oscillate continuously at a frequency, provided that the fol-
lowing oscillation condition(OC) and oscillation frequency(OF) are satisfied 

OF:                                                
n

m
btg

πω 2
0 −= ,                                                   (7) 

OC:                                                
n

m
ba

π2
cos/−= .                                                (8) 

The circuit can be oscillated only when n is odd number. 
For example, when            

    3=n ,                                                             (9) 

the oscillation condition (OC) and oscillation frequency(OF) can be written as 

OF:                                             bb 732.130 ≈=ω  ,                                              (10) 

OC:                                                 ba 2=   .                                                             (11) 

The oscillation condition (OC) and oscillation frequency(OF) are illustrated in ta-
ble I when 9,7,5,3=n . The arbitrary n-phase sinusoidal oscillator is shown in Fig.3. 
It consist of CCCII- and phase-shifting circuits.  

Table 1. The oscillation condition (OC) and oscillation frequency(OF) 

n-phase oscillator OC OF(ω0) 
3 a=2b 1.732b 
5 a=1.236b 0.727b 
7 a=1.11b 0.48b 
9 a=1.064b 0.36b 
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Fig. 3. Generalized building block of the arbitrary n-phase sinusoidal oscillators 

From Fig.3, it is not hard to find the current transfer function in every section 

RCs

CR
sAI /1

/1
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+
−=  ,                                                     (12) 

where                            CRa 1/1=  ,      RCb /1= .                                     (13) 

From table.1, the oscillation condition (OC) and oscillation frequency(OF) when 
5=n  

OF:            RC/727.00 =ω  ,                                             (14) 

OC:            RR /236.1/1 1 =  .                                             (15) 

On amplitude frequency, the same transfer function of every section can be given as 
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Hence, it can be concluded that the oscillation condition and oscillation frequency 
are independently controlled. The condition of oscillation can be adjusted by tuning 

1R  without disturbing the frequency of oscillation. At the same time, the frequency of 

oscillation can be adjusted by tuning C without disturbing the condition of oscillation. 

4   Simulations Results 

The validity of the oscillation for 3=n  and 5=n  is verified using PSPICE. The 
negative FTFN(FTFN-) consists of two AD844 op amp and modified Wilson current 
mirror. The supply voltage is taken as 5±=ccV V. The passive components are given 

in table 2. The results shown in Fig.4 validate the feasibility of the proposed circuit. 

Table 2. The parameter of the third and fifth phase sinusoidal oscillators 

n-phase R(kΩ) R1(kΩ) C(uF) OC OF(kHz) 
3 10 5 0.01 1/R1C=2/RC 2.76 
5 10 8.1 0.01 1/R1C=1.237/RC 2.76 

 



 Design of Multilphase Sinusoidal Oscillator Based on FTFN 1933 

 

 

 

 

 

 

Fig. 4. (a) Output currents of three phase oscillator; (b) Output currents of five phase oscillator 

5   Conclusions 

A novel and generalized scheme to realize multiphase sinusoidal oscillators has been 
presented. The proposed method is able to produce multiphase output currents equally 
spaced in phase for odd-numbers of phases. The circuit realization employs n FTFNs, 
n grounded capacitors and 2n grounded resistors. The circuits offer several advan-
tages. It has simple structure and very small number of grounded passive components. 
Besides, the control of oscillation condition is only depended on the grounded resis-
tance R1 and does not interfere with the oscillation frequency, which depends on the 
grounded capacitor C. Whereas, The proposed circuits are therefore highly suitable 
for IC implementation.  
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Abstract. Development of capital intensive systems, such as offshore oil 
platforms or other industrial infrastructure, generally requires a significant amount 
of capital investment under various resource, technical, and market uncertainties. 
It is a very challenging task for development co-owners or joint ventures because 
important decisions, such as system architectures, have to be made while 
uncertainty remains high. This paper develops a screening model and a simulation 
framework to quickly explore the design space for complex engineering systems 
under uncertainty allowing promising strategies or architectures to be identified. 
Flexibility in systems’ design and operation is proposed as a proactive means to 
enable systems to adapt to future uncertainty. Architectural and operational 
flexibility can improve systems’ lifecycle value by mitigating downside risks and 
capturing upside opportunities. In order to effectively explore different flexible 
strategies addressing a view of uncertainty which changes with time, a 
computational framework based on Monte Carlo simulation is proposed in this 
paper. This framework is applied to study flexible development strategies for a 
representative offshore petroleum project. The complexity of this problem comes 
from multi-domain uncertainties, large architectural design space, and structure of 
flexibility decision rules. The results demonstrate that architectural and 
operational flexibility can significantly improve projects’ Expected Net Present 
Value (ENPV), reduce downside risks, and improve upside gains, compared to 
adopting an inflexible strategy appropriate to the view of uncertainty at the start of 
the project. In this particular case study, the most flexible strategy improves 
ENPV by 85% over an inflexible base case. 

Keywords: screening model, capital-intensive systems, uncertainty, architectural 
flexibility, operational flexibility, Monte Carlo simulation. 

1   Introduction 

Capital-intensive projects, such as energy and transportation infrastructure, are 
complex engineering systems. They share similar characteristics which make the 
design and development planning very challenging. 
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• Long lifecycle: The lifecycles of these systems (i.e., design, development, opera-
tion, and abandonment) easily span several decades. 

• Capital-intensive: Design and development of these systems require hundreds of 
millions or billions of dollars of initial investment while future return is uncertain. 

• Evolving internal and external uncertainty: These systems are being designed, 
developed, and operated in an uncertain environment (i.e., consumer demand, 
market conditions). Systems’ internal characteristics and performance may also be 
uncertain over the long lifecycle.  

• Complex interactions among multiple domains: Design and development of such 
systems involves multiple domains (i.e., engineering, natural science, economics, 
and management science) whose complex interactions can lead to unexpected 
outcomes.  

• Significant economic and societal impacts: These systems are critical infrastruc-
tures whose success has large social and economic impacts due to people, capital, 
and other resources involved.  

 
The practice of traditional engineering design focuses on optimizing systems’ per-

formances given deterministic assumptions of the future environment in which they 
will be operated. Deterministic optimization often leads to a point solution that is 
appropriate if the future is relatively stable. However, for capital-intensive systems to 
be deployed in uncertain environments, the deterministic assumptions for systems’ 
internal and external factors are insufficient over systems’ long lifecycle. In certain 
circumstances, such point-optimal designs without taking into account uncertainty 
may cause huge financial loss. For example, Iridium and Globalstar pioneered mobile 
space-based telephony in the late 1990s. Despite extraordinary technical break-
throughs, these systems were commercial failures, respectively resulting in losses of 
roughly $5 and $3.5 billion [1]. The proximate causes of these failures were 
deterministic forecasts of market demand (ground-based cellular telephony rose 
rapidly in the mid 90s) and inflexible system architectures that could not be easily 
downsized or switched to different types of service or coverage. In summary, 
traditional optimization-based engineering design approaches can not effectively deal 
with the challenges in capital-intensive systems’ design and development.  

In facing design under uncertainty, essentially there are two alternatives: one is 
robust design, which designs systems to perform adequately over a large range of future 
operating conditions. It is a passive approach desensitizing systems to noisy factors [10]. 
The other is flexible design, which designs systems to be easily be changed to adapt to 
uncertain future conditions. Flexible design deals proactively with uncertainty. 

There is emerging literature on the flexible design and development of capital -
intensive systems. A growing body of papers focuses on designing managerial or 
operational flexibility into infrastructures. de Weck et al. [1] propose a flexible staged 
deployment strategy for constellations of commercial communication satellites under 
customer demand uncertainty. Hassan et al. [2] develop a “Value-at-Risk-Gain 
(VARG)” approach for evaluating flexibility in architecting a fleet of satellites under 
demand uncertainty. Wang and de Neufville [3] propose a screening model approach 
to identify real options “on” engineering systems, and demonstrate the approach 
through the development of hydropower stations for a river basin. Zhao and Tseng [4] 
discuss the value of infrastructure expansion flexibility using an example of a parking 
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garage, in which upfront investment on enhanced foundations and columns enables 
expansion flexibility if future demand for parking increases. Ford et al. [5] propose a 
real options approach for using strategic flexibility to recognize and capture project 
values hidden in dynamic uncertainty using a toll road project to demonstrate the 
proposed method. Ajah and Herder [6] propose a six-step process for integrating real 
options into the design of energy and industrial infrastructure. Lund [7] develops a 
stochastic dynamic programming model for evaluating flexibility over the lifecycle of 
offshore petroleum projects.  

This paper extends the idea of using a screening model [3] and VARG curves [2] to 
explore and evaluate different flexibilities under uncertainty. A screening model is an 
integrated representation of a system at mid-fidelity level. It usually connects the input 
systems (reservoir), production systems (platforms, wells), and output systems (crude 
oil /gas export systems) through feedback and feed forward loops, which can take 
physical, logical, and financial forms. Because it connects sub-domains at mid-fidelity 
level, it requires much less computational and setup time (seconds or hours 
respectively) than traditional high-fidelity but disconnected models in each discipline 
(hours or weeks). A screening model thus enables more efficient exploration of the 
design space under uncertainty. It needs to include the essential details of a system, and 
produce a relatively stable ranking order for different strategies or design alternatives. 
Engineers’ experience and quantitative methods (e.g., Design of Experiments for 
facility modeling) are utilized to determine its essential details. A screening model 
needs to be calibrated against existing systems or high fidelity models to achieve the 
errors within ±10%, as a rule of thumb. VARG curves are another important concept in 
this paper. They are essentially cumulative probability distributions for the NPV of a 
project. Compared to the “static” discounted cash flow or NPV methods, a VARG 
curve gives a holistic view of a project’s outcomes showing both risks and 
opportunities. A good strategy or design alternative should “shape” the VARG curve 
towards favorable directions, such as cutting downside and extending upside tails and 
thus improving the mean. A VARG curve gives decision makers and system architects 
a quantitative way to design and compare different strategies under uncertainty. Using 
these concepts, this paper proposes a computational simulation framework and 
illustrates it through a case study of flexible development strategies in an offshore 
petroleum project. 

This paper is organized as follows. Section 2 classifies different types of uncertainty 
and flexibility in capital-intensive systems. Section 3 proposes a generic computational 
framework for exploring flexibilities under multi-domain uncertainties. Section 4 
applies the proposed approach to study flexible field development strategies in an 
offshore petroleum project. Section 5 concludes this paper. 

2   Uncertainty and Flexibility in Capital-Intensive Systems 

2.1   Uncertainty in the Lifecycle of Capital-Intensive Systems  

Many types of uncertainty influence the technical and economic success of capital-
intensive systems over their long lifecycle. In general, these fall into the following 
three categories:  
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• Endogenous uncertainty: Endogenous uncertainty, such as technical uncertainty, is 
embedded in systems. Decision makers and system architects can actively direct 
and manage its evolution by investing in projects, such as reducing subsurface 
uncertainty by drilling more appraisal wells. Modeling endogenous uncertainty 
requires domain knowledge. For example, the evolution of hydrocarbon volume 
estimates is endogenous uncertainty for an offshore petroleum project, and depends 
on human understanding of geological structures and hydrocarbon characteristics 
underground. 

• Exogenous uncertainty: Exogenous uncertainty is independent of technical 
systems. It is outside the control or direct influence of system architects. Examples 
include market uncertainty, e.g. commodity prices, market demand. Stochastic 
models, such as Geometric Brownian Motion (GBM), or lattice models, have been 
developed to simulate the evolution of exogenous uncertainty. 

• Hybrid uncertainty: Hybrid uncertainty can be partially influenced by system 
architects. Examples include development uncertainties, such as cost, schedule, 
and contracts, which generally depend not only on systems designs and 
development plans but also on market conditions. 

2.2   Flexibility over the Lifecycle of Capital-Intensive Systems 

In general, there are two types of flexibility over the lifecycle of systems: 
architectural and operational. Architectural flexibility is achieved by designs allowing 
a system’s configurations to adapt to future uncertainty with relative ease. Operational 
flexibility is achieved by designs which enable changes in the mode of operations for 
systems to maximize value and it does not involve major configuration changes. This 
section uses the development of an offshore hydrocarbon basin to illustrate these two 
types. Fig. 1 shows a representation of the architecture of a hydrocarbon basin, where 
facilities (i.e., production or well platforms) and fields (i.e., hydrocarbon fields) are 
connected by flowlines for production, injection, service, and export.   

Facility 

Field 

Production flowline  

Injection flowline  

Service lines  
 

Fig. 1. Network representation for the architecture of a hydrocarbon basin 

 
Architectural flexibility. Architecture flexibility means that it is possible to modify 
system configurations or layouts. Given the hydrocarbon basin in Figure 1, this is the 
ability to   
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• Add, delete nodes or connections: These can be easily added and abandoned over 
the lifecycle of projects. Exercising this type of flexibility changes the physical 
configurations (i.e., the number of fields developed, facilities and connections) in a 
hydrocarbon basin.  

• Modify connections among nodes: To change the fields-facilities connections, 
such as tieback of a field to a facility using subsea development, as shown in the 
case study. This flexibility is commonly referred as system reconfigurability.  

• Modify the designs or properties of nodes or connections: This flexibility changes 
the properties of nodes or connections in a network but not its configuration. . For 
example, Capacity flexibility allows easy expansion or contraction of the capacity of 
facilities or flowlines. If it is not initially planned or designed into systems, it may be 
prohibitively costly to change capacity afterwards. For an offshore oil platform, it 
may be impossible to add additional processing equipment due to limited space, 
buoyancy, or insufficient sub-structural support.  

 
Operational flexibility. Operational flexibility allows easy modification of operating 
strategies without changing the system architecture, configuration or design. It allows, 
operators to change and fine-tune systems’ operations to maximize their value according 
to current or near-term conditions. Given the long operating stage of capital-intensive 
projects, operational flexibility can add a lot of value. For example, capacity allocation 
flexibility is an operational flexibility, which allocates production capacity for multiple 
products or resources to maximize production under uncertainty. In petroleum projects, 
active reservoir management, such as changing fluid production and injection rates, is 
one type of operational flexibility.   

Architectural flexibility has long term strategic impact. Operational flexibility focuses 
on near term. Architectural flexibility sometimes enables operational flexibility. For 
example, in the development of a deepwater hydrocarbon basin, tieback flexibility 
enables allocation of production capacity among multiple fields. 

3   A Computational Framework  

To explore flexibility under uncertainty, this paper proposes the computational 
framework shown in Fig. 2. There are two iteration loops. The outer loop represents a 
Monte Carlo simulation and each run includes one combinatorial sample from multi-
domain uncertainty. The inner loop simulates the development and operation of 
engineering systems over their lifecycles. A decision making module is built into the 
inner loop, which observes the evolution of multi-domain uncertainty and then 
modifies the integrated screening model by exercising pre-defined flexible strategies.  

Hence, because the screening models are time-variant, the resource systems and 
systems designs can be changed over the course of a project’s lifecycle. After the 
completion of the simulation, flexibility strategies and their designs are compared in 
terms of the probability distributions of technical or economic metrics, such as a 
Value-at-Risk-Gain (VARG) curve for Net Present Value (NPV). 
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Fig. 2. A computational framework to explore flexibility under multi-domain uncertainty, i= 
sample in uncertainty space, j= time step index, n1=number of Monte Carlo samples, n2= 
number of total time steps 

The key elements of this computational framework include: 

• Multi-domain uncertainty models: Stochastic models need to be developed for 
simulating the evolutions of resource, technical and market uncertainty. Monte 
Carlo simulation samples multi-domain uncertainty, and then simulates different 
strategies under uncertainties.  

• An integrated screening model: This is a simple representation of the technical-
economic systems. It permits a large number of runs as it requires much less 
computational effort than high-fidelity models. It is used to select and evaluate 
promising strategies in the early stages of a project. In general, it connects resource 
systems, facilities, project economics, and their interactions.  

• Flexible strategies: Architectural and operational flexibilities are embedded into 
systems’ initial designs so that they can be exercised in the future when conditions 
are favorable. 

• Decision rules: Decision rules are a set of heuristics, which set up the conditions 
for exercising flexibilities. In simulations, the decision rules determine when and 
how to exercise flexibilities according to unfolding uncertainties.  
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• Probabilistic evaluation of strategies: Value-at-Risk-Gain curves (VARG) are used 
as a probabilistic evaluation of systems’ economic outcomes under multi-domain 
uncertainty. Statistics, such as projects’ Expected NPV (ENPV), maximal NPV, 
minimal NPV, can be obtained from VARG curves.  

4   A Case Study in an Offshore Petroleum Project 

This section demonstrates the proposed framework by applying it to the development 
of an offshore hydrocarbon basin. The case study explores and compares different 
types of flexibilities during field development.   

R1

R4

R2

R3

R10

R8

R9

FPSO

R5

R7

R5

Core Fields

R6 

 
R10

CPF 

Initial 
connections 

potential future 
tie-in 

 

Fig. 3. Field layout for a hydrocarbon basin 

The notional layout of a hydrocarbon basin is shown in Figure 3. It involves 10 small 
fields, some discoveries and some prospects, but none of them is individually large 
enough to justify the capital investment of a dedicated Central Processing Facility 
(CPF). Thus, a proposed development concept puts a CPF in the center of several core 
discoveries (i.e., R1~R4) and connects it to the core and potentially to the tieback fields 
(i.e., R5~R10) through subsea development. During the early stages of the project, 
recoverable hydrocarbon and market conditions are uncertain. However, important field 
development decisions have to be made regarding whether or not to embed flexibilities 
in systems design. This case study considers three types of flexibility:   

• Tieback flexibility: This allows connection and exploitation of the other tieback 
fields through the CPF if the reserves in the core fields turn out to be smaller than 
initial estimates. Depending how the uncertainty for each tieback field evolves, 
tieback flexibility will result in different configurations, such as different 
connection schemes among selected fields and the CPF. It is enabled by initial 
systems design, such as flexible subsea architectures and production systems on the 
CPF, which allow connecting fluids from multiple fields.  

• Capacity expansion flexibility: This is the ability to add production capacity (i.e., 
add additional decks and equipment) on the CPF to produce more hydrocarbons. It 
is also enabled by initial designs, such as allocating extra space on the platform or 



1942 J. Lin et al. 

building a stronger substructure for future expansion. In this study, capacity 
expansion flexibility is limited to a single expansion by a pre-defined increment. 

• Active Reservoir Management (ARM) flexibility: With ARM flexibility, field 
operators can maximize hydrocarbon production rates by actively managing fluid 
streams from different wells. Allocation schemes may depend on reservoir 
characteristics (e.g. pressure, fraction of water in the fluids) or facilities (i.e., 
processing capabilities).  

This case study developed an integrated screening model, which interconnects 
reservoir production, facility design and cost estimates, and project economics. A 
stochastic model was developed to simulate the evolution of reserve estimates and 
generate trajectories of reserve estimates over time. Key aspects of the model are: 

• It assumes that the reserves estimate for each reservoir follows an independent 
lognormal distribution at any given point of time. 

• The standard deviations (or the range defined by P10 and P90) of these 
distributions usually decrease exponentially over time.  

• The median (or P50) follows a random walk and the magnitude of the random 
walk step exponentially decreases over time.  

• With each successive time step, there is a chance that the median undergoes a 
disruptive change. The probability of such a change also exponentially decreases 
with time and when the disruptive change occurs, the standard deviation has a 
step increase. 

The model was developed to reproduce qualitatively the behavior seen in two 
historical data sets and it has numerous parameters to tune the evolutionary behavior 
of reserve estimates. Unfortunately we have only located limited actual data [9] and 
so full validation of the reserve evolution model is not possible. The most important 
aspect which the model must reproduce is the appreciation factor (the ratio of the 
reserve estimates at times t and 0). To validate the predicted outcome for this 
quantity, a comparison between the model results and the data from [9] was made (see 
Figure 4). This shows that the model, if anything, underestimates the extent of 
reserves appreciation. To guard against the possibility that initial reserves estimates 
may now be better than ~20 years ago, the evolution model has been left untuned.  It 
is likely that the properties (e.g. quality or hydrocarbon-water contact) of 10 nearby 
reservoirs in a basin may be correlated (rather than independent as assumed). As it is 
extremely difficult to quantify such a correlation, no attempt was made to do so.  
Ignoring the correlation will tend to decrease the range of basin reserve changes 
providing another reason why the model might underestimate the extent of reserve 
appreciation.  So long as the model underestimates the reserve change, any benefits 
attributed to allowing flexibility are also expected to be underestimated. 

A decision rule is embedded in the simulation to determine when and how to 
exercise the three types of flexibility depending on how reserve estimates evolve over 
time. A detailed description of these models and simulation procedures can be found 
in [8]. The decision rule is based on current reserve estimates in each individual field 
and the processing capacity for the topside facilities. In year 0, a CPF with a given 
processing capacity is developed for the four core fields. Starting from year 3, if the  
 



 Designing Capital-Intensive Systems with Architectural and Operational Flexibility 1943 

0 5 10 15 20 25
0

0.5

1

1.5

2

2.5

3

3.5

4
Evolution of AF

Years

A
p

p
re

ci
at

io
n

 F
ac

to
r 

(A
F

)

 

 

P90
P50
P10

 

Fig. 4. Comparison of Appreciation Factors:  P10, P50, and P90 are based on the simulation 
results of the reserve evolution model; points (+) are actual data for 126 North Sea fields [9] 

total reserves of the core fields are lower than a certain threshold, other fields will be 
tied back. The decision rule selects the field with minimal development cost (per unit 
reserve) for tieback. When the total reserve of core fields and tieback fields exceeds a 
certain threshold, the decision rule exercises the defined processing capacity 
expansion increment. A capacity allocation subroutine determines how to allocate the 
platform capacity if potential production exceeds it. As a result, the actual timing and 
sequence of tieback also depends on platform capacity and different capacity 
allocation schemes. At each year, the reserve estimates are updated based on the 
evolution model.  In order to allow flexibility options to be exercised, an up-front 
additional CAPEX is incurred which is assumed to be 10% of the CAPEX for the 
inflexible development. 

A full factorial experimental design was used to study the effects of different 
flexibilities. Three types of flexibility, each either enabled (Y) or disabled (N), result 
in a total of eight strategies as shown in Table 1.  

Table 1. Full Factorial Design of Experiments for Development Strategies 

Strategy ID: 
Tieback flexibility 

(Y/N) 
Capacity expansion 

flexibility (Y/N) 
ARM flexibility 

(Y/N) 
Strategy 1 N N N 
Strategy 2 N N Y 
Strategy 3 N Y N 
Strategy 4 N Y Y 
Strategy 5 Y N N 
Strategy 6 Y N Y 
Strategy 7 Y Y N 
Strategy 8 Y Y Y 
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For each strategy, two hundred Monte Carlo runs were performed with samples 
from the reservoir uncertainty model. The economic outcome (i.e., NPV) of each 
strategy is sorted and plotted as a cumulative probability distribution curve (or VARG 
curve). Figure 5 shows the VARG curves for the eight strategies.  Table 2 shows the 
statistics for NPV and CAPEX. From Figure 5, we can see that the most flexible 
strategy (i.e., strategy 8 with all three types of flexibility enabled) significantly 
improves expected NPV, reduces downside risk, and extends upside gain.  

Therefore, strategy 8 appears to be the best strategy among eight alternatives given 
the assumptions of the model. Compared to strategy 1 (without any flexibility), the 
three types of flexibility in strategy 8 improve the project’s ENPV by 85%.  From 
Table 2, we also find that the flexibility strategies do not require significant upfront 
investment (initial CAPEX only increases from 64% to 66%). 
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Fig. 5. VARG curves for eight strategies  

Table 2. NPV and CAPEX statistics for eight strategies 

NPV  
(% of the ENPV for strategy 1) 

CAPEX  
(% of the expected CAPEX for strategy 1)  

ENPV Min Max σ(NPV) Expected Min Max Initial 

Strategy 1 100 -66 252 74 100 100 100 64 
Strategy 2 100 -66 255 74 100 100 100 64 
Strategy 3 94 -88 263 77 102 100 109 64 
Strategy 4 94 -88 261 77 102 100 109 64 
Strategy 5 136 15 267 52 137 104 168 66 
Strategy 6 157 33 278 48 137 104 168 66 
Strategy 7 155 30 289 47 173 136 200 66 
Strategy 8 185 30 335 61 173 136 200 66 
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A regression model for ENPV1 can be obtained by Design of Experiment (DOE) 
analysis:  

( ) 323121321321 52.157.607.757.640.4030.3027.127,, xxxxxxxxxxxxENPV ++++++=  (1) 

Where ix  takes value -1 (no flexibility) or 1 (with flexibility); 1x tieback flexibility; 

2x : capacity expansion flexibility; 3x : ARM flexibility. The main effects of the three 
factors represent the Value of Flexibility (VoF). Figure 6 shows the main effects and 
interaction effects for the three flexibilities on the project’s ENPV.  
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Fig. 6. Main effects and interaction effects of three flexibilities on ENPV 

Figure 6, shows that all main effects and interaction effects are positive, which 
means that all three types of flexibility increase the project’s ENPV and the benefits 
of pairwise combinations are more than additive. Tieback flexibility contributes most 
to ENPV. On average, tieback flexibility improved the project’s ENPV by 60% in this 
case study. The second most important source of value is operational flexibility.  

5   Summary and Discussion 

This paper proposes a computational simulation framework to explore different 
flexibilities in systems’ architectural designs and operations under multi-domain 
uncertainty. The proposed approach has been applied to the development planning of 
a deepwater hydrocarbon basin. Three types of flexibility: tieback flexibility, capacity 
expansion flexibility, and ARM flexibility have been studied through DOE analysis 
based on Monte Carlo simulation results. It has been shown that tieback flexibility 
significantly improves the project’s ENPV under reservoir uncertainty. The proposed 
computational framework gives decision makers and system architects a formal way 
to explore different types of flexibility during the early stages of capital-intensive 
systems’ design and development planning. It might be argued that the estimated 

                                                           
1 ENPV and CAPEX are is normalized against their respective values for strategy 1 and 

expressed as percentages.  
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improvement in ENPV is based on an unfair reference case (Strategy 1) in that only 
the four core fields are developed and so the more flexible cases potentially exploit 
additional resources. However, as the four core fields are the most promising, it is 
unlikely that the satellite fields can be economically developed at all except as 
tiebacks requiring initial up-front investment.  Nevertheless, a more rigorous estimate 
of ENPV improvement could include as part of the reference case the possibility that 
reserves evolution for R5~R7 or R8~R10 may result in either or both of these clusters 
being capable of development with a dedicated CPF. 
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Detecting Gross Errors for Steady State Systems
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Abstract. Gross error detection is important to data reconciliation in
process industry. In practice, gross errors cannot be identified exactly by
any algorithm. The issue of unreasonable solutions of gross error detec-
tion algorithms is discussed. A novel mixed integer optimization method
presented in a previous paper is used in this paper. A strategy is proposed
to identify gross errors and its most possible alternatives for steady state
systems by the method. Gross errors are identified without the need for
measurements elimination. The computation results show the effective-
ness of the proposed strategy.

Keywords: data reconciliation, gross error detection, equivalent set,
mixed integer optimization.

1 Introduction

In industrial process, instrument readings do not satisfy the laws of conversation
and one has to perform data reconciliation to obtain variable estimates. Unfor-
tunately, measured process variables often systematically deviate from their true
values. Miscalibrated and malfunctioning instruments are two reasons for biased
measurements which are called gross errors. There are two fundamental prob-
lems associated with data reconciliation: gross error detection and identification.
Meaningful data adjustments can be obtained if and only if there is no gross error
in data.

Chemical process variables can be classified into two groups–redundant vari-
ables and non-redundant variables. If a variable can be measured directly
and estimated indirectly from other relationships(such as mass balance, en-
ergy balance, and so on), it is termed as redundant variables and can be rec-
onciled. Non-redundant variables can not be estimated except being measured
directly and cannot be reconciled [1]. Several redundancy analysis methods have
been proposed in the past. Vaclavek and Loucka proposed a reduced balance
scheme(RBS). After deleting units having unmeasured feed or product flows and
combining two units connected by unmeasuued flow, the resulting measurements
are redundant [1]. Kretsovalis and Mah presented how to identify observability
using graph theory [2][3]. Crowe provided a classification algorithm using matrix
projection method [4]. Madron and Veverka proposed the multiple Gauss-Jordan
elimination algorithm for linear models [5]. Zhang et al. presented a redundancy
definition method considering networks topology and sensors’ precision [6].

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1947–1954, 2009.
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For redundant variables, detecting gross errors in steady state systems has
received considerable attention. Most technologies for detection of gross errors
rely on statistical hypothesis testing, such as the global test (GT) [7], the mea-
surement test (MT) [8], the nodal test (NT) [7] [9], the modified iterative mea-
surement test (MIMT) [10], the principal component test (PCT) [11], and the
general likelihood ratio method (GLR) [12], etc. These tests have been applied
to both measurement and constraint residuals. But none of these techniques
was satisfying. So it is not a sufficient condition for gross error detection that
variables are redundant.

In the view of optimization theory, the existing methods of gross error detec-
tion just find a solution satisfying the objective function with minimum value.
In a recent paper [13], a series of concepts on equivalency theory were presented
to explain the uncertainty of gross error detection. That is, two sets of gross er-
rors are equivalent when they have the same effect in data reconciliation. When
simulating either one, that leads to the same value of the objective function.

This paper is devoted to the issue of gross error detection for steady state
systems and organized as follows: with the property analysis of steady state
systems, conditions for exact gross error identification were pointed out. Next,
a model of gross error detection is presented. Using the model, a strategy is
proposed to look for the most possible alternatives of the results of a gross error
detection algorithm. Simulations show the performance of the proposed strategy.

2 Identification of Gross Errors

The basic model of process measurement data is

X = X̂ + σ + ω (1)

where X is a p-dimensional vector of measurements, X̂ is a p-dimensional vector
of true values, σ is a p-dimensional vector of gross errors, ω is a p-dimensional
vector of random errors.

Theorem 1 (Condition for gross error identification). Consider a steady
state system

AX̂ = C (2)

without considering random errors, gross errors in redundant measurements can
be identified exactly if and only if the coefficient matrix A is full rank.

Obviously, the vector σ can be determined if and only if the coefficient matrix
A is full rank when we know the measured data X . But in many cases, A is not
full rank in process industry. So gross errors can not be identified exactly.

Theorem 1 can be understand intuitively by the theory of equivalency. The
equivalent sets of gross errors are theoretically undistinguishable, because two
sets of gross errors are equivalent when they have the same effect in data rec-
onciliation [13]. In other words, there exists an equal possibility that the true
locations of gross errors are in one of its equivalent sets. Clearly, a gross error set
identified by solving a optimization problem is only one of the feasible solutions
of the problem and may be unreasonable.
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3 A Model for Gross Error Detection

From the view of theorem 1, more than one of gross error sets can be fitted to
the data under consideration, it becomes necessary to identify which gross error
set to be used. So gross error detection can be addressed as a model discrimina-
tion and parameter estimation problem, where multiple models corresponding to
the partitioning of random and gross errors. And one is interested in obtaining
the most likely model and its parameters. Since maximum likelihood estimators
are asymptotically efficient under certain condition, the likelihood function is a
very sensitive criterion of deviation models parameters from their true values.
The Akaike Information Criterion(AIC) is an estimate of the Kullback-Leibler
mean information for distance between the true model and the model under con-
sideration [14]. A novel mixed integer linear programming(NMILP) model was
presented based on the idea of AIC [15].

Obviously, a set of gross errors with minimum cardinality can be obtained by
the NMILP method [15]. It is not necessary to obtain all equivalent gross error
sets, but a equivalent set with minimum cardinality maybe useful to reconcile
process measurements. The strategy of SICC is based on the same idea that the
probability of containing k gross errors is larger than the probability of containing
k+1 gross errors, which has a principle objective and is based on identifying one
candidate for a gross error at a time and solving the data reconciliation model
with bias detection using all suspects [13].

To reduce computational burden, an NMILP model is designed only to detect
gross errors [15]. This method is based on the assumption that the smallest
number of gross errors located in a system by a algorithm is the number with
highest probability equal to true number presented in a system. And that is
consistent with the idea of the maximum likelihood estimation. The NMILP
model can be written as

min
n∑

i=1

yi (3)

s.t. Ax = 0 (4)

|xM
i − xi − µi| ≤ σi (5)

|µi| ≤ Uiyi (6)

|µi| ≥ Liyi (7)

yi ∈ {0, 1} (8)

xi ≥ 0 (9)

The NMILP model can be deduced from AIC also [15].
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4 Equivalency of Gross Errors

Theorem 1 is helpful to explain why we cannot locate gross errors correctly based
on a mathematical objective function. But only graphic features and concepts
of equivalent set are performed [13]. And the strategy for searching equivalent
sets needs future work. When a set of gross errors with addition of another
stream/leak form a loop, they cannot be identified exactly[13]. So a reasonable
equivalent set is helpful for better data reconciliation and maintaining instru-
ments. Based on the assumption as the idea of the SICC, a strategy is presented
to exploit the most possible gross error equivalent sets by the NMILP method.
The detailed steps can be described as follows:

Step 1. Detect gross errors by the NMILP method.
Step 2. Construct a set of candidates (SC) including all the variables flagged

by the NMILP method.
Step 3. Select one variable xg of the SC as a correct measurement and others

of the SC are also looked as gross errors. Then, obtain the equivalent set of xg

by solving (3-9).
Step 4. If all the equivalent sets of the SC have been detected, output the

result; Otherwise, go to step 3.

5 Case Study

Simulation procedure of a classic case is applied to study the performance of
the proposed strategy. For this paper, the solution of NMILP techniques are
evaluated using a Monte Carlo simulation study. Each result is based on 1000
simulation trials where the random errors and the criterion used to judge the
performance are the average number of type I errors (AVTI) [12], the overall
power (OP) [12] and expected fraction of perfect identification (OPF) [16]. They
are defined as follows

AVTI =
No. of unbiased variables wrongly identified

No. of simulation trials
(10)

OP =
No. of biased variables correctly identified

No. of biased variables simulated
(11)

OPF =
No. of trials with perfect identification

No. of simulated trials
(12)

A schematic diagram of recycle process network is shown in Fig. 1 [12]. In
the case, the true flow rates are shown in Table 1. Each measurement value
for simulation trial taken as the sum of the true value and a random value
between −0.025xl and 0.025xl, where xl is the true value. Li and Ui are chosen
as 0.6 and 4 respectively. 20% of the true value is added to the biased stream
to evaluate the proposed method. All simulations in this work are performed
using an application developed in the Visual C++ 6.0 programming language.
The NMILPs are solved using calls to a library of subroutines packages with
software.
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Fig. 1. Recycle process network

Table 1. True values for the measured flow rates

Measurement variables number(l) True flow rate(xl)
1 5
2 15
3 15
4 5
5 10
6 5
7 5

Table 2. Performance results for NMILP

No. Biased stream NMILP
AVTI OP OPF

1 1-2 0.000 1.000 1.000
2 1-3 0.000 1.000 1.000
3 1-4 0.024 0.972 0.943
4 1-5 0.000 1.000 1.000
5 2-5 0.000 1.000 1.000
6 2-6 0.000 1.000 1.000
7 2-7 0.000 1.000 1.000
8 3-5 0.000 1.000 1.000
9 3-6 0.000 1.000 1.000
10 3-7 0.000 1.000 1.000
11 4-7 0.002 0.974 0.948
12 5-7 0.000 1.000 1.000
13 1-6 0.035 0.983 0.963
14 1-7 1.000 0.000 0.000
15 2-3 0.000 1.000 1.000
16 2-4 0.056 0.924 0.848
17 3-4 0.068 0.921 0.8413
18 4-5 0.415 0.775 0.550
19 4-6 0.197 0.874 0.248
20 5-6 0.737 0.616 0.230
21 6-7 0.035 0.983 0.965

Table 2 shows the performance of the NMILP method. Some rows of the
table have high AVTI and low OP, such as row 14, 18, 19 and 20. These results
can be explained with the theorem 1. Totally, the NMILP method avoids gross
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errors spreading to correct measured values and need’t use values estimated by
the least squares method to detect gross errors. Compared with the Table 4 in
a recent paper[17], we can find that the NMILP has better performance than
the simultaneous estimation of gross errors (SEGE), the unbiased estimation
technique (UBET), and the generalized likelihood ratio (GLR). So the NMILP
method can be used to detect gross errors.

Let us illustrate the proposed strategy to detecting gross errors. Consider the
row 20 in Tab 2. Tab 3 shows the procedure of equivalent sets detection by the
proposed strategy. The set {4,5} or {4,5,6} obtained by NMILP is a equivalent
set of {5,6} and they have the same effect in data reconciliation. But the true
location is {5, 6}. It is consistent with the result in the literature [16].

We tested the strategy in variety of situation. In each case the strategy has
been successful in identifying the set of gross errors introduced. Table 4 shows
the results of introducing biases in steam 2 and 3. Table 5 shows the results of

Table 3. Strategy for exploiting equivalency of gross errors{5,6}

No. Gross error simulated Variables flagged by NMILP
Step 1 None {4, 5}
Step 2 {4,5}
Step 3 {4 } {6 }

{5 } No feasible solution
Step 4 equivalent sets

{4,5},{5,6},
{4,5,6}

Table 4. Strategy for exploiting equivalency of gross errors{2,3}

No. Gross error simulated Variables flagged by NMILP
Step 1 None {2, 3}
Step 2 {2, 3}
Step 3 {2 } No feasible solution

{3 } No feasible solution
Step 4 equivalent sets

{2,3}

Table 5. Strategy for exploiting equivalency of gross errors{1,7}

No. Gross error simulated Variables flagged by NMILP
Step 1 None {6 }
Step 2 {6}
Step 3 {6 } {1,7 }
Step 4 equivalent sets

{6},{1,7},
{1, 6, 7}
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Table 6. Strategy for exploiting equivalency of gross errors{4,5}

No. Gross error simulated Variables flagged by NMILP
Step 1 None {4, 5}
Step 2 {4, 5}
Step 3 {4 } {6 }

{5 } No feasible solution
Step 4 equivalent sets

{4,5},{5,6},
{4,5,6}

Table 7. Strategy for exploiting equivalency of gross errors{6,7}

No. Gross error simulated Variables flagged by NMILP
Step 1 None {6, 7}
Step 2 {6, 7}
Step 3 {6 } {1 }

{7 } No feasible solution
Step 4 equivalent sets

{6,7},{7,1}
{1,6,7}

introducing biases in stream 1 and 7. Table 6 shows the results of introducing
gross errors in stream 4 and 5. Table 7 shows the results of introducing biases
in 6 and 7.

6 Conclusion

This paper proposed a strategy to deal with the uncertain results of gross error
detection. The nature of the uncertainty is also discussed. In fact, most methods
of gross error detection only give the solutions satisfying their objective func-
tions with minimum values. And gross errors cannot be identified exactly by
these methods with limited conditions. Using the NMILP method, a strategy
for exploiting the most possible gross error set and its most possible alternatives
is proposed in the paper. Case study shows the presented strategy possesses good
performance.
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Enhancing Synchronization in Systems of
Non-identical Kuramoto Oscillators
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Abstract. In this paper we present a summary of some of our recent
results on the synchronization of non-identical Kuramoto oscillators cou-
pled via complex networks. Crucially, we emphasize that the systems
overall degree of synchronization cannot only be improved by tuning
properties of the coupling network, but also by a correlated assignment
of oscillators to nodes. In the context of symmetrical coupling via undi-
rected networks we discuss network characteristics and correlations be-
tween the oscillator placement on the nodes of the network that enhance
the overall degree of synchronization. Several simple rules to improve
the degree of synchronization in a system are given, such as, e.g. (i)
anti-correlated placement of adjacent oscillators, and (ii) placement of
oscillators with native frequencies far off the mean in the centre of the
network and (iii) placement of oscillators with native frequencies close
to the mean at the periphery of the network. The influence of oscillator
correlations on synchronization transition is discussed as well. Finally,
we analyze the question whether a a globally synchronized system can
be generated by rewirings that improve the local synchronizability.

Keywords: Synchronization, non-identical oscillators, Kuramoto, net-
works.

1 Introduction

Synchronization problems are pertinent to a plethora of distributed biological
and man-made systems. Examples are found among pacemaker cells, many other
types of cells, fireflies that flash in unison and more biological systems, see, e.g.
[1,2], social phenomena as oppinion formation [4], but also in physical engineered
systems, such as arrays of Josephson junctions [3] or power systems [5], see also
[6] for a recent review. The importance of the problem has attracted much atten-
tion in the literature in recent times. Notably, since it was understood that the
coupling between the elements in most of these distributed systems occurs via
complex networks [7,8], understanding the collective dynamics of synchroniza-
tion on complex networks has become a major focus of research. So far, much
attention has been paid to network properties that facilitate synchronization
between identical oscillators. Most work on this problem focuses on an investi-
gation of the fully synchronized state via the Master stability function approach

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1955–1966, 2009.
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pioneered by Pecora and Carroll [9]. Results about structural features of net-
works that give rise to more stable synchronized states are manifold. Findings
include, that degree-homogeneity, low degree of clustering, short pathlengths,
load-balancing on links and nodes and disassortative degree-mixing facilitate
synchronization [10,11].

However, as in most natural or man-made systems, oscillators differ slightly
from each other, the problem of the synchronization of non-identical oscillators
appears the more relevent issue. In this context, the emphasis of research nat-
urally shifts from being purely focused on properties of the coupling network
to also take account of correlations between oscillator identity and properties
of the node an oscillator is placed at. The problem of optimizing a networked
system of non-identical oscillators thus becomes one of studying the co-evolution
of network properties and oscillator correlations.

In the following, as a proto-typical example for phase synchronization, we
study the model system introduced by Kuramoto [2]

φ̇i = ωi + σ

N∑
j=1

aij sin(φj − φi), (1)

where the φi denote the phases of N limit-cycle oscillators, the ωi their native
frequencies and the matrix A = (aij) the coupling network, while σ is the cou-
pling strength. The coupling matrix A is given by the adjacency matrix of the
coupling network, i.e. aij = 1 if there is a link from i to j and aij = 0 other-
wise. The model (1) has been widely studied, both analytically and numerically
(see [12] for a recent summary). It arises in the weak-coupling limit of coupled
limit-cycle oscillators.

The degree of synchronization of the system (1) is conveniently measured by
introducing the quantities r and Φ via

r(t) exp(iΦ(t)) =
∑

j

exp(iφj(t)), (2)

where r(t) denotes the amplitute and Φ(t) the average phase of all the oscilla-
tors. For desynchronized oscillators one has r(t) ∝ 1/

√
N , whereas r(t) = O(1)

if (partial) macroscopic synchronization exists. For a given set of initial con-
ditions φi(t = 0) it is often useful to define a time-averaged order parameter
r = 1/T

∫ T+Trel

Trel
r(t)dt, which excludes the initial transitient of the dynamics of

(1), given by the relaxation time Trel.
The paper will be organized as follows. In section 2 we will discuss the case

of the optimized arrangement of systems of symmetrically coupled non-identical
Kuramoto oscillators. We first briefly introduce a numerical optimization tech-
nique and then discuss the resulting optimized systems. A major finding is that
the optimal arrangements are characterized by strong correlations between char-
acteristics of adjacent oscillators. This naturally raises the question about the
synchronization transition in correlated oscillator ensembles. Oscillator correla-
tions are a concept that enherently pertains to sparsely coupled systems. We
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will demonstrate that, indeed, oscillator correlations can systematically shift the
critical point and even the critical exponents.

A further question that naturally appears in the context of synchrony-
optimized networks is whether global synchronization can be achieved in systems
with only local information, which will be investigated next. A brief discussion
of the problem concludes the second section.

Finally, in the last section we summarize the above results and hypothesize
about some general principles that facilitate synchronization in networks of non-
identical oscillators. Some ideas for future work are presented as well.

2 Symmetrical Coupling – Undirected Networks

2.1 Optimal Configurations

In this section we focus on symmetrical coupling aij = aji or undirected net-
works. The results we present in the following are mainly based on [13,15,16].
Given a number of links L = 1/2

∑N
i,j=1 aij , a coupling strength σ∗ and a set

of native frequencies (that were randomly selected from a uniform distribution
over the interval [−1, 1]), we ask the question: What is the arrangement of cou-
pling network aij and oscillator assignment that gives rise to the largest degree
of synchronization, i.e. the largest time averaged order parameter r?

We approach the problem with a numerical optimization scheme. Starting
with an adjacency matrix (aij) that corresponds to an Erdös-Rényi random
graph network, the system of equations (1) is integrated for homogeneous initial
conditions, e.g. φi(t = 0) = 0. This allows the calculation of an average degree of
synchronization for the given network and native frequency configuration. Then,
iteratively, rewirings in the network (that leave the number of links constant) or
changes in the native frequency assignment to nodes are suggested. If an alter-
ation improves the average degree of synchronization r, it is accepted. Otherwise,
the system is restored to its previous state and another random configuration
change is suggested. The scheme is repeated until I = L alteration attempts
have not lead to an increase in average synchronizability, i.e. until every link has
on average been attempted to rewire once.

At first thought, it appears that the results of the above scheme might depend
on the specific choice of initial conditions φi(t = 0) = 0. However, it turns out
that an increase in synchronizability for homogeneous initial conditions also im-
proves the system’s average synchronizability for random initial conditions, for
which all the φi(t = 0) are independently selected at random from (−π, π]. The
reason for this appears to be that the main pressure towards desynchronization
stems from the variance in the native frequencies, whereas the heterogeneity in the
initial conditions plays only a minor role, mainly influencing the transients [18].

For a small system figure 1a visualizes a typical result obtained from the in-
troduced optimization scheme. While Fig. 1b demonstrates that the optimized
network is indeed more synchronizable not only for the specific initial conditions
φi(t = 0) = 0 but also for averages over randomly chosen initial conditions,
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Fig. 1. Example of an evolved optimal configuration for N = 20 nodes and σ∗ = .3.
(a) the optimized system, red nodes denote negative native frequencies, green nodes
positive native frequencies. (b) Dependence of the order parameter on the coupling
strength for the system shown on (a). The data points have been obtained as averages
over many randomly chosen initial conditions. The data are compared to the depen-
dence of r on σ for the random network with which the algorithm was seeded. Figures
from [13].

the graphical representation of the network in Fig. 1a clearly shows first indica-
tive correlations between oscillator identity and network structure. Most promi-
nently, one observes that apart from two exceptions (dashed lines in Fig. 1a)
oscillators with negative native frequencies are neighbours of oscillators with
positive native frequencies. Thus, clearly the native frequencies of adjacent os-
cillators are strongly anti-correlated, maximizing the time-averaged magnitude
of the aggregate interaction term J =

∑
i,j |aijsin(φj − φi)|. In fact, this very ar-

gument that optimal synchronization in systems of non-identical oscillators will
be achieved when average interactions are maximized, suggests that the above
finding is not restricted to the Kuramoto system. Investigating whether general
anti-correlations between the characteristics of more general (chaotic) oscillators
enhances synchronization appears an interesting subject for further research.

Further, in contrast to what has been found for networks of identical oscilla-
tors [10], the optimal network is clearly not regular, i.e. not an entangled network
in the sense of [10]. Rather, as one would expect for heterogeneous systems, os-
cillators find a place in the optimal configuration that depends on their native
frequency. Accordingly, closer inspection reveals that oscillators with large mag-
nitude of their native frequency tend to be associated with nodes of relatively
large degree, while oscillators with native frequencies close to the the mean (and
thus synchronization-) frequency 〈ω〉 = 0 are associated with nodes of relatively
low degree. Such an arrangement appears reasonable from two points of view.

First, one would naturally expect that oscillators with native frequencies de-
viating strongly from the synchronization frequency ω = 0 would require more
input to be drawn towards the collective dynamics. This is equivalent to a re-
quirement for having a larger degree. Second, placing far-off the mean oscilla-
tors on hub nodes allows for a more anti-correlated oscillator arrangement, i.e.
stronger average interactions.
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Fig. 2. Dependence of the clustering coefficient (a), density of 4-loops (b), assortative-
ness (c), maximum load (d), load variance (e), average pathlength (f), degree variation
(g), fraction of plus-minus pairs (h) and of the correlation of adjacent native frequencies
(i) on synchronizablity measured by r(σ∗) during the optimization. The data are for
a network of 100 nodes with connectivity 〈k〉 = 3.5. The initial network corresponded
to an ER r.g., for other initial conditions like scale-free networks or regular random
graphs similar trends are found. Figure from [13].

The data displayed in Fig. 2 give a more systematic investigation of changes
in the system’s properties as it is evolves towards a more synchronizable state.
Panels (a)-(i) monitor the evolution of various network properties as a network
is gradually evolved from a random inital frequency assignment and connection
pattern towards a synchrony-optimizing configuration. Notably, we observe that
while the clustering coefficient is decreasing, the density of 4-loops increases,
the network gradually becomes disassortative, maximum load and load variance
decline and average pathlengths become smaller. On the same token, the degree
variance decreases. All these observations are in agreement with what has been
discussed in the literature before in the context of synchronization of identical
oscillators [10]. However, changes in network properties are relatively minor in
comparison to changes in the arrangement of oscillators. To quantify the latter,
we measure the fraction p− of adjacent oscillators with negative frequencies of
opposite signs amongst all pairs of adjacent oscillators and a standard correlation
coefficient

cω =

∑
i,j aij(ωi − 〈ω〉)(ωj − 〈ω〉)∑

i,j aij(ωi − 〈ω〉)2 , (3)
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between the native frequencies of adjacent oscillators. The evolution of both
quantities as the degree of synchronization increases is given in panels (h) and
(i). In the optimal configuration virtually all oscillators end up being paired with
oscillators with native frequencies of opposite sign.

While confirming that network properties that facilitate synchronization in
systems of identical oscillators are also associated with improved synchronization
in systems of non-identical oscillators, we thus demonstrate that the actual oscil-
lator arrangement on the coupling network strongly influences synchronization
properties as well. It appears worthwhile to stress, that such correlated oscilla-
tor arrangements are only possible on sparsely coupled systems. The denser the
coupling network, the more ‘frustration’ is introduced and the less correlated can
the oscillator arrangement be (Trivially, in a fully connected system no oscillator
correlations can be introduced).

2.2 The Synchronization Transition in Correlated Oscillator
Ensembles

Our above experiment strongly suggests that oscillator correlations have an im-
portant impact on the synchronization transition of Kuramoto oscillators on
networks. The synchronization transition of non-identical Kuramoto oscillators
on complex networks has found much attention in the recent literature, see, e.g.
[15,16,17,19,20,21,22]. In contrast to the transition for identical oscillator sys-
tems which is discontinuous, this is a second order transition. Various studies
discuss the role of the network structure on the transition, i.e. the critical point
and the universality class of the transition, given by the critical exponents. Close
to the critical point the order parameter r is found to obey the finite size scaling
relation

r(N, σ) = N−αF ((σ − σc)N1/ν), (4)

where the function F (x) is a universal scaling function that is bounded in the
limit x → ±∞, ν is the finite size scaling exponent and α is a critical exponent
that is related to the exponent β that describes the dependence of the order
parameter on the control parameter in the thermodynamic limit via α = β/ν.

To systematically explore the role of oscillator correlations on the synchro-
nization transition on complex networks we proceed as follows. We construct
a given coupling network as an Erdös-Rényi random graph with given num-
ber of links and select a desired degree of oscillator correlations c∗ω, cf. Eq. (3).
We chose Erdös-Rényi-type random graphs, because for this choice of coupling
network the synchronization transition is of the same type as for the all-to-all
coupled system, for which it has been well-explored. In this reference case one
has β = 1/2 and ν = 2, which also holds for small-world networks [19]. Devia-
tions from the known behaviour can thus be attributed to the effect of correlated
oscillator arrangements.

To proceed, the native frequencies of oscillators are randomly selected from
[−1, 1]. Next, swaps between the native frequencies of randomly selected oscilla-
tor pairs are suggested and accepted, if they lead to a reduction in the difference
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Fig. 3. Dependence of (a) the critical point, (b) the critical exponent β, and (c) the
critical exponent ν on the strength of oscillator correlations. Results are obtained from
a finite size scaling analysis, cf. text. Figure from [16].

between the actual and the desired level of correlation |cω−c∗ω|. The procedure is
terminated when |cω−c∗ω| < ε, where we select ε = 10−4 for the rest of the study.
Clearly, the possible maximum/minimum strength of oscillator correlations de-
pends on the type of coupling network and its link density. For the purpose of this
study and a choice of average degrees 〈k〉 = 3.5 (for which we have verified that
the networks are connected), oscillator correlations in the range cω = −.6, ..., .6
can easily be generated.

Next, equation (4) can be used as the basis of a finite size scaling analysis,
with which the critical exponents and the critical coupling can be determined.
Plotting, e.g., rNα vs. the coupling strength σ, one realizes from (4) that curves
for different system sizes intersect at a unique crossing point σc. Thus, systemat-
ically varying α till the Nαr(N, σ)-curves intersect at one unique point allows to
determine the critical exponent α and the critical point σc. One further observes
from (4) that plots of Nαr vs. (σ−σc)N1/ν should be independent of the system
size N close to the critical point. Thus, having already determined α and σc the
exponent 1/ν can be found as the value that allows for the best data collapse.
The results of the finite size scaling analysis that we present below are based on
system sizes ranging from N = 200 up to N = 6400 oscillators.

The panels in Fig. 3 summarize the results from the finite size scaling analysis.
First, in agreement with the observations of the previous subsection, one notes
that decreasing correlations between adjacent oscillator pairs induces a transi-
tion towards synchronization for lower coupling strengths, whereas introducing
strong positive oscillator correlations increases the critical coupling strength.
This strengthens the main contention of subsection 2.1 and demonstrates that
the results obtained from the optimization of small systems are not finite size
effects, but also hold in the thermodynamic limit.

Another important observation from Fig. 3 is that positively and negatively
correlated oscillator arrangements appear to represent fundamentally different
regimes. Whereas (within reasonable error bounds) the exponents β and ν are
unchanged and the same as for the all-to-all coupled system for all neutrally
and negatively correlated arrangements, i.e. for cω ≤ 0, introducing positive
correlations between the native frequencies of adjacent oscillators leads to a
systematic shift of the universality class of the transition with the correlation
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strengths. For cω > 0, increasing the correlation strength systematically reduces
the exponents β and γ.

The latter observations appears particularly interesting, as changes of critical
exponents have so far only been reported when the coupling network is changed.
Our findings here demonstrate that correlations within oscillator arrangements
can have an equally important effect on the synchronization transition as the
topology of the coupling network. Thus measuring the characteristics of the
synchronization transition in a black-box system of non-identical oscillators one
could not draw inferences about, e.g., the heterogeneity of the topology of the
coupling network from the critical exponents. For a more elaborate description
and more details of the analysis we refer the reader to Ref. [16].

2.3 Local vs. Global Synchronization

In the above procedure of subsection 2.1 the optimization is performed by evalu-
ating the amplitude order paramater r, i.e. a quantity that measures the ‘global’
degree of synchronization between all pairs of oscillators in the system at each
iteration. Thus, to decide whether a reconfiguration is accepted, global informa-
tion about all oscillators in the system is required. One may ask the question
whether a system where reconfigurations can only be based on local information
(or a combination of local and global information) can reach the same synchrony-
optimized structure that we discussed before. Such a question appears particu-
larly relevant for biological systems whose fitness depends on the synchronized
action of all its constituents. This issue is analyzed in more detail in [15] and we
summarize some key results briefly below.

Local synchronization between oscillators can be measured by the order pa-
rameter rlink introduced by [23,24]:

rlink = 1/L
∑
(k,l)

∣∣∣∣∣ lim
∆T→∞

1/∆T

∫ Trel+∆T

Trel
ei(φl(t)−φk(t))dt

∣∣∣∣∣ , (5)

where Trlink is the relaxtion time, L the number of links and the summations
extends over all connected pairs of oscillators. Thus, Eq. (5) effectively aver-
ages over the degree of synchronization between between all pairs of connected
oscillators.

For the following, it is essential to understand the difference between the
order parameters r, cf. Eq. (2), and rlink. Clearly, if r ≈ 1 then also rlink ≈ 1,
i.e. a globally synchronized system is also locally synchronized. However, it is
possible to have rlink ≈ 1 whithout global synchronization, i.e. r � 1. An
example where the latter situation can occur are strongly modular networks. In
such systems, for a coupling strength σ that allows for synchronization within the
cliques, but yet no global synchronization, most connected pairs of oscillators are
situated within cliques. Thus, since they are synchronized with each other, they
contribute to rlink. Only the relatively few links that connect different modules
do not contribute to rlink. They, however, constitute only a small fraction of all

the links in the network and thus rlink ∼ links within cliques
L ∼ 1. However,
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since the individual cliques are generally not synchronized with each other r ∼
1/
√

number of cliques.
According to [15] for a given coupling strength σ∗ a combined measure of local

and global synchronization can be introduced via

R(λ) = λr + (1− λ)rlink. (6)

The parameter lambda interpolates between a situation where the systems’ fit-
ness is exclusively defined by global synchronization (λ = 1) and a situation
where the local synchronization measure dominates (λ = 0). The latter situa-
tion can be interpreted as a scenario where agents have only local information,
i.e. only information about how well they are synchronized with their network
neighbours, to optimize their position in the network.

To explore the trade-off between local and global information we employ a sim-
ilar numerical optimization procedure as introduced in subsection 2.1. Starting
from a random Erdös-Rényi network with randomly assigned frequencies (that
were again randomly chosen from the uniform distribution over [−1, 1]) the dy-
namical system given by Eq.’s (1) is integrated numerically for φi(t = 0) = 0,
which allows the calculation of the order parameters r and rlink. Then link
rewirings are suggested and the acceptance of such suggestions is based on the
fitness measure defined by Eq. (6).

In the limiting case λ = 1 the results of subsection 2.1 are reproduced, while
for λ = 0 no large degree of global synchronization can be achieved. Rather, even
in a highly synchronized initial network configuration, cliques of oscillators with
similar native frequencies are formed. The coupling network evolves towards a
configuration that maximizes the connectedness within cliques, while minimizing
the impact of seperate cliques on each other. The resultant network structure
is thus one with high concentrations of intra-clique links and a very small num-
ber of inter-clique links, which are mainly an artifact of having enforced the
connectedness of the system.

In the case of intermediate values of λ the set of different optimal network
configurations becomes much richer. It turns out that the general structure of
systems optimizing (6) is independant of the choice of 0 < λ < 1, but is mainly
determined by the total amount of available coupling C = σ∗L in the system.
If C is small, improvements in the degree of global synchronization r are very
hard to achieve, while improvements in the local synchronization rlink are easy
to be generated by creating cliques of oscillators with similar native frequencies.
For large C the system is locally already synchronized, thus the evolution of the
network is guided by improvements towards a larger degree of global synchro-
nization. In the case of intermediate C a trade-off between the above extremes
is realized.

Figure 4 displays some prototypical results from optimization procedure for
a choice of λ = 1/2. The total coupling C = σ∗L is tuned by changing the
interaction strength σ∗, while the number of links in the network is held constant.
Panel (a) depicts an example network evolved for small σ∗. One notes the high
cliquishness marked by groupings of oscillators with similar native frequencies.
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Fig. 4. Example networks with optimal synchronizability R constructed for (a) low
coupling strength (b) intermediate coupling strength and (c) large coupling strength
for λ = 1/2 (equal share of local and global synchronizability in R). Parameters are
N = 100, 〈k〉 = 5. The color of the nodes corresponds to the native frequency of the
node, white nodes have ω = −1 and black nodes ω = 1 while different shades of gray
interpolate between both situations. The lower panels (e) and (f) show the dependence
of the global and local synchronizability on the coupling strength σ for the networks
(a-c). Data points represent averages over 100 random initial conditions of the phases.
Figure from [15].

The arrangement of the groups is a linear gradient, groups with oscillators of
far-off the mean native frequencies ω = ±1 being at both ends. The structure of
this network is reflected in the synchronization transition, i.e. in the r(σ) and the
rlink(σ) dependencies. Whereas rlink(σ) rises steeply for small σ (corresponding
to the formation of synchronized modules), the global synchronization order
parameter r rises only gradually, showing distinct steps that are related to the
merger (i.e. synchronization) of separate modules. However, the relatively loose
coupling between modules and the strong intra-modular coupling make global
synchronization very hard to attain.

In contrast, the panel Fig. 4c depicts a network which was evolved for large
coupling strength. Here, one notes one tightly interwoven network core, which
contains most of the oscillators with large magnitudes of their native frequen-
cies. These nodes are nodes with more than the average number of links. The
arrangement of these oscillators is such that anti-correlated pairings are formed.
The periphery of the network is made up by nodes close to the mean (i.e.
synchronization-) frequency. For this type of network the r(σ) and rlink(σ)-
dependencies almost coincide, local and global synchronization are attained for
the same coupling strength. Put in other words: synchronization is attained via
the formation of many small intrinsically synchronized clusters.
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Fig. 4b illustrates an interpolating case, i.e. a system configuration evolved
for intermediate coupling strength. The network is characterized by one tighly
interwoven core which contains nodes of large native frequency magnitudes. As
for case (c) these nodes are hub nodes. The periphery of the networks consists
of tree-like cliques of oscillators with similar native frequencies that are only
very loosely connected to the core. Here, the r(σ) and rlink(σ) dependencies
show a rapid onset of macroscopic synchronization, which can be attributed to
the oscillators in the core. However, because only loosely connected to the core
and being sustained by oscillators of similar native frequency in the periphery,
periphery nodes are very hard to recruit into the synchronized cluster. Unless
the coupling strength σ is very large, these nodes exhibit a dynamics that is
largely independent of the synchronized dynamics of the core nodes.

3 Summary, Conclusions and Outlook

In this summary paper we have briefly outlined properties of systems of non-
identical Kuramoto oscillators with enhanced synchronizabilities. As our most
important point we stress that the structure of such systems is characterized
by a correlated assignment of oscillators to nodes in such a way that oscilla-
tors with opposite signs of their respective native frequencies are paired. It is
shown that oscillator correlations also systematically influence properties of the
synchronization transition on complex networks. Positively and negatively cor-
related assignments are found to represent different regimes; properties of the
synchronization transition are fundamentally different for both cases.

The results that we present in this paper are specific for the Kuramoto system.
However, it appears that the findings indicate a general principle: optimal con-
figurations are such, for which the time-averaged interaction term is maximized.
First tentative results indicate that similar findings about the arrangement of the
identities of oscillators on a network apply also for chaotic limit cycle oscillators.

In the last section of the paper we discuss that the requirements for local and
global synchronization are conflicting demands on the system’s organization.
While the first is connected to cliquish arrangements with positive oscillator
correlations, the second demands good mixing, i.e. anti-correlated arrangements
and unclustered network topologies. This allows to conclude that systems, whose
constituents aim for an optimization of their local synchronization with their
neighbourhoods, cannot achieve global synchronization.

References

1. Winfree, A.T.: The Geometry of Biological Time. Springer, New York (1984)
2. Kuramoto, Y.: Chemical Oscillations, Waves, and Turbulence. Springer, Berlin

(1984)
3. Manrubia, S.C., Mikhailov, A.S., Zanette, D.H.: Emergence of Dynamical Order.

In: Synchronization Phenomena in Complex Systems. World Scientific, Singapore
(2004)



1966 M. Brede

4. Pluchino, A., Latora, V., Rapisarda, A.: Eur. Phys. J. B 50, 169 (2006)
5. Hill, D., Chen, G.: Power Systems as Dynamical Networks. Circuits and Systems,

722–725 (2006)
6. Arenas, A., Dı́az-Guilera, A., Kurths, J., Moreno, Y., Zhou, C.: Synchronization

in Complex Networks. Phys. Rep. (in press) (2008)
7. Albert, R., Barabási, A.-L.: Rev. Mod. Phys. 47, 47 (2002)
8. Newman, M.E.J.: SIAM Rev. 45, 167 (2003)
9. Pecora, L.M., Carroll, T.M.: Master Stability Functions for Synchronized Coupled

Systems. Phys. Rev. Lett. 80, 2109–2111 (1998)
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Abstract. Assortative mixing feature is an important topological prop-
erty in complex networks. In this paper, we extend degree-degree mixing
feature to non-identical nodes networks. We propose the degree-frequency
correlation coefficient to measure the correlations between the degree and
the natural frequency of oscillators. We find that the perfect assortative
degree-frequency network is quite easy to synchronize. We also investigate
the synchronization of complex networks with different degree-frequency
coefficient.

Keywords: synchronization, Kuramoto model, correlation, assortative.

1 Introduction

Synchronization in complex systems has received increasing attention in recent
years [1,2]. Recently, the development of complex networks [3,4,5,6,7,8,9,10] has
provided a challenging framework for the study of synchronization of dynamical
systems. People have discovered the relationships between network synchroniz-
ability and network structure topological features, such as degree distribution,
shortest path length, betweenness centrality [13,12,14,15,16].

Degree-degree mixing correlation is an important topological property in
complex networks. A network is said to show assortative mixing if the nodes
in the network tend to be connected to other similar nodes [17,18]. Assorta-
tive/disassortative mixing is present in many real-world networks. For instance,
social networks exhibit assortative mixing, whereas biological and technological
networks display a disassortative mixing.It has been found that the networks
synchronized better when they displayed a disassortative Degree-Degree (DD)
mixing, i.e. nodes with low degree are more likely to be connected to nodes
with higher degree [19,20]. Very recently, a new finding that the strong anti-
correlations between natural frequencies of adjacent oscillators can enhance the
synchronization behavior is presented in [21].

Our recent work discovered that the synchronizability of complex network is
effected by not only the distributions of degree and natural frequency, but also
the correlations of the degrees and natural frequencies of oscillators [22]. In this
paper, we extend the degree-degree mixing to the degree-frequency mixing, and
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investigate the synchronization of the networks with assortative degree-frequency
mixing.

The outline of the paper is as follows. In Section 2, we describe the syn-
chronization of Kuramoto model. The degree-frequency mixing coefficient is in-
troduced in Section 3. In Section 4, we study the synchronization of complex
networks with different degree-frequency mixing patterns. Finally, some conclu-
sions are given in Section 5.

2 Synchronization of Kuramoto Model

The Kuramoto model describes a large population of coupled limit-cycle os-
cillators whose natural frequencies are drawn from some prescribed distribu-
tion [23,24], whose dynamics are given by

θ̇i = ωi + c

N∑
j=1

aij sin(θj − θi), i = 1, . . . , N (1)

where θi and ωi denote the phase and the natural frequency of the i-th oscillator,
respectively. c > 0 is called the coupling strength. The adjacent matrix aij

represents the coupling configuration of the network: if there is a connection
between oscillators i and j, aij = aji > 0; otherwise, aij = aji = 0 and note
aii = 0. The initial values of θi are randomly drawn from a uniform distribution
in the interval (−π, π).

Let the average phase 〈θ(t)〉 = 1
N

∑N
i=1 θi(t) be the reference state. Therefore,

〈θ̇(t)〉 =
1
N

N∑
i=1

θ̇i(t)

=
1
N

N∑
i=1

ωi +
c

N

N∑
i=1

N∑
j=1

aij sin(θj(t)− θi(t)) (2)

= 〈ω〉

which is the average frequency.
Define the error state as:

ei(t) = θi(t)− 〈θ(t)〉, i = 1, · · · , N (3)

The derivative ėi(t) is:

ėi(t) = ∆ωi + c
N∑

j=1

σij sin(ej(t)− ei(t))

We say that {e∗i , 1 ≤ i ≤ N} are the equilibrium points [25,26] if

ėi(t)|e∗
i

= 0, i = 1, · · · , N (4)
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The dynamical network (1) is said to synchronize if ėi(t) = 0, i.e., the phase
errors ei(t) = θi(t) − 〈θ(t)〉, 1 ≤ i ≤ N become constant asymptotically as
t →∞, therefore,

θ̇1(t) = θ̇2(t) = · · · = θ̇N (t) = 〈ω〉 (5)

When the coupling strength is small, all the oscillators act as if they are un-
coupled. As the coupling becomes stronger, the frequencies of some oscillators
become identical, i.e., θ̇i(t) = 〈ω〉 and ėi(t) = 0. With the increase of the cou-
plings, more and more oscillators achieve to synchronize. If the coupling is strong
enough, finally, all ėi(t) = 0.

3 Measuring Degree-Frequency Mixing

In order to reflect the degree to which the parameters are related, we introduce
Degree-Frequency (DF) mixing coefficient to measure the correlation between
the degrees and natural frequencies of oscillators

rkω =
N−1

∑N
i=1 kiωi − 〈k〉〈ω〉√

N−1
∑N

i=1 k2
i − 〈k〉2

√
N−1

∑N
i=1 ω2

i − 〈ω〉2
(6)

where 〈k〉 and 〈ω〉 are the average degree and average frequency of the network,
respectively. rkω lies in the range [−1, 1]. When rkω > 0, the correlation between
the degree and natural frequency is an increasing linear relationship. We call
the network is an assortative degree-frequency mixing. If rkω < 0, we call it is
a disassortative degree-frequency mixing. When rkω ≈ 0, there is no correlation
mixing.

4 Synchronization of the Assortative Degree-Frequency
Mixing Networks

In this section, we assume that the natural frequency of each oscillator is propor-
tional to its degree. Then, the network is assortative degree-frequency mixing,
rkω = 1. We randomly exchange any two oscillators’ natural frequencies to ob-
tain a series of network models with the same network structure and the same
natural frequencies but having different DF mixing. We first study the Barabsi-
Albert scale-free network [7] with N = 1000 oscillators. The degree distribution
and the natural frequency distribution are both heterogeneous. We study the ef-
fect of the assortative degree-frequency mixing pattern on the synchronization of
complex network. When the network is perfect assortative mixing, i.e., rkω = 1,
the network is very easy to synchronize. All the oscillators could be synchronized
through a very tiny coupling. With the decrease of the rkω , the network becomes
difficult to synchronize. When the coupling c = 0.15, more than 60% oscillators
synchronize in the network with rkω = 0.823, however, only a small fraction (less
than 10%) of nodes in the network with rkω = 0.314 (See Fig 1).
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Fig. 1. The number of synchronized oscillator of the BA scale-free network with dif-
ferent rkω. The size of networks is N = 1000. All quantities are averaged over 5 real-
izations.

We also consider another case: the network is Erdös-Rényi random network
model [27] with N = 1000. All the nodes have the similar number of degrees. We
construct a perfect DF mixing network model. Through randomly exchanging
the natural frequencies of nodes, we get the networks with different DF mixing
coefficients. It was found that, as the decrease of the assortativity, the network is
hard to synchronize (see Fig 2), although the degree distribution and the natural
frequency distribution of the oscillators are homogeneous.
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Fig. 2. The number of synchronized oscillator of the random network with different
rkω. The size of networks is N = 1000. All quantities are averaged over 5 realizations.
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5 Conclusion

Synchronization of complex networks is influenced by many topological prop-
erties, such as degree distribution, shortest path length, betweenness central-
ity and degree-degree correlation etc. In this paper, we consider the effect of
the correlation between the degrees and natural frequencies of oscillators on
the synchronization. We investigated the synchronization of the assortative DF
mixing networks with heterogeneous and homogeneous network topologies. We
found that more oscillators can be synchronized when the network is assorta-
tive degree-frequency mixing pattern. Especially, when the networks is perfect
assortative one, it can be synchronized through a very small coupling.
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Abstract. In order to explore further the underlying mechanism of the
scale-free networks, we study stochastic secession as a mechanism for the
creation of complex networks. In this evolution the network growth in-
corporates the addition of new links between existing nodes, the deleting
and rewiring of some existing links, and the stochastic secession of nodes.
To random growing networks with preferential attachment, the model
yields scale-free behavior for the degree distribution. Furthermore, we
get the analytical expression of the power law degree distribution with
scaling exponent γ ranges from 1.1 to 9. The analytical expressions are
in good agreement with the numerical simulation results.

Keywords: Complex network, Seceding mechanism, Scale-free behavior.

1 Introduction

Many social, biological, and communication systems can be well described by
complex networks, where the vertices are the elements of system and the edges
represent the interactions among them [1-6]. Recently, many researchers have
used their own methods to describe the collective behaviors of these networks and
empirical results showed that the degree distribution in these networks decays as
a power law follows P (k) ∼ k−γ , where γ is the scaling exponent of the networks.
These networks are called scale-free networks [1].

In many cases, the scaling exponent γ of such a distribution is larger than
2 and a wide array of models aimed at exploring the responsible mechanism
for this behavior have been presented [1,3,4,5,8,9,10]. In contrast, scale-free net-
works with an scaling exponent γ < 2 have received relatively little attention
in physics and mathematics literature [7], despite their widespread appearance
in real world, typical examples including the peer-to-peer Gnutella networks
[11,12], e-mail networks [13], traffic in networks [14], food webs [15], coauthor-
ship networks in high energy physics [16] and the networks of dependency among
software packages [17,18]. But, what is the mechanism responsible for these real
world scale-free networks with an exponent γ ranges from 1 to 4 [1,3]? Accord-
ing to the BA-type growth rule, one node is added to the network at each time
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step, intending to mimic the growing process of some real systems. This mech-
anism gives an explicit description to the real networks growing process and
yields scale-free behavior for the degree distribution with an exponent γ = 3
[1], however, the real networks’ growing rule should be much more complex. For
example, In the peer-to-peer Gnutella networks [11], the nodes represent the
Gnutella servents [19], and the nodes will be considered connected if they can
exchange data directly. According to the time evolution, Some Gnutella servents
will be shut down or removed from the system. In the food webs [15,20-22], there
are both additions and losses of species (vertices) at ecological and evolutionry
times scales by means of immigration, emigration, speciation, and extinction
[15]. Evidently, the nodes’ secession from the system not only take place in the
mentioned networks, but also in many other networks [23-30]. Take the internet’s
Autonomous System map for example, a node is an AS and a link is the rela-
tionship between two ASs. An AS adding means a new Internet Service Provider
(ISP) joins the Internet. A node’s session represents the permanent shutdown of
corresponding AS as it is, this may happen due to the bankruptcy of the corpo-
ration. Investigations of the evolution of real internet maps from 1997 to 2000
verified such evolution mechanism [25,28-30]. In most cases, the node’s secession
is also accompanied with the deletion of all edges incident on it [26,27,31]. Nev-
ertheless, models that combine birth and death (addition and secession of nodes)
have been studied to a much lesser extent. Chung and Lu [26], Cooper et al. [27]
and Deng et al [31] independently, studied a dynamic model that combines the
addition of nodes and edges with a uniform deletion of both nodes and edges.
These birth-death models have also been found to generate graphs with power-
law degree distribution, however, these models evolution just incorporated the
addition of new nodes and deletion of nodes.

Motivated by the above mentioned real networks and based on the previous
work [26,27,31], we present a general model for the evolution of scale-free net-
works in which the network evolution is coupled with the addition of new nodes
with new links, the addition of new links, the rewiring and deleting of some
existing links, and the deleting of an existing nodes. We have proved the model
can self-organize into a scale-free networks if the parameters are chosen properly,
and the scaling exponent γ of the degree distribution ranges from 1.1 to 9. Fur-
thermore, the analytical expressions are in good agreement with the numerical
simulation results.

The rest of this paper is organized as follows: In Section 2, an evolving model
of scale-free networks incorporating the nodes’ stochastic secession is introduced,
which captures an essence of some real networks such as internet’s Autonomous
System. Then, in Section 3 we performed numerical simulations of the model.
Finally, section 4 concluded the investigation.

2 Establishment of the Model

A series of microscopic events can be used to mimic the evolutions of the systems.
In this paper,we consider the general model of network evolution with seceding



Emergence of Scale-Free Networks with Seceding Mechanism 1975

mechanism, each time step, we perform one of the following five operations: the
addition of a new node with some new links, the addition of new links between
existing nodes, the rewiring and deleting of some already present links, and the
deleting of an existing nodes. In this section, we will introduce our model and
give the analytical results of the model.

2.1 The Model

The model dynamics starts from an initial configuration of m0 isolated vertices,
denote by N(t) the total number of the nodes at time t, ki(t) the degree of the
node i at time t.

Each time step, we perform one of the following five operations:

(1) With probability p1 we add l new links: For this we randomly select a
node as the starting point of the new link, the other end of the link is selected
with probability:

Π(ki(t), α) =
ki(t) + α∑
j(kj(t) + α)

.

This process is repeated l times.
(2) With probability p2 we rewire n links: For this we randomly select a node

i and a link lij to it. Next we remove this link and replace it with a new link li′ j
connect to i

′
, the node i

′
is selected with the preferential probability Π(ki′ (t), α).

This process is repeated n times.
(3) With probability p3 we delete c old links: One end of the link is chosen

randomly, while the other end is chosen with the anti-preferential probability:

Π∗(ki(t), α) =
1

N(t)− 1
(1− ki(t) + α∑

j(kj(t) + α)
).

N(t) is the total number of the nodes at time t, (N(t) − 1)−1 is the normal-
ized coefficient for the probability such that

∑
i Π

∗(ki(t), α) = 1. Deleting links
according to the anti-preferential probability is consistent with the ”rich-get-
rich” and ”poor-get-poor” phenomenon in some real networks. This process is
repeated c times.

(4) With probability p4 we delete a node: For this we delete a node existing
in G(t) with anti-preferential probability Π∗(ki(t), α) and remove all the links
incident on it.

(5) With probability p5 we add a new node: We add a new node has m(≤ m0)
new links to the system, each new link with probability Π(ki(t), α) connect to
the node i already present in the network. This operation incorporating the fact
new links preferentially point to the popular nodes which has a high number of
connections.

Since our goal is to investigate the generic mechanism of network evolution,
we use bidirectional links. In the model, the probabilities p1,p2,p3,p4 and p5 can
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be varied in the interval [0, 1] and
∑

i pi = 1. Note that we choose the probability
Π(ki(t), α) proportional to ki + α, and the constant α ≥ 0 called the efficiency
parameter of the network which governs the probability for ”young” sites to get
new links.

Now we investigate how the network model evolves, what we want to get is
the analytical expression of the degree distribution.

Analytic results of the model. We denote by N(t) the total number of nodes
at the time t. The node i was added to the system at the time ti, and ki(t) is
the degree of the node i at the time t. Furthermore, in order to keep the growth
of the network, we assume p5m + p1l > p3c and p5 > p4.

For enough large t, we can get that

(a) N(t) = m0 + (p5 − p4)t ≈ (p5 − p4)t.
(b) ki(ti) = m. If s < ti, then ki(s) = 0.
(c) We calculate the sum degree

∑
j kj(t) of the network at time t. If we delete

a node at time t, let D(t) is the mean degree of the deleting node. We may get

D(t) =
∑

i

ki(t)
1

N(t)− 1
(1− ki(t) + α

Σj(kj(t) + α)
).

From the following inequalities:

max
j

kj(t) ≤ t + m0,

(min
j

kj(t))
∑

i

(ki(t) + α) ≤
∑

i

ki(t)(ki(t) + α) ≤ (max
j

kj(t))
∑

i

(ki(t) + α),

we have
1

N(t)− 1
(
∑

i

ki(t)−max
j

kj(t)) ≤ D(t) ≤ 1
N(t)− 1

(
∑

i

ki(t)−min
j

kj(t)).

Hence, D(t) ∼ O( 1
N(t)−1

∑
i

ki(t)). Here, we have used the fact for enough t,

maxi ki(t)
N(t)−1 ≤ 1. From

∑
j

kj(t) =
∑
j

kj(t − 1) + 2(p5m + p1l − p3c) − p4D(t), we

have ∑
j

kj(t) ≈
∑

j

kj(t− 1) + 2(p5m + p1l− p3c)

≈ 2(p5m + p1l − p3c)t.

Namely,
∑
j

kj(t) has the same order with t.

(d) ∑
j

(kj(t) + α) =
∑

j

kj(t) + N(t)α

≈ (2(p5m + p1l − p3c) + (p5 − p4)α)t
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(e)

Π(ki(t), α) ≈ ki(t) + α

(2(p5m + p1l − p3c) + (p5 − p4)α)t

Π∗(ki(t), α) ≈ 1
(p5 − p4)t

(1 − ki(t) + α

(2(p5m + p1l − p3c) + (p5 − p4)α)t
)

In the model the probability that a node i changes its connectivity ki(t) de-
pends only on ki(t) and the quantities characterizing the whole network (the
parameters p1,p2,p3,p4,p5,m,n,l,c,α and the number of nodes and links). We as-
sume that ki(t) changes continuously, and the probability Π(ki(t), α) can be
interpreted as the rate at which ki changes. Consequently, the processes (1)-(5)
all contribute to ki(t), each being incorporated in the continuum theory as follow.

(1) Addition of l new links with probability p1:

(
∂ki(t)
∂t

)(1) = p1
l

N(t)
+ p1l(1−

1
N(t)

)
ki(t) + α∑

j

kj(t) + α
. (1)

The first term on the right-hand side corresponds to the random selection of
one end of the new link, while the second term reflects the preferential attach-
ment Π(ki(t), α) used to select the other end of the link.

(2) Rewiring of n links with probability p2:

(
∂ki(t)
∂t

)(2) = p2
−n

N(t)
+ p2n(1− 1

N(t)
)

ki(t) + α∑
j

kj(t) + α
. (2)

The first term incorporates the decreasing connectivity of node from which
link was removed, and the second term represents the increasing connectivity
of the node that link is reconnected to. The total connectivity does not change
during the rewiring process.

(3) Deletion of c links with probability p3:

(
∂ki(t)
∂t

)(3) = p3
−c

N(t)
+ p3c(1−

1
N(t)

)Π∗(ki(t), α). (3)

The first term corresponds to the random selection of one end from which the
link was removed, while the second term reflects the anti-preferential probability
Π∗(ki(t), α) used to select the other end of the link.

(4) Deletion of a node in the system with probability p4:

(
∂ki(t)
∂t

)(4) = −p4

∑
j 
=i

Π∗(ki(t), α)
kj(t)

N(t) − 1
− p4ki(t)Π∗(ki(t), α). (4)

The first term represents the decreasing connectivity of the node i by deleting
its neighbors, while the second term reflects the anti-preferential probability
Π∗(ki(t), α) used to delete the node i.
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(5)

(
∂ki(t)
∂t

)(5) = p5m
ki + α∑

j

(kj + α)
. (5)

Each time step t, we perform one of the above five operations, so ki(t) satisfies
the following dynamical equation:

∂ki(t)
∂t

= (
∂ki(t)
∂t

)(1) + (
∂ki(t)
∂t

)(2)

+ (
∂ki(t)
∂t

)(3) + (
∂ki(t)
∂t

)(4) + (
∂ki(t)
∂t

)(5)

= a
ki(t)
t

+ b
1
t
, (6)

where

a =
p5m + p1l + p2n

2(p5m + p1l − p3c) + (p5 − p4)α
− p4

(p5 − p4)
, (7)

b =
(p5m + p1l + p2n)α

2(p5m + p1l − p3c)+(p5 − p4)α
+

p1l − p2n − 2p3c

p5 − p4
− 2p4(p5m + p1l − p3c)

(p5 − p4)2
(8)

For enough large t and the initial condition ki(ti) = m, equation (6) has the
following solution:

ki(t) = (m +
b

a
)(

t

ti
)a − b

a
. (9)

We may choose parameters properly such that a > 0, am + b > 0 and p5m +
p1l > p3c, then connectivity distribution P (k) can be determined analytically.
Defining the unit of time the model as one growth/rewire/new link deleting
node/link attempt, then ti follows the uniform distribution over interval (0, (p5−
p4)t), we get

P (ki(t) < k) = 1− 1
p5 − p4

(
am + b

ak + b
)

1
a . (10)

So we get degree distribution

P (k) =
∂P (ki(t) < k)

∂k
=

1
p5 − p4

(am + b)
1
a (ak + b)−γ (t →∞), (11)

where

γ = 1 +
1
a
. (12)

To be able to calculate P (k) we must have

0 <
1

p5 − p4
(am + b)

1
a < 1, (13)
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and

0 <
1

p5 − p4
(am + b)

1
a (ak + b)−γ < 1, (14)

therefore, we let k ≥ max ( am+b
a(p5−p4)a ,

1
a ( am+b

(p5−p4)a )
1

a+1 − b
a ).

Equations (6) and (11) are valid only when a > 0, am+b > 0 and p5m+p1l >
p3c, which for fixed p5 and p4, translates into p5− p4 > 0. For p5− p4 > 0, P (k)
is given by Eq. (11), thus the degree distribution is scale-free. For p5 − p4 = 0,
Eq. (6) and Eq. (11) are not valid, the continuum theory fails to predict the
behavior of the system.

For the different networks, the parameters are different. The above analy-
sis indicates that the model can self-organizes into a scale-free network, if the
parameters are chosen properly. Particularly, we can get the following cases:

(1). If p4 = 0 this model reduces to the scale-free model investigated in
Ref. [10], we get γ = 1 + p5m+p1l+p2n

p5α+2(p5m+p1l−p3c) which is the same as the result
of Ref. [10].

(2). If p3 = 0, p4 = 0, n = l = m and α = 1, this model is the same as the
scale-free model studied in Ref. [8] and the exponent γ = 1+ p5+2m(p5+p1)

m which
is the same as we get from the Ref.[8].

(3). If p1 = p2 = p3 = p4 = 0, α = 0, then the model is topologically
equivalent to the Barabási-Albert model [1] and the scaling exponent γ = 3 is
recovered.

Scale-free regime. In this model, while a power-law tail is present in any point
of this regime, the scaling is different from that predicted by the simpler scale-
free model [1,8]. Furthermore, the exponent γ, characterizing the tail of P (k) for
k, changes continuously with p1,p2,p3,p4,p5,m,n,l,c and α, predicting a range of
exponent between 1.1 and 9. This allows us to account for the wide variations
seen in real networks, for which γ varies from 1.09 to 4.0 [1,3].

3 Numerical Simulation

Along with the previous analytical discussion, we have performed numerical sim-
ulations of the presented model in order to investigate its topological properties
with a direct statistical analysis. Through performing the following four simula-
tions: Fig. 1, we performed numerical simulations of networks generated by fixing
t = 100000, m0 = 100, m = 10, l = 1, n = 1, c = 1, p1 = 0.3, p2 = 0.1, p3 =
0.05, p4 = 0.05, p5 = 0.5, α = 1. The analytical expressions are well consis-
tent with the simulation results, and we get the scaling exponent γ = 3.6175
by Eq.(12). Next, we changed some parameters of the model, the results are
reported in Fig. 2, Fig. 3 and Fig. 4, respectively. The analytical expressions are
in good agreement with the numerical simulation results.
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Fig. 1. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 1, n = 1, c = 1, p1 = 0.3, p2 =
0.1, p3 = 0.05, p4 = 0.05, p5 = 0.5, α = 1, scaling exponent γ=3.6175 by Eq.(12).
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Fig. 2. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 10, n = 5, c = 1, p1 = 0.3, p2 =
0.1, p3 = 0.05, p4 = 0.05, p5 = 0.5, α = 1, scaling exponent γ=3.4464 by Eq.(12).
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Fig. 3. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 10, n = 3, c = 1, p1 = 0.4, p2 =
0.15, p3 = 0.03, p4 = 0.02, p5 = 0.4, α = 1, scaling exponent γ=3.1499 by Eq.(12).
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Fig. 4. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 5, l = 5, n = 5, c = 1, p1 = 0.25, p2 =
0.20, p3 = 0.05, p4 = 0.05, p5 = 0.45, α = 1, scaling exponent γ=3.0348 by Eq.(12).
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4 Concluding Remarks

In this paper, we have introduced a general model of network evolution which
gives more realistic descriptions of the local processes than Barabási-Albert
model. The model incorporate the five local processes: the addition of a new
node with new links, new links between old nodes, the rewiring and the deleting
of some existing links, and nodes’ stochastic secession. It has been found that,
with the introduction of nodes’ secession, network structure was significantly
transformed. To growing networks with preferential attachment, the model self-
organized into the scale-free network with an exponent γ ranges from 1.1 to 9,
which recovered most of the real networks.
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Abstract. One approach to characterizing the elusive notion of emergence is to 
define that a property is emergent if and only if its presence can be derived but 
only by simulation. In this paper I investigate the pros and cons of this 
approach, focusing in particular on whether an appropriately distinct boundary 
can be drawn between simulation-based and non-simulation-based methods. I 
also examine the implications of this definition for the epistemological role of 
emergent properties in prediction and in explanation. 
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1   Philosophical Approaches to Emergence 

It is generally agreed that some properties of systems are emergent and others are not. 
Thus at the very least, an adequate definition of emergent needs to be non-vacuous, 
i.e. it makes room for some actual properties to be emergent, and it needs to be non-
trivial, i.e. not all properties of whole systems are automatically emergent. Mark 
Bedau [1] puts the issue of defining emergence in terms of the question of whether 
there is room for a well-defined notion of a property which is both autonomous but 
also constituted by the underlying processes. If we give up on the constitution 
condition then emergent properties threaten to ‘float free’ of the underlying processes 
and to become mysterious or magical. If we give up on the autonomy condition then it 
is not clear what makes emergent properties any different from (so-called) resultant 
properties, such as ‘_ weighs 9 kilograms,’ which can be properties of whole systems 
but which are presumably not emergent in any significant sense. 

More recently, some philosophers have argued for a third criterion for any 
adequate definition of emergence, in addition to non-vacuousness and non-triviality, 
namely that the defined notion be relevant to scientific practice. This has led to a 
focus on the cluster of approaches including neural networks, agent-based models, 
and dynamical systems theory which has come to be referred to collectively as 
complexity science. Bedau [2003, p. 1] writes that “the models in complexity science 
are typically described as emergent, so much so that one could fairly call the whole 
enterprise the science of emergence.” 
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2   Weak Emergence 

In [1] and [2], Mark Bedau puts forward a concept he terms weak emergence, and 
argues that it meets all three of the criteria mentioned in the previous section. Bedau’s 
definition operates against the background of what he refers to as “locally reducible 
systems.” These are systems with some specified set of components, whose 
macroproperties depend only on the structural properties of these components. Given 
such a system S, and some property P of the system then 

 
Definition. P is weakly emergent if and only if P is derivable from all of S’s micro 
facts but only by simulation. ([2], p. 8)1 

 
My goal in this paper is to examine the pros and cons of this approach to defining 
emergence. My particular interest will be in the epistemological ramifications of the 
resulting notion. Questions include: How (if at all) can weak emergent properties be 
predicted? How (if at all) can they be explained? How can they be described? 
Addressing these questions will also involve looking in more detail at the notion of 
simulation. 

My concern in this paper is with epistemological issues concerning emergent 
properties, if we follow an approach along the lines of Bedau’s. However there is also 
an issue about whether Bedau’s definition is itself epistemological. For example, 
Symons describes Bedau’s approach as an “epistemological characterization of 
emergent properties” [3]. I shall argue that, although it is framed in terms of the 
resources needed for certain kinds of derivation, Bedau’s definition is not 
‘epistemological’ in any interesting sense, for it does not make the notion of 
emergence relative to the cognitive or observational capacities of a particular agent. 
Bedau himself is clear that he intends his definition to be objective, in contrast for 
example to characterizing emergence based on observer surprise, as in [4]. By way of 
analogy, consider the standard mathematical definition of irrational numbers as 
numbers which cannot be expressed as the ratio of two integers. Although phrased in 
terms of what can (or cannot) be done by some agent, it is clearly a precise and 
objective definition which does not depend on the mathematical capacities of a 
particular agent. Thus the mere fact that Bedau’s definition has a certain formulation 
in terms of what is required for some cognitive task does not thereby make it 
epistemological. It may still turn out to be epistemological, but only if the notion of 
simulation is definable only relative to the capacities of a particular theorizing agent. 

Before discussing the extent to which Bedau’s definition of weak emergence meets 
the three criteria listed earlier, it may be helpful to look at how the definition plays out 
in a particular example. Most of Bedau’s own detailed examples operate against the 
background of the well-known cellular automata system, invented by mathematician 
John Conway, known as the “Game of Life.” [5] The background ‘universe’ consists 
of an infinite two-dimensional array of cells, where each cell can either be ‘alive’ 
(black) or ‘dead’ (white). At each time-step, the state of the system is updated 
according to the following single rule: 
                                                           
1 Note that in [1], Bedau gives a slightly different version of this definition: “Macrostate P of S 

with microdynamic D is weakly emergent if and only if P can be derived from D and S’s 
external conditions but only by simulation.” 
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Game of Life: A living cell remains alive if and only if either two or three of 
its neighbors were alive at the previous time step; a dead cell becomes alive 
if and only if exactly three of its neighbors were alive at the previous time 
step. 

 

Depending on the initial configuration of black and white cells, the above simple 
rule can lead to remarkably complex and interesting behavior as the system evolves 
over time. One macroproperty which Bedau considers is the property of indefinite 
growth. Some initial configurations in the Game of Life have no upper bound on the 
number of live cells that occur at future time states, while others do have an upper 
bound. In some cases it is easy to see which situation obtains. For example, an empty 
initial configuration will stay empty (since no cell will ever have any live neighbors, 
so the condition for cells coming alive because of live neighbors will never be 
fulfilled). In other cases, it is very difficult. Bedau mentions the example of the (so-
called) R pentomino, a five-cell pattern that resembles a letter R, whose behavior is 
described by Poundstone [6] as follows: “On a high-speed computer display, the R 
pentomino roils furiously. It expands, scattering debris over the Life place and 
ejecting gliders” (p. 33).2 If we start with a single R pentomino, do we get indefinite 
growth? Here is what Bedau says: 

 
“The only way to answer this question is to let the Game of Life “play” itself 
out with the R pentomino as initial condition. That is, one has no option but 
to observe the R pentomino’s behavior. As it happens, after 1103 time steps 
the R pentomino settles down to a stable state … that just fits into a 51-by-
109 cell region.” [2] 

 
Thus, Bedau concludes, the bounded growth of the R pentomino is a weakly 

emergent property in the Game of Life. 
Sometimes, instead of referring to simulation, Bedau talks about “iterating the 

microdynamic” of the given system, and this seems to capture well what is going on 
in the R-pentomino case. Humphries [7] uses similar language when he describes 
simulation, in the sense used here, as “a step-by-step process that replicates the time 
development of the system at the micro level.” Bedau’s claim is that the only route to 
deriving the property of bounded growth in this case is to iterate the Game of Life 
update rule time step by time step until stability is reached at step 1103. 

3   Circumscribing Simulation 

With the above example in hand, let us now return to the question of the adequacy of 
Bedau’s definition. With respect to the third criterion, that the defined notion be 
scientifically relevant, it seems clear that the definition is successful. Simulation is a 
key part of the contemporary study of complex systems, and emergence and 
complexity are closely tied up with one another. By linking emergence to simulation 
in his very definition, Bedau effectively builds in explicitly the scientific relevance of 
the resulting notion. 
                                                           
2 A glider is another configuration of five cells which changes back into the same pattern after 

every 4th time step, except that the pattern is shifted one cell diagonally. 
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The criteria of non-vacuousness and non-triviality are harder to assess. Recall that 
the worry was that the notion of emergence thus defined be neither too strong nor too 
weak. The first step is to identify which aspects of Bedau’s definition connect up to 
these upper and lower bounds on the strength of the defined notion. Notice the logical 
shape of Bedau’s definition. The main clause is an ‘if and only if’, so it gives 
necessary and sufficient conditions for a property to be weakly emergent. Then, 
within the second part of the ‘if and only if’ clause, is a “can … but only.” The 
condition that weakly emergent properties can be derived by simulation is intended to 
ensure that the defined notion is non-vacuous, since it does not magically ‘float free’ 
of the underlying processes involved. The condition that the only means of derivation 
is simulation is intended to ensure that the defined notion is non-trivial, since it rules 
out analytically derivable properties that are merely resultant. Thus Bedau’s definition 
has the right form to steer a middle road between vacuousness and triviality. However 
– and this is crucial –, the definition depends for its cogency on there being a 
reasonably well-defined background notion of simulation. Otherwise conditions 
framed in terms of what can or cannot be done using simulation will be unacceptably 
vague. In other words, the above approach to defining weak emergence is only as 
good as our operating notion of simulation.3 

The task of characterizing simulation may proceed either by trying to give a purely 
formal definition of simulation, or by directly considering the boundaries between 
simulation and non-simulation. Concerning the first approach, Rasmussen and Barrett [8] 
argue that “unlike computation …, simulation does not have a well established conceptual 
and mathematical foundation.” We have already seen an implicit equation, by Bedau and 
by Humphries, of simulation with iteration of a system’s microdynamic. Rasmussen and 
Barrett end up settling on a similar characterization, defining simulation as 

 
“an iterated mapping of a (usually large and complicated) system. … The 
simulation is an iterative system in which the simulated system is 
represented and its dynamics calculated.” [8] 

 
This seems to capture well various canonical examples of simulation, for example 

computer simulations of weather systems or of the flocking behavior of birds. But 
does it help in placing non-arbitrary boundaries around the core notion of simulation? 
I shall argue that it does not. 

There are two boundaries to consider. Bedau and other philosophers sympathetic to 
his notion of weak emergence tend to stress the specificity of simulation. Every step 
of every microelement is calculated until the given property appears.’ To stipulate that 
simulation is the only route to deriving the presence of a particular weakly emergent 
property amounts to saying that there is no ‘shortcut’ route to determining this fact, 
(cf. [2]) no way around this completely specific procedure. Sometimes this point is 
put in terms of the computational incompressibility of emergent properties, for 
example by Stephan in [9] who describes it as “incompressible unfolding.” So why 
not just insist that proper simulation involve full specificity of this sort? There are two 
problems with this proposal, as I hope to show below. Firstly, even fully specific 

                                                           
3 Note that this is not the same as demanding that the notion of simulation have completely 

sharp boundaries. For we may end up – for independent reasons – wanting a notion of 
emergence which is itself a matter of degree. 
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simulations are only specific relative to a particular choice of microelements, rather 
than being specific in any absolute sense. Secondly, many of the favored examples 
used to illustrate (supposedly) weakly emergent properties are not fully specific even 
relative to the given microelements. 

4   Full Simulation 

The first point, about specificity being relative rather than absolute, is obscured in the 
case of cellular automata such as the Game of Life because, in the first instance, these 
are not simulations of any particular real-world system. Hence the individual cells in 
the Game of Life can be considered absolutely fundamental and ‘atomic.’ Once we 
move to canonical examples of simulations in the sciences, however, it becomes clear 
that microelements do not have any privileged ontological status. Indeed, Bedau 
makes it clear that he sees the macro / micro distinction as one that can shift with 
different contexts: 

 

“A macro level in one context might be a micro level in another; the macro / 
micro distinction is context dependent and shifts with our interests.” [2] 

 
For example, in modeling a financial market we might develop a simulation in 

which the microelements consist of individual investors, while in the context of 
simulating the rational deliberations of an individual we may take that person to be the 
macrosystem and, say, the individual neurons of her brain to be the microelements. 

If we want to stick with the requirement that any simulation that derives the 
presence of a weakly emergent property be “fully specific” then it seems as if there 
are only two principled options. On the one hand, we could just accept that full 
specificity here will always just be relative to the choice of microelements. The 
problem here is that if nothing more is said about choice of microelements other that 
it “shifts with our interests” then this threatens to trivialize the whole notion of 
simulation. Implicit in much of the philosophical discussion of weak emergence is 
that microelements stand in something like a part / whole relation to their respective 
macrosystems. But with no constraints on which pieces of a whole system count as 
parts, we are free to pick all kinds of gerrymandered ways of carving up the whole. 

For present purposes, the most worrying possibilities are where the whole is 
divided into very few ‘microelements.’ Consider a situation in which there is an 
analytic equation that governs some simple dynamical system, but there are two 
distinct equations for the two halves of the system. For example, the system might 
involve fluid flow on the surface of a sphere. In the ‘northern hemisphere,’ the fluid 
moves at a constant velocity, v, in a clockwise direction around lines of longitude, 
while in the ‘southern hemisphere,’ it moves at some different constant velocity, v’. It 
seems clear that this is a paradigm case where there are no weakly emergent 
properties. Indeed by stipulation the system is governed at each point by a single 
analytic equation. However, we need to consider the following line of objection: there 
are dynamical properties of this system which are weakly emergent because the only 
way to predict the future position of all the points on the surface of the sphere is by 
dividing the sphere into two halves and calculating the position separately for each 
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half. And since these two halves could be taken to be ‘microelements’, this procedure 
counts as a simulation. 

The proper response to this objection is to point out that it ignores a second facet of 
the specificity of simulations. Simulations are not merely synchronically specific – in 
that they examine the behavior of each microelement – but they are also 
diachronically specific – in that they calculate the full state of the system at each time 
step. In the sphere example presented above, even if there is a certain sense in which 
the two hemispheres can be regarded as potential ‘microelements,’ the equations 
governing each half are still analytic. Thus the positions of every point on the sphere 
can be calculated for some arbitrary future time without going through every (or 
indeed any) intermediate time steps. Of course the arbitrariness of cashing full 
specificity out in relation to time steps is even more obvious than for the case of 
microelements. Indeed in most cases the system being simulated is dynamically 
continuous, hence whatever discrete time steps are chosen for the simulation involves 
some loss of specificity relative to the original system. 

This is an important point, and one that it is worth pausing for to pursue a little 
further. As Rasmussen and Barrett highlight, typically “the simulation and the 
simulated system are both dynamical systems.” ([8], p. 4) Given the problems 
discussed above with simply making ‘full specificity’ relative to (possibly arbitrary) 
choice of microelements and time step units, a second option is to insist that – at least 
for the purposes of defining weak emergence – simulations be ‘full’ in some absolute 
sense. (Compare [3], which talks of weakly emergent features as “those which can be 
derived from the microdynamics of the system only by an exhaustive simulation.”) 
Let us focus for the moment on synchronic specificity, and think about what “full,” or 
“complete,” or “exhaustive” simulation might amount to. 

One possible response is to say that a truly complete simulation of a real-world 
system amounts to duplicating the system. In other words, a complete simulation is 
not a simulation at all! Though not targeted at issues of complexity and emergence, 
physicist Max Tegmark has recently proposed what he terms “the Mathematical 
Universe Hypothesis” (or MUH), which is the claim that “our external physical reality 
is a mathematical structure.” [10] His defense of this claim is strikingly direct: 

 
“Whereas the customary terminology in physics textbooks is that the 
external reality is described by mathematics, the MUH states that it is 
mathematics. … We write is rather than corresponds to here, because if two 
structures are isomorphic, then there is no meaningful sense in which they 
are not one and the same.”  [10] 

 

This argument seems too quick. Tegmark’s background assumption is that the 
universe is fully describable in terms of its structural properties, since any non-
structural properties would make no observable difference. But even if one grants this 
(far from innocuous) assumption, it does not follow that the universe is no more than 
a complex mathematical structure. Stewart Shapiro [11] makes a useful distinction 
between structures which are freestanding and those which are not. Freestanding 
structures are basically those for which full simulation and instantiation coincide. 
Take the game of chess. Any arrangement of objects which conforms to the structural 
and dynamical constraints of the rules of chess is a game of chess. It does not matter 
what the pieces are made of, or how quickly the game proceeds. Chess games can be 
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played with pieces of plastic, or pieces of ivory, or using people as ‘pieces.’ It can be 
played at a lightning pace, or by mail over a period of years. Chess can also be played 
on computers and by computers. But it would be odd, in fact not just odd but false, to 
say that a computer was merely ‘simulating’ the playing of chess. When the computer 
Deep Blue defeated then world chess champion Gary Kasparov in the famous 1997 
match, Deep Blue was literally playing chess. Thus chess is a freestanding structure. 

Shapiro thinks that many structures are non freestanding. One example he gives is 
of a certain defensive arrangement in baseball. It is not enough, in order to instantiate 
this defense, merely to have objects of some kind or other at the appropriate locations 
on a baseball field. Thus a structure consisting of piles of rocks at the different 
locations is not a baseball defense. Against Shapiro’s claim here, one might argue that 
he is ignoring precisely the distinction that we have been targeting, between 
simulation and full simulation. Thus Deep Blue counts as literally playing chess 
because Deep Blue is fully simulating the structure of the game of chess. By contrast, 
the pile of rocks on the baseball field, while it might count as a simulation of some 
sort, is not fully simulating a baseball defense, because there are various structurally 
relevant properties that are omitted (for example, the ability to move the ball from one 
position on the field to another). So there are not two kinds of structures here, 
freestanding and non-freestanding, but rather two kinds of simulation, full simulation 
and partial simulation.4 

Lest we get too far afield from our original topic, I will not pursue the above issues 
any further. However, it is worth pointing out that – whether or not full simulation is 
the same as duplication – full simulation in this absolute sense is impossible as a 
practical matter for the vast majority of real-world systems that are of interest to 
complexity scientists. Hence it would likely violate the third criterion mentioned 
earlier, that the notion of weak emergence being defined be relevant to scientific 
practice, for it to be linked to any such ‘absolute’ sense of simulation.5 

5   Between Simulation and Analytic Derivation 

One could claim that I have been unduly pessimistic about the first of the two options 
discussed in Section 4, since it is not obvious that the only alternative to absoluteness 
is arbitrariness. In other words, it would seem that there is room to argue for a notion 
of “full simulation” which is relative to choice of microelements and time units, but 
where these are picked out based on objective features of the system being simulated. 
(An analogy here might be with approaches to anchoring the objectivity of inductive 
reasoning in science by reference to some background ontology of natural kinds.) I 
am not sure whether this approach could be made to work, and if so how, but for sake 

                                                           
4 There may still be a derivative sense of “freestanding structure” as a structure for which full 

simulation is possible. And it is worth noting that the points made about the game of chess 
seem to apply with equal force to the Game of Life. Specifically, there seems to be no 
distinction between simulating the Game of Life and instantiating it. Also note the slide 
between simulation / observation when Bedau [2] talks about the R-pentomino’s bounded 
growth. 

5 Bedau [2] does distinguish between different ‘strengths’ of simulation, e.g. between finite and 
infinite simulations. But it is unclear how this intersects with the above issues. 
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of argument let us assume that it can. Plugging the result back into Bedau’s definition 
yields a notion of weak emergence according to which weakly emergent properties 
can only be derived by a simulation that is completely specific relative to the given 
(non-arbitrary) microelements and time units. 

Even granting all of the above assumptions, however, there are still potential 
problems with this line of analysis. For illustrative purposes, let us return to the earlier 
example from Bedau of the R pentomino in the Game of Life and whether it exhibits 
unbounded growth. Recall that, as Bedau describes the situation, the only way to see 
that growth in this case is bounded is to iterate the microdynamic for 1103 time steps 
until a stable pattern appears. Hence, the bounded growth of the R pentomino is a 
weakly emergent property of it. 

At first glance, this seems to fit with the definition of “full simulation” that was 
presented above, since the process of establishing stability is completely specific: the 
color of each cell on the grid is calculated for each time step until step 1103. But at 
second glance, the situation is not so clear-cut. In particular, there is room to argue 
that the ‘simulation’ is neither synchronically nor diachronically exhaustive. From a 
synchronic perspective, not every cell is updated individually at each time step. 
Indeed this is impossible from a practical perspective since the Game of Life takes 
place on an infinite grid! More prosaically, given the update rule we know that any 
‘dead’ cell that is surrounded by dead cells itself remains dead at the next time step. 
So the infinite array of empty cells surrounding the R-pentomino initial condition can 
simply be ignored for the purposes of simulation.6 From a diachronic perspective, 
there is indeed complete specificity for the first 1103 time steps of the simulation, but 
at this point the simulation ends and a different form of reasoning takes over. For it is 
not – and cannot be – purely on the basis of simulation that we come to know that the 
state at time step 1103 is stable. It turns out that this state is made up of a collection of 
two sorts of sub-patterns: “still lifes” are a 2x2 blocks of living cells, which remain 
unchanging forever given the update rule for the Game of Life; “blinkers” which are 
vertical strips of three living cells, which alternate between a vertical 3-strip and a 
horizontal 3-strip at successive time steps. 

I want to argue that our knowledge of the stability of still lifes and of blinkers is 
not based on simulation. If it was, then according to Bedau’s analysis, the property of 
unchangingness of the still life pattern would count as weakly emergent, and this 
seems to go against the whole spirit of his approach. If I am right, then our knowledge 
of the bounded growth of the R pentomino is based partly on simulation and partly on 
more traditional mathematical analysis. As Bedau himself puts it, albeit not when 
talking about this example, 

 

“[I]n some situations it is possible to construct a quite different ‘short-cut’ 
derivation of a system’s macro properties, perhaps using a simple 
mathematical formula for the evolution of a certain macro property 
arbitrarily far into the future.” [2] 

 
This poses an obvious problem for a notion of weak emergence based on full 

simulation, since we are forced to conclude that the property in the R-pentomino case 

                                                           
6 More precisely, any empty cell that is at least two cells removed from a live cell can be 

ignored at a given time step. 
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is not weakly emergent because it can be (indeed it must be) derived without fully 
simulating the system. 

There are at least a couple of responses that could be made here on behalf of the 
defender of the full-simulation definition. One response is to argue that recourse to 
analytic methods, though possible in the R-pentomino case, could not have been 
predicted in advance except by going through the simulation up to time step 1103. 
Hence, from an epistemological point of view, the simulation is still an indispensable 
part of the derivation process. A second response is to maintain that the above 
argument equivocates between two conditions, and thereby conflates ‘being derivable 
only by full simulation’ with ‘being fully derivable by simulation.’ It is the former of 
these two conditions which appears in the revised version of Bedau’s definition of 
weak emergence, and this condition (unlike the second condition) is fully compatible 
with the full simulation being augmented by other modes of reasoning. 

The effectiveness of both of these defenses may hinge in part on the nature of the 
(putatively) weakly emergent property being discussed. In particular, some properties 
involve implicit existential claims about the future state of the system, while other 
properties involve implicit universal claims. To take a simple case, the property of 
“stability” in the Game of Life involves an implicit claim that is existential, namely 
that there is some future state of the system which is identical to an earlier state 
(which thereby guarantees that the system has entered into a closed cycle). The 
stronger property of “unchangingness” involves an implicit universal claim, that all 
future states of the system are identical to the current state. The property of “bounded 
growth,” which is the property that Bedau focused on initially in his discussion of the 
R-pentomino case, is more complicated. Both stability and unchangingness are 
sufficient for bounded growth, but neither is necessary. To see why not, recall from 
our earlier discussion of the Game of Life that there is another five-cell arrangement 
called a “glider” which changes back into the same pattern after every fourth time 
step, except that the pattern is shifted one cell diagonally. Consider an initial 
configuration consisting only of two gliders ‘pointed’ in opposite directions. As the 
system evolves over time, the two gliders move gradually off to infinity. No state is 
ever identical to any previous state, yet there is clearly an upper bound to the number 
of live cells that ever appear in any future state. 

As a parenthetical point, it should be noted that there are in fact two distinct 
properties that fit the term “bounded growth.” In my discussion thus far, I have been 
assuming that growth is bounded if and only if there is some upper bound on the 
number of live cells in any (individual) future state of the system. However, the fact 
that Bedau talks of the stable state reached at step 1103 as “just fitting into a 51-by-
109 cell region” indicates that he himself may have a different property in mind, such 
that growth is bounded if and only if there is some finite area outside of which no live 
cells of any future state appear. The first of these two readings yields a simpler 
property than the second, since spatial boundedness implies numerical boundedness, 
but not vice-versa (as the ‘double-glider’ example above illustrates). 

My general claim – which I shall not further argue for here – is that properties 
associated with implicit universal claims cannot be derived by full simulation. The 
only way to justify a categorical claim about all future states of an open-ended system 
is through analytic methods. Yet there seems no reason why properties of this sort 
cannot be weakly emergent, indeed “bounded growth” – in the second sense specified 
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above – seems to be a good candidate for just such a property. The key point is that 
for universal-linked properties, there is no sense of running a simulation and ‘waiting 
for the first appearance of the relevant state.’ Of course if we abandon the insistence 
on full simulation in our definition of weak emergence, then there is still clarificatory 
work to be done. The main challenge, once we allow in some abstraction to our 
simulations of weakly emergent properties, is to show a principled line can then be 
drawn between simulation on the one hand and fully analytic methods on the other. 

6   Epistemological Ramifications of Derivation 

I argued earlier, in Section 2, that Bedau’s definition of weak emergence is intended 
to carve out a notion which is objective and independent of the cognitive capacities of 
any particular observer. The main issue with which we have been grappling in the 
intervening sections is whether an appropriate notion of “full simulation” can be 
circumscribed which gives teeth to Bedau’s definition. In the remainder of the paper, I 
want to look more briefly at the epistemological features of weak emergent properties 
thus defined. In other words, what does it mean for such core epistemological tasks as 
prediction and explanation for a property to be derivable only by simulation? 

I shall start with prediction, since there is a fairly clear link, at least prima facie, 
between deriving the presence of a property and predicting that the property will 
occur. Indeed, weak emergence is sometimes defined directly in terms of prediction. 
For example, Humphries interprets Bedau as equating weak emergence with 
computational incompressibility, and writes that “prediction of future states of 
computationally incompressible systems must run through each of the intermediate 
time steps between the initial state and the predicted state.” ([10], p. 4) However, 
there are at least a couple of reasons for resisting any straightforward equivalence 
between a property being derivable and a property being predictable. Firstly, 
derivability is a logical notion and the bare existence of a derivation from given 
premises does not guarantee anything about the length or complexity of the required 
derivation. Hence weakly emergent properties may not be predictable by a particular 
epistemic agent if the complexity of the required simulation outruns that agent’s 
cognitive capacities. Secondly, and even more importantly, even if an agent is in 
possession of a valid derivation of the presence of a given property, this will not be 
convertible into a genuine prediction unless the agent believes that the premises of the 
derivation are true. 

Reflection on this point puts pressure on a different facet of Bedau’s definition. The 
claim is that weakly emergent properties are derivable, but only by simulation. Thus far 
we have been assuming that the space of alternative methods to simulation, especially 
analytic methods, are themselves well-defined and legitimate. But derivations, even 
deductively valid, ‘rigorous’ derivations, come in many guises. Consider, for example, 
the following derivation, D*, of the bounded growth of the R pentomino. 

 
D* 
 

 (D1) The initial configuration is a (single) R pentomino 
 (D2) If the initial configuration is a R pentomino then growth is bounded 
 (D3) Hence, growth is bounded 
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D* is clearly a valid, albeit trivial derivation of the presence of the property of 
bounded growth. And, equally clearly, it does not involve any simulation. So what 
prevents this from being a counterexample to the claim that the only way to derive the 
property of bounded growth for the R pentomino is by simulation? 

There are a couple of ways of trying to impose conditions on acceptable derivations 
so as to exclude ‘trick’ cases such as D*. One way is to impose some sort of epistemic 
constraint on the premises of the derivation, for example that they be justifiably 
believed by whatever agent is making the prediction. Adopting this approach, D*-style 
cases would fall into two sorts. Either the agent has no justification for believing the 
truth of premise D2, in which case the derivation fails to count as legitimate. Or the 
agent is justified in believing D2, in which case – presumably – this justification has 
come either from the agent having already run a simulation, or from having been 
informed of the truth of D2 by someone else who has run an appropriate simulation. In 
either case, the derivation is legitimate but it rests, ultimately, on simulation. While this 
approach might therefore work as a way of excluding spurious alternative means of 
derivation, I suspect that it may run into trouble by also excluding many kinds of 
simulation. For simulations standardly begin with various simplifying assumptions – 
discrete time steps, simultaneous updating, division of the space into equal cells, and 
so on – which are typically literally false. As such, the ‘premises’ of most simulations 
will not be believed to be true by the agent who implements them, and if they do 
happen to be believed then this belief will not be justified. 

A second, and somewhat different, approach to ruling out D* from contention is to 
argue that fails to be an appropriately general form of argument. In other words, there 
is nothing in D* which indicates what the correct answer to the bounded growth 
question would be for other initial configurations, nor how the R-pentomino behaves 
with respect to other properties. Clearly the contrast here is supposed to be with 
analytic derivations which typically involve equations where different figures can be 
substituted in to yield predictions of different phenomena. Simulations also tend to be 
applicable across a range of initial conditions and for a wide variety of different kinds 
of properties. To make this approach work, more needs to be done to clarify just what 
it is that weak emergence applies to. I will not undertake this work here except to note 
that on Bedau’s account, despite it mostly being summarized as being about 
properties, weak emergence seems to come out as a three-place relation. In the R-
pentomino case, for example, what Bedau is concerned to show is that, in the Game 
of Life, the property of bounded growth, for the initial configuration of an R 
pentomino, is weakly emergent. So we have here a three-place relation between 
system, property, and initial configuration. The insistence on generality of derivation 
amounts to requiring (at minimum) that a given derivation be applicable to more than 
just one of these triples. 

While generalizability is clearly a valuable property of derivations, it is much less 
clear that it makes sense as a necessary condition for adequate prediction. 
Mathematicians, for example, tend to prefer generalizable proofs, but they seem to 
value such proofs for their explanatory potential as opposed to any extra justificatory 
power. Indeed, ultra-specific proofs are still taken to provide a perfectly adequate 
justification of their conclusions. This provides a nice segue into the second facet of 
derivability that I want to examine, namely the relation between the presence of a 
property being derivable only by simulation and its explicability (or lack thereof). 
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It is worth recalling that the main form of “autonomy” that Bedau credits to weakly 
emergent properties is explanatory autonomy. These properties are ontological and 
causally reducible to their underlying microproperties, but they are nonetheless 
explanatorily autonomous. Symons agrees that one should “distinguish computational 
models or explanations from reductions.” ([3], p. 2) It certainly seems correct that not 
all derivations are also explanations. As above, one way to see this point is by 
considering different kinds of proof in mathematics. There are some well-known 
mathematical proofs, for example the proof of the 4-Color Theorem, which were 
carried out with the aid of computers because they are highly disjunctive and require 
going individually through many thousands of subcases. Aside from worries about the 
very involvement of computers in this process, most mathematicians find the proof of 
this result unsatisfying because they do not see it as explaining why the theorem holds. 

Not only does Bedau argue for the explanatory autonomy of weakly emergent 
properties, in his 2003 paper he also distinguishes between two ways in which this 
explanatory autonomy can manifest itself. On the one hand, there are “accidental” 
weakly emergent properties of a system, where our explanations in terms of 
macrofeatures are required by the complexity of the underlying processes, but where 
this explanatory autonomy is “merely epistemological.” On the other hand, there are 
“robust” weakly emergent properties whose macro-explanations are autonomous in a 
deeper sense. To illustrate the distinction, Bedau again turns to his favorite milieu of 
the Game of Life. His example of a robust property is the configuration of cells 
known as a “glider gun.” As the name suggests, this configuration produces a steady 
stream of gliders that move at an even spacing in one particular direction. He 
contrasts this with “an irregular collection of still lifes, blinkers, and miscellaneous 
piles of ‘muck’ that happens to emit six gliders.” [2] In this latter case, Bedau claims 
that the property of producing a stream of gliders is “accidental.” He cashes out 
difference in counterfactual terms. In the case of the glider gun, but not in the case of 
the irregular configuration, 

 

“the aggregate micro explanation … omits information [that] supports 
counterfactuals about the stream. … If those micro histories had been 
different, the macro explanation could still have been true.” [2] 

 
Whether proper sense can be made in this context of the notion of an “accidental” 

property is, I think, an important and interesting question. (One intuitive reaction, for 
example, is that in a fully deterministic system such as the Game of Life, nothing is 
accidental …!) I suspect that at best the distinction Bedau is pointing is a matter of 
degree. For, aside from its greater complexity, I see nothing qualitatively different 
between the behavior of the ‘miscellaneous piles of muck’ and of the glider gun. 
Bedau writes, in the course of cashing out his counterfactual analysis of the latter, that 
“the same glider stream would have been produced if the configuration had been 
changed in any number of ways, as long as the result was a gun that shot the same 
kind of gliders.” [2] But this counterfactual condition seems almost completely 
circular, and a precisely parallel point could be made about the miscellaneous piles of 
muck – gliders would still have been produced as long as the same miscellaneous 
piles lay at the core of the initial configuration of cells. 

The second place where I part company with Bedau concerns the role of the 
microlevel behavior in the glider-gun example. According to Bedau this detailed causal 
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history does explain the stream of gliders, it is just that the macro-level gives a better 
explanation and captures features linked to generality and robustness that are left out of 
the micro-level explanation. My own view is that in this sort of case, the micro-level 
story does not explain the macro behavior at all. It can be used to predict this macro 
behavior, at least in principle, but it plays no part in the proper explanation of it. 

7   Conclusions 

My concern in this paper has been to examine an approach to emergence that defines 
emergent properties in terms of what can – and can only – be derived by simulation. If 
such a definition is to be objective and to have real content then this puts pressure on 
the notion of simulation. In particular, without reasonably precise boundaries between 
simulation-based and non-simulation-based techniques, the definition threatens to 
collapse into uselessness. I have argued that, although the core notion of simulation is 
well-understood, and although canonical cases of simulation are uncontroversial, 
placing principles bounds on it is surprisingly difficult to do. If we are successful, 
then the prospects for the resulting notion of weak emergence charting a path between 
being ‘mysteriously’ strong and being trivially weak look promising. While there is 
every hope that such a notion will be coherent and scientifically relevant, there 
remains work to do in delineating the relation between possessing a simulation-based 
derivation of the presence of a property and being able to predict it or explain it. 
Exploring further the epistemological ramifications of this style of definition will 
provide fruitful terrain for future research. 
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Abstract. In the paper, the research subject is the ecological relation-
ship between the Small and Medium-sized Enterprises(SMEs) and the
Large-scale Enterprises(Les). From the perspective of ecology, setting
up the competitive model basic on the Logistic model, and carrying out
further analysis about the voluntary information disclosure of listed com-
pany, then getting the strategic choice about the voluntary information
disclosure and the ecological explanation of false information, and the
dynamic mechanism and strategy of the voluntary information disclo-
sure of listed company.

Keywords: voluntary information disclosure, Logistic model, stability
analysis.

1 Introduction

Since the 1980s, foreign scholars did a great deal of research about different
countries and regions of the company voluntary disclosure of information acts
through a variety of empirical methods, and have already achieved many im-
portant results. However, in China, the beginning date of the research about
this theme is very late, and the quality and level of this research have a relative
distance compared to the Western countries’. The great difference between the
Chinese market background and the international environment especially the
developed countries have led to the special nature of the voluntary disclosure
of information in China. The research about voluntary disclosure of information
has mainly four categories: The first is to search for the relevant of the changes
in stock prices with the voluntary disclosure of the information. Healy (Contem-
porary Accounting Research, Fall, 1999)[1] from the Harvard Business school
took his attention to whether the increase of voluntary disclosure of information
is relates to the stock prices and liquidity by selecting 97 listed companies, then
got that the investors reduce the uncertainty while the liquidity of the stock en-
hance. The second category links the voluntary disclosure of information to the
governance structure of listed companies. Aboody and Kasznik (2000)[2] thought
that the company would be delayed disclosure of good news and speed up dis-
closure of bad news before the expiration of stock options in order to increase
the stock-based compensation. The third category put bets in the eyes of the
relationship of voluntary disclosure and financial aspects. The research of Eng
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and Mak (2003) [3] showed that there is an obvious positive relationship between
the degree of corporate governance and information disclosure of listed compa-
nies through inspected 158 companies in Singapore. The fourth type focused on
the relevance of the demonstration about the voluntary disclosure of information
with a number of variables. The empirical research by Hossain (1995) [4] to the
New Zealand listed companies showed that the impact factors to voluntary dis-
closure of information include: company size, financial leverage, the proportion
of possession of assets, audit institutions of authority and different places listed.
Meek (1995)[5] took his view of that company size, country or region where
the company is located, listed and trade made very important affection to the
company voluntarily disclose information through his empirical research, while
voluntary information is divided into three parts: strategic, non-financial infor-
mation and financial information. Gerald and Sidney (2002) [6] to 62 industrial
companies listed in Hong Kong and Singapore on that outside shareholders stake
in the company and the level of voluntary disclosure of information is positive
proportional and the family business and voluntary disclosure of information sig-
nificantly less than Non-family businesses. Elisabeth Dedman(2008)[7] find that
there are significantly more ’good news’ voluntary announcements than ’bad
news’ announcements. Among them, it is also a basic and important study to
the dynamic mechanism of foundation about listed companies’ voluntary disclo-
sure of information. This stage of its research mainly from the perspective of
adverse selection and the principal-agent theory analysis: adverse selection from
the point of view of the company’s management and outside investors asymme-
try of information between the mainly reflected in the spreads on the company’s
disclosure of information quality, To deal with this phenomenon of adverse selec-
tion and in addition to the provisions of the mandatory disclosure of information,
the excellent performance of listed companies choose the implementation of the
voluntary disclosure of information to enhance investment and external commu-
nication of information to outside investors reveal their core competitiveness, So
that investors understand the company now or potential competitive advantage.
Therefore they will believe the company’s future prospects and make better
investment decisions; Principal-agent theory from the point of the company’s
management and shareholders of companies within the asymmetry of informa-
tion between the main incentive mechanism and reflected in the remuneration
of managers, shareholders of listed companies and operators exist between the
principal-agent relationship, and there is information asymmetries among them,
especially in China, state-controlled companies listed on the Government and
the Department of shareholders —- operation between more serious is the in-
formation asymmetry, government departments only through the operation of
the relevant information to determine the operator’s level of hard work, And the
operators of listed companies in order to show their hard work and the level of
company performance, get more revenue, through voluntary disclosure of infor-
mation, keep the company in charge of departments and the company sharehold-
ers signal transduction. This paper would make the research the listed companies
voluntary disclosure mechanism basic on ecology theory, make maximizing profit
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of the company and administrators’ reward as the gauge of decision-making on
information disclosure process, while do some qualitative analysis due to the
limit on both method and technology at present. However, this is still a new
research perspective, and it mainly reflects on the securities market including
SMEs and large enterprises in the ecological relationship aspects.

2 The Mechanism of Voluntary Disclosure from the
Ecological Angle

2.1 The Competitive Model of SMEs and Large Enterprises

Consider the SMEs and large enterprises as the two populations, when they are
alone in a natural environment to survive, the output levels (corresponding to the
listed company or the proceeds of external investors) are subject to the evolution
of Logistic. We supposed x1(t), x2(t)as the average level of output(income) of the
SMEs and large enterprises respectively, assumed that it is a function of time,
r1 and r2 are the average growth rate of output levels in their survival in an
independent state(corresponding to that is, when they did not enter the securities
market), N1 and N2 are the average maximum output in their independent state,
Thus, for SMEs and large enterprises, there is

dxi(t)
dt

= rixi[1−
xi

Ni
] i = 1, 2 (1)

When t →∞, xi(t) → Ni, i = 1, 2, xi

Ni
is the actual output potential account for

the largest proportion of output, called the independent output saturation. When
SMEs and large enterprises in the same environment survive, they will have a
mutual influence. In the securities market, σ1 shows that the upgrading the level
of output influence of the independent output saturation of large enterprises
to the SMEs; σ2shows that the upgrading the level of output influence of the
independent output saturation of the SMEs to large enterprises (σ1, σ2 > 0).

There are four relationships between the two groups: predatory relationship,
mutual symbiotic relationship, competition, and parasitic relationship. In the
securities market, the relationship between SMEs and large enterprises mainly
is competition, and the competition ecological model. At this point it can be
expressed as: ⎧⎪⎪⎨

⎪⎪⎩
dx1(t)

dt
= r1x1[1−

x1

N1
− σ1

x2

N2
]

dx2(t)
dt

= r2x2[1− σ2
x1

N1
− x2

N2
]

(2)

In order to study the outcome of competition model of the SMEs and large
enterprises as the two populations, or when t →∞, the trend of x1(t), x2(t), we
just need analyze the balance point of stability of the equations (2).

To SMEs and large enterprises, it has practical significance only when the
balance in the plane coordinates of the first quadrant(x1, x2 � 0). According to
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Table 1. The points of balance and stability conditions in competitive model

points of balance stability conditions

P1(N1, 0) σ1 < 1, σ2 > 1
P2(0, 0) unstable

P3(0, N2) σ1 > 1, σ2 < 1
P4[N1

(1−σ1)
1−σ1σ2

, N2
(1−σ2)
1−σ1σ2

] σ1 < 1, σ2 < 1

the method of determine the stability of the balance point, it gets four points of
balance and stability conditions (Table 1).

From table 1, we know that there is 3 points of balance P1, P3, the stability
condition of point P1 is σ1 < 1, σ2 > 1. Here σ1 < 1 stands for the output of
fluency of large enterprises to SMEs is smaller than the SMEs to large enter-
prises for their own role on the block, σ2 > 1 means that the output of fluency
of SMEs to large enterprises is more than the large enterprises to SMEs for their
own role on the block. It is clearly that this situation is less in real life, that
is, the competitive advantages of large-scale enterprises is worse than of SMEs,
this situation just occurs in some areas and local industry, and in the securities
market, the emergence of such a situation only appears for all shareholders in
listed Companies are not aware of the circumstances, this is almost impossi-
ble under the national policy of mandatory information disclosure requirements.
Therefore, it is not easy that the point P1 to achieve the stability of conditions.
Similarly, the stability of conditions of point P4 is σ1 < 1, σ2 < 1, that large
enterprises and SMEs have not advantages in competition either. In the early
stage of the securities market, information disclosure in its infancy period, with
the constantly improve of the securities market, the policy of mandatory disclo-
sure of information generated, so that this situation is fast disappearing, go to a
more stable state, or emerging industry just start to enter the securities market,
investors do not understand them. However, with the industry’s growth, this gap
will gradually narrow. The stability condition of point P3 is σ1 > 1, σ2 < 1, it
indicates that the general situation in the stock market, therefore, this condition
is easy to achieve, at this time that the competitiveness of SMEs is in a signif-
icant disadvantage in the securities market, the negative impact SMEs to large
enterprises is much smaller than that of large enterprises in its competition.

2.2 The Competitive Model of SMEs and Large Enterprises with
the Impact Factor of Voluntary Disclosure of Information

Now we add the impact factor of voluntary disclosure of information. We sup-
posed α as the impact factor of SMEs disclosure to their development, β as the
impact factor of large enterprises disclosure to their own development, here we
assume that SMEs and large enterprises on the impact of each other are sym-
metrical, so the function of SMEs to the impact of large-scale enterprises is −α,
while large enterprises to SMEs for the impact is −β (0 < α, β < 1). According
to the assumption above, we get
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⎧⎪⎪⎨
⎪⎪⎩

dx1(t)
dt

= r1x1[1 + α− β − x1

N1
− σ1

x2

N2
]

dx2(t)
dt

= r2x2[1− α + β − σ2
x1

N1
− x2

N2
]

(3)

Here α > β shows that the impact of SMEs to large enterprises in voluntary
disclosure is more than large enterprises to SMEs.

In order to study the outcome in competitive model of SMEs and large enter-
prises as two populations, that is, when t →∞, the trend of x1(t), x2(t), we just
need to analyze the stability of the point of balance of equation (3). According
to (3), it yields⎧⎪⎨

⎪⎩
f(x1, x2) = r1x1[1 + α− β − x1

N1
− σ1

x2

N2
] = 0

g(x1, x2) = r2x2[1− α + β − σ2
x1

N1
− x2

N2
] = 0

(4)

Based on the determine method of the stability of the point of balance, there
are four points of balance and stability conditions (Table 2).

Table 2. The point of balance and stability conditions in competitive model with the
voluntary disclosure of information

points of balance stability conditions

P1(0, 0) unstable
P2[N1(1 + α − β), 0] σ1 < 1+α−β

1−α+β
, σ2 > 1−α+β

1+α−β

P3[0, N2(1 − α + β)] σ1 > 1+α−β
1−α+β

, σ2 < 1−α+β
1+α−β

P4[N1
1+α−β−σ1(1−α+β)

1−σ1σ2
, N2

(1−α+β−σ2(1+α−β)
1−σ1σ2

] σ1 < 1+α−β
1−α+β

, σ2 < 1−α+β
1+α−β

There are three points of balance P2, P3, P4, we will discuss them at two
situations following:

When α > β, it shows that the impact of voluntary disclosure of information
for AMEs to large enterprises is more than that of large enterprises to SMEs.
The stability condition of point P2 is σ1 < 1 < 1+α−β

1−α+β , σ2 > 1−α+β
1+α−β , and

σ1 < 1means that the output of fluency of large enterprises to SMEs is smaller
than the SMEs to large enterprises for their own role on the block, It is clearly
that this situation is less in real life, that is, the competitive advantages of large-
scale enterprises is worse than of SMEs, this situation just occurs in some areas
and local industry, with the distance of α and β increasing, the competitiveness
of SMEs enhanced, the SME profit increase in the point of balance, In this case,
large enterprises increase the voluntary disclosure of information can reduce the
competitiveness of SMEs, and in the securities market, the emergence of just
such a situation for all shareholders in listed companies are not aware of the
circumstances, this in a national policy of mandatory information disclosure
requirements under almost impossible, therefore, it is not easy to achieve this
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stability of conditions. In the same way, the stability condition ofP4 is σ1 <
1+α−β
1−α+β , σ2 < 1−α+β

1+α−β , that large enterprises and SMEs have not advantages in
competition either, so it is also not to achieve this condition. With the distance
of and increasing, the competitiveness of SMEs enhanced, it can make their own
disadvantage circumstances and achieve the optimum results. In this case, large
enterprises increasing the voluntary disclosure of information can also reduce the
competitiveness of SMEs, and have better achieve their own profit. The stability
condition of P3 is σ1 > 1+α−β

1−α+β , σ2 < 1−α+β
1+α−β , it reflects the general situation

in the stock market, so the stable condition of point P3 is easy to achieve. At
this point shows that the competitiveness of SMEs in the securities market in
a significant disadvantage, SMEs to large enterprises is much smaller than the
negative impact of large-scale impact on the competitiveness of its enterprises.
With the distance of α and β increasing, SMEs had increased the profits of large
enterprises to deal with this situation, and they will also choose a voluntary
disclosure of information to enhance their own competitiveness.

When α < β, analyzing with the same way before, at this time the impact of
SMEs voluntary disclosure of information to large enterprises is more than large
enterprises voluntary disclosure to SMEs. This is general situation in real life.
Under such circumstances, with the reduction of the distance of α and β, large-
enterprises effect up the voluntary disclosure of information. Point P3 shows the
common situation in stock market, and α < β also reflects the general situation,
That is, in real terms, during the same quality of information disclosure, large
enterprises to SMEs are often greater than the impact of SMEs on the impact
of large enterprises, in this case, with deducing of α < β, it is more detrimental
to SMEs, at this time of SMEs need to increase their own competitiveness in
addition, it also should be conducive to the proper conduct of its own voluntary
disclosure of information to reduce or mitigate such adverse effects.

3 Conclusion

Through the model analysis, we can see clearly that in the securities market,
the options of SMEs and large enterprises in the competition between the profit
and strategic. In the securities market competition, large enterprises increase
voluntary disclosure of information, that is a rational choice to outside investors
in order to correct its own judgment of the market value, SMEs is at a disad-
vantage in the competition, and in the long run, may be facing mergers and
acquisitions and even the risk of collapse, so SMEs will be conducive to ap-
propriate more of their own to disclose the information to increase their own
income. In these competitive conditions, some enterprises in order to increase
voluntary disclosure of the favorable effects may be exaggerated to take their
own performance or even disclosure of false information to increase the competi-
tiveness of enterprises, which directly led to the occurrence of a financial scandal.
In recent years the ongoing financial scandal occurred also to the entire stock
market has brought huge losses. Therefore, SMEs and large enterprises have led
to the competition between the voluntary disclosures of information generated,
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and as competition intensifies, the voluntary disclosure of information system
will become more perfect.

There is just some qualitative analysis done in this paper. Quantitative anal-
ysis has still an unresolved problem in this case because of the scarcity of the
basic academic limitation, and it is the next important theme in the following
research stage.
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Abstract. Most organizations encourage the formation of teams to accomplish 
complicated tasks, and vice verse, effective teams could bring lots benefits and 
profits for organizations. Network structure plays an important role in forming 
teams. In this paper, we specifically study the dynamics of team formation in 
large research communities in which knowledge of individuals plays an impor-
tant role on team performance and individual utility. An agent-based model is 
proposed, in which heterogeneous agents from research communities are 
described and empirically tested. Each agent has a knowledge endowment and a 
preference for both income and leisure. Agents provide a variable input 
(‘effort’) and their knowledge endowments to production. They could learn 
from others in their team and those who are not in their team but have private 
connections in community to adjust their own knowledge endowment. They are 
allowed to join other teams or work alone when it is welfare maximizing to do 
so. Various simulation experiments are conducted to examine the impacts of 
network topology, knowledge diffusion among community network, and team 
output sharing mechanisms on the dynamics of team formation. 

Keywords: Group formation, complex networks, agent-based modeling, 
knowledge diffusion. 

1   Introduction 

The concept of team formation or joint action [1,2], is crucial to a wide variety of 
research topics, including organizational design, computational organization theory, 
computer-supported collaborative work, game theory, multi-agent systems and 
artificial social systems. Many researchers focus on studying how to foster the 
efficient formation of the team to accomplish complex tasks in both real and artificial 
societies [1]. In the multi-agent systems community, there has been a significant 
amount of research on team formation and self-organization. Much of the work on 
team formation focuses on mental states of the agents and their willingness to form 
teams and collaborate [2, 3]. These studies have driven the development and 
implementation of frameworks in which teams coordinate closely to develop and 
execute distributed plans [4, 5]. Recent research on real world networks has revealed 



 Dynamics of Research Team Formation in Complex Networks 2005 

that social systems have a rich structure [6,7]. Gaston et. al. suggested that network 
structure among individuals can have a significant effect on the dynamics of team 
formation. Axtell talked about the conditions under which the rational agents form 
coalitions and how they are engaged in collective action [8]. In [9], Axtell not only 
built a computer model to simulate the emergence of firms, but studied the empirical 
firm size distributions produced by the model. Furthermore he compared the results 
with the empirical data on U.S. firms, such as firm sizes, growth rates, and related 
aggregate regularities. 

The above models on team formations do not discuss knowledge diffusion effects 
in a research institutes. A member of a research team actually could learn something 
(knowledge) from other members in-team and out-of-team. However, if knowledge is 
diffused, models of its diffusion must take explicit account of the structure of 
connections between members too. Cowan [13,14] proposed a knowledge diffusion 
model by treating knowledge as a vector of knowledge type, and each agent’s 
knowledge  evolved over time through a process of barter exchange. Cowan et. al. 
also proposed a knowledge improvement in a network industry. They studied the 
relations between network structure and knowledge diffusion. But in their models, the 
barter exchange knowledge transmission mechanism could not reflect the knowledge 
diffusion in cooperative research.  In [10], Li and Sun proposed a model different 
from Cowan knowledge diffusion model; they treated the knowledge gain as the 
result of cooperation production of knowledge. Cowan et. al. also introduced the 
concept of knowledge pooling and  production to model innovation as knowledge 
creation [16].  

In this paper, we focus on studying the dynamics of team formation in a research 
community (or organization), since in such a community, knowledge plays important 
role in team formation. We consider the process of team formation as a self-
organizing process in which knowledge diffusion and network structure affect 
people’s strategy of choosing teams. We build a multi-agent model in which 
heterogeneous agents are self-interested when joining a team. Agents have knowledge 
endowment and have preference on both income and leisure. They provide a variable 
input (‘effort’) and their whole knowledge endowment to team production. There are 
increasing returns to cooperation, and self-interested agents are self-organized into 
productive teams. Each agent periodically adjusts its effort level to maximize its 
welfare non-cooperatively; they could learn from others inside their team and those 
who are not in their team but has private connections in community. As a result of 
learning, an agent’s knowledge endowment is increased via cooperation. Agents are 
allowed to join other teams or work alone when it is welfare maximizing to do so. Our 
main contribution is to introduce knowledge diffusion and sharing mechanisms into 
the process of team formation.  

There are five main assumptions in our model: 

1. Agents are self-interested, and bounded rational, they interact via their network 
connections in the community.  

2. The network connections in the community are static. 
3. An agent can not belong to two or more teams at the same time. 
4. Research team is a cooperative coalition to produce output; their production 

environment is characterized by increasing returns and various rules for dividing 
team output. 
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5. Knowledge endowment of each agent is increased by learning knowledge from 
other agents inside the team and outside the team. 

In our model, both knowledge diffusion and interactions among agents are related 
to the network structure of communities. Our main focuses are to observe: 

− How network structures affect team formations? 
− How team output allocation mechanisms impact team formation and the whole 

knowledge level of the community. 

In the next section (section 2), we present an agent based computational model of 
team formation in details. Then, in section 3, the experimental designs are described 
and their results are analyzed. Section 4 summarizes the main findings and draws 
conclusions.  

2   Model of Research Team Formation 

As we discussed in above section, we treat a research team as a kind of firm to 
produce some output not to fulfill a complicated task. We treat each member in a 
research community as an agent, and there is a social network among members in the 
community.  

Suppose there is a finite, fixed set of agents, A , each of whom has an initial 

knowledge endowment i Ak ∈ and works with some effort level [0,1]i Ae∈ ∈ . Consider 

a representative team composed of N agents. The team knowledge level and team 
effort level are simply defined by Equation (1) and (2). 

1

N

i
i

K k
=

=∑  (1) 

1

N

i
i

E e
=

=∑  (2) 

2.1   Team Production Functions  

The team produces output, O , as a function of K  and E ,  

2( , )O K E KEρ= . (3) 

Equation (3) represents the team’s production function. ρ ( 0ρ > ) is an adjusting 

coefficient. It is a cobb douglas production function with increasing returns to 
cooperation. 

2.2   Mechanisms of Output Sharing 

How the agents in a team share total output? Here, we proposed four basic mechanisms 
to share output. 
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Sharing mechanism 1: All agents share output equally. For agent i , its share of team 
output is  

( , ) /iO O K E N= . (4) 

Where K , E  is team knowledge level, team effort level of the team that agent i  

belongs to respectively, and N is the number of agents in the team. 

Sharing mechanism 2:  Each agent’s sharing output is proportional to its knowledge 
endowment. For agent i , its share of team output is   

1

( , )* i
i N

j
j

O K E k
O

k
=

=
∑

 
(5) 

Sharing mechanism 3: The sharing output of an agent is proportional to its effort. For 
agent i , its share of team output is  

1

( , )* i
i N

j
j

O K E e
O

e
=

=
∑

 
(6) 

Sharing mechanism 4:  Consider the combinations of mechanism 1, 2 and 3.  

2.3   Community Network 

Generally, there are connections among people in a community. These connections 
could represent the relationship such as friendship, acquaintance or kinship etc.  In 
our model, we consider agents in the research community have such private 
connections between each other. We treat each agent as a node, if two nodes have a 
private connection (friendship), we add a link between them, then we get a 
community network among agents. As discussed in Section 1, network structure of 
community has impacts on team formation and knowledge diffusion among agents. In 
the past, the network structure is assumed to be either completely regular or 
completely random. But many empirical studies [12, 17] indicate that many social 
networks exhibit small world characteristics which are somewhere between these two 
extremes. In this paper, we consider a WS model proposed by Watts and Strogatz [12] 
to simulate different community network structures. WS model describes the process 
from regular network to random network. The steps of WS model are as follows [12]: 

(1) Starting from a ring lattice with n vertices and k edge per vertex (for a vertex, it 
connects to its  k/2 nearest neighbor in both left and right sides). To obtain a sparse 
but connected network, let ln 1.n k n> > >  

(2) Rewiring each edge at random with probability p. When p=0, the network is a 
regular network, when p=1, it is a random network, when p is between 0 and 1, the 
network exhibits small world characteristics. 
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2.4   Knowledge Diffusion Model  

When people work in a team, knowledge diffusion happens. When people interact, 
knowledge transmission may occur. Based on this assumption, we bring forward a 
knowledge diffusion model adapted from a model proposed by the authors in [10]. 

Here, we consider knowledge improvement incurred by knowledge diffusion as a 
result of cooperation production of knowledge, and use cobb-douglas production 
function to model the process of knowledge improvement. In a community, the 
knowledge improvement of an individual depends on its own knowledge and the 
knowledge difference from others. In our model, knowledge is treated as a simple 
scalar for simplicity, and people can only learn knowledge from the ones who have 
higher knowledge level. Suppose at time t , agent i  is the one who imparts the 
knowledge, agent j  is the receiver, when agent i and agent j  interact; the 

knowledge increment level is defined as  

, ,
, , 1

, , , , ,

0,

( ) ,
i t j t

j i t
j t i t j t i t j t

k k
k

k k k k kα βη+

≤⎧
∆ = ⎨ − >⎩

. (7) 

Where 0 , , 1η α β< < , η  is a learning rate, , , 1j i tk +∆  denotes in time 1t + , the 

amount of knowledge agent j  learn from agent i , ,i tk denotes the knowledge level of 

agent i  in time t and , 1j tk +∆ denotes the total learning from all others and it is 

defined as  

 , 1 , , 1
, int

max ( ).j t j i t
i who has eraction with j

k k+ +∆ = ∆  (8) 

Hence,   

, 1 , , 1j t j t j tk k k+ += + ∆  (9) 

But when an agent interacts with others?  In our model, we suppose all agents in the 
same team interact with each other. An agent could interact with those agents outside 
its team, only when there are private connections between them. 

To measure the knowledge performance of a community, we define two 
measurements, one is knowledge level and the other is knowledge dispersion. 

The average knowledge level of the community in time t is defined as 

,

1

| |t i t
i A

k
A

µ
∈

= ∑  (10) 

The standard error which reflects the degree of even distribution is defined as  

2 2
, / | | .t i t t

i A

k Aσ µ
∈

= −∑  (11) 
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2.5   Utility Function of Agents 

In this part, we adopt the concept of utility in Axtell’s papers in studying firm 
emergence. Each agent has Cobb-Douglas preferences for income and leisure [8,9].  
He supposed that all time not spent working is spent in leisure, thus agent i ’s utility 

can be written as a function of its effort level, ie , as   

1
~( ; , , , ) ( ( ; , )) (1 )i ii

i i i i i i i i iU e E K N O e E K eθ θθ −
−= −  (12) 

Where iK is the knowledge level of the team which agent i  belongs to, ~iE is the 

amount of effort put in by the other agents in the team, iθ is agent i ’s  preference on 

income and leisure. The utility function of agents is a function of knowledge level, 
effort level, and its preference. Individual effort is not observable, each agent, i , 

selects the effort level, *ie , that maximizes its utility; formally,  

~* arg max[ ( ; , , )].
i

i
i i i i i

e
e U e K Eθ=  (13) 

2.6   Team Formation Dynamics 

Initially, we choose M agents who have the first M largest knowledge endowment as 
M team leaders, then let others randomly join the M teams. Each agent has its initial 
knowledge endowment and effort endowment. What make an agent decide to stay in 
its team or join another team? In our model, an agent will try to get its optimal effort 
level according to Equation (13), and then it uses this new effort as input effort level 
to compute its sharing output and its utility. At the same time, it seeks to know the 
output sharing of its neighbors (through the community network). If one of its 
neighbors has higher utility, it would like to join its neighbor’s team; otherwise it 
stays in its team. Furthermore, if an agent can gain a bigger utility by working alone, 
it works alone as a singleton team. In addition, knowledge diffusion happens in the 
dynamic process of team formation according to Equation (7), (8) and (9). 

3   Numerical Simulations and Analysis 

The team formation model just developed a complex dynamic process, which we 
study numerically. We examine how sharing mechanisms, initial settings and network 
structures impact the results of team formation and knowledge distribution in 
community level. We use multi-agent simulation tool Repast (Recursive Porous 
Agent Simulation Toolkit) [11] to implement our model. 

3.1   Set-Up of Numerical Simulations 

Suppose a research community consists of 100 agents, and agents are grouped into 20 
teams as described in Section 2.6. Each agent has its initial knowledge endowment 
and effort endowment. We define four initial settings to examine how agents’ initial 



2010 C. Sun, Y. Wan, and Y. Chen 

knowledge endowment and effort endowment affect the knowledge distribution in 
community level.  

Initial setting 1: Individual knowledge endowment ik are randomly drawn from a 

uniform distribution over [0, 1], and individual effort level ie are randomly drawn 

from a uniform distribution over [0, 1] too.  

Initial setting 2: Individual knowledge endowment ik are randomly drawn from a 

uniform distribution over [0, 1], and individual effort level ie are set to a homogenous 

value 0.5.  

Initial setting 3: Individual knowledge endowment ik are randomly drawn from a 

Gaussian distribution over [0.5, 0.3], and individual effort level ie are randomly 

drawn from a uniform distribution over [0, 1] too.  

Initial setting 4: Individual knowledge endowment ik are randomly drawn from a 

Gaussian distribution over [0.5, 0.3], and individual effort level ie are set to a 

homogenous value 0.5.  

The model set-up is almost identical to section 2. Preferences are homogeneous in 
the agent population, 0.5θ = . The community network is generated by a WS model 
with every agent having 6 connections with a probability p (p=0.001, 0.1 and 0.9).  

3.2   Experimental Design  

3.2.1   The Impacts of Sharing Mechanisms and Initial Settings 
In this experiment, we let the rewiring parameter p=0.1 in WS-model simulate the 
community network with small world characteristics. We assume that the learning 
rate in-team and out-of-team are different, and we set the learning rates are 0.1 and 
0.05 for in-team and out-of-team respectively. We apply four sharing mechanisms 
(denote as SM1, SM2, SM3 and SM4) proposed in Section 2.2 to examine the 
performance in community level. Note, here SM4=SM2*0.5+SM3*0.5. In addition, 
we simulate four different initial settings of knowledge endowment and effort level 
corresponding to 1, 2, 3 and 4.  

Fig. 1 shows the performance of community. When team evolution is stable (i.e., 
no agents want to change team), the performance of community could be measured by 
knowledge level, knowledge dispersion, and effort level of the community. In Fig 1, 
in x axis, 1, 2, 3 and 4 stand for initial settings 1, 2, 3 and 4 respectively.  

As we can see from the top left panel of Fig. 1, both initial knowledge endowments 
and initial effort endowments have impacts on the knowledge level of community ( as 
in Equation (10)), no matter which sharing mechanism is used. From the top right 
panel of Fig. 1, initial settings also have effects on knowledge dispersion. If knowledge 
endowments follow the same distribution, setting all effort level to the same value 
could lead to higher knowledge level and more even knowledge distribution. 
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Fig. 1. Effects of initial settings and sharing mechanisms on performance in community level 

From the left bottom panel and right bottom panel of Fig.1, we can see that the 
knowledge endowment with Gaussian distribution performs well, i.e., the average 
effort level of community is high and effort dispersion of community is low. It might 
imply that agents have more even knowledge level initially, and putting more effort 
would be the main source to increase their utilities.  

Now we proceed to examine the effects of sharing mechanism. From the left top 
panel and right top panel of Fig.1, we can see that sharing output by effort performs 
well, i.e., the community with high average knowledge level, and small knowledge 
dispersion. This is probably caused by our initial knowledge settings. Initially the 
difference of knowledge among agent is small; there are no elites in the community 
who possess a large amount of knowledge. We would like to do more experiments to 
examine this aspect in future. From the bottom panels of Fig.1, we can see that 
sharing output by effort performs well, and sharing output by knowledge performs 
badly. If agents share output by knowledge, they do not have more incentives to work 
hard. In this context, sharing output by knowledge performs worse than sharing 
output equally does. This situation probably is caused by our utility function in which 
knowledge improvement has no or little impacts. We are interested in seeing what 
will happen about the mechanism if the utility function is changed. 

Table 1 shows results of different sharing mechanisms and initial settings in team 
levels.  
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Table 1. Impacts of sharing mechanisms on team formation 

Initial Settings  SM1 SM2 SM3 SM4 
Time steps of convergence 186 169 179 175 
No. of teams 14 17 16 15 
Max. size of teams 17 19 16 19 
Avg. size of teams 7 6 6 7 

 
 

1 

Min. size of teams 1 2 1 2 
Time steps of Convergence 164 132 171 147 
No. of teams 15 19 16 18 
Max. size of teams 13 17 15 14 
Avg. size of teams 7 5 6 6 

 
 

2 

Min. size of teams 1 1 1 1 
Time steps of Convergence 221 236 223 221 
No. of teams 10 13 11 12 
Max. size of teams 19 24 21 27 
Avg. size of teams 10 8 8 8 

 
 

3   

Min. size of teams 2 3 2 3 
Time steps of Convergence 204 182 201 189 
No. of teams 12 16 12 15 
Max. size of teams 18 21 20 18 
Avg. size of teams 8 6 8 7 

 
 

4   

Min. size of teams 1 2 1 2 

Note: The data describe the features of teams when team evolution process converges 
to a stable state. 

From Table 1, we can see, four sharing mechanisms have little difference on team 
level. Initial settings with uniform knowledge endowment converge a little faster. 
Further examination inside teams is expected in our future work.  

To sum up, initial settings and sharing mechanisms have impacts on knowledge 
and effort distribution in community, and have little impacts on the number of teams, 
and the size of teams, and converging time. Our simulation results show that sharing 
output by effort is a better choice under our current parameter settings.  

3.2.2   The Impacts of Network Structure on Team Formation 
To study the effects of network structure on team formation, we set the rewiring 
parameter p  discussed in section 2.3 as 0.001 to simulate regular network, 0.1 to 

simulate small world network, and 0.9 to simulate the nearly random network. Table 2 
gives out features of team formation. As shown in Table 2, if the community network 
is small world, both the average knowledge level and average effort level are high in 
community. The result conforms to other research work which indicated that average 
knowledge level tends to high in small world network [10, 13, 15] although we change 
the knowledge diffusion model and introduce the team formation process.  Regular 
network and random network have little difference between each other in average 
knowledge level and average effort level, but in the regular network, team formation 
process converges very fast.  
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Table 2. Effects of network structures on team formation  

Network  K. Mean K. Stderr E.Mean E.Stderr Tim steps 
Regular 3.87 0.17 0.44 0.13 65 
Small World 9.41 0.88 0.69 0.20 189 
Random 3.81 0.21 0.47 0.15 246 

*Here, we adopt initial setting 4 and sharing mechanism 4. Learning rate inside the team is 
0.1, and learning rate outside the team is 0.05. 

3.2.3   The Effects of Learning In-team and Out-of-Team 
To study the impacts of learning effects in-team and out-of-team, we consider 

different learning rates 1 2,η η  which denote learning rate inside and outside teams 

respectively). The experimental results are shown in Table 3.  

Table 3. Impacts of knowledge diffusion on team formation 

Learning rate   K. Mean K. Stderr E.Mean E.Stderr Tim steps 

1 20.1, 0.05η η= =  9.41 0.88 0.69 0.20 189 

1 20, 0.1η η= =  9.45 0.83 0.64 0.19 215 

1 20.1, 0η η= =  9.38 0.79 0.58 0.17 183 

  *Here, we adopt initial setting 4 and sharing mechanism 4. And p=0.1(small world) 

 
From Table 3, we can see, if learning exists, learning from inside team and outside 

team does not matter much for average knowledge level. We boldly guess that this 
result is caused by the knowledge learning rule in Equation (8), in which agents only 
learn a maximal knowledge increment which decreases the effects of learning both 
inside team and outside team. Further experiments are needed to be done to support 
the guess. But agents learning from both inside the team and outside the team could 
encourage them to put more efforts which is shown in Table 3. To sum up, learning 
from network has little effects on knowledge level, but encourages agents to put more 
efforts in team production.  

4   Conclusions and Future Work 

In this paper, we build an agent-based model to study the dynamics of team formation 
in a research community (or organization), since in such a community, knowledge 
plays important role in team formation. We treat the process of team formation as a 
self-organizing process in which knowledge diffusion and network structure affect 
people’s strategy of joining teams. In our model, heterogeneous agents are self-
interested and have knowledge endowment and have preference on both income and 
leisure. Agents are self-organized into productive teams by periodically adjusting 
their effort levels to maximize their welfare non-cooperatively; they could learn from 
others inside their team and those who are not in their team but have private 
connections in community.  
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As demonstrated in our experimental results, we find that network structure, initial 
settings and sharing mechanisms affect the average knowledge level and effort level 
of the community a lot. But initial settings and sharing mechanisms have little 
impacts on the number of teams, and the size of teams, and converging time. Our 
simulation results show that sharing output by effort is a better choice under our 
current parameter settings. Average knowledge level of community tends to high in 
small world network although we change the knowledge diffusion model and 
introduce the team formation process. In addition, although learning from network has 
little effects on knowledge level in our model, but it encourages agents to put more 
efforts in team production. 

The model and the simulation we have done in this paper is only the very first step 
of our research, our future work includes: (1) doing more experiments to further 
examine the initial settings and parameters which include enlarging network size, 
comparing different initial team generation methods, setting initial knowledge 
endowments, applying different knowledge diffusion models etc.; and (2) examining 
the knowledge distribution inside teams; (3) considering the co-evolution of network 
and knowledge; (4) extending the model by treating agents’ knowledge endowment as 
a vector; (5) introducing different types of utility functions. 
 
Acknowledgments. This paper is supported by Natural Science Foundation Project 
(No.70671102). 
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Dynamic Regimes of a Multi-agent Stock
Market Model
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Abstract. This paper presents a stochastic multi-agent model of stock
market. The market dynamics include switches between chartists and
fundamentalists and switches in the prevailing opinions (optimistic or
pessimistic) among chartists. A nonlinear dynamical system is derived to
depict the underlying mechanisms of market evolvement. Under different
settings of parameters representing traders’ mimetic contagion propen-
sity, price chasing propensity and strategy switching propensity, the sys-
tem exhibits four kinds of dynamic regimes: fundamental equilibrium,
non-fundamental equilibrium, periodicity and chaos.

Keywords: multi-agent stock market model, market dynamic regime,
bifurcation analysis.

1 Introduction

Stock market exhibits a variety of dynamic regimes. According to efficient mar-
ket hypothesis and rational expectation theory, market price always fluctuates
around the fundamental values [1]. While in real market the price may deviate
from fundamental value persistently, and plenty of empirical work gives the ev-
idence for rational speculative bubbles [2,3,4]. Market can also be in a periodic
regime commonly described as bull and bear cycle [5,6,7]. And researchers even
investigated the chaotic behaviors in stock market [8].

Therefor, modeling the dynamics of financial market has attracted much in-
terest of researchers in recent years. Different models have been presented to
describe the market dynamic regimes including equilibrium, periodicity and
chaos [9, 10, 11, 12, 13, 14] .

But less attention has been paid to the influence of traders’ behaviors to mar-
ket dynamic regimes. In fact traders’ behavior play a important role in financial
market, many traders regard stock market full of speculative opportunities, they
use technical strategy to forecast future price, and traders’ emotional factors
may drive market into bubbles and crashes [15]. There is even a new subject
called behavioral finance which studies how behavioral factors affect finance
market [16].

Inspired by statistical physics, Lux and Marchesi presented a model with
switching mechanism where fundamentalists and chartists may compare their

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2016–2028, 2009.
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performance and switch to each other [17,18]. This model is built from the bot-
tom to up: first considering the basic behavioral pattern to model the switch
possibility of traders among different groups, then deriving a dynamical system
to approximate the market evolution. Hence the dynamical system reserves the
traders’ main behavioral propensities. Following the line of Lux, we present a
stock market model with four kinds of dynamic regimes: fundamental equilib-
rium, non-fundamental equilibrium, periodicity and chaos, and concentrate on
analyzing the effect of traders behavioral propensities such as mimetic propen-
sity, price-chasing propensity and strategy-switching propensity on the market
dynamic regimes.

2 The Model

In this model, N traders deal in a single financial asset with fixed fundamental
value pf . Three groups of agents are considered. First, N traders are split up into
the groups of chartists and fundamentalists with nc(t) and nf (t) denoting the
(time-varying) numbers of agents in both groups (nc+nf = N). Fundamentalists
expect the price to follow the fundamental value of the asset and buy (sell) when
the actual market price is believed to be below (above) the fundamental value.
While chartists attempt to identify price trends and patterns, and consider the
behavior of other traders as a source of information, which results in a tendency
towards herding behavior. Second, the chartists group consists of optimistic and
pessimistic individuals whose numbers are given by n+(t) and n−(t) with n+(t)+
n−(t) = nc. The optimists will buy additional units of the asset, whereas the
pessimists will sell part of their actual holdings of the asset. The major building
blocks of the model are transitions of agents from one group to another together
with endogenous price changes resulting from the agentsoperations.

2.1 Market Components

First, the probabilities of switches of agents from the pessimistic to the optimistic
subgroup and vice versa are denoted by π+−∆t and π−+∆t during a small time
increment ∆t, where π+− and π−+ are concretized as follows:

π+− = v1 exp(U1), π−+ = v1 exp(−U1) (1)

with U1 = α1x + α2ṗ/v1, x = (n+ − n−)/nc. Here, the basic influences on the
chartists’ formation of opinion are the majority opinion of their fellow traders x
and the actual price trend, (dp/dt)/v1. Parameter v1 is the frequency of reval-
uation of opinion, α1,and α2 are the measure of the importance of majority
opinion and price trend in chartists’ behavior respectively, we call them mimetic
propensity and price-chasing propensity.

Chartists and fundamentalists are assumed to meet each other at random
and possibly change their strategy by comparing the performance. Switching
from the chartist to the fundamentalist group and vice versa are formalized
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in a similar manner. The notational convention in the transition probabilities
below is also that the first index denotes the subgroup to which a trader moves
and the second index gives the subgroup to which he formerly belonged (hence,
as an example, π+f∆t is the probability for a fundamentalist to switch to the
optimistic chartists’ group):

π+f = v2 exp(U2,1), πf+ = v2 exp(−U2,1)
π−f = v2 exp(U2,2), πf− = v2 exp(−U2,2)

(2)

with

U2,1 = α3[(r + ṗ/v2)/p−R− s|(pf − p)/p|]
U2,2 = α3[R− (r + ṗ/v2)/p− s|(pf − p)/p|]

The forcing terms U2,1 and U2,2 for these transitions depend on the differ-
ence between the profits earned by chartists and fundamentalists. Here v2 is the
frequency with which agents reconsider their trading strategies, and α3 is the
sensitivity of agents to profit differentials, called strategy-switching propensity.
Profits enjoyed by chartists from the optimistic group are composed of nominal
dividends r and capital gains due to the price change dp/dt. Dividing by the
actual market price gives the revenue per unit of the asset. Excess returns are
computed by subtracting the average real risk-adjusted return R available from
other investments. Fundamentalists, on the other hand, consider the deviation
between price and fundamental value pf (irrespective of its sign) as the source
of arbitrage opportunities. As the gains from arbitrage occur only in the future
it is discounted by a factor s < 1. Furthermore, neglecting the dividend term in
fundamentalists’ profits is justified by assuming that they correctly perceive the
(long-term) real returns as equally as the average return of alternative invest-
ments, i.e. R = r/pf .

Entry and exit are incorporated by assuming that a constant portion (a) of
traders is regularly replaced by new entrants. It is natural for this assumption
because there always be some investors who need cash for emergent use, and
some others who have free money to invest. Both fundamentalists and chartists
are equally likely to exit, the newcomers act as chartists and fundamentalists
in a fixed proportion, saying b(b ∈ [0, 1]) of newcomers as fundamentalists and
1 − b as chartists. Newcomers of chartists follow the prevailing market opin-
ion(optimistic or pessimistic), that is the distribution of market opinion in new
chartists is the same as current market. Exit and entry mechanism can also
be described as probability transition. For example, among nf fundamental-
ists, we have anf of them exit and (1 − a)nf stay. Corresponding to those ex-
ited, abnf fundamentalists and a(1− b)nf chartists including a(1− b)nf(n+/nc)
and a(1 − b)nf(n−/nc) enter. For (1 − a)nf fundamentalists left, according to
above transition probabilities, (1 − a)nfπ+f (n+/N) of them switch to opti-
mistic chartists and (1−a)nfπ−f (n−/N) switch to pessimistic chartists, leaving
(1−a)nf [1−π+f(n+/N)−π−f (n−/N)] keep as fundamentalists. The transitions
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Fig. 1. Transitions among three groups

of pessimistic and optimistic chartists are similarly available. Figure 1 illustrates
the transitions among the three groups.

Lastly, the dynamics of the asset’s price results from the market operations
of our agents and the ensuing price adjustment by a market maker who reacts
sluggishly on excess demand. Assuming a constant average trading volume per
transaction Tc, excess demand of chartists is EDc = (n+−n−)Tc. Excess demand
of fundamentalists EDf = nfγ(pf − p)/p with γ being a parameter for the
strength of reaction on price deviation. So, dp/dt = β(EDc + EDf ), where β
denotes the price adjustment strength.
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2.2 Market Dynamics

In this part,we derive a three dimensional differential equations system to ap-
proximate the dynamics of the model above. The three variables used to de-
scribe the market states are x = (n+ − n−)/nc (named market confidence
index),y = nf/N(named market rationality index) and price p. According to
the transition mechanism defined above(see figure 1), the change of optimistic
chartists number n+at a time point is given as:

dn+/dt=a(1− b)
n+

nc
nf +(1− a)

n+

N
π+fnf + a(1− b)

n+

nc
n− + (1 − a)

nc

N
π+−n−

− abn+ − a(1− b)
n−
nc

n+ − (1− a)
nf

N
πf+n+ − (1− a)

nc

N
π−+n+

(3)
Rearrange equation (3):

dn+/dt =(1− a)[(n−π+− − n+π−+) + (nfπ+f − n+πf+)]

+ a(1− a)nf
n+

nc
− abn+

(4)

Similarly, the change of number of pessimistic chartists is:

dn−/dt =(1− a)[(n+π−+ − n−π+−) + (nfπ−f − n−πf−)]

+ a(1− a)nf
n−
nc

− abn−
(5)

From nc = n+ + n−, one arrives at dnc/dt = d(n+ + n−)/dt = dn+/dt +
dn−/dt. So the time evolution of nc is:

dnc/dt = (1− a)[nfπ+f − n+πf+ + nfπ−f ]− a(1− b) (6)

As defined, market confidence index x = (n+ − n−)/nc,market rationality
index y = nf/N . Note that nc = n+ + n−,nc + nf = N . It then follows that
nf = yN , n+ = (1+x)(1−y)N , and n− = (1−x)(1−y)N . Following derivative
rules, one can get:

dx/dt =(1− a)(1− y)[(1 − x)π+− − (1 + x)π−+]

+
1
2
y(1− x2)(π+f − πf+ + πf− − π−f )

(7)

One may note that the terms from ’entry-exit’ mechanism cancel out, which
means that they do not influence the distribution of the opinion among chartists.
This makes sense for our assumption that the newcomers of chartists follow the
prevailing market opinion.

The evolution of y can also be derived as:

dy/dt =
1
2
(1 − a)y(1− y)(1 + x)(π+f − πf+)

+
1
2
(1− a)y(1− y)(1− x)(π−f − πf−) + a(1− b)y

(8)
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We can also notice that (N) disappears in dx/dt and dy/dt. This means that
it is not the number of traders but the distribution among different groups that
determines the market dynamics.

According to mode setting above, the change price dp/dt = β(EDc + EDf)
can be formulated as a function of our market state variables x,y and p.

dp/dt = β[β[x(1 − y)Tc + y(pf − p)Tf ]] (9)

Inserting the transition possibility (1) and (2) into time development of market
confidence index (7), market rationality index(8) and price (9), we get:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ =2v1(1 − a)(1− y)[tanh(U1)− x] cosh(U1)
+ v2(1 − a)(1− x2)[sinh(U2,1)− sinh(U2,2)]

ẏ =− v2(1− a)y(1− y)[(1 + x) sinh(U2,1)
+ (1− x) sinh(U2,2)]− a(1− b)y + ab(1− y)

ṗ = β[x(1 − y)Tc + y(pf − p)Tf ]

(10)

where

U1 = α1x + α2ṗ/v1

U2,1 = α3[(r + ṗ/v2)/p−R− s|(pf − p)/p|]
U2,2 = α3[R− (r + ṗ/v2)/p− s|(pf − p)/p|]

This system governs the evolution of the multi-agent stock market model.
Using certain approximation schemes [19], it can be shown to coincide with a
first-order approximation to the exact dynamics of mean values of the underling
stochastic model. When a = 0 (no ’entry-exit’ mechanism), system (10) equals
Lux model in [17]. This means that our modified model generalizes it and makes
it a special case.

3 Market Dynamic Regimes

In this part, we analyze system (10) with both analytical and numerical approach
to find different dynamic regimes. At the same time, we mainly concentrate on
understanding how traders behavioral propensities such as mimetic contagion
propensity (α1), price-chasing propensity (α2) and strategy switching propensity
(α3) influence the market dynamic regimes.

3.1 Fundamental Equilibrium and Stability

Fundamental equilibrium with market price equaling underlying asset value ex-
ists in this model. Proposition 1 gives the existence of such an equilibrium.

Proposition 1. For all parameter values,(x∗ = 0, y∗ = b, p∗ = pf ) is an equi-
librium of system (10).
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Proof. With x∗ = 0, p∗ = pf , one gets dp/dt = 0.
Then inserting dp/dt = 0, x∗ = 0 to RHS of U1 equation, U1 = 0. Because

p∗ = pf , r = Rpf , x∗ = 0, U2,1 = U2,2 = 0. Then we can see that dx/dt = 0.
With y∗ = b, the last two terms of doty equation cancel out. With U2,1 =

U2,2 = 0, one gets dy/dt = 0. 
�

Under fundamental equilibrium, the market price equals the underlying value of
assets, so there no price-chasing opportunities. The forces of optimistic chartists
and pessimistic chartists are in balance, and mimetic effect cancels out. The
market rationality index y = nf/N equals the constant b, which is the portion
of fundamentalists in all the newcomers in the ’entry-exit’ mechanism. This
means that in such case the ’entry-exit’ mechanism has no influence to market
dynamics.

Proposition 2 provides the stability conditions of fundamental equilibrium.

Proposition 2. Under the conditions

(i)v1α1 + (1− b)βTcα2 +
bβTc

pf
α3 < v1 +

βbTf

2(1− a)(1− b)
(ii)v1pfTfα1 − v2TcRα3 − v1pfTf < 0

(11)

(x∗ = 0, y∗ = b, p∗ = pf ) is a stable equilibrium of system (10).

Proof. The entries of the three-by-three Jacobian A of system (10), evaluated at
the equilibrium (x∗ = 0, y∗ = b, p∗ = pf ) are:

a11 =
∂ẋ

∂x
= 2(1− a)(1− b)[v1α1 + α2βTc(1− b)− v1) + α3βbTc/pf ],

a12 =
∂ẋ

∂y
= 0, a13 =

∂ẋ

∂p
= −2(1− a)[(1− b)βTfα2 +

v2r

(pf )2
+

βbTf

pf
,

a21 =
∂ẏ

∂x
= 0, a22 =

∂ẏ

∂y
= −a,

a23 =
∂ẏ

∂p
=
{
−2v2α3s(1− a)b(1 − b)/pf p < pf

2v2α3s(1− a)b(1− b)/pf p < pf
,

a31 =
∂ṗ

∂x
= β(1 − b)Tc, a32 =

∂ṗ

∂y
= 0, a33 =

∂ṗ

∂p
= −βbTf

The discontinuity in the entry a23 stems from the absolute term in the profit
differential. In the case of continuous derivatives, stability hinges on the signs of
the roots of the matrix A. Considering separately the cases p < pf and p > pf ,
one finds that in both cases the roots λi(i = 1, 2, 3) are determined by the same
characteristic equation: (a22 − λ)[(a11 − λ)(a33 − λ)− a13a31] = 0.

Obviously, λ1 = a22 = −a < 0 is a eigenvalue of A. If the other two eigenvalues
are less than 0, (x∗ = 0, y∗ = b, p∗ = pf ) is a stable equilibrium. This requires the
quadratic equation of λ, λ2− (a11 +a22)λ+a11a33−a13a31 = 0 has two negative
roots. By Vieta’s Theorem, one arrives at a11 +a33 < 0 and a11a33−a13a31 > 0.
Rearranging these two inequalities gives the sufficient conditions as (11) of local
stability of fixed point (x∗ = 0, y∗ = b, p∗ = pf ). 
�
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A close look at these conditions gives some insights. Because we focus on analysis
of the influence of traders propensities to market dynamics, we keep other param-
eters fixed, following Lux’s setting v1 = 0.5, v2 = 0.75, a = 0.01, b = 0.05, β =
0.5, R = 0.1, Tc = Tf = 5, pf = 10, r = R/pf = 0.01. All the analysis and
experiments in this paper are based on this setting. Condition (i) requires that
a linear combination of α1, α2, α3 must less than a positive value, this implies
that the larger those traders behavioral propensities are, the more possible the
condition (i) is violated. Investigating the coefficients of them gives that α2 is
more easier to violate the condition because it multiples with Tc which is usually
relatively large. Rearranging condition (ii), one can get α1 < v2TcR

v1pf Tf
α3 +1. This

implies that there is a interdependence between mimetic contagion propensity
α1 and strategy switching propensity α3. An upper value for the parameter α1

associated with α3, saying ᾱ1, exists beyond which the fundamental equilibrium
will lose stability.

3.2 Non-fundamental Equilibria

Non-fundamental equilibria is referred as that the market price deviates from
fundamental value persistently. Proposition 3 provides the possible existence of
such equilibria.

Proposition 3. (i) For α1 ≤ 1, no equilibria other than the fundamental equi-
librium exist in system (10). (ii) For α1 > 1, there may exist additional equilibria
E+(x+ > 0, p+ > pf , y+ > b) and E−(x− < 0, p− < pf , y− > b)

Proof. From dp/dt = 0 it can be seen that possible equilibria x+ > 0(x− < 0)
are connected with price p+ > pf (p− < pf ). Then U2,1 < 0, U2,2 > U2,1 when
x+ > 0, p+ > pf and U2,2 < 0, U2,1 > U2,2 when x− < 0, p− < pf . This implies
that the second term in the RHS of dx/dt equation is negative for any pair
(x+, p+) and positive for any (x−, p−). Hence in order to obtain stability, the
first term has to carry the opposite sign. Since cosh(U1) is always positive, the
sign of the first term hinges on the expression tanh(U1)− x. Because dp/dt = 0
in equilibrium, this expression is reduced to tanh(α1x) − x.

For α1 < 1, tanh(α1s) − x < 0 for x > 0 and tanh(α1x) − x > 0 for x < 0.
So, dx/dt < 0 for (x+, p+) and dx/dt > 0 for (x−, p−). There is no other stable
equilibria other than fundamental equilibrium.

For α1 > 1, the equation tanh(α1x)−x = 0 has three solutions (−x̄, 0, x̄) and

tanh(α1)− x

⎧⎪⎪⎨
⎪⎪⎩

> 0 for x < −x̄
< 0 for − x̄ < x < 0
> 0 for 0 < x < x̄
< 0 for x > x̄

(12)

Therefore, for −x̄ < x < 0 and 0 < x < x̄, the first and second term in dx/dt
carry opposite signs and there could indeed exist additional equilibria E+(x+ >
0, p+ > pf ) and E−(x− < 0, p− < pf ) where x− = −x+, p+ − ff = pf − p− and
−x̄ < x− < 0 and 0 < x+ < x̄.
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For any pair (x+, p+) and (x−, p−), the first term of dy/dt equation is positive.
Then dy/dt = 0 implies ab(1− y)− a(1− b)y < 0, we can get y > b. 
�

In such equilibria, since price p is constant, there is no price-chasing incentive.
But the market confidence index x �= 0, there is a force of mimetic to make price
far away from fundamental value. It is balanced by the force of fundamentalists
who buy (or sell) when price is lower (or higher) than fundamental value which
can be inferred from y > b.

Proposition 4 presents the symmetry of the possible non-fundamental equi-
libria.

Proposition 4. Let E1(x1, y1, p1) be an equilibrium of system (10), then there
exists a point E2(x2 = −x1, y2 = y1, p2 = 2pf − p1) is also an equilibrium.

Proof. With E1(x1, y1, p1) be an equilibrium of system (10), dx
dt |x1,y1,p1 = 0,

dy
dt |x1,y1,p1 = 0, dp

dt |x1,y1,p1 = 0.
From x2 = −x1, y2 = y1, p2 = 2pf − p1, one gets U1(x2, y2, p2) = −α1x1 =

−U1, U2,1(x2, y2, p2) = U2,2(x2, y2, p2) = −sα3| p1−pf

2pf−p1
|.

So, dx
dt |x2,y2,p2 = 2v1(1−a)(1−y1)[− tanh(U1)+x1] cosh(U1) = − dx

dt |x1,y1,p1 =
0, dy

dt |x2,y2,p2 = −v2(1 − a)y1(1 − y1)[sinh(U2,1) + sinh(U2,2)] − a(1 − b)y1 +
ab(1 − y1) = dy

dt |x1,y1,p1 = 0, dp
dt |x2,y2,p2 = −β[x1(1 − y1)Tc + y1(pf − f1)Tf ] =

− dp
dt |x1,y1,p1 = 0. 
�

This proposition ensures that if the non-fundamental equilibria exist they must
appear in pair and be symmetric to each other by x = 0, p = pf . Numer-
ical experiments using 4-order Runge-Kutta approach to integrate this ordi-
nary differential equations system confirm these results. In most settings of
parameters with α1 > 1, non-fundamental equilibria occur. For example, when
α1 = 1.5,α2 = 0.25,α3 = 1.5, we get two stable non-fundamental equilibria at
(x∗ = 0.85, y∗ = 0.78, p∗ = 10.23) and(x∗ = −0.85, y∗ = 0.78, p∗ = 9.77). We
should notice that it does not mean that stable non-fundamental equilibria exist
for all α1 > 1, and we will come across exceptions near α1 = 1 in the following
part.

3.3 Periodicity and Chaos Regimes

Because of the highly non-linearity of the system, we rely heavily on numerical
experiments to investigate the its dynamics. By plenty of Runge-Kutta integra-
tion we find that between the ranges of parameters of fundamental equilibrium
and non-fundamental equilibria, some complex behaviors such as periodicity and
chaos appear. Figure 2 is some numerical experiment results of system (10) with
α1 = 0.95, α2 = 0.2, α3 = 0.5 where the market is in a periodicity regimes.

From the stable periodic orbit in the left part of figure 2 we can notice the bull
and bear cycle in market evolvement. Such a regime enables us to investigate the
check and balance of different forces thoroughly. The right part of figure 2 shows
the typical trajectories of x, y, p over a time span after the transitional stage,
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Fig. 2. Numerical experiments of cycle regime

x, y, p are rescaled as x′ = x−x̄
σx

(black), y′ = y−ȳ
σy

(blue), p′ = p−p̄
σp

(red) for visual
convenience. In the bull stage, price p is increasing, so the optimistic chartists
who buy stocks can earn more, and attract fundamentalists and pessimistic
chartists to switch to optimistic chartists, hence x becomes larger and y smaller.
Meanwhile, those transitions strengthen the call-side force and make the price
p climbe higher. But when there is too much optimistic chartists in market, the
number of agents switching to optimistic chartists decreases, that is dx/dt < 0.
At the same time, the deviation of price to fundamental value provides incentives
for fundamentalists to arbitrage, so the rationality index y start to fall down first.
And the increase of put-side force makes the up-climbing of price become slower
and turn down at last. Then the market enters the bear stage.

Figure 3 gives the numerical experiment results of system (10) with α1 =
1.008, α2 = 0.2, α3 = 0.5 where the market is in a chaos regimes. The left part is
the strange attractor in phase portrait. Investigate the time series of x, y, p (the
right part of figure 3, rescaled as above) there are similar patterns to periodic
regime, but balance is broken and these patterns cannot persist for a long time.
we can realize that the underlying forces driving the market dynamics is the

Fig. 3. Numerical experiments of chaos regime
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Fig. 4. Bifurcation diagram with α2 = 0.2 and α3 = 0.5

same, but because all the equilibria and periodic orbit lose stability and the
evolution of market exhibits a deterministic randomness.

3.4 Overall View of Regimes with a Bifurcation Diagram

In this part, we present a overall view of four different dynamic regimes with
a bifurcation diagram, as in figure 4. We use α1 as the control parameter with
α2 = 0.2 and α3 = 0.5. For each value of α1 from 0 to 2, we integrate system
(10) by 4-order Runge-Kutta method with a random initial value in a feasible
range, say x ∈ [−1, 1], y ∈ [0, 1], p ∈ [5, 15]. The objective of choosing random
initial value is to find the possibility of coexisting attractors such as coexisting
non-fundamental equilibria after α1 = 1, although for a certain α1, we integrate
once and get one attractor, but by randomness of initial value, the result with α1

nearby may come to the other different attractors. After we get the price series by
integration, we generalize the idea of first return map introduced in [20] to draw
this diagram. The first-return is the successive maximum of the time series for
a single variable. Here we find both the local maxima and local minima of price
p. Because we have to cope with all kinds of regimes, we first judge the solution
type, if it is a stable equilibrium, we draw p of this equilibrium versus α1 with
red color, otherwise, we plot all local maxima and minima of p with blue color.

One may notice that when α1 is less than 0.2 approximatively, the conditions
in (11) are satisfied, and system (10) is in a fundamental regime(red color). As
α1 increases, the conditions in (11) are violated, so the fundamental equilibrium
loses stability, and a hopf bifurcation occurs with stock market falling into a
periodic regime. In the periodic regime, the maximum p is larger than pf and
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minimum p less than fundamental value pf , and the maximum distance from
fundamental value gets larger with α1 increasing(blue color). When α1 is beyond
1, two symmetric stable non-fundamental equilibria coexist with price lager and
smaller than fundamental value respectively, as proposition 3 and 4 indicate. In
a narrow range near α1 = 1 chaos appears as illustrated in figure 4 where many
points correspond to a single α1 value, and the numerical simulation results of
this chaotic parameter setting is in figure 3. All the results coincide with previous
analysis.

4 Conclusion

This paper presents a multi-agent model with stochastic transition mechanism.
The dynamic of the market can be governed by a system of differential equations
in three state variables of market confidence index, rationality index and price.

Analysis on this system shows that under different settings of parame-
ters representing traders’ propensities, market exhibits four dynamic regimes
including fundamental equilibrium, non-fundamental equilibrium, periodicity
and chaos. When strategy-switching propensity, price-chasing propensity and
mimetic propensity are all small, market is in a fundamental equilibrium; when
the stable conditions are violated, a hopf bifurcation leads to periodicity regime.
When the mimetic propensity is large enough, two symmetric non-fundamental
equilibria coexist. In a narrow range between non-fundamental equilibria and
periodicity regime, chaos appears as a transitional phenomena.

Relative to the volatile market price, traders’ propensities are much stable, so
understanding the influence of traders’ propensities to market dynamic regimes
may shed light on the complex behavior of the stock market.

The parameter calibration to make the model precise enough to describe the
dynamics of a real market is the direction of our further research.
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1   Introduction 

Econophysics is the transfer of methods from natural to socio-economic sciences. This 
concept has first been applied to finance1, but it is now also used in various applications 
of economics and social sciences [2,3]. The present paper focuses on problems in macro 
economics and growth. 1. Neoclassical theory [4, 5] neglects the “ex post” property of 
income and growth. Income Y(K, L) is assumed to be a function of capital and labor. 
But functions cannot model the “ex post” character of income. 2. Neoclassical theory is 
based on a Cobb Douglas function [6] with variable elasticity α, which may be fitted to 
economic data. But an undefined elasticity α leads to a descriptive rather than a 
predictive economic theory. The present paper introduces a new tool − differential 
forms and path dependent integrals − to macro economics. This is a solution to the 
problems above: 1. The integral of not exact differential forms is path dependent and 
can only be calculated “ex post” like income and economic growth. 2. Not exact 
differential forms can be made exact by an integrating factor, this leads to a new, well 
defined, unique production function F and a predictive economic theory.  

2   Quesnay´s Biological Model  

Economics is the science of production, distribution and consumption of commodities 
and services in societies. This corresponds to the supply of a living body with food 
and oxygen and early economists like Françoise Quesnay (1694 – 1774) have based  
the natural production cycle on the closed blood stream: Labor is transferred from 
households to agriculture and consumption goods come back from agriculture to 
households. Consumption goods are the rewards of labor input, fig. 1.  

The modern production cycle (δP) is more complex. Labor still comes from 
households to industry and consumption goods come back from industry to 
households. But the consumption goods are no more the reward for labor input. There 
is a second monetary cycle (δ Y). Labor is paid by wages and consumption goods of 
industry are paid by consumption costs of households, fig.2.                           

The monetary cycle (δ Y) in fig. 2 measures the production cycle (δ P), Eq.1: 

    ∫ ∫−= PY δδ     (1) 

This law may be regarded as the basis of all economic calculations.  
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Fig. 1. Quesnay´s model of a natural production cycle of a simple economy. Work of  laborers 
is brought from households to the agriculture. In return produce is brought as a reward from 
agriculture to households. 

 

 

Fig. 2. The model of a modern, complex economy contains two cycles, a production cycle (δ P) 
(solid line), and a monetary cycle (δ Y) (dashed line) 

3   The Law of Economic Survival 

The monetary cycle may be split into two parts: income (Y) that is given to 
households by industry, and consumption costs (C) that are paid from households to 
industry,  

   ∫ =−= SCYYδ > 0               (2) 

Eq.2 is the law of survival for all economic systems: the surplus (S) must be 
positive in order to secure survival and growth. This is valid for households, 
companies, economies, societies – and all living cells. The biological model of 
economics, Eqs.(1) and (2), are expressed by closed integrals.  
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4   Differential Forms and Their Integrals 

1. The closed integral of an exact differential form dY may be split into two integrals 
from (A) to (B) and from (B) to (A).  

  ∫ ∫ ∫∫ ∫ ≡−=+= 0
B

A

B

A

B

A

A

B

dYdYdYdYdY                (3) 

As the integral depends only on the limits (A) and (B), both integrals cancel. The 
closed integral of an exact differential form dY is always zero. An exact differential in 
two dimensions has the form d Y = a d x + b d y, with ∂ b / ∂x = ∂ a / ∂y = ∂ 2 Y / ∂x 
∂y. The term ∂ x denotes a partial differentiation. The function Y exists “ex ante”, 
before integration. 

Exact differential forms are used in high school calculus and are applied in 
economic theory. However, in calculus of more than one dimension or economics 
with income as a function of capital K and labor L most differential forms will be not 
exact! This has not been realized in neoclassical theory. 

2. The closed integral of a not exact differential form δ Y may be split into two 
integrals from (A) to (B) and from (B) to (A). The integrals depend on the path of 
integration, and both integrals will not cancel [7 – 8]   

 ∫ ∫ ∫∫ ∫ ≠−=+= 0
B

A

B

A

B

A

A

B

YYYYY δδδδδ              (4) 

The closed integral of a not exact differential form δY is never zero. A not exact 
differential in two dimensions, δ Y  = a dx + b dy  looks like an exact differential form, 
but the relation is now ∂b/∂x ≠ ∂a/∂y ≠ ∂ 2 Y /∂x ∂y. The value of Y can only be given 
“ex post”, when the path x of integration, (the production process,) is known. The 
function Y does not exist “ex ante”, each path (x) leads to a different function Y x. Two 
dimensional differential forms are generally not exact! Examples are a) heat δQ(T, p) 
as a function of temperature and pressure and b) income δY(K, L) as a function of 
capital and labor. 

5   The First Law of Economics 

The equivalence of production and monetary cycle, Eq.1, may be interpreted as the 
first law of economics: The differential forms δY and δP are equal − up to a total 
differential form d K, as the closed integral of d K is zero,  

δY = dK - δP              (5) 

Income is given by (δY), production by (δP), the capital of the economic system is 
(dK). Equation (5) may be compared to the first law of thermodynamics, δQ = dE - 
δW.   
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The “first law of economics” is not familiar to economists, as they do not work 
with differential forms. But the results are clear: 1. the monetary cycle measures the 
production cycle. 2: Income (δY) and production (δP) are characterized by “ex post” 
and must be presented by not exact differential forms. 

6   The Second Law of Economics 

According to the laws of calculus a not exact differential (δ Y) may be turned into an 
exact differential (d F) by an integrating factor (1/ λ),  

 d F = δ Y / λ          (6) 

F may be called production function. The law corresponds to the second law of 
thermodynamics, d S = δ Q /T. The production function (F) is called entropy in 
physics. The meaning of the parameter (λ) depends on the system: in markets it is a 
mean price level, in societies the living standard, in economies the GDP per capita, in 
thermodynamics the mean energy per particle or temperature (T). Again economists 
are not familiar with the “second law of economics”, but the results are familiar:  

1. A production function (F) exists “ex ante” in every economic system. The 
production function is defined by the elements of the economic system, by the 
products of a market, by the wages of a company. 

2. Efficient markets leads to a single price level (λ) of commodities. This price 
level is related to the standard of living. 

7   Econophysics 

The laws (5) and (6) correspond exactly to the laws of thermodynamics. Indeed, 
thermodynamics and statistics may be regarded as a model science for macro 
economics. This model character of thermodynamics is called econophysics:  

     Y: income, costs, profits         Q: heat  
   P: production                W: work  
   F: production function          S: entropy  
  K: capital        E: energy 
  λ: mean capital level             T: mean energy level 

8   The Fundamental Law of Calculus Based Economics 

Inserting Eq. (6) into Eq. (5) we obtain 

  δ Y  =  d K  –  λ d F      (7) 

Eq.(7) is the fundamental equation of calculus based economic theory, and has two 
parts: the exact differential form of capital d K and the not exact term (– λ d F) of 
production and growth. Dividing Eq.(7) by λ and N leads to calculus based growth, 
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  δ y / λ  =  d k / λ  –  d f            (8) 

The law of relative growth, Eq.(8), contains the terms of income per capita, δy = 
δY /N, of capital per capita k = K / N and of production per capita, f = F / N.  

Discussion: In neoclassical theory [4 − 5] a function Y neo = f( K, N, A) is assumed to 
exist “ex ante”, depending on capital K, labor force N and on technology A. For f( K, 
N, A)  the Cobb Douglas function [6] is generally used,  

   Y neo =  A K α  N 1- α     (8a) 

where α is called elasticity. By introducing income per capita, y = Y / N and capital 
per capita, k = K / N, the Cobb Douglas function may be written as 

   y neo  =   A k α            (8b) 

The differential d y  is now 

          d y neo   =   α A k  α  - 1   +  k α   d A      (8c) 

Dividing Eq.(8c) by function y in (8b) leads to logarithmic growth of income, 

             d y neo / y neo  =    α d k / k   +  d A / A     (8d) 

In neoclassical theory logarithmic growth of income is due to logarithmic growth of 
capital and logarithmic growth of technology A.  

But income is an “ex post” property and cannot be assumed to exist “ex ante”! The 
neoclassical equations (8a – d) have to be adjusted according to the laws of calculus: 

a) In Eq.(8 a) the function of income Y neo does not exist “ex ante”. Only if the path 
of integration is known, e.g. at constant standard of living, λ = constant, income δ Y 
will become exact and a function Yλ will exist. 

b) The same holds for y neo in Eq.(8 b).  
c) The same holds for d y neo in Eq.(8 c).  
d1) In Eqs.(8 d) the exact differential form d y neo must be replaced by the not exact 

differential form δ y of Eq.(8).  
d2) In Eq.(8 d) the per capita income function y neo must be replaced by the mean 

income per capita or standard of living λ. 
d3) The term k / α  in Eq.(8 d) is to be replaced by λ.  
d4) In Eq.(8 d) the logarithmic advancement of technology d A / A must be 

replaced by reduction of individual entropy,  – d f . Entropy is a measure of disorder 
of a system.  

The corrections a) to d3) are only of formal importance, and obsolete in efficient 
markets with λ = constant. But the last point, d4) is the most important achievement 
of calculus based economics. The undefined term d A / A of advancement of 
technology in Eq.(8d) is replaced by – d f  in Eq.(8), by individual reduction of 
disorder, by a better (infra)structure of the economic system. Advancement of 
technology means simplification of the production process and can be measured by 
entropy. This will be discussed in more detail in the following chapters. 
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9   Calculation of the Production Function  

The important result of calculus based economic theory is the existence of a unique 
production function F. The production function F is a system function, which depends 
only on the parameters of the economic system. The calculation of F can only be 
taken from micro economics, from probability, from entropy. The importance of 
entropy in economics has already been stated in the literature [9]. The equivalence of 
production function F and entropy S leads to:  

   F   =  ln Ω             (9) 

Ω is the number of possibilities to place of N objects in K (price) classes: 

   Ω  =   N! / (N 1 ! …N k ! )     (10) 

For large values of N the Stirling formula   ln N!= N ln N – N may be applied,  

              F(N k) =   N ln N –  Σ N k ln N k    (11) 

The new entropy production function F depends only on the number N k of items in K 
different classes of the economic system. The production function F of a market is 
given by the number N k of pieces of K different commodities. The production 
function F of a company is given by the number N k of people in K different jobs. The 
production function F of an economy is given by the number N k of companies in K 
different fields of production. The properties of the new entropy production function 
F may be explained best by an example:  

A company has N 1 permanent and N 2 temporary employees. Fig. 3 shows the new 
entropy production function  

F(N 1) = (N 1+ N 2) ln (N 1+ N 2) − N 1 ln N 1 − N 2 ln N 2          (12) 

and fig. 4 the Cobb Douglas function [6]   

U(N 1) = A N 1 
α N 2  

1 - α      (13) 

plotted versus the number N 1 of permanent employees in the range from 0 to 10. The 
parameter in both figures is the number N 2 of temporary employees in the range from 
0 to 10.  

All functions in figs.(1) and (2) show marginal growth, as is observed in 
economics. The production function F is larger than the Cobb Douglas function U by 
a factor of about 1,4 for nearly all values of α. F is clearly the better production 
function. In addition F is independent of any arbitrary elasticity parameter α and of 
advancement of technology A.  

The new entropy production function F is closely related to advancement of 
technology. Entropy measures disorder. Producing a car from many different parts 
means ordering and reducing the disorder of parts (- dF). Advancement of technology 
is again simplification of the production process, reduction of entropy of the 
production system.  
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Fig. 3. shows the new production entropy function for a company with permanent and 
temporary employees: F (N 2) = (N 1+ N 1) ln (N 1+ N 1) − N 1 ln N 1 − N 2 ln N 2  is plotted 
versus the number of permanent employees N 1 in the range from 0 to 10. The number of 
temporary employees N 2 is also in the range from 0 to 10. 

 

Fig. 4. shows the Cobb Douglas function U(N 2) = N 1 
α N 2  

1 - α  , which is plotted versus the 
number of permanent employees N 1 in the range from 0 to 10. The number of temporary 
employees N 2 is in the range from 0 to 10. The parameter of elasticity is chosen as α = 0,7. 

10   The Monetary Cycle 

According to the second law of economics the integral of the monetary cycle, Eq.(2), 
may be carried out in the λ - F plane.  

    012 >=−=−== ∫∫ ∫ ∫ SCYdFdFdFY
B

A

B

A

λλλδ       (14) 

Following the idea of Carnot, the integral may be carried out along constant λ and 
constant F in all economic systems. In fig. 3 the integral is carried out in one direction 
at constant high income level (λ 2) and back at low capital level, (λ 1).   
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Fig. 5. Shows the integral of the monetary cycle, Eq.(2), after Carnot in the λ − F plane. The 
integral is carried out in one direction at constant high income level (λ 2) and back at low 
capital level, (λ 1) according to Eq.(14).   

Income Y, costs C and surplus S correspond to  

   )(22 NFdFY
B

A

∆== ∫ λλλ    (15) 

   )(11 NFdFC
B

A

∆=−= ∫ λλλ    (16) 

    Sλ =    Y – C  = ∆λ ∆ F(N)  > 0   (17) 

Income is a path dependent integral. Y λ in Eq.(15) is the income at constant 
standard of living (λ 2). Costs are a path dependent integral. C λ in Eq.(16) are the 
costs at constant standard of living (λ 1). With λ 2 > λ 1 the surplus S λ in Eq.17 is 
always positive.  

Fig. 3 may be interpreted by the monetary cycle of the farm selling produce. ∆λ is 
the  change in price levels bringing produce from the field to the market.   

∆F > 0 : positive change of entropy = distribution (of money) to workers in the 
field,   

∆F < 0 : negative change of entropy = collection (of money) from customers at 
markets. 

1 → 2: Money collected from rich (λ 2) customers at the market, Y λ = λ 2 ∆F.  
2 → 3: Money transferred from market to fields,  ∆F = 0.  
3 → 4: Money distributed to poor (λ 1) workers in the fields, C λ = λ 1 ∆ F.  
4 → 1: Money brought by workers to the market, ∆ F = 0.  

11   Capital Pumps 

The monetary cycle is applied in all economic enterprises, in companies, in business 
and trade. The equivalence of economic and thermodynamic equations makes it 
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possible to discuss the closed integral of Eqs.(2) or (14) as monetary or heat 
production cycle. The results in companies, business and trade may be compared to 
the results in generators or refrigerators: 

1. a. A heat pump requires little energy to draw heat Q 1 = T 1 ∆ S from a cold river 
and to deliver heat Q 2 = T 2 ∆ S to a warm house with a high efficiency.  

1. b. An import company pays low wages C λ = λ 1 ∆ F  for production in a poor 
country and receives a high income Y λ = λ 2 ∆F from sales in a rich country with a 
high efficiency. All monetary cycles of households, companies and economies or 
states may be called capital pumps! 

2. a. A refrigerator is a Carnot machine. It starts creating cold inside and warm 
outside immediately, after it is plugged to the wall. But we have to close the door and 
separate inside and outside. The larger the difference of temperatures, the higher is the 
efficiency of the refrigerator.   

2. b. When a company starts producing, it will automatically create a richer and a 
poorer side. For this capital and labor have to be separated, or the company will not 
work. The economic gap between capital and labor will grow with time. The larger 
the difference, the higher the efficiency.   

Companies and business tend to optimize profits by paying wages as low as 
possible and selling their products as expensive as possible. In efficient markets there 
are limits to high prices and low wages. Competition will lead to one price level for a 
specific commodity and one wage level  for a specific job. But unemployment 
immediately leads to lower wages and trusts avoid the laws of efficient market and 
will lead to higher prices. In a well working economy the government will try to 
protect the efficient market by enforcing proper antitrust rules and to keep 
unemployment low.  

12   Economic Growth 

1. The Carnot cycle of a motor requires two temperatures, inside and outside. The 
heat that is created in every cycle, will dissipate to the inside and outside. The 
distribution of heat will influence the efficiency of the motor. If the inside gets hotter 
and hotter at constant outside temperature (due to a cooling system), the efficiency 
will grow quickly. If the outside runs hot (due to a failure of the cooling system), the 
motor stops. 

2. The monetary cycle creates two groups of people in farms, companies, business 
firms: farmer and laborers, owner and workers, capital and labor, first and third world, 
rich and poor, Y and C. Both groups together form the economic system. 
Accordingly, both groups will have to agree, how to divide the net output of each 
cycle. This is negotiated periodically by workers and employers, by unions and 
industry, by world trade conferences. In economic theory this is generally treated by 
game theory. 

In a Carnot process the lower/cooler/poorer side (employees) will obtain the fraction 
(p) of the net output, the higher/ hotter/richer side (employer) will get the fracion  
(1 - p). If both groups reinvest their fraction  p (Y 2 - Y 1 ) and (1- p) (Y 2 - Y 1 ), they 
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will grow in time (t) with each cycle. We obtain two equations, for  C = Y1 (t) and Y = 
Y 2 (t): 

d Y 1 (t) =    p  (Y 2 - Y 1 ) d t               (18) 

d Y 2 (t) = (1- p) (Y 2 - Y 1 ) d t        (19) 

For p ≠ ½  the solution of this set of differential equations is given by: 

   Y 1 (t) = Y 10 + p [Y 20 – Y 10] [exp((1-2p)t) – 1] /(1-2p)         (20) 

   Y 2 (t) = Y20 +(1-p) [Y20 –Y10] [exp(1-2p) t) – 1] /(1-2p)           (21) 

For p = ½  the solution is given by  

   Y 1 (t)  =  Y 10 +  ½  [Y 20  – Y 10 ]  t       (22) 

    Y 2 (t) =  Y 20 +  ½  [Y 20  – Y 10 ]  t       (23) 

The equations may be applied to all interdependent systems, to workers and 
employers, unions and industry, or interdependent countries. The results are presented 
in fig. 6.  

      

Fig. 6. Economic growth of a system of two parties (capital and labor) according to Eqs.18 and 
19. One partner (Y 1) receives p percent of the surplus, the other partner (Y2) receives (1-p) 
percent. For p =  0,10 we obtain high exponential growth, for  p = 0,25 exponential growth is 
less. For p = 0,50 only linear growth is obtained. 

For p < 0,50 economic growth is exponential. Surprisingly a percentage of p = 10 
% of the profit is in the long run more profitable for the worker than p = 25 %.  

The second surprise is the fair deal, 50:50. This distribution of profits leads only to 
linear growth and is the least attractive distribution between two partners. 

Fig 7 shows economic growth in China and USA [9] between 1990 and 2005. The 
difference in GDP per capita (C = Y 1)  and (Y = Y 2) is the basis for the economic 
motor between China and all western countries (USA). Similar exponential growth 
has been observed in Germany and Japan after World War II, when trade with USA 
and other western countries led to exponential growth in both countries.  
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Fig. 7. Economic growth of a system of two parties (China and USA). The difference in GDP 
per capita 9 (Y 1)  and (Y 2) is the basis of the economic motor between China and all western 
countries (USA).  

13   Conclusion 

Differential forms bring new ideas to economic theory, however, many methods of 
neoclassical theory and Lagrange optimization may be retained, if the Cobb Douglas 
function is replaced by the entropy of the economic system. Entropy makes 
calculation and understanding of economic processes more precise. Indeed, the 
concept of differential forms brings economics close to natural science. 
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Abstract. We describe our development of a road traffic CA (Cellular Automata) 
model of the four most common types of 4-way intersection (Yield-controlled 
intersections, Stop-controlled intersections, Signal-controlled intersections, and 
Roundabout-based intersection). We developed this model to study how these 
four different types of 4-way intersection affect road traffic flow and congestion 
in general and “travel time” in particular. In this paper we describe the model and 
4WayCA.exe, the traffic simulator software package in which the model has been 
implemented. We focus in particular on the model abstractions and on the 
simulator architecture.  

Keywords: Traffic Modeling, Travel Time, Cellular Automata, Agent Based 
Simulation. 

1   Introduction 

In the field of road transportation, an intersection is the point where two or more 
roads meet. When roads pass above or below one another, we have a grade separation 
and no conflict exists between the traffic flow of one road and the traffic flow of any 
other road. When the intersecting roads are at the same level they are said to be “at 
grade” and a conflict arises between the traffic flow of one road and the traffic flow of 
the intersecting roads. In this case, a controlling mechanism is required.   

We study, by means of a Cellular Automata (CA) model, how the choice of 
controlling mechanism affects “travel time”, that is “the total time required for a 
vehicle to travel from one point to another over a specified route under prevailing 
conditions”, [1]. 

We limit our study to four types of 4-way intersection: Yield-controlled, Stop-
controlled, Roundabout, and Signal-controlled (traffic light controlled).  For our 
purposes, we consider only single lane traffic for each travel direction and model four 
lanes (West-East, East-West, North-South, South-North) and the intersection 
controlling mechanism of which we consider four different configurations, Fig. 1.  

Our paper is organized as follows. In Section 2 we briefly introduce Elementary 
Cellular Automata Rule 184, the mathematical abstraction from which our algorithm  
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Fig. 1. Simplified drawing showing a generic 4-way intersection 

is derived. In Section 3 we outline our digital experiment and in Section 4 we describe 
the architecture of our model. 

2   Rule 184 

Unidirectional single-lane traffic, with no intersections & no entry or exit ramps, is 
the simplest scenario of highway traffic that one can model. We can easily describe 
this scenario by means of a one-dimensional Cellular Automaton (CA) with periodic 
boundary conditions, Elementary CA (ECA) Rule 184, sometimes called the “traffic 
rule", [2].    

A cellular automaton is an abstraction consisting of a regular grid of cells (in any 
finite number of dimensions), each in one of a finite number of states. We study the 
evolution of the CA over discrete time steps as the collective change of state of all 
cells of the grid. The state of a cell at time t is a function of the states of a finite 
number of cells (called its neighbourhood) at time t − 1. To every cell the same rule 
for updating is applied, based on the values in this neighbourhood. Each time we 
apply the rule to the whole grid, we create a new generation of cells. A common view 
is to consider the state of each cell as dependent on the presence or absence of 
particles in parts of its neighbourhood. In our case, as we are modelling vehicular 
traffic, this view is convenient and the particles under consideration are vehicles. 

Fig. 2 shows a simplified block diagram depicting how the transition from time t = 
τ - 1 to time t = τ is computed for any one-dimensional CA. For each cell ci at time t-1  
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Fig. 2. Simplified drawing showing the transition of an ECA from time t = τ - 1 to time t = τ  

we take the values of cells ci-1, ci and ci+1 at time t-1 and apply function f of Fig. 2 to 
compute the value of cell ci at time t. We can write this general relationship, valid for 
all one-dimensional CA, as in equation (1). 

c[t, i] := f[c[t-1, i-1], c[t-1, i], c[t-1, i+1]] (1) 

Evolving a CA means computing equation (1) inside two loops, a space loop in 
which variable i varies from zero to the maximum size of the CA and a time loop in 
which variable t varies from zero to the maximum number of required discrete time 
steps. We show below the pseudo-code for these two loops. 

 
// initialization 
for (t = 0; t < tmax; t++) 
{ 
 // applicable 
 for (i=0; i < imax; i++) 
 { 
  // applicable code 
  c[t, i]:= f[c[t-1, i-1], c[t-1, i], c[t-1, i+1]] 
  // applicable code 
 } 
 // applicable code 
} 
// program termination 
 

To identify a suitable “f” to model road traffic is equivalent to choosing one of the 
existing ECA. We can calculate the possible binary states for the three neighboring 
cells ci-1, ci, and ci+1 as 2 x 2 x 2 = 23 = 8. Thus, cells ci-1, ci, and ci+1 can evolve 
according to 28 = 256 different CA rules. Perusing the literature we notice that many 
authors decided to use ECA Rule 184 to model vehicle traffic. ECA Rule 184 is one 
of the rules that exhibit motion patterns from one time step to another. 

In ECA Rule 184, every particle (i.e., a Boolean “1”), representing a vehicle, at 
every time step, moves one cell forward provided that the cell ahead does not contain 
any other vehicle (i.e., it contains a  Boolean “0”, representing an empty cell), [3] and 
[4]. The truth table of Rule 184 is shown in Table 1, where the first row shows all  
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Table 1. Truth table of ECA Rule 184 

Time t Current Pattern 111 110 101 100 011 010 001 000 
Time t+1 Centre Cell  1 0 1 1 1 0 0 0 

 

 
possible configurations for three adjacent cells at time t and the second row shows the 
next state for the centre cell, at time t+1. 

Each of the 256 different CA can be identified by indexing it according to the 
second row of the truth table applicable to the given CA, [5]. The general formula is 

∑
=

−=
7

0

72
i

i
iN α  

where N is an integer such that 2550 ≤≤ N and }1,0{∈α . 

(2) 

 

If we apply formula (2) to the truth table shown in Table 1, we obtain 

)2(0)2(0)2(0)2(1)2(1)2(1)2(0)2(1 01234567 +++++++=N  

184000816320128 =+++++++=N  

(3) 

We can derive the Boolean expression for ECA Rule 184 from the truth table shown 
in Table 1. This can be done in various ways, depending if one wants to derive a 
minimal Boolean expression or not. Similarly, one may derive a different expression 
depending if one wants to use an expression as sum of maxterms or product of 
minterms, and depending if one wants to restrict or not the type of Boolean operators 
that one uses (i.e., {AND, OR, NOT} or, alternatively, {AND, OR, NOT, XOR}, or, 
alternatively, {NAND} or {NOR}). For instance, we use formula (4), i.e.  

rqpqp ∩∪∪¬∩ )()(  

where  

1−= icp ; icq = ;  1+= icr ; ∪  is the OR, ∩  is the AND, and ¬  is the 

NOT operator, while E. Georgiadis [6] provides formula (5), i.e  

(4) 

 
))(( rpqp ⊕∩⊕  

where  

1−= icp ; icq = ;  1+= icr ; ∩  is the AND and ⊕ is the XOR operator. 

(5) 

Formulas (4) and (5) are just different ways of making the relationship of formula 
(1) explicit and both can replace the right hand side of formula (1) inside the double 
loop shown above as pseudo-code. 

By implementing a traffic model based on ECA Rule 184 is possible to reproduce 
most of the properties of road traffic as observed by traffic engineers for some types 
of traffic. This is adequate only if we assume to model one-way road traffic 
characterized by constant speed and null acceleration. However, if we want to model 
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a more realistic situation of non-constant speed, we must be able to make each vehicle 
advance by more than one cell per time step. This means that we must be able to 
consider a neighbourhood of more than one cell ahead (i.e., to the right) and one cell 
behind (i.e., to the left). We must be able to “look ahead” and know if the road is 
empty, that is if the cells ahead are empty as needed.  Boccara and Fuks have 
generalized Rule 184 to higher velocities [7], [8].  

We extend and modify Rule 184 for our purposes, i.e. to model, how the choice of 
controlling mechanism for 4-way intersections affects “travel time”, that is “the total 
time required for a vehicle to travel from one point to another over a specified route 
under prevailing conditions”, [1]. 

3   Our Experiments 

To study how the choice of controlling mechanism affects “travel time”, we develop a 
“digital laboratory” and conduct “digital experiments”.  

We study how a large number of vehicles travel through a realistic itinerary 
consisting of left & right turn, and drives straight through the intersection. Fig. 3 shows 
an example of possible itinerary. We show only the itinerary actually traveled by the 
vehicle and not other intersecting roads. The arrow at the end of each segment indicates 
the presence of an intersection and the direction of traffic arriving to the intersection. 
We assume that all segments are of equal length. We call these segments of equal length 
“primitive segments”. Whenever multiple arrows appear on a line segment, they signify 
the presence of a number of primitive segments making up a sub-route. For instance, the 
bottom horizontal line segment of Fig. 3 with arrows indicating traffic direction from  
 

 

Fig. 3. Example of possible route. This is route {RoadWE, RoadNS, RoadWE, RoadSN, 
RoadWE, RoadNS, RoadNS, RoadWE, RoadSN, RoadWE, RoadNS, RoadNS, RoadNS, 
RoadWE, RoadSN, RoadSN, RoadSN, RoadSN, RoadWE, RoadNS, RoadNS, RoadNS, 
RoadNS, RoadNS, RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, RoadSN, 
RoadSN, RoadWE, RoadSN, RoadEW, RoadEW}. 
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right to left consists of six primitive segments. This means that the vehicle travelling 
through this sub-route passes six intersections and goes through each intersection in the 
direction East-West. We show this sub-route again in Fig. 4 emphasizing that other 
intersecting roads exist and that the vehicle could have taken them. Thick lines show 
itinerary actually traveled by the vehicle while thin lines show intersecting roads that the 
vehicle could have taken but did not take. 

We model each primitive segment using the basic building block of Fig. 1. For 
each experiment, we generate a set consisting of a large number of vehicles each with 
randomly pre-defined: (1) starting location, (2) starting time, and (3) complete route. 

In our digital experiments, all vehicles cover a trip of equal length, but of different 
route, and navigate through an equal number of intersections. What each vehicle does 
arriving to any given intersection depends on its predefined route. We repeat the 
experiment using the same set of vehicles with the same characteristics, including the 
same predefined individual routes, but we apply it, separately, to all types of 
intersection under investigation. 

 

Fig. 4. Sub-route {RoadNS, RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, 
RoadSN} of the example of possible route shown in Fig. 3. Thick lines show itinerary actually 
traveled by the vehicle while thin lines show intersecting roads that could have been taken by 
the vehicle but have not been taken. 

Each experiment is characterized by: 

• The length of the primitive segment, i.e. each section of road (e.g,  West-East, 
etc) 

• The number of intersections that each vehicle must cross 
• The total number of vehicles that must be simultaneously in our road 
• The maximum velocity allowed for any vehicle 
• The maximum velocity allowed for specific vehicles  
• The relative duration of the traffic light for the cases when the adopted 

intersection controlling mechanism is the Signal-controlled intersection 
• The duration of the experiment, in time steps 

We repeat each experiment four times, once for each type of intersection. 

4   Our Model 

To implement a road network over which the different routes can take place, we 
define four one-dimensional CA: RoadWE, RoadEW, RoadNS, and RoadSN, where 
the coordinates have the meaning of Fig. 1. Thus, RoadWE is the road that a vehicle 
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takes when travelling from West to East, RoadEW is the road that a vehicle takes 
when traveling from East to West, RoadNS is the road that a vehicle takes traveling 
from North to South, and RoadSN is the road that a vehicle takes when traveling from 
South to North. Each of these roads is implemented as a one-dimensional CA. 

If we call CELLS the total number of cells for each CA, each CA starts at cell i = 0 
and ends at cell i = CELLS-1, which wraps around to cell i = 0.  However, this wrap-
around happens by means of a discontinuity, because a vehicle may. either restart 
from the beginning of the current CA or start from the beginning of a different CA, as 
it may be required by the predefined route. Each vehicle arriving to cell i = CELLS-1 
must slow down and eventually stop if warranted by the algorithm and by the state of 
the specific intersection controlling mechanism (e.g., if the intersection controlling 
mechanism is a traffic light and if its state is RED). Depending on the predefined 
route, when the state of the intersection controlling mechanism allows it, the vehicle 
moves as either continuing on the same CA, just restarting from cell i=0, or switches 
to a different CA,  starting from cell i=0 of a different CA. Thus, we can model a trip 
like the one depicted in Fig. 3 by concatenating subsequent routes crossing an 
intersection like the one depicted in Fig. 1. For instance, we can move across an 
hypothetical route like the one shown in Fig. 3 by transiting through the sequence 
{RoadWE, RoadNS, RoadWE, RoadSN, RoadWE, RoadNS, RoadNS, RoadWE, 
RoadSN, RoadWE, RoadNS, RoadNS, RoadNS, RoadWE, RoadSN, RoadSN, 
RoadSN, RoadSN, RoadWE, RoadNS, RoadNS, RoadNS, RoadNS, RoadNS, 
RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, RoadEW, RoadSN, RoadSN, 
RoadWE, RoadSN, RoadEW, RoadEW}. In this sequence, we identify each tract of 
the route by the name of the CA used to model that tract. Thus, in this example: 

• After “reading” the first RoadWE, the vehicle travels eastward from cell i=0 
to cell i=CELLS-1 in CA RoadWE 

• The vehicle crosses the intersection according to the rules specified by the 
intersection controlling mechanism 

• After “reading” RoadNS, the vehicle travels southward from cell i=0 to cell 
i=CELLS-1 in CA RoadWE 

• Etc. 

This implementation requires only four CAs, actually implementing an intersection 
like the one of Fig. 1 to model any route. The number of primitive segments of a route 
is equal to the number of times a vehicle crosses an intersection. Any stochasticity is 
implemented during the initialization by selecting randomly an individual route for 
each vehicle. After the selection of the routes, during the execution of all experiments, 
the behaviour of the model is fully deterministic. 

4.1   Cell Size and Time Step Duration 

To use this model for practical traffic engineering applications, we must assign a 
realistic length value, in metres, to each cell and a realistic time value, in seconds, to 
each time step of our simulation. Perusing the literature it is possible to find that the 
most common length chosen for a cell is 7.5 m, see for instance [9], [10], and [11]. 
This has been chosen because it corresponds to the space occupied by the typical car 
plus the distance to the preceding car in a situation of dense traffic jam. The traffic 
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jam density is 1000/7.5m approximately 133 vehicles/km, a realistic figure according 
to traffic engineers. We agree with the cell size of 7.5 m. After careful consideration, 
we have decided to assign the value of 5 seconds to each time step. Thus, the 
minimum speed of a vehicle advancing by one cell at each time step is equivalent to 
5.4 km/h (that is, 7.5 x 3600/5 = 7.5 x 720 = 5400 m/h = 5.4 km/h). This allows 
representing most realistic and legal speeds observed in an urban setting with a 
maximum speed limit of 50 km/h (a vehicle advancing by 9 cells per time step travels 
at 48.6 km/h). 

4.2   Vehicle 

We represent each vehicle by means of a data structure containing: 

• The ID, a unique identifier  
• The Source, i.e. the cell where the vehicle enters into the traffic stream 
• The Route, i.e. the way the vehicle travels through the model during the 

simulation  
• The StartTime, i.e. the time step when the vehicle enters the traffic stream 
• The Velocity, defined as the number of cells by which the vehicle will advance 

from time step t to time step t+1 in absence of any obstacle 
• The CurrentCell, i.e. is the cell where the vehicle is at time t before the 

execution of the algorithm that will make the model evolve to time t+1 
• The NextCell, i.e. the cell where the vehicle will move after the execution of 

the algorithm that will make the model evolve to time t+1 
• The RouteIndex, i.e. is a variable keeping track of which leg of its route the 

vehicle is at any given time 
• The CurrentTime, such that at any time step CurrentTime = t 

For each vehicle, ID, Source, Route, & StartTime remain constant through the 
simulation, while all other parameters are updated at each time step until the vehicle 
reaches its destination, where we compute TravelTime = CurrentTime - StartTime. 

4.3   Neighbourhood 

We assume that a generic cell i, representing a segment of road of 7.5 m, at any given 
time step may either contain a vehicle or may be empty. If we assume that cell 
number i is occupied by a vehicle, a cell number smaller than i  indicates a segment of 
road that has already been covered by the vehicle currently at cell i, while a cell 
number greater than i indicates a segment of road that the  vehicle currently at cell i 
will cover in the future.  

As we assume that vehicles can only move forward,  thus, cells with cell number 
lower than i are immaterial from the point of view of the motion of the vehicle located 
at cell i, as with Rule 184, where the motion can only be in the direction of growing 
cell numbers. Hence, we omit these cells from the neighbourhood of cell i. The size of 
the neighbourhood of cell i in the direction of cell numbers greater than i is equal to 
the maximum speed of the vehicle occupying cell i. We depart from the spirit of Rule 
184 and derived rules, [4], [7], and [8], and adopt a speed dependent variable size 
neighbourhood. We feel that in a realistic model speed increases much more slowly 
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then it decreases. At the end of each time step the Velocity is updated in preparation 
for next time step. If a vehicle has not yet reached the end of the CA and has not 
reached the maximum speed, Velocity is incremented, otherwise it is left unchanged. 
The choice of DeltaVelocity depends on the type of drivers, “locale” (i.e., local rules, 
regulations, and culture-dependent driver’s behaviour), and vehicle being modeled. At 
each time step, NextCell=CurrentCell+Velocity is computed, and a neighbourhood 
going from the cell adjacent to the cell where a vehicle is currently located, cell 
i=CurrentCell+1, to i=NextCell is examined. If any cell i=j for any j < NextCell is 
occupied by an obstacle, we set NextCell=j, and reduce speed to Velocity=1. One of 
the difficulties of modeling and simulating road traffic by means of CA is that, at 
every time step, only the neighbourhood is known. The only information about past 
history is what can be derived from the current state of the neighbourhood. Thus, 
from the point of view of a vehicle moving at full speed, a fixed obstacle ahead (e.g., 
a stalled vehicle) is not distinguishable from a slow moving vehicle ahead. If the 
obstacle is just a slower vehicle, the trailing vehicle can just slow down and, as soon 
as conditions allow, it can slowly increase again the speed. If the obstacle is a 
permanent obstacle (e.g., a stalled vehicle), the trailing vehicle will set its own speed 
to Velocity=0 at the next time step.  

4.4   Intersection Navigation Algorithms 

Upon approaching cell i=(CELLS-1) the behaviour of each vehicle depends on the 
type of intersection. In the case of traffic light the vehicle will either stop (if RED or 
AMBER/YELLOW) or proceed (if GREEN), slowing down if the next route involves 
a turn or maintaining its speed unchanged if it is straight ahead. In the case of a Stop-
controlled intersection the vehicle will stop, remaining on cell i=(CELLS-1) for at 
least one time step. It will then evaluate a selected neighbourhood in the two 
intersecting lanes to see if any vehicle is approaching, waiting to advance until the 
road is clear. We can think about this as an extended von Neumann neighbourhood. A 
similar behaviour will apply to Yield-controlled intersection, where the vehicle does 
not need to remain in cell i=(CELLS-1) for at least one time step if the extended von 
Neumann neighbourhood is empty. In the case of Roundabout-controlled, the 
situation is similar to the Yield-controlled intersection but only a route-dependent 
subset of the extended von Neumann neighbourhood needs to be considered. 

5   Conclusions 

We have described our development of a road traffic CA model of the four most 
common types of 4-way intersections used to study how these types of intersection 
affect traffic flow & congestion and “travel time”. We plan to improve our model and 
simulator by adding multi-lane scenario, so that we can allow for vehicle passing. Our 
simulation results will be presented in a future publication. 
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Abstract. The most common approach to community identification of
directed networks has been to ignore edge directions and apply methods
developed for undirected networks. Recently, Leicht and Newman pub-
lished a work on community identification of directed networks, which
is a generalization of the widely used community finding technique of
modularity maximization in undirected networks. However, our investi-
gation of this method shows that the method they used does not exploit
direction information as they proposed. In this work, we propose an
alternative method which exploits the directional information of links
properly.

Keywords: community identification method, directed networks, direc-
tional information.

1 Introduction

Community structure has been considered as an important property of com-
plex networks, because community structure is a ubiquitous property of many
real-world networks, which cannot be found in randomly generated networks.
And some researches suggest that the community structure is relevant to other
structural properties, such as clustering coefficient and hierarchical structure,
and the dynamics in the networks. Hence, considerable attentions have been
given to identify the communities of networks. Community identification prob-
lem can be considered as finding the best partitioning configuration in which
nodes in the same community are more likely to interact with each other and
nodes of different communities are more likely not interacting. To find this best
partitioning configuration, the most common approach is maximizing a benefit
function called modularity, proposed by Newman and Girvan [1]. Although a
lot of optimization methods have been proposed by many researchers to max-
imize modularity efficiently, these methods can only be applied to undirected
networks, because the modularity is only defined for undirected networks.

Despite a lot of real-world networks have directed links, in the past the com-
mon approach to community finding in directed networks was just to ignore link
directions and apply those well developed methods used in undirected networks.
This approach may discard useful information contained in link directions, which
could be helpful or critical in detecting communities. Several recent studies [2,3,4]
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used different methods to exploit direction information, but their definitions of
community do not consistent with the one in undirected networks, which is de-
fined by the modularity.

In recent studies, Arenas et al. [5] proposed a generalized modularity in di-
rected networks, and Leicht and Newman [6] utilized this generalized modularity
to detect communities in direction networks, exploiting the direction informa-
tion as nodes linked by unexpected direction being more likely to be divided
into the same community. Unfortunately, the generalized modularity does not
exploit the direction information as they expected. It will be discussed in detail
at other work. In this work, we report an alternative method which exploits
direction information as Leicht and Newman proposed, which is nodes linked by
unexpected direction being more likely to be divided into the same community.

2 Method

Leicht and Newman [6] used the generalized modularity proposed by Arenas
et al. [5] to find communities in directed networks. Their idea of exploiting
direction information can be described as follows. Consider a pair of nodes A
and B. Vertex A has high out-degree and low in-degree while B has the reverse,
then a directed link connecting A and B is more likely to point from A to B than
the opposite direction. Hence, if a directed link running from B to A is found in
a network which we observe, it is a bigger surprise than a link from A to B and
will make more contributions to the modularity, since modularity should be high
for statistically surprising configurations. However, the generalized modularity
does not exploit directional information as described above.

We propose a new method as follows which can exploit direction information
as Leicht and Newman described. Following the discussion above, as a directed
link running from B to A is a bigger surprise which is indicating A and B are
more likely to be in the same community, one can consider this situation as a
directed link running from B to A means stronger relatedness between A and B
than a link running from A to B. In the introduction part, we have mentioned
that the common approaches to community finding in directed networks was just
to ignore link directions and transform the directed networks into undirected
networks and apply those well developed methods used in undirected networks.
Our idea is that, instead of simply ignoring directional information, the effect of
direction can be added to the link of new undirected network, by giving higher
weight to the more surprising link when we consider link direction.

Let’s consider a link between node i and node j. The probability of this link
directing from j to i, when the links are assigned randomly while keeping the
degree of each node, is

pij =
kout

j kin
i /2m

kout
j kin

i /2m + kout
i kin

j /2m
, (1)

where kin
i =

∑
j Aij and kout

j =
∑

i Aij are respectively the incoming and outgo-
ing degree of node i and node j, where Aij represents the link running from j to i,
and the total number of links is defined as m =

∑
i k

in
i =

∑
j k

out
j =

∑
i

∑
j Aij .
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Since small pij indicates stronger relatedness for the direction from j to i, we
can define the relatedness of node i and j, which is also the weight of the link
between node i and node j in the transformed undirected network, as

wij = Aij(1− pij) + Aji(1− pij). (2)

Thus {wij} is a undirected network transformed from the original directed net-
work {Aij}, containing the directional information which was just ignored in
other methods of the past. Then, by applying the well developed methods in
undirected networks to the newly generated weighted undirected network {wij},
it is able to detect the community of original directed network without losing
directional information.

3 Result

We applied our method to the first example of Leicht and Newman [6] as shown
in Fig. 1, which is a computer-generated network of 32 nodes, generated by the
following process. Initially every nodes are linked with each other randomly with
probability p by undirected links. Then the nodes are divided into two groups
of 16 nodes each and links connecting nodes of same group are assigned random
direction but links connecting nodes of different groups are assigned direction
with certain bias so that the direction is more likely running from nodes in group
1 to nodes in group 2 than vice versa. As there was no community structure
before assigning direction for each link, no community structure can be identified
by ignoring directions.

However, when our method is applied to the directed network, a significant
community structure which is even recognizable by human eyes rises from the

Pajek Pajek

Fig. 1. Computer generated two-community random network described in the text. If
we ignore the directional information, the community structure cannot be found since
there is no difference in link density except link directions. On the right: Applying our
algorithm, link weights are newly assigned, which is represented by the link width in
this figure, and then a pre-existing algorithm applied to undirected networks. We can
find two clear communities as shown on the right panel.
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transformed undirected network(the right figure in Fig. 1). Optimizing mod-
ularity Q in this undirected network, also divides the network into red-node-
community and blue-node-community, which perfectly matches with the network
generating mechanism.

4 Summary and Remarks

We proposed a community finding method for directed networks facilitating
directional information as Leicht and Newman firstly proposed. A computer
generated network, in which community structure cannot be detected without
direction information, was tested to confirm our method is working well, and
the result shows that our method perfectly detects two communities which were
designed in the generating process of the network.

We are currently applying our method to real-world examples of directed
networks, in which more meaningful community structures could be detected.
Furthermore, we are investigating a method which can directly detect commu-
nities in directed networks, without transforming them into weighted networks
as we did in this report. This work was supported by KOSEF through the grant
No. R17-2007-073-01001-0.
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Abstract. Most influence networks are depicted as nodes and links operating in 
the manner of a feed-forward neural network where both nodes and links appear 
to be homogenous in their nature. Experience has shown that not only do these 
networks fail to deal adequately with reality, but also that practitioners struggle 
to understand why. This paper addresses this challenge by examining the rich, 
multi-level and multi-modal nature of influence networks and proposes an 
approach drawing inspiration from complexity science - leading to multi-
perspective techniques which enable influence networks to be used to more 
effectively to capture, visualise and understand complex situations, so providing 
insights to support effective decision-making. The paper gives evidence (from a 
case study looking at the provision of affordable housing in the UK) which 
illustrates how the techniques have been employed and what benefits accrued.  

1   Introduction 

The thesis of this paper is that not only are the 'nodes' in influence networks1 
heterogeneous and complex in themselves, but also that the 'links' are too - as are the 
dynamics of influence. This paper addresses the nature of this complexity and variety 
and illustrates its effects, focussing on the rich, dynamic aspects of the links.  

A first key concept is that influence networks are multi-dimensional - for example, 
in the 'levels' of their granularity (micro to macro) and in terms of the ways that 
influence is mediated and propagated through networks. This leads to the realisation 
that networks are operating at different levels of influence, where effects at one level 
may be 'hidden' from nodes operating at another. This paper will discuss the kinds of 
mechanisms and techniques that operate at these different 'levels' and will examine 
how influence can reverberate among and between the levels. We extend the work of 
Morowitz [1] where we have provisionally identified around 60 emergent transition 
levels2 (not covered in detail this paper).  
                                                           
1 In this paper, the term Influence Networks is used to describe patterns of interactions of any 

type, strength or duration (whether persistent or transitory). Over time, these patterns evolve 
and can be used to represent a flow or 'trajectory' of influence. Our focus is not so much on 
the 'nodes' (which themselves can be persistent or transitory) but on the phenomena that arise 
(which depends on the nature and degree of interaction and 'connectedness') from the linking. 

2 These 60 or so 'emergent transition levels' will be the subject of a another paper from The 
abaci Partnership in its 'Exploiting Complexity' series. 
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A second key concept is that influence is multi-modal - for example, influence may 
propagate via changes in the environment, by direct contact or via emissions of 
mediating energy. What follows from this is that, depending on the sensing and 
perceiving techniques of the observer, influence may seem to become 'invisible' (as it 
propagates via another modality) - which may lead the observer to substitute false 
influence mechanisms and even, in the human case, develop conspiracy theories. 

As a simple example, consider the role of money in a society. If a financial 
influence network is mapped, it may be difficult to understand how actions in the 
financial sphere affect health, without generating an influence network at the bacterial 
level which shows how disease is able to exploit the fragile health of the poverty-
stricken - and then showing the influences between the two. The authors use the term 
Complex Multi-modal, Multi-level Influence (CMLI, pronounced 'seemly') networks 
for these sets of interactions and for the behaviours which emerge.  

The third key concept is that it is not possible to understand these complex 
behaviours by trying to break them down in a reductionist manner. Instead, this paper 
uses a 'Complexity Framework' (described below) and shows how it can be used to 
enable the different aspects of these Influence Networks to be captured, visualised, 
understood - and then the understanding exploited to support decision-making. 

Finally, the paper will show how a version of the CMLI networks and Complexity 
Framework were employed to support policy making and public engagement in a 
study into the provision of affordable housing in small towns in the UK [2]. The 
authors hope the paper will lead to collaboration with other practitioners who are 
exploiting complexity and with those researchers developing similar techniques. 

2   The Complexity Framework 

The emergent properties of complex interactions are often portrayed as unwelcome, 
chaotic and destructive, but nothing could be further from the truth. In reality, 
emergent phenomena become interconnected, interdependent and creative and the 
whole world depends upon it (as in ecosystems and living creatures for example). 
These Complex Multi-modal, Multi-level Influence networks display persistent, 
emergent patterns which are adaptive over time. It is well understood that these 
complex behaviours cannot be understood by breaking them down in a reductionist, 
linear manner - instead approaches from complexity science must be used. 

It is outside the scope of this paper to provide a tutorial on complexity science. 
There are many excellent resources available [3, 4, 5, 6]. Also, the paper  will not 
examine the philosophical or spiritual aspects - though they are obviously relevant. 

In complexity science, the persistent entities3 and emergent patterns arising from 
interactions in CMLI networks have been called Complex Adaptive Systems (CAS). 
In the social and human context CAS have additional elements such as purposeful4 
sensing, learning, problem-solving, prediction and acting. The term Complex 
Adaptive Reflexive Systems (CARS) [7] has been used for these purposeful entities - 
                                                           
3 In this paper, the term 'entity' is used to refer to anything capable of interaction, however 

primitive the interaction. An entity should not, therefore, be assumed to be sentient. 
4 In this paper purposeful behaviour is considered in its broadest sense, covering behaviour 

from the impulsive and whimsical to the highly deliberative and formalised. 
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examples of which extend from social groupings to the brain. Human communities, 
such as those which are the subject of this paper, are also CARS and we assert that the 
Complexity Framework we describe here, based on the understanding from 
complexity science, can be used to capture, visualise and understood their behaviours. 

This Complexity Framework, therefore, is used to enable the systematic 
examination of the complex phenomena at work in the Complex Multi-modal, Multi-
level Influence networks of the CARS we examine in this paper. It is important to 
note that if we only focussed on the dynamic activities of these networks we would 
miss many critical enabling factors (such as the role of the environment and the 
properties of the interacting elements). The Complexity Framework is designed to 
address these potential shortfalls by using four distinct 'perspectives'. Each of these 
perspectives (described briefly below and developed further in the rest of the paper) 
focuses on the different aspects which affect how emergent phenomena come about: 

Perspective 1: Precursors and Enablers (The Givens / Environment). Emergent 
phenomena from CMLI networks could not arise, nor complex systems exist without 
the persistent existence of certain things. These include, for example, enduring 
'precursors' of influence (such as the geography of an area) which are relatively fixed 
and those things which are 'enablers' of influence and which people can affect (such 
as social class structures). This perspective considers the environmental contexts (the 
so-called 'substrate') which enable interaction in CMLI networks to occur. 

Perspective 2: Purpose and Intent (Design-time). Given the purposeful nature of 
both social activity and policy-making, there has to be some expression of intent, some 
formulation of a design and / or of goals - however transitory. These expressions shape 
much of the direction in which future endeavours go. A key aspect of this is the way in 
which the design is either captured, 'formalised' and disseminated through artefacts or 
employed through on-the-fly behaviour to communicate intent. In the context of this 
paper, leaders and policy makers issue formal laws and guidelines. In contrast, people 
may take to the streets and indicate intent through protest. This perspective considers 
the 'design-time' factors that can drive the purposeful behaviour in CARS that shapes 
the range of possible behaviours in CMLI networks. 

Perspective 3: Components and Composition (Architecture / 'Assemble-Time'). 
Emergent phenomena arise from interactions between 'components' in some 
environment. The nature of the possible interactions, their interdependencies and 
influences is largely dictated by the properties of those components - their abilities to 
sense, communicate, interact and shape their environment. These determine the nature 
and range of repertoires of behaviour of nodes and the ways in which the entities can 
group themselves. This perspective considers how the properties of these components 
(eg, people) and their 'composability' (eg, sociability) affects nodes in CMLI networks. 

Perspective 4: Dynamic Change (Behaviour and Perception - Run-time). During 
life, dynamic adjustment and adaptation are the norm. The interplay between three 
aspects is key to emergence, adaptation and evolution: the top-down influence of the 
'leaders'; the self-aware and self-regulatory behaviour of the people and their 
community the bottom-up effects which arise from individual personalities, 
motivations and competencies. Most importantly, there are the influences of culture, 
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religion and society whose perceptions, involvement and reactions can have profound 
effects. In addition, the environment in which the CMLI networks are active which 
will have its own influences - though it should not be forgotten that the environment 
itself can be purposefully 'interfered with' to change aspects of the outcomes. This 
perspective considers the dynamic context. 

Employing the Complexity Framework - Required Mindset. The perspectives above 
are not independent - they are always interconnected (not always in the most obvious 
ways). It is easy to forget this and to make limiting assumptions. Hence, it is essential to 
adopt a suitable multi-perspective mindset5 when using Complexity Frameworks to 
analyse CMLI networks. It is beyond the scope of this paper to describe in detail the 
pitfalls to avoid when engaged in 'complexity thinking', but one example will give an 
idea. It is important to always avoid drawing arbitrary boundaries. For example, the 
notion of a community meeting sounds like something with a clear start, middle and end 
- but this is not so. The way that a meeting will turn out starts long before the event and 
continues well after it - trains are late and people have a 'bad day', relationships and 
animosities are formed,  and consequences follow - all these 'external aspects' impacting 
on the behaviours. Indeed, these aspects can be purposefully manipulated, and 
frequently are, either to disrupt or coerce.  

3   CMLI Networks – The Technique 

Most influence networks are depicted as nodes and links operating in the manner of a 
feed-forward neural network where both nodes and links appear to be homogenous in 
their nature. The assumption is that each link represents a direct 'cause-effect' mapping. 
Experience has shown that not only do these networks fail to deal adequately with 
reality, but also that practitioners struggle to understand why not. Smuts [8], 
recognised the limitations of this everyday cause-effect thinking and pointed out that 
usually the notions of 'cause' and 'effect' are hopelessly simplistic and too tightly 
bounded. Models based on these networks fail to deal with reality, both because of 
their naivety and also because that very naivety means they easily fall prey to Gödel's 
Incompleteness Theorem (the subject of another paper). In contrast, this paper 
recognises the rich, multi-level and multi-modal nature of influence networks and 
proposes an approach drawing inspiration from complexity science.  

Employing CMLI networks. The techniques described here enable influence networks 
to be used to more effectively capture, visualise and understand complex problems to 
provide insights in support of decision-making. The first part of the technique exploits 
the first key concept mentioned above by representing the multi-dimensional (for 
example, in the 'levels' of their granularity, micro to macro) aspects of influence 
networks. This leads to the realisation that networks operate concurrently at different 
levels of influence, where effects at one level may be 'hidden' from nodes operating at 
another. Different kinds of mechanisms and techniques can operate at these different 
'levels' and yet other influences can also reverberate among and between the levels or 

                                                           
5 The principles involved and a description of 'the Multi-perspective Mindset' will be the 

subject of a another paper from The abaci Partnership in its 'Exploiting Complexity' series. 
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nestings. We have provisionally identified around 60 emergent transition levels (not 
covered in detail in this paper, but available from our website [2]). Examples of 
relevance to this paper include: 

• Levels related to a human individual, such as those described by Maslow [9]. 
• Hierarchies and structures within government, local authorities and enterprises. 
• Social and 'tribal' groupings and aspects of class / caste. 
 

The second key concept is that influence is multi-modal - in terms of the ways that 
influence is mediated and propagated - both across levels and through networks. For 
example, influence may propagate via changes in the environment (so-called 
'stigmergy'), by direct contact, via emissions of mediating energy, by social pressures. 
Such influence is very complex and the challenges that arise have been called 'wicked 
problems' [10]. In this paper, we add an important aspect - perceived influence. It is 
not enough to map out tangible and emergent influences, we must also consider 
different human viewpoints and group perceptions. This is important in the social 
housing example used in this paper because, depending on the sensing and perceiving 
techniques of the observers, influence may seem to become 'invisible' (as it 
propagates via another modality) and be ignored - which may lead the observer to 
substitute false influence mechanisms and so deduce malice, bigotry or invent 
conspiracy theories to explain what seems to be happening. These factors were found 
to be particularly important in the affordable housing context. 

4   Using CMLI Networks – Affordable Housing Example 

The technique for using CMLI networks is partly adapted from Howard [11] and 
involves taking one of the four perspectives at a time (in an order determined by the 
spirit of the exploration), identifying a number of relevant viewpoints related to that 
perspective and then working with the individuals and organisations concerned to 
identify the factors and influences arising from each of the viewpoints. This includes 
analysis of the 'what do I think' and 'what do I think they think' types. Viewpoints 
within and across perspectives can be compared to expose contradictions, alternatives, 
'invisibles' etc. The added value that the CMLI network approach provides is that, by 
examining a rich variety of levels and modalities, novel influences, effects and 
linkages can be identified which would normally go unnoticed. Even in a basic form, 
this analysis has proved to be a powerful technique for triggering insight and debate. 

The social housing case study was concerned with public opinion in small towns 
on the border between England and Wales in the UK. In late 2001, communities were 
considering how their local plans needed to be changed to accommodate new 
planning guidance [12]. This case study focuses on one of the market towns in the 
area which has a population of around 11,000 people. The town has very diverse 
businesses from traditional agriculture, light engineering and construction work 
through to so-called 'creative clusters' [13] of artists, designers and cyber-technology 
startups. The local plans had to balance the following: 

• Social Housing; Town Centres and Retail Developments;  
• Sustainable Development in Rural Areas;  
• Transport and Planning and the Historic Environment. 
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This activity involved individuals and a number of organisations and institutions 
who were each asked to submit their views. These views then had to be collated and, 
to some extent resolved, before submission to higher authorities. One of the 
organisations was the local Civic Society (a voluntary, non-elected local decision-
making body with over 500 members) who's focus was the conservation of the 
historic fabric of their town and its sustainable future. This group became extremely 
divided and strongly polarised on the issue of the provision of social housing. The 
Society initially formulated the influence network at Figure 1. 
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Fig. 1. Civic Society - Initial Influence Network 

Though this diagram seemed helpful at first, it became apparent that it did not 
assist the Society in understanding how change in one issue affected another. A 
version of the CMLI network approach was applied leading to the insights below and 
to a revised diagram as shown in Figure 2. Firstly, Figure 1 was examined from each 
of the Perspectives below and the nodes were annotated accordingly to show to which 
Perspective they were mostly relevant. Next, the links were examined from several 
representative viewpoints (single parent, pensioner, local policy makers, etc) and were 
annotated with their significance as seen from each of these viewpoints. Even though 
these viewpoints were generalisations, useful trends and indicators became apparent. 

Perspective 1: Precursors and Enablers (The Givens) 
This perspective enabled people to identify aspects over which they could have no 
effect (precursors) and aspects which, though policy, social and economic change, 
could potentially be influenced (enablers). The precursors included obvious things 
such as the geography of the area and the heritage of the town (which made it 
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attractive to visitors). It became evident that the social housing requirements were 
enablers which arose from the agricultural nature of employment in the area and the 
low wages associated with this work. In other words, some social housing was 
required because people were disadvantaged and some was required simply because 
of the economy of the area - things which could be changed. This led the Society to 
begin to tabulate a set of 'Principles' around which they would base their views. 

Perspective 2: Purpose and Intent (Design / Composition) 
This perspective enabled the Society to consider its own intent and that of all the other 
'actors' involved. As richer sets of viewpoints (related to these various actors) became 
apparent, there was a risk of the insights becoming unmanageable. This risk was 
mitigated by maintaining a clear focus on one viewpoint at a time. Mapping between 
viewpoints occurred subsequently - with viewpoints only being re-examined when it 
became apparent that key influences had been overlooked. This was one of the most 
useful activities which enabled the Society to identify their relationship to others in 
the community, such as: those with whom they could collaborate, those with whom 
they might form allegiances, those who seemed to be in opposition (but who should 
be approached). It also enabled the Society to consider issues such as relative degrees 
of power and influence and identify vulnerable groups who would need support. 
Subsequently, it turned out that some of their perceptions were wrong which led them 
to make changes to the way they influenced, leading to more constructive progress 
than had been expected. 

Perspective 3: Components and Structuring ('Assembly') 
This perspective embraced three aspects. Firstly, the 'components' of the community 
were considered - eg, the people. This involved looking at demographics, skill sets and 
even the temperaments and personalities of some of the key individuals. Potentially a 
very sensitive area, the Society dealt with it in an open manner by approaching some of 
the people concerned to seek their engagement. This in itself had a beneficial effect in 
fostering trust and openness (though this obviously may not work in all cases). Next 
the 'Configuration of the Community' was considered, its social mix, factions, 
groupings and institutions. This analysis mapped out the various groupings and their 
overlaps and exclusions and tried to see if there were any social groups who were 
being overlooked or which were having undue influence. Lastly, Leadership Roles 
within the Community were examined to try and identify issues such as: 'nodes' who 
were influential but who did not hold 'formal' positions in the community or others 
who held positions but who did not really represent anyone. It turned out that some 
roles overlapped in the same person (eg, the Mayor was also very influential among 
those applying for social housing because she came from humble origins), and that 
some roles were quite isolated. This led to a consideration of alternative ways that the 
community could be linked up to enable new, beneficial, interactions. 

Perspective 4: Dynamic Change (Behaviour and Perception) 
The dynamic perspective is the most challenging. The Society approached it by trying 
to identify the triggers of change and time-critical issues rather than trying to chase 
down every consequence (an impossible task in any case). They first looked at ways 
that influence could be applied from the Top-down and considered their position in 
relation to a number of options and identified which ones they would support / oppose.  
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Fig. 2. Example high-level CMLI Network Reflecting three Factors 

Next they considered influence through Self-regulation and looked at the balancing, 
creative and negative mechanisms at work in the town and decided how they wished 
to engage with them and to what effect. Then influence from the Bottom-up was 
considered both in terms of what members could do individually and though social 
networks in the community (which included influence exerted through Public 
Opinion, ie influence those who were just Observers in the town, the 'lookers-on'). 
Next they considered whether there would be influence from the Environment and 
discovered that a landowner near the town was considering building many 
inappropriate houses. The potential physical impact of this change was used to 
influence opinion. Lastly, the Society discussed their options in terms of how they 
might collaborate, compete, coerce or disrupt and used this work out which indicators 
of change would be significant to them and how they could monitor them. 

Comment on the Outcomes from the use of the CMLI network Techniques 
While the analysis of perspectives was going on, a number of CMLI network diagrams 
were produced of which Figure 2 is an example. Here, three factors (geographical, 
financial and policy) reflecting different modes of influence are highlighted.  

This clarification enabled different factors to be better understood in terms of the 
nature of their 'connectedness' and of the effects they generated. The result of this 
CMLI network analysis was that the Society was able to develop a rich and 
defendable set of principles which they employed in their submission - a small 
selection of which follow. In relation to social housing they recommended to: 
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• accept that this housing will be smaller, low cost and may be less profitable; 
• realise that this may require pressure to be applied to encourage 'social responsibility' 

from developers, banks etc; 
• understand the social mix that such housing will generate; 
• encourage the design of affordable housing which is pleasing and not uniform; 
• understand that Housing Associations often can't buy land as it is too expensive; 
• ensure that such housing is 'dotted about' - not in a 'ghetto'; 
• understand that social pressure from within 'ghettos' will increase social cost; 
• ensure that low-cost housing is bought by 'low-cost people'; 
• try to provide housing where people work - to counteract environmental impacts. 

 
In relation to policy they noted that: 
 

• there are problems with the formula used for calculating district council funding; 
• local plans are often out of date - leading to ill-informed decisions; 
• they should lobby for the Government to encourage the use of the existing housing 

stock - reversing the migration away from / collapsing prices in certain areas; 
• the council tax banding / housing stock evaluation is so out of date; 
• they would challenge the figures about the demand for housing; 
• they should have a developed view on  longer term and wider implications - even if 

this means supporting apparent inconsistencies in short-term decisions - such as: 

a. population trends / social issues; 
b. restrictions on incomers; 
c. letting villages die. 

In conclusion, it was felt that the techniques had been very valuable in many ways 
- including helping to build bridges between parts of the community which have 
previously been in opposition. 

5   Summary 

The thesis of this paper has been that not only are the 'nodes' in influence networks 
heterogeneous and complex in themselves, but also that the 'links' are too - as are the 
dynamics of influence. A first key concept is that influence networks are multi-
dimensional - for example, in the 'levels' of their granularity (micro to macro) and in 
terms of the ways that influence is mediated and propagated through networks. A 
second key concept is that influence is multi-modal - for example, influence may 
propagate via changes in the environment, by direct contact or via emissions of 
mediating energy. The third key concept is that it is not possible to understand these 
complex behaviours by trying to break them down in a reductionist manner. Instead, 
this paper has used a 'Complexity Framework' and has shown how it can be used to 
enable the different aspects of these Complex Multi-modal, Multi-level Influence 
Networks to be captured, visualised, understood - and then the understanding 
exploited to support decision-making in the context of the provision of social housing.  

This paper has drawn from complexity science and has likened communities and 
social groupings to so-called Complex Adaptive Reflexive Systems (CARS). Complexity 
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science shows that, to understand CARS, alternative perspectives are required to be 
analysed from different viewpoints and the paper has used a Complexity Framework for 
its analysis covering four of these perspectives:  

• Environmental: Considering the precursors and enablers (the Givens) that must be 
in place before any activity can occur (such as geography and social types);  

• 'Design-time': Covering purpose and intent (which set the context and goals for 
activity such as formal policy or informal, organised protest) are communicated;  

• 'Assemble-time': Components and structuring ('Assembly' / Rehearsal) which allow 
the properties of the individual entities to be considered (people or councils); 

• 'Run-time': Which covers the perspective of how to exploit dynamic change 
(performance and perception) where adaptation and emergence come to the fore. 

This paper has examined a case study concerning the provision of social housing 
using this multi-perspective / multi-viewpoint approach and has indicate how their use 
in the CMLI networks analysis helped shape policy and public opinion. The authors 
hope the paper will lead to collaboration with other practitioners who are exploiting 
complexity and with those researchers developing similar techniques. 
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1 Introduction

Collective behavior of many dynamic network agents has attracted much atten-
tion in recent years, in particular, from physicists, biologists, mathematicians,
and social scientists. One of the most remarkable characteristics of systems such
as a flock of birds, a school of fish, or a swarm of locusts is the emergence of or-
dered state in which the particles move in the same direction [2,12,34], despite the
fact that the interactions are (presumably) of short range. Moreover, this issue
can be further generalized to a consensus problem [25,38], i.e., groups of self-
propelled particles agreeing upon certain quantities of interest such as position,
temperature, and voltage. Distributed computation based on solving consensus
problems has direct implications on sensor network data fusion, swarms/flocks,
unmanned air vehicles (UAVs), attitude alignment of satellite clusters, conges-
tion control of communication networks, multi-agent formation control, and so
on [1,3,5,22,37].

A basic but popular flocking simulation model was proposed by Reynolds [28],
where three heuristic rules are prescribed, (i) separation: steer to avoid crowding
and collision; (ii) alignment : steer towards the average heading; (iii) cohesion:
steer to move towards the average position. These rules have been proven ef-
fective and are often used in the design of bio-group dynamic models (see, e.g.,
[10,25,26]).

Vicsek et al. [34] proposed a dynamic model to describe the collective motion
of self-propelled particles, which has been drawing more and more attention
recently and gaining increased popularity from both physics and engineering
communities [2,8,9,10,12,14,15,21]. In the Vicsek model each particle tends to
move in the average direction of its neighbors while being simultaneously sub-
jected to noise. As the amplitude of the noise increases the system undergoes
a transition from an ordered state, in which the particles move in the same di-
rection, to a disordered state, in which the movement directions are uniformly
distributed. In 2003, Jadbabaie et al. [13] provided mathematical convergence
conditions for the Vicsek model, i.e., all the individuals should be linked at least
during some time intervals. Grégoire and Chaté [12] modified the Vicsek model
by changing the way the noise is introduced, which switched the state transition
from second to first order. Zhang et al. [36] introduced predictive mechanisms
into the Vicsek model. Shimoyama et al. [31] introduced a model in which the
state of particles includes position, velocity, and acceleration. Forces between the
particles involve the acceleration instead of the movement direction. In Ref. [31],
the gravitational center of the whole group is known to each particle and acts
as a global navigation, which seems infeasible in real systems.

The Gazi and Passino A/R model [10], embedded with a similar mechanism to
the inter-molecular force, is derived from the biological flocks/swarms behaviors.
Thus far, the general understanding is that the swarming behaviors result from
an interplay between a long-range attraction and a short-range repulsion between
the individuals [6,35]. In [6], Breder suggested a simple model composed of a
constant attraction term and a repulsion term which is inversely proportional
to the square of the distance between two members, whereas in [35] Warburton
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and Lazarus studied the effects on cohesion of a family of attraction/repulsion
functions. Moreover, in the physics communiuty, a large volume of literature on
systems with interactive particles have also adopted functions of attractive and
repulsive forces to investigate the dynamics of the system [4,16,19,23,29].

With the A/R model [10], Gazi & Passino proved that the individuals will
form a bounded cohesive swarm in a finite time. One year later, by adding an-
other factor, i.e., attraction to the more favorable regions (or repulsion from the
unfavorable regions), they generalized their former model into a social foraging
swarm model [11]. Under some suitable circumstance, agents in this modified
model are apt to move to the more favorable regions. The A/R model has been
adopted by physicists and biologists to model self-driven particles and biologi-
cal flocks [7,9,17,18,30,39]. In 2004, Moreau [21] presented a linearized model of
flocks, and proved that the flock is uniformly and globally cohesive to a bounded
circle if and only if there exists an agent (the “leader”) connecting to all other
agents, directly or indirectly, over an arbitrary time interval.

Tanner et al. [33] proposed a centralized algorithm that leads to irregular
collapse and a distributed one that leads to irregular fragmentation. In 2006,
Olfati-Saber [24] developed a theoretical framework for flocking by proposing
three algorithms. The first algorithm embodies Reynolds’s three rules, which
leads to regular fragmentation (not necessarily flocking). The second algorithm
incorporates a navigational feedback mechanism into every agent to achieve the
flocking behavior. The third algorithm tackles the obstacle avoidance problem.
This framework is becoming the basis for other research on flocking, e.g., [32].

In this paper, we propose a modified Olfati-Saber model. A transition be-
tween distinct aggregation patterns surfaces by changing the slope of the A/R
function crossing the horizontal axis. With a high value of the slope, the particle
aggregation shows a liquid-like pattern in which the outer particles are sparsely
distributed while the inner ones densely, and the particle density is reduced from
the outside inwards. By comparison, when the slope is a sufficiently low value,
the particle aggregation exhibits a crystal-like pattern as the distance between
each pair of neighboring particles remains constant. There is an obvious spin-
odal in the curve of inter-particle distance variance versus the slope, indicating
a transition between the liquid-like and crystal-like patterns.

The rest of the paper is organized as follows. Section 2 presents a modified
Olfati-Saber model. Section 3 presents the aggregation patterns that emerge
in the modified Olfati-Saber model by setting different parameter values. Sec-
tion 4 presents some analytical interpretations. Finally, the conclusion is given in
Section 5.

2 A Modified Olfati-Saber Model

In this section, we will present a modified Olfati-Saber model. Consider a group
of N dynamic particles with equation of motion{

q̇i = pi,
ṗi = ui, i = 1, 2, . . . , N,

(1)
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where qi is the position of ith particle, pi is the velocity of ith particle, and ui is
the acceleration. The acceleration includes three parts:

ui = uar
i + ucons

i + utarget
i ,

where uar
i , uva

i , and utarget
i denote attraction/repulsion, velocity consensus (align-

ment), and target field, respectively.

2.1 Attraction/Repulsion

The attraction/repulsion term in the acceleration is expressed as

uar
i =

∑
f(qj − qi)nij ,

where nij is a vector connecting qi to qj . The strength of this effect is related
to the distance, x, between two particles. The potential field function between
non-polar particles can be approximated by εp = Ax−m − Bx−n, where m and
n are integers.

Here, we approximate the A/R function as follows: we use an exponential
function for x ∈ [0, b) (repulsive) and a second-order polynomial for x ∈ [b,∞)
(attractive) such that

f(x) =

{
Ax2 + Bx + C, x ∈ [0, b),

d
c (x− b) exp

(
− (x−b)2

c

)
, x ∈ [b,∞). (2)

The second-order polynomial Ax2 +Bx+C must satisfy the following equations
to ensure the continuity and differentiability of f(x) at x = b:

f(x) |x→b− = f(x)x=b,

f ′(x) |x→b− = f ′(x)x=b.

Some examples of such A/R functions are shown in Fig. 1.
The strength of attraction decreases exponentially. When the coefficient c

changes, the scale of attraction, dcut, varies accordingly. The relation could be
approximately described as dcut = c (c can be from 5 to 18), beyond which the
attraction is negligible.

2.2 Velocity Consensus/Alignment

Each particle will align with its neighbors. The effect is composed of the velocity
difference (pj − pi) as:

ucons
i = ρ

(
‖qj − qi‖

)
(pj − pi),

where is p a scaling coefficient:

ρ(x) =
{

(1 + cos(πx)) /2, x ∈ [−1, 1],
0, otherwise.
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Fig. 1. (Color online) Examples of the attractive/repulsive functions in Eq. (2)

2.3 Target Field

The action of target field is a stablizing effect, influencing all particles in a
group evenly and continuously. It will remain the same no matter how the state
(velocity and position) of a particle changes. Its position-related and velocity-
related terms are provided as below:

utarget
i = k1

qo − qi

‖qo − qi‖︸ ︷︷ ︸
position term

+ k2
po − pi

‖po − pi‖︸ ︷︷ ︸
velocity term

,

where k1 and k2 are the strengths of the position term and velocity term, re-
spectively. In a gravitational field, k1 is the acceleration due to gravity and po

points to the center of the earth.
This model is similar to the Olfati-Saber α-lattice model [24], using the same

equation of motion (see Eq. (1)). The two models are different in the definition
of attraction. In the present model, strength of attraction is exponential and
infinite. In the Olfati-Saber model, however, the attraction is relatively complex
and with finite cut-off. In addition, the present model uses only the A/R func-
tion to stabilize the system, without any feedback (centralized) force or velocity
consensus (alignment), which is also different from the Olfati-Saber model.

3 Aggregation Patterns

According to the three basic rules between particles, we design the following
simulations. In a two-dimensional square with periodic boundary conditions,
N particles are generated, whose initial locations and velocities are selected
randomly. Then all particles in this region evolve according to Eq. (1) and the
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states of all particles are updated synchronously. For all the simulation results
presented here, we use only attraction/repultion forces.

From the simulations, some interesting phenomenon emerged: when the pa-
rameter c in the Eq. (2) is changed, a transition between different aggregation
patterns, namely pseudo-liquid and pseudo-crystal patterns, surfaces.

3.1 Pseudo-liquid Patterns

In the square with periodic boundary conditions, there are N randomly dis-
tributed particles. After a certain period, some small clusters of particles are
formed. Due to the ‘surface tension’, these particles will gradually contract to
form a circle with increasing density from exterior to interior, as shown in Fig. 2.
Such patterns are quite similar to the formation of molecules in liquid phase and
hence called pseudo-liquid patterns.

Interestingly, when two groups encounter each other, they will merge into a
larger circle-shaped cluster. The final shape of the new larger cluster has nothing
to do with the original orientations and velocities of the two clusters before
merging with each other.

Fig. 2. (Color online) Pseudo-liquid pattern of 100 particles with a = 50, b = 8,
c = 10, and d = 20. (a) Initial positions. (b) Positions after 800 steps. (c) Positions
after 1600 steps. (d) Aggregation pattern of one pseudo-liquid cluster. The green circle
surrounding the particles is a sign to mark the cluster.

3.2 Pseudo-crystal Patterns

In the same setting as Section 3.1, small clusters of particles emerge after a
period of time. This time, however, these clusters have a more even distribution
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Fig. 3. (Color online) Pseudo-crystal pattern of 100 particles with a = 50, b = 8, c = 5,
and d = 20. (a) Initial positions. (b) Positions after 800 steps. (c) Positions after 1600
steps. (d) The Aggregation pattern of one pseudo-crystal cluster.

of particles compared with the pseudo-liquid pattern, as shown in Fig. 3. Such
patterns are quite similar to the formation of molecules in crystal phase and
hence called pseudo-crystal patterns.

When two clusters encounter, a larger cluster is formed. This new larger clus-
ter will not be round in shape. The final shape of the new cluster is dependent
on the original orientations and velocities of the two clusters prior to merging
with each other.

3.3 Transition between Pseudo-liquid and Pseudo-crystal Patterns

Between the two patterns, there exists a certain unstable pattern, like a tran-
sitional phase, as shown in Fig. 5(c). In this pattern, there is the crystal-like
irregular shape together with the liquid-like round features. In general, the in-
ternal distribution of particles is uniform, but with exterior irregular shapes.
Further interpretation is given in Section 4.

4 Analysis

We believe that the determining factor causing the two above-mentioned aggre-
gation patterns is the distance of attraction. The reason can be explained as
follows. When the effective distance of attraction is short, a particle will only
affect the adjacent particles. As a result, the distribution of particles will be uni-
form and the distance between two particles will not be affected by the size of the
group (see Fig. 5(b)). By comparison, when the effective distance of attraction
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Fig. 4. (Color online) Particle distribution and inter-particle forces within a cluster

is long enough, particles will be attracted by not only the adjacent particles but
also some particles further away. As a result, the inner particles will be pressed
closer to their neighbors and the outer particles enjoy larger separations as the
pressure among them is smaller (see Fig. 5(a)). The outer particles will also form
a circle/sphere to surround the group, which is similar to the surface tension in
liquid.

Assume that particles are in a dense arrangement and the distance between
any two neighboring particles is constant b, we can approximate the relation
between the group radius r and group population N as

r = b
√

(N/3), N > 150. (3)

The calculation is as follows. Particles are in a dense arrangement (see Fig. 4),
the relation between N and the number of layers, n, is 3n2− 3n+ 1 = N . When
n > 7 (N > 150), N approximates 3n2. We obtain Eq. (3) by n =

√
(N/3) and

r = nb.
As for attractive and repulsive forces, particle in the center of a group is the

key to stabilizing the group. Stability of an ideally distributed group is discussed
here. A particle in the center of the group is named Particle 0. Particle 1 is
randomly chosen, which is neighbor of Particle 0. Draw a line that goes from
Particle 0 to Particle 1, along which lies Particle 2, Particle 3, etc. Fa represents
the strength of the attraction exerted on Particle 0 while Fr represents strength
of repulsion (see Fig. 4). The neighboring Particle 1 will exert a repulsive force
to Particle 0. To keep this structure from collapsing, all the other neighbors of
Particle 0 (from Particle 2 to Particle n) will exert attractive forces. As for Eq.
(2), Fr = Ax2 +Bx+C, x here is the distance between Particle 0 and Particle 1,
and Fa(k) =

∑n
k=1 f(kb). Now that we know

∫∞
b

f(x)dx = d/2, when n → ∞,
it can be shown that
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(
1− 6
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+
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e5/c +
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e8/c

)
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(
1 +

4
c
e5/c +

2
c
e8/c

)
e−9/c,

which means Fa has a finite value. Only when Fa is a finite value, Fa could equal
Fb and the group is stable.

After some analysis of the stable particle groups, we regard the distance be-
tween neighboring particles and each particle’s distance from the group center as
two parameters and draw a scatter figure with these two parameters (see Fig. 6).
Fig. 6(a) shows the group in the “pseudo-liquid” pattern. The neighboring par-
ticle distance is correlated with its position, the further away (from the group
center) the particle position, the larger the neighboring particle distance. The
neighboring distance is discrete, which means that the distances cluster around
several different positions. This is because the formed group (see Fig. 5(a)) has
round shape with several circles, and the particles in the same circle will have the

(a)

(b) (c)

Fig. 5. Aggregation patterns. The number of particles, N , is 50 with a = 50, b = 8,
and d = 20. (a) The “pseudo-liquid” pattern with c = 10. (b) The “pseudo-crystal”
pattern with c = 5. (c) The transitional pattern with c = 8.
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Fig. 6. (Color online) The distance of neighboring particles in each pattern. The x-
axis is the distance from group center and the y-axis indicates the distance between the
neighboring particles. The group population, N , is 50 with a = 50, b = 8, and d = 20.
(a) In the “pseudo-liquid” pattern with c = 10, the distance between two particles
increases with the increasing distance from the group center. (b) In the “pseudo-crystal”
pattern with c = 5, the distance between two particles remains stable while the distance
from group center changes. (c) In the transitional pattern with c = 8, the distance
between particles increases with the distance from the group center. However, for the
same distance from the group center, the distance between two neighboring particles
is randomly distributed.

same distances due to symmetry, while the particles in different circles will have
different distances because particles at different positions have different pres-
sure. Fig. 6(b) shows the group in the “pseudo-crystal” pattern. The distances
between neighboring particles are independent of the distances from the group
center. Fig. 6(c) shows the group in “pseudo-crystal and pseudo-liquid transi-
tion” pattern. This has the features of both the pseudo-liquid and pseudo-crystal
patterns, i.e., its neighboring particle distance are correlated with the particle
positions and the distribution is more random compared with the first two.

As seen from Fig. 7, the standard deviation of the distances between neigh-
boring particles has two stable regions: when the cut-off distance, dcut, is smaller
than 12, the standard deviation stays around 0.4, which implies “pseudo-crystal”
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Fig. 7. (Color online) The standard deviation of neighboring particle distance with
a = 50, b = 10, and d = 20. The number of particles, N , varies from 25 to 400.
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Fig. 8. (Color online) The smallest distance among particles with a = 50, b = 10, and
d = 20. The number of particles, N , varies from 25 to 400.

pattern; when the distance rises (more than 14), the standard deviation remains
at a new value (maintained at around 1.2). The minimum distance between the
particles begins to decline (see Fig. 8), which is the “pseudo-liquid” pattern;
between the two patterns, there is the transitional pattern, having features of
both crystal and liquid (see also Fig. 5) except that the standard deviation rises
shapely in this pattern.

5 Conclusion

In this paper, we have investigated the role of the slope of the A/R function
in the aggregation patterns. With a steeper slope of the A/R function crossing
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the horizontal-axis, the particle aggregation shows a liquid-like pattern in which
the outer particles are distributed sparsely while the inner ones are densely dis-
tributely. In addition, the particle density is reduced from the outside inwards
for each cluster. By comparison, however, when the slope decreases to a suffi-
ciently low value, the particle aggregation exhibits a crystal-like pattern as the
distance between each pair of neighboring particles remains constant. An obvi-
ous spinodal has been observed in the curve of inter-particle distance variance
with respect to the slope, strengthening the transition between liquid-like and
crystal-like aggregation patterns.

For biological sciences, the contribution of this work lies in its potential to
explain some natural aggregation patterns, e.g., when under attack by predators,
strong antelopes will form a circle surrounding the weak. From the engineering
application point of view, designing different A/R functions for different aggre-
gation patterns can be useful for various tasks.
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Abstract. We introduce transformations from time series data to the
domain of complex networks which allow us to characterise the dynamics
underlying the time series in terms of topological features of the complex
network. We show that specific types of dynamics can be characterised
by a specific prevalence in the complex network motifs. For example, low-
dimensional chaotic flows with one positive Lyapunov exponent form a
single family while noisy non-chaotic dynamics and hyper-chaos are both
distinct. We find that the same phenomena is also true for discrete map-
like data. These algorithms provide a new way of studying chaotic time
series and equip us with a wide range of statistical measures previously
not available in the field of nonlinear time series analysis.

Keywords: nonlinear time series, chaos, chaotic dynamics, complex net-
works.

1 Turning Time Series into Networks

The simplest method to transform a time series into a complex network is
through the well established recurrence plot [2]. Recurrence techniques provide
a recognised method for constructing a sparse binary matrix from a time series.
That matrix may be (although to the best of our knowledge it never has been)
interpreted as the adjacency matrix of a complex network, and one may then
study that network to get an insight into features of the dynamics not apparent
from the time series. Many measures have been associated with recurrence plots.
Recurrence Quantification Analysis (RQA) introduces a host of such measures
based on identifiable patterns within the recurrence plots [13,6]. Moreover, Theil
and co-workers [11] have showed how the recurrence plot can be considered as
a surrogate for the correlation integral and it can then be used to estimate ver-
sions of the usual dynamic invariants. However, RQA and the other measures
derived from the recurrence matrix all treat properties of the matrix rather than
properties of the network. For example, the temporal ordering of the rows and
columns of the recurrence matrix are important, for an adjacency matrix the
result is invariant under permutations of the rows and columns.

In this communication we do not consider recurrence plots. We consider an
alternative method of constructing a complex network from a time series. The
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c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009



Transforming Time Series into Complex Networks 2079

features we wish to examine in that complex network are features of the network
rather than features of the matrix. That is, we are concerned primarily with
path length and clustering of points within a network (and the prevalence of
various motifs [8] within the network). The way in which we obtain the adjacency
matrix of the network from the time series also differs from the approach used
in recurrence plots.

In the remainder of this paper we consider two distinct approaches to the
construction of complex networks from time series. The first scheme was intro-
duced in 2006 [16] and provides a method to construct complex networks from
pseudo-periodic time series. The second method is currently under development
and provides a generic method to construct complex networks from any time
series data [14]. In the following two sections we outline these methods.

2 Networks from Pseudo-periodic Time Series

In [16] we introduce a method to construct complex networks from time series
data. The method assumes that the time series is approximately periodic and
takes as the basic unit of the time series a single oscillation of that periodicity.
Pseudo-periodic time series have been considered previously [10] and the same
basic definition is the one we adopt here. Pseudo-periodic time series exhibit
some oscillation, and that oscillation is rhythmically repeating. The object of
interest is the inter-cycle variation in that rhythmic oscillation. Is the underlying
system low dimensional chaos, or a periodic orbit [10]?

Networks are constructed from data such as these in the following way. First
the time series is divided up into individual cycles and each cycle is then treated
as a node on a network. Exactly how to divide the data into cycles is not stip-
ulated. In fact, the method will depend on the data. Nonetheless, the objective
is to deconstruct the time series in such a way that the individual cycles can
be meaningfully compared to one another. Next, some metric and a suitable
threshold are chosen. While the choice of metric and threshold will have some
affect on the results we have found that the results are robust across the usual
range of metrics and a wide range of threshold values. All cycles are compared
with this metric, and those found to be closer than the threshold are said to be
neighbours. Finally, we construct links on the network corresponding to cycles
which are neighbours. That is, two nodes are linked if the corresponding two
cycles are close to one another under the chosen metric.

In [16] we do this in the obvious way. First, cycles are split at local maxima.
Second, cycles are compared with either linear correlation or Euclidean distance
(after sliding the shorter cycle along the larger and finding a minimum That
is, for two cycles Ci = (x1, x2, x3, . . . , xni) and Cj = (y1, y2, y3, . . . , ynj ) (with,
without loss of generality ni ≤ nj) the distance between them is defined as

d(Ci, Cj) = min
1≤i≤(nj−ni)

φ ((x1, x2, . . . , xni), (yi+1, yi+2, . . . , yi+ni)) (1)

where φ(·, ·) is some measure of distance in Rni — typically either Euclidean
distance of linear correlation. This scheme is depicted schematically in Fig. 1.



2080 M. Small, J. Zhang, and X. Xu

C1 C2 C3 C4 C5 C6 C7 C8 ...

C1 1 0 0 0 0 1 0 0

C2 0 1 1 0 1 1 1 0

C3 0 1 1 0 0 0 0 0

C4 0 0 0 1 0 1 0 1

C5 0 1 0 0 1 1 1 1

C6 1 1 0 1 1 1 0 0

C7 0 1 0 0 1 0 1 0

C8 0 0 0 1 1 0 0 1

...

C1

C2

C4

C3

C5

C6

C8

C7

Fig. 1. This cartoon depicts the scheme utilised in [16] to construct a complex network
from a time series. The pseudo-periodic time series is first divided into cycles and the
distance between these cycles is measured and compared to some threshold. This yields
a matrix which is treated as an adjacency matrix to construct a network.

Using linear correlation between cycles as the measure of closeness has sev-
eral advantages when treating real data. In particular, the effect of (stationary)
additive noise is minimised, and one can avoid the often difficult task of success-
fully embedding the data. Of course, for particular applications one may choose
different measures of closeness. Moreover, the choice of measure may depend on
the application one is considering. However, for the general problem of analysis
of the attractor reconstructed from a time series, the measure we have chosen is
appropriate. Using this algorithm we have constructed complex networks from
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various time series and have examined the gross measures of network structure:
degree distribution and vertex strength [16]. We found that this simple measure
allows one to differentiate between noisy periodic orbits and chaotic dynamics. In
particular we observed peaks in the degree distribution of the complex network
corresponding to the unstable periodic orbits of the underlying system. More-
over, when applied to experimental and clinically obtained Electrocardiograms
(ECGs) we found fundamental differences in the structure of sinus rhythm ECG
of healthy volunteers and of coronary care patients.

Recently, the results of [16] have been more thoroughly studied by Zhang and
colleagues [17]. In this work, the network transform introduced by Zhang and
Small [16] is exploited and the standard battery of network-based statistics are
applied: degree, degree correlation, betweenness centrality and path lengths. In
[16] we observed UPOs (Unstable Periodic Orbits) in the degree distribution. In
[17] we go further and find that the joint degree distribution characterises the
organisation of cycles in phase space, and of course the assortativity coefficient
provides a succinct measure of this feature. Hence, the chaotic Rössler system
is assortative (with a highly structured joint degree distribution) while noisy
periodic signals are either uncorrelated or disassortative.

The technique of Zhang and Small has recently been extended by Yang and
Yang [15] to the case of time series without obvious period. In the method of
Yang and Yang all windows of a fixed length L along a time series are considered
as nodes and links between them are drawn if the magnitude of the correlation
coefficient exceeds some threshold. Of course, this is equivalent to performing an
L-dimensional embedding with time lag 1 and allows one to construct networks
from arbitrary time series. A further trivial generalisation of this method would
be to allow an arbitrary embedding. Certainly, for particular types of dynamics
a larger time delay may be preferable.

In [4], Lacasa and co-worker introduce another technique for constructing
networks from time series. Unlike the method of Zhang and Small [16] this
method does not require that the time series is pseudo-periodic. Rather, [4]
maps each scalar time series point to points on a complex network. The nodes
corresponding to two points (ta, ya) and (tb, yb) are then said to be connected if
for all intermediate third points (tc, yc) with ta < tc < tb we have that

yc − yb

tb − tc
<

yb − ya

tb − ta
. (2)

This method is simple, and the test easy to perform. But, it is unclear (at
least, it is unclear to the current authors) what feature of the dynamics is being
measured by this convexity constraint. This “visibility” constraint is motivated
by considering the points on the time series as mountain or building peaks. The
aim of the criterion is to identify which peaks are visible from the current peak
[3]. The criterion for this is (2). Nonetheless, Lacasa and colleagues apply this
criterion and are able to distinguish between broad classes of dynamical systems.
In particular, this constructions maps periodic signals to regular graphs and
random signals to random graphs. Scale-free networks are obtained from fractal



2082 M. Small, J. Zhang, and X. Xu

time series. We note that the emergence of scale-free networks from fractal time
series is a trivial consequence of the choice of (2) and self-similarity.

3 Networks from Embedded Data

The main strength of the method introduced by Zhang and Small [16] is that it
is fairly robust to noise and does not require embedding. The main weakness of
that method is that it will only work provided one has some way of comparing
orbits. In some instances (hyper-chaos, for example) it is not clear how to achieve
this. In this section we describe a generic alternative [14].

The first step of this method is to embed the data in some suitable phase
space. Problems of choosing embedding dimension, embedding lag, and selecting
an appropriate embedding are not addressed here. Nonetheless, Fig. 2 depicts
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Fig. 2. The lower panel depicts the x-component of the Lorenz system and the upper
panel a time delay embedding de = 3, τ = 2 of that data. The embedded phase space
points are used to generate the complex network in Fig. 3.
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the result of this step for one archetypal model of chaos. Assuming a suitable
embedding can be found, each embedded phase space point represents a node
on the complex network. For some fixed k link each point xi with its k nearest
neighbours. For instances where two points are closest to one another, the same
link is added only once (we not consider either directionality of multiplicity of
links). In the event that two nodes are mutually closest to one another (that is,
the same link could’ve been added twice), the next closest link to either node
is added (one more link is added). Hence each node will contribute on average
k links to the network. The mean degree of the network will be exactly 2k, but
some nodes will certainly be more highly connected than others.

Finally, in order to ensure that neighbours are spatial neighbours rather than
merely temporal successors, we exclude points on the same strand of the tra-
jectory from being neighbours. That is, for any i the neighbours of xi are the
points xj such that |j − i| > T and ‖xi − xj‖ is one of the k smallest observed
distances (T is chosen to be one quarter of the recurrence time).

The main strength of this procedure is that the transformation ignores the
relative sparsity or density of points in phase space: each point will generate the
same number of neighbours and correspond to a node with the same number of
links. What is left when we examine the network structure is the local spatial
ordering of points. Temporal effects have been removed (the rows and columns
of the adjacency matrix can be shuffled without changing the network) and
large scale variation in the density of points is not considered (each point will
contribute the same number of neighbours).

The result of this construction for the chaotic Lorenz system is shown in Fig. 3.
In this figure we depict the network constructed from 7000 points sampled from
the x-component of the chaotic Lorenz system. The time series and the usual
time delay embedding are shown in Fig. 2. Based on continuity of the embedded
phase space it is easy to see that the two wings of the Lorenz attractor correspond
to the two lobes of the network. We believe that the central region of the network
corresponds to the small neighbourhood of the separatrix at the origin of the
Lorenz system. The two arms corresponding to transmission between the two
wings in either direction. The intricate web structure is a consequence of the
fact that temporal successor are not allowed to be neighbours: xi and xi+1 are
not neighbours, but they may both be neighbours of xj (|j − i| > T ).

In contrast to the Lorenz system, a network constructed from an orbit of the
Rössler much more closely resembles the original attractor. Figure 4 depicts the
structure of the network derived from the x-component of the chaotic Rössler
system. We emphasise here that neither Fig. 4 or Fig. 3 contains any temporal
information. The Rössler attractor-like structure of Fig. 4 is a consequence of
the proximity of points which are not temporally close. Despite this, even the
folding mechanism which gives rise to chaos in the Rössler system is evident.

This strong determinism and the longer chains of these neighbours lead to the
complex structure and even the local cycles observed in the network depicted in
Fig. 3. Our aim is to find some way to quantify the length and frequency of these
cycles in the network. As a first step to this goal we examine the motifs occurring



2084 M. Small, J. Zhang, and X. Xu

Fig. 3. The complex network constructed from a time series of the x-component of
the chaotic Lorenz system. The figure depicts 7000 nodes of the complex network (this
choice is merely a constraint of our computing resources). The local neighbourhood
structure and the two wings of the Lorenz system, together with the dynamic of the
central separatrix are all clearly depicted. The nodes of the network are distributed in
R3 using a spring embedding which aims to places connected nodes close together and
unconnected nodes far apart.

in the network and the relative frequency with which the occur [8,7]. A motif
of size n is simply a subnetwork consisting of n nodes. For ease of computation,
we consider only connected motifs of size 4. We compute the frequency with
which each connected motif of size 4 occurs and compare the relative frequency
of these motifs, ranking them from most to least frequent. The results of this
computation are shown in Table 1. Details of the various systems we study are
given in the Appendix.

Table 1 provides a summary of the relative frequency of various different local
structures within the network. One observes, for example, a variation in the fre-
quency of the fully connected motif: most common in regular periodic systems,
less frequently observed in low-dimensional (one positive Lyapunov exponent)
chaos and least frequent for noise and high dimensional chaos. Similarly the sym-
metric motif (the square) is more common in the high-dimensional systems and
less common in the low-dimensional ones. Both these observations are natural:
one would expect less mixing in the more regular (i.e. periodic systems) and
progressively more mixing in the higher dimensional ones.
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Fig. 4. The complex network constructed from a time series of the x-component of the
chaotic Rössler system. The figure depicts 7000 nodes of the complex network. The
nodes of the network are distributed in R3 using a spring electrical embedding which
aims to places connected nodes close together and unconnected nodes far apart.

Similarly, the less transitive motifs are more common in the higher dimensional
systems. For example the motif consisting of a single node fully connected to the
remainder (i.e. a is connected to b, c and d but none of b, c or d are connected to
one another) is most common in the systems which exhibit the most stretching.
Sensitivity to initial conditions implies that points should spread apart so that
the neighbours of a are not necessarily neighbours themselves. This is observed in
the relative frequency of this motif for chaotic, hyper-chaotic and periodic system.
For noisy signals this motif is most common, for this system points are arranged
more randomly and it is therefore unlikely that neighbours will be transitive.

We now turn out attention to discrete chaotic and noise processes. We consider
data generated by chaotic maps, hyper-chaotic maps and Gaussian and fractal
noise sources. The results are depicted in Table 2 and the general observations
that we can make are the same as those observed for flows. Details of the various
systems we study are given in the Appendix.

We observe that non-transitive motifs (a connected to b, c, and d, but no
other connections) are again more prevalent in the increasingly high-dimensional
systems. Fully connected motif are more frequently observed in data from low-
dimensional system. The reasons for this are exactly the same as we observed
earlier.



2086 M. Small, J. Zhang, and X. Xu

Table 1. Relative motif frequency (Motifs of size 4) for a variety of different dynamical
systems. Chaotic systems include the classic Lorenz and Rössler systems and Chua’s
chaotic circuit. In each case with a variety of different parameter values. The periodic
Rössler (with period-2 up to period-8 motion) was also tested and found to exhibit
distinct dynamics, as was noise contaminated Sine (0 dB to 30 dB) and the infinite-
dimensional Mackey-Glass system in a chaotic regime. In each case, the most frequent
motif is shown on the left, and the other motifs are then depicted in decreasing order
of frequency.

Data Source Motif frequency

Chaotic Lorenz
Chaotic Rössler

Chaotic Chua’s circuit

Hyper-chaotic Mackey-Glass

Periodic Rössler

Noisy Sine

Table 2. Relative motif frequency (Motifs of size 4) for a variety of different discrete
systems. Chaotic systems are the three usual suspects: logistic map, Hénon map and
Ikeda map. We also study two hyper-chaotic system and various noise sources (white
noise and various Fractal processes). In each case, the most frequent motif is shown on
the left, and the other motifs are then depicted in decreasing order of frequency.

Data Source Motif frequency

Chaotic logistic map
Chaotic Hénon map
Chaotic Ikeda map

Hyper-chaotic folded towel map
Hyper-chaotic generalised Hénon map

White noise
Fractal noise



Transforming Time Series into Complex Networks 2087

4 Conclusion

Constructing a complex network from a recurrence plot would provide a method
of reconstructing the attractor responsible for the recurrence plot. Essentially,
as we see here, the network constructed from the Rössler system quite closely
resembles the Rössler system itself. Similarly, if one was simply to use the re-
currence matrix as an adjacency matrix one would obtain the generic attractor
(close points would be linked, but those links would of course not follow the
trajectory). To completely recover something homomorphic to the original at-
tractor one could take the network constructed from the recurrence matrix and
then remove all links while retaining the spatial arrangement of nodes on the
network. One then reconnects the nodes according to the actual temporal or-
der of the nodes in the recurrence matrix. The spatial adjacency of the points
would have been obtained from the network structure. Hence, there is a genuine
dualism between recurrence plot and attractor [12]. (In [12] Theil develops the
bijection between recurrence plot and attractor slight differently, but the result
is the same.) Provided one identifies sufficiently many neighbours to retain the
vital information when constructing the recurrence matrix, one may infer the
attractor from the recurrence plot.

However, in this paper we are interested in examining a slightly different set
of properties. While we have briefly introduced the idea of generating networks
from recurrence plots, that is not out main purpose. The adjacency matrix we
use is not equivalent to the recurrence matrix and the properties we examine
are topological features of the network rather than the temporal structure of the
attractor.

We show that super-families exist among the complex networks generated
from time series. That is, the relative frequency of occurrence of the various
different motif structures is the same for various time series obtained from the
same type of complex system: periodic, low-dimensional chaos, high-dimensional
chaos, and noise. Nonetheless, despite this super-family structure individual dif-
ference exist between members of a single super-family (compare Fig. 3 and
Fig. 4). In some sense, the network obtained in each case is a fingerprint of
the particular dynamical system that generated the corresponding time series.
The super-family structure is a crude counting of simple properties of those
fingerprints, but much more complex structure exists. We speculate that the
network itself contains detailed information concerning the stability of the un-
derlying dynamics. In Fig. 4 we see the folding mechanism that is the signature
of Rössler-type chaos and in Fig. 3 we see three distinct regions and the effect
of the central separatrix which characterises the Lorenz system.

Essentially, viewing time series as networks provides a whole new arsenal of
nonlinear statistics and measures which one may apply in the analysis of those
data. It may also be instructive (for example) to look at the behaviour of the
corresponding complex network as the original dynamical system undergoes a
bifurcation: say the Rössler system bifurcating through multiple periodicities
and into a variety of different chaotic regimes. It would also be instructive to
apply this method to problems related to multivariate time series: either to
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look for coherence and organisation between multiple channels (by replacing the
embedding step in the procedure we describe here with a single multivariate
time sample) or to look for synchronisation between channels. In either case the
change in behaviour would be readily apparent from the structural properties of
the resultant network.
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Appendix

A High Dimensional Chaos

In this section we review the various dynamical systems used to generate the
time series data used in this study. We assume that most readers are familiar
with the canonical Rössler, Lorenz and Chua systems, and the Ikeda, Hénon
and logistic maps (and for details of our particular interpretation we refer the
interested reader to [14]). Our other examples need a little further explanation.

Chaotic Mackey-Glass delay system [5]: a = 0.2, b = 0.1, d = 17. The sampling
interval T = 0.25 and the time delay τ = 40.

ẋ(t) =
ax(t− d)

1 + x10(t− d)
− bx(t) (3)

Hyper-chaotic generalized Hénon map [1]: a = 1.9, b = 0.03.⎧⎨
⎩

xn+1 = a− y2
n − bzn

yn+1 = xn

zn+1 = yn

(4)

Hyper-chaotic folded-tower map [9]: a = 3.8, b = 0.2.⎧⎨
⎩

xn+1 = axn(1− xn)− 0.05(yn + 0.35)(1− 2zn)
yn+1 = 0.1((yn + 0.35)(1 + 2zn)− 1)(1− 1.9xn)
zn = 3.78zn(1− zn) + byn

(5)
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Abstract. In recent years there have been tremendous efforts to mea-
sure, characterise and model the internet topology. We discuss why the
power law degree distribution is not an artifact but an integral property
of the internet. On the other hand we argue that while it is one of the
properties that fundamentally characterise the global internet structure,
other properties should also be considered to obtain a full description of
the network. We review the power law modelling of the internet topol-
ogy and provide a critical look at the contribution of such research to
the Internet engineering.

Keywords: Internet, topology, power-laws, network modelling, scale-
free networks.

1 Introduction

In 1999 it was discovered that the global Internet structure is characterised by
a power law [1]. That is, the probability distribution of a node’s connectivity
(measured for example by the number of BGP peering relations that an au-
tonomous system has) follows a power law. This discovery invalidated previous
internet models that were based on the classical random graphs. Since then there
have been tremendous efforts to measure, characterise and model the internet
topology [2,3,4,5,6,7,8,9,10,11].

There is an increasing recognition that effective engineering of the global
internet should be based on a detailed understanding of issues such as the large-
scale structure of its underlying physical topology, the manner in which it evolves
over time, and the way in which its constituent components contribute to its
overall function [12].

This paper reviews the measurements and models of the internet topology,
and comments upon whether the power law is in itself an adequate characterisa-
tion of the system. It questions whether models based on power laws provide an
suitable platform for theoretical and simulation analysis of the internet’s topo-
logical characteristics. Finally, it provides discussion of how such research could
be of use in improving network performance.

2 Internet Topology at AS-Level

Topology is the connectivity graph of a network, upon which the network’s
physical and engineering properties are based. The internet contains millions
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of routers, which are grouped into about ten thousands of sub-networks, called
Autonomous Systems (AS). The internet topology can be studied at the router
level or the AS level. Connectivity between routers within an AS is a local
structure, whereas the delivery of data traffic through the global internet depends
on the complex interactions between ASs that exchange routing information
using the border gateway protocol (BGP) [13]. Therefore the global internet
topology is usually characterised at the AS level (AS graphs), on which a node
is an AS which is typically owned by an Internet service provider (ISP), and
a link represents a BGP-peering relation between two ASs (i.e. a commercial
agreement between two ISPs), e.g. customer-provider or peer-peer relations.

3 Measuring Internet Topology

Measurements of the Internet topology first became available in late 1990s. There
are two types of measurements using different data sources.

Passive measurements are constructed from BGP routing tables which contain
the information of links from an AS to its immediate neighbours. The Routing
Information Service of RIPE [14] is an importance source of BGP data. The
widely used BGP AS graphs are produced by the National Laboratory for Ap-
plied Network Research [15] and the RouteViews Project at University of Oregon
[16], which connect to a number of operational routers within the Internet for
the purpose of collecting BGP tables. The Topology Project at University of
Michigan [17] provided an extended version [18] of BGP AS graph by using ad-
ditional data sources, such as the Internet Routing Registry (IRR) data and the
Looking Glass (LG) data. A shortcoming of the BGP AS graphs is that they
may contain links which do not actually exist in the real Internet.

Active measurements are based on traceroute which captures the sequence
of IP hops along the forward path from the source to a given destination by
sending either UDP or ICMP probe packets to the destination. CAIDA [19] has
developed a tool, skitter , which probes about one million IPv4 addresses from 25
monitors placed in the global internet. By using the core BGP tables provided
by RouteViews, CAIDA maps the IP addresses in the gathered IP paths to AS
numbers [20] and constructs AS graphs on a daily basis. DIMES [21] is a more
recent large-scale distributed measurement effort. It collects traceroute data by
probing from > 10, 000 software clients, installed by volunteers in > 90 countries,
to destinations assigned by a central server at random from a set of five million
destination addresses. To further improve the completeness, DIMES merges the
resulted AS graph with that of RouteViews. So far DIMES has produced the
most complete AS graph containing ≈ 20, 000 nodes and ≈ 70, 000 links. A
criticism of the traceroute AS graphs is that the translation from IP addresses
to AS numbers is not trivial and could introduce errors.

4 Power Law Degree Distribution

Power laws describe a wide range of phenomena in nature and a large body of on-
going research investigates their applicability in fields such as computer science,
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physics, biology, social sciences and economics [22,23]. Power law distributions
are characterised by a slower than exponentially decaying probability tail, which
loosely means that large values can occur with a non-negligible probability. They
can be used to characterise a variety of relations such as for example the distri-
bution of income, city population, citations of scientific papers, word frequencies,
computer file sizes and the number of daily hits to a given website.

In graph theory, degree k is defined as the number of links or immediate
neighbours of a node. Degree is the principal parameter when characterising
network connectivity. The first step in describing and discriminating between
different networks is to measure the degree distribution P (k), the fraction of
nodes in the network with degree k. Only in relatively recent years it has been
discovered that the internet topology at the AS level (and the router level)
exhibits a power law degree distribution P (k) ∼ Ck−γ [1], where C > 0 is a
constant and the exponent γ � 2.2 ± 0.1. This means a few nodes have very
large numbers of connections, whereas the vast majority of nodes have only a
few links. Although internet AS graphs produced from different data sources
vary in the numbers of nodes and links, all the internet AS graphs are well
characterised by a power law degree distribution [24].

The power law property is an evidence that the internet AS-level topology
has evolved into a complex, heterogeneous structure that is profoundly different
from a random graph which has been assumed in the original design of internet
protocol suits.

5 Power Law or Sampling Bias?

A recent series of papers [25,26] reported that traceroute measurements based on
data collected from a small number of observers to a large number of destinations
could be biased in such a way that graphs which in fact have Poisson degree
distributions appear to exhibit a power law. Indeed it has been shown [27,28]
that there could be a considerable amount (35%) of the links in the AS level
internet that are still to be unveiled.

Then a fundamental question is whether the power law degree distribution
is indeed an integral property of the internet. The answer is yes. Firstly, the
more recent DIMES project collects data from numerous observers distributed
in thousands of AS networks around the world. Therefore the number of vantage
points of DIMES is two orders of magnitude larger than that of previous mea-
surements. The internet AS graph obtained by DIMES exhibits a clear power
law degree distribution in agreement with previous observations (with slightly
different power law exponent). Secondly, study [29] has shown that if the ob-
served power law were due to sampling bias and the larger real graph had a
Poisson degree distribution, then the real graph’s average degree would be more
than 100, which is obviously not realistic as it is known that the average num-
ber of BGP peering relations of an AS is around 6. Study [29] also showed that
in traceroute-based studies, the more the underlying graph is heavy-tailed, the
more it is clearly discriminated. And the heavy-tail is what is measured first and
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with better accuracy. Recent studies [27,28] also suggest that the power law seems
to hold more accurately if we consider only the customer-provider links only.

6 Structures beyond the Power Law

Degree distribution is a first-order topological property which is based on the
connectivity information of each individual node. However the internet has many
other inherent structures associated with the connectivity of a pair, a triad or
a set of nodes, which are characterised by higher order topological properties.
For example the degree-degree correlation [30,31,32,33] indicates whether high-
degree nodes tend to connect with high-degree nodes (assortative mixing) or low-
degree nodes (disassortative mixing); the rich-club coefficient [34,35] quantifies
how the best connected nodes connect with themselves; the clustering coefficient
[36] measures the fraction of a node’s neighbours which are neighbours to each
other; the average shortest path gives the average hopping distance between
any two nodes and the k-core decomposition [37] infers a network’s underlying
hierarchical structure. These high-order properties have clear physical meanings
and have profound impacts on a network’s overall functionality.

It is known that networks with exactly the same degree distribution can have
completely different higher order properties [35]. When modelling the internet
topology, it is vital to capture not only an accurate, but also a complete picture
of the network structure. A power law-focused internet model without a proper
examination of the higher order properties could produce misleading results. It
is suggested [38] that the second order properties are sufficient for most practical
purposes, while the third order properties essentially reconstructs the Internet
AS- and router-level topologies exactly.

7 Modelling Internet Topology

Since the discovery of the power law degree distribution, a large number of
models for internet topology have been proposed to generate and explain the
power law [3,4,39,10,40,41]. Models from networking community, such as Tier,
BRITE [42], GT-ITM (Transit-Stub) and Inet [43], often suffer from prob-
lems of no (or incorrect) power law, inaccurate large-scale hierarchy, parame-
ter manipulations and lack of evolution mechanism; and models from physicists
[44,45,46,47,48,9,49] also have problems as they often are too general and do not
incorporate any real network specifics.

In general there are two main approaches for generating topologies of com-
plex networks [50]. The equilibrium (top-down) approach is to construct an
ensemble of static random graphs reproducing certain properties of observed
networks and then to derive their other properties by the standard methods.
The non-equilibrium approach (bottom-up) tries to mimic the actual dynamics
of network growth: if this dynamics is accurately captured, then the modelling
algorithm, when let to run to produce a network of the required size, will out-
put the topology coinciding with the observations. The classic examples of this
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approach are the Barabási-Albert (BA) model [44] and the HOT model [51]. It
is clear that the more ambitious non-equilibrium approach has the potential to
hold the ultimate truth.

One of the most successful non-equilibrium model for the Internet is the
Positive-Feedback Preference (PFP) model proposed in 2004 [52]. It is able to
reproduce many of the known characteristics of the AS topology [53,54] and also
reproduce the characteristics of the topology of smaller sub-graphs, for example
the Chinese internet AS graph [55]. The PFP model achieves this by using two
simple growth mechanisms (a variation of the BA model’s preferential attach-
ment approach), which are in accordance with the dynamics observed on internet
history data [30,56,57]. Firstly the model grows from a small random graph by
two interactive actions, ie the attachment of new nodes to old nodes in the ex-
isting system and the addition of new links between these old nodes to other old
nodes. This resembles the dynamics that a large ISP extends its connections to
peering ISPs as a reaction to the increasing number of new customers. Secondly
the preference probability of a new link attaching to node i with ki connections
is given as

Π(i) =
k

1+δ log10 ki

i∑
j k

1+δ log10 kj

j

, (1)

where the parameter δ = 0.048. This means a node’s ability of competing for
new links increases more and more rapidly with its growing number of links,
like a positive-feedback loop, such that ‘rich not just get richer, they get dis-
proportionately richer’. This resembles the ‘winner-takes-all’ trend in the social,
economic, technological realities of the internet.

8 Practical Responses to Power Law Topology Models

Studies have suggested that the Internet’s power law structure may be relevant
to a number of problems in the internet [58], such as the network’s robustness
and vulnerability [59], the severely biased distribution of traffic flow, the slow
convergence of BGP routing tables [60] and the large-scale cascading failure
caused by incidents or deliberate attacks [61]. As such, the power law property
also provides novel insights into the solutions of these problems. For example
study [62] showed that the power law property makes it possible to mitigate the
Distributed DoS attacks by implementing the route-based filtering on less than
20% of Internet AS sites; [63] showed that a compact routing scheme based on
the power law property requires a significantly smaller routing table size; [64]
showed that the power law property is relevant to the epidemic threshold for
a network; and [65] presented a more realistic simulation of the Internet which
combines power law topologies with Internet power law traffic models.

9 Criticisms and Commentary

In summary the power law degree distribution is an integral property of the
internet AS-level topology. It is vital, however, for researchers to look beyond
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this first-order property in order to obtain a fuller description of the global
Internet structure.

So far much of the research in this area studies the internet topology as a pure
graph. However the reachability between two AS nodes on the internet is not
only affected by the underlying connectivity graph, but also constrained by many
other factors such as routing policies, capacities, demo-geographic distributions
etc. Future internet models should more closely reflect the internet reality in
order to produce practically useful results.

In addition, as pointed out in [66], an interdisciplinary communication among
networking, physics, mathematics, and engineering communities is much needed
to facilitate the interdisciplinary flow of knowledge. This will facilitate the net-
work research community to convert theoretical results into more practical solu-
tions that matter for real networks, e.g. performance, revenue and engineering.

As can be seen in the previous section, the power law models of topology have
begun to stimulate research which takes advantage of this network structure. In
this way, the power law models of topology can be used to inform and also
improve network engineering.

Acknowledgments. S. Zhou is supported by the Royal Academy of Engineer-
ing and EPSRC under grant no. 10216/70.
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Abstract. In this paper we study the structural variation of the net-
work formed by connecting Standard & Poor’s 500 (S&P500) stocks
whose closing prices (or price returns) are highly correlated. Specifically
we consider S&P500 stocks that were traded from January 1, 2000 to
December 31, 2004, and construct complex networks based on cross cor-
relation between the time series of the closing prices (or price returns)
over a fixed period of time. A simple threshold approach is used for
establishing connections between stocks. The period over which the net-
work is constructed is 20 trading days, which should be long enough to
produce meaningful cross correlation values, but sufficiently short in or-
der to avoid averaging effects that smooth off the salient fluctuations.
A network is constructed for each 20-trading-day window in the entire
trading period under study. The window moves at a 1-trading-day step.
The power-law exponent is determined for each window, along with the
corresponding mean error of the power law approximation which reflects
how closely the degree distribution resembles a scalefree-like distribution.
The key finding is that the scalefreeness of the degree distribution is dis-
rupted when the market experiences fluctuation. Thus, the mean error of
the power-law approximation becomes an effective indicative parameter
of the volatility of the stock market.

1 Introduction

Complex network models have been constructed recently for studying the in-
terdependence of stock prices [1]–[8]. In our earlier work [9], we have made an
attempt to construct a full network of US stocks, without applying any specific
filtering procedure to reduce complexity. This method has been used to produce
complex networks from time series of closing prices, price returns and trading
volumes [9]. Such stock networks have been used to study how stocks are con-
nected and the structure of the interconnections. However, the dynamics of the
networks has not been exploited for detailed study of the way the stock market
varies as time elapses, and in particular the relationship between the market
fluctuation and the time-varying structures of the stock networks.

In this paper we study the variations of the network parameters and attempt
to relate such variations with the market fluctuation. In particular, we will base
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our study on the Standard & Poor’s 500 (S&P500) stocks such that the networks
constructed from these stocks can be consistently compared with the fluctuation
of the S&P500 index [11,12]. Basically we consider cross correlation between
the closing prices (or price returns) of the S&P500 stocks over a period of 20
days, and construct networks by connecting stocks that are highly correlated.
The networks generated have been found to exhibit a scalefree-like degree dis-
tribution. In this work, we construct networks for each 20-day window over the
entire period from January 1, 2000 to December 31, 2004. A snapshot of the
network is taken for each window (T = 20 days), and the window moves along
the time scale. Thus, effectively, we are taking snapshots of the network of stocks
at 1-trading-day intervals, and the variation of the network can thus be studied
in terms of the variation of the parameters as time elapses.

We will focus on the degree distribution of the network. By evaluating the
mean error of the power law approximation, we quantify the resemblance of the
degree distribution to a scalefree-like distribution, and we compare this property
with the market fluctuation in terms of stock index volatility which is defined as
the incremental change of the average stock index. Our main objective is to study
how the scalefreeness of the network is related to the performance of the stock
market. As will be shown in this work, the scalefreeness of the degree distribution
gives a very strong indication of market fluctuation. This fundamental finding
was not reported previously.

In Section 2, we give a quick review of the construction of complex networks
based on cross correlations of the time series of stock prices. In Section 3, we
illustrate the construction of market variation time series. In Section 3.2, we
examine the dynamics of the networks by examining the variations of the network
parameters. In Section 4, we examine on the variation of scalefreeness of the
network. Finally we give some conclusions in Section 5.

2 Construction of Complex Networks of Stocks

We consider a network of US stocks that were traded between a given period of
time. For each pair of stocks (nodes), we will evaluate the cross correlation of
the time series of their daily closing prices and daily price returns. Thus, two
networks can be constructed, one corresponding to closing prices and the other
to price returns.

Let pi(t) be the closing price of stock i on day t. Then, the price return of
stock i on day t, denoted by ri(t), is defined as

ri(t) = ln
[

pi(t)
pi(t− 1)

]
(1)

Suppose xi(t) and xj(t) are the daily prices or price returns of stock i and
stock j, respectively, over the period t = 0 to N − 1. We now compare the two
time series with no relative delay. In other words, xi and xj are compared from
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i = 0 to N − 1 with no relative time shift. The cross correlation between xi and
xj is given by [10]

cij =
∑

t [(xi(t)− xi)(xj(t)− xj)]√∑
t(xi(t)− xi)2

√∑
t(xj − xj)2

(2)

where xi and xj are the means of the time series and the summations are taken
over t = 0 to N − 1.

In defining our criterion for connecting a pair of nodes, we need a threshold
value for the cross correlation. Since cross correlation is a measure of similarity
and its value is between 0 and 1, we simply choose a positive fractional value
as the threshold. Suppose the threshold is ρ. Then, the connection criterion for
stock i and stock j is

cij > ρ. (3)

2.1 Degree Distribution

We have constructed the closing price network and the price return network.
Scalefree-like degree distribution has been found and the approximated power-
law exponent is about 0.6 to 0.87 for ρ = 0.8 to 0.9. Fig. 1 shows the distribution
for the closing price network for ρ = 0.9. A comprehensive set of results for the
entire US stock market can be found in Tse et al. [9].

At this point, we should note that power-law distributions can be more for-
mally argued for via suitable statistical tests, such as the Kolmogorov-Smirnov
test (KS-test), and a tailored procedure for testing the goodness-of-fit of given
data to the power-law distribution has been proposed by Goldstein et al. [13].
However, application of the method to practical data requires some attention.
Since the procedure involves computing the cumulative distributions before

p(k)

0.1

0.01

1e-03

1e-04

1e-05
 1  10  100  1000k

Fig. 1. Degree distribution of closing price network formed by connection criterion
based on cross correlation for ρ = 0.9. Data are all US stocks traded from July 1, 2005
to August 30, 2007.
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application of the KS-test, practicality is restricted to networks with power-
law exponents greater than 1. Furthermore, real data often contains irregular
“heads” and “tails” (segments corresponding to very low and very high degrees)
where the power-law distribution is not interested or practically invalid. Thus,
some pre-screening of data is needed, and the practical implementation of the
method thus becomes quite tedious and time consuming if the number of distri-
butions to be fitted is very large. In this work we choose a simpler procedure to
measure the fitness via the total fitting error.

2.2 Dynamics of Networks

Now suppose we construct a network over a period of N = 20 days, initially
from t = 0 to t = 19. As we advance in time, we can construct networks for all
20-day periods, i.e., from t = 0 to t = 19, from t = 1 to t = 20, from t = 2 to
t = 21, from t = 3 to t = 22, etc. until all data are exhausted. Essentially, we
are taking snapshots of the network at 1-day intervals.

3 Market Fluctuation from S&P500 Index

The network constructed from the time series within a particular 20-day window
basically reflects the stock market internal structure for the 20-day period con-
cerned. The series of networks as time elapses thus provides information about
the structural change of the network over time. In other words, we are able to
capture how the network parameters and structure change as time elapses, and
in the following we attempt to compare these changes with the way the mar-
ket fluctuates. Our metric for market fluctuation is the average index volatility,
which will be defined in the following subsection.

3.1 Index Volatility

In order to measure the stock market fluctuation over a time interval, we define
an average index volatility based on the variation of the average index value over
an interval of T days. A time series of the stock market fluctuation can thus
be obtained as the window moves. To be comparable with the market internal
structure variation, the same window size T and step of movement T − δT
should be taken, where δT is the overlapping period between two consecutive
time windows.

Consider a stock index whose value is I(t) at time t. The original time series
is divided into M windows: W1,W2, ...,WM .

Average Index Volatility (AIV) is defined as the fractional change of the av-
erage index values of two consecutive time windows:

AIV(t) =
| 〈I(t)〉i+1 − 〈I(t)〉i |

〈I(t)〉i
(4)

where 〈I(t)〉i is the average index value in window Wi, i.e.,
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〈I(t)〉i =
∑T−1

k=0 I(ti + k ·∆t)
T

(5)

where ti is the starting time point of window Wi.
The absolute value of the difference is used here because significant fluctua-

tions of the stock index are usually caused by synchronized stock price movement
in one direction, upward or downward.

Fig. 2 shows the time series of AIV in the studied period. To smooth out the
spikes in the AIV time series, we calculate the value of each point as the average
of its neighboring nodes, resulting in AIV′, which is effectively the low-pass
filtered version of AIV.

3.2 Correlation of Market Fluctuation and Network Parameters

In this subsection, we construct networks for the S&P500 stocks that were traded
from January 1, 2000 to December 31, 2004. The time variations of some network
parameters are captured using the moving 20-day window network described in
the foregoing. Specifically, closing price and price return time series are analyzed
with window size T = 20 and δT = 19. Time series of network parameters such
as average degree (K), average cluster coefficient (C), average shortest length (d)
and diameter (D) are computed and shown in Figs. 3 and 4. Their correlations
with the AIV′ time series are also calculated and given in Table 1.

From Table 1, Figs. 3 and 4, we see that K and C are closely correlated with
AIV′, whereas d and D are much less correlated with AIV′. This indicates that
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Fig. 2. Time series of S&P500 index, average index volatility (AIV), and low-pass
filtered average index volatility (AIV′)
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Table 1. Cross correlations between AIV′ and network parameters

Cross correlation AIV′ and K AIV′ and C AIV′ and d

Closing price network 0.512 0.572 -0.470
Price return network 0.303 0.339 -0.309

Cross correlation AIV′ and D AIV′ and γ AIV′ and fitting error
Closing price network -0.264 -0.475 0.605
Price return network -0.265 -0.308 0.358
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Fig. 3. Times series of AIV′ and parameters of the closing price network. K is average
degree, C is average clustering coefficient, d is average shortest distance and D is
diameter. Their cross correlations are given in Table 1.
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Fig. 4. Time series of AIV′ and parameters of the price return network. K is average
degree, C is average clustering coefficient, d is average shortest distance and D is
diameter. Their cross correlations are given in Table 1.

when the market fluctuation is fierce, the market internal structure becomes
highly interwoven, resulting in an increase in the edge number and clustering
coefficient.

4 Disruption of Scalefreeness of Degree Distribution
under Fierce Market Fluctuation

Variation of the network structure is particularly interesting. As mentioned ear-
lier, the degree distributions for the networks constructed from the closing prices
and price returns have been found to be scalefree-like [9]. In this section we
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Fig. 5. Time series of AIV′ and power-law exponent γ for closing price network and
price return network

examine the variation of the power-law exponents (denoted by γ) and the cor-
responding fitting error as time elapses, again using the moving 20-day window
network, and evaluate their cross correlations with AIV′. See Table 1 for numeri-
cal results. Moreover, our study has shown a rather striking phenomenon, which
relates to the disruption of the scalefree-like structure of the network under fierce
market fluctuation.

By assuming the power law degree distributions of the constructed 20-day
window networks, we apply the least mean square fitting method on the cumu-
lative degree distributions of these networks to obtain the power law exponents
and the corresponding fitting errors.

Clearly the fitting error is a measure of how close the empirical distribution
is to the theoretical power-law distribution. If the degree distribution deviates
significantly from the power-law distribution, the fitting error becomes large.
Therefore, we expect the fitting error to reflect the scalefreeness of the network
whose power-law degree distribution is being approximated.

As can be seen in Fig. 5, the variation of the power-law exponent γ has no
observable resemblance to that of AIV′ for both closing price and price return
networks. However, from Fig. 6, the variations of the fitting errors are found
strongly correlated to the variation of AIV′, especially for closing price network.
This clearly shows that the scalefreeness of the network is an important health-
check indicator. The occurrence of spikes in fitting error variation corresponds
to disruption of scalefreeness of the network, which in turn correlates strongly
with fluctuation of the stock market.
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Fig. 6. Time series of AIV′ and power-law exponent fitting error. Large fitting error
reflects poor “scalefreeness” approximation of the network structure. Correspondence
is evidenced between market fluctuation and the disruption of scalefree-like structure.

5 Conclusion

In this work, we study the structural variation of networks formed by connecting
S&P500 stocks based on cross correlation. The network is examined in a 20-day
window, and as the window advances in time, we effectively capture the variation
of the network properties including some network parameters and the scalefree-
like structure. It has been shown that the market fluctuation, measured in terms
of average index volatility, is strongly correlated with the scalefree-like struc-
ture of the network. Specifically we have shown that the scalefree-like structure,
while being the default structure, is disrupted under fierce market fluctuation. It
can therefore be concluded that the level of resemblance of scalefree-like struc-
ture of the stock network is an indicator of the normality of the market. An
appropriate quantitative measure is the fitting error of the power-law exponent
whose time series has been found highly correlated with that of the average index
volatility.
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Abstract. In this paper we study networks that have been optimized
to realize a trade-off between communication efficiency and dynamical
resilience. While the first is related to the average shortest pathlength,
we argue that the second can be measured by the largest eigenvalue of
the adjacency matrix of the network. Best efficiency is realized in star-
like configurations, while enhanced resilience is related to the avoidance
of short loops and degree homogeneity. Thus crucially, very efficient net-
works are not resilient while very resilient networks lack in efficiency.
Networks that realize a trade-off between both limiting cases exhibit
core-periphery structures, where the average degree of core nodes de-
creases but core size increases as the weight is gradually shifted from a
strong requirement for efficiency and limited resilience towards a smaller
requirement for efficiency and a strong demand for resilience.

We argue that both, efficiency and resilience are important require-
ments for network design and highlight how networks can be constructed
that allow for both.

Keywords: networks, efficiency, resilience, optimization.

1 Introduction

Some important engineered systems, such as for instance power systems or com-
munication networks, are systems that consist of a large number of distributed
elements. The individual elements (i.e. power generators or information pro-
cessors/routers in the above two examples) are typically connected in a highly
non-trivial way. At a very coarse grained level, several studies have for instance
discussed scale-free networks in this context [1].

The function of these systems is determined by both the connection structure
and by the dynamics of the individual elements. The efficiency of the system’s
function is then often related to the efficiency of communication between the
individual elements, which, in turn, is determined by the average shortest path-
length of the network. For systems that realize very short communication paths
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between all individual elements one commonly observes architectures that are
highly centralized and star-like [2,3].

Another requirement one would pose on an engineered system is ‘robustness’
to failure. The term robustness appears somewhat imprecise in this context. At
a very coarse grained level, if one thinks about the complete failure of individual
elements, targetted or random node removals have to be discussed. Such an
analysis concentrates on the topological stability of the networks [4]. Considering
random node removals robustness may be related to percolation problems on
graphs, for targetted node removals the situation becomes more complex.

Some optimal network architectures, that realize a trade-off between efficiency
and robustness to targetted node removals have already been discussed [5]. The
results are not surprising: efficient networks are star like. If one constructs net-
works to be highly efficient even after removing a fraction of the most central
nodes, the solution are networks consisting of a periphery made up of leaves and
a highly connected core that comprises just some more nodes than are removed
according to the targetted node removal procedure.

However, robustness may also be defined in a less stringent sense than above
as the system’s ability to recover a previous operational state after a dynamic
perturbation, i.e. a shock to one of its state variables. To quantify this notion
of robustness (or resilience as it is often termed in the ecology literature, cf. e.g.
[6]), let us introduce the following notation. Consider a distributed system that
consists of N elements. The state of each element be described by a variable
Xi ∈ Rn (with some n = 1, 2, ... depending on the complexity of the elements).
Without loss of generality the dynamics (or system function) may be given by
a set of first order differential equations

Ẋ = F (X). (1)

Assume further that the desired function of the system is performed in a station-
ary state of Eq. (1), i.e. in some state X∗ for which F (X∗) = 0. This already al-
lows us to define (dynamical) resilience in a more precise way: it is the speed of re-
covery to ‘normal’ system function after a perturbation to the ‘normal’ state X∗.

Mathematically, one may perform the conventional linear stability analysis,
i.e. linearize the system (1) around its stationary state X∗, which gives

d(∆X)
dt

= dF (X∗)∆X, (2)

where ∆X describes a small (infinitessimal) perturbation to the stationary state
and dF is the Jacobian matrix of (1) taken at the stationary point. Equation (2)
describes a linear system. Clearly, the fate of the asymptotic dynamics of initial
perturbations ∆X0 are given by the largest eigenvalue of the Jacobian matrix
dF (X∗). If λmax(dF ) > 0 the state X∗ is an unstable fixed point, whereas if
λmax(dF ) < 0 it is stable. Since one has maxi ∆Xi(t) ∝ exp(λmaxt), in the
latter case the system will return the faster to the stationary state, the smaller
the largest eigenvalue. Hence, assuming the system is stable, the system is the
more resilient the smaller the largest eigenvalue of the Jacobian dF (X∗).
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One can also interpret the Jacobian matrix dF (X∗) as a network of N nodes.
Nodes are connected by weighted links, the weight of which is given by the entries
of dF (X∗). Assuming that entries of dF (X∗) are either present (in which case
we set dFij = 1) or absent (dFij = 0) and that the Jacobian is symmetric, one
can link the problem setting to an analysis of dominant eigenvalues of binary
graphs.

In the following, for a given number of links (that is cost) we aim at con-
structing networks that are efficient and (dynamically) resilient in the above
sense. Thus we search for connected network configurations Γ that minimize

E(α, Γ ) = αλmax(Γ ) + (1 − α)d(Γ ), (3)

where λmax(Γ ) is the largest eigenvalue of the adjacency matrix of Γ and d the
average shortest pathlength, i.e.

d(Γ ) = 1/(N − 1)
∑
i<j

l(i, j) (4)

and l(i, j) is the shortest pathlength between nodes i and j.
Below, we approach this problem with a numerical optimization scheme, very

similar to, e.g., [2,7]. We seed the algorithm with a random Erdös-Rényi graph
[8] with a fixed number of links L and then iterate the following steps:

– k randomly selected links are rewired to new randomly selected link vacan-
cies. A rewired network Γ ′ is thus constructed. In the course of the opti-
mization the search space is narrowed by gradually decreasing k to one.

– The fitness E(Γ ′) is calculated according to Eq. (3). If E(Γ ′) < E(Γ ) the
configuration is accepted. Otherwise the original configuration is restored
and another rewiring suggested.

The algorithm is terminated if no rewired configuration was accepted for L
iterations.

The remainder of the paper is organized as follows. We start by a brief dis-
cussion of the limiting cases α = 1 (resilient networks) and α = 0 (efficient
networks) which are in itself of interest. Particularly the first case has recently
been discussed in [9]. In the subsequent section we then analyse networks con-
structed for various trade-offs between resilience and efficiency. The paper is
concluded by a short summary and discussion of the results.

2 Resilient Networks

In this section we analyse networks that have been constructed for α = 0, i.e.
only in such a way that the maximum eigenvalue of the network is minimized
for a given number of links. This case has recently been discussed in [9]. Our
results below, however, differ in essential points from those of Ref. [9].

Figure 1 gives an illustration of an example network with N = 100 nodes
and L = 250 links that has been constructed to minimize λmax. Already from
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Pajek

Fig. 1. Example of a resilient network (N = 100, L = 250 left) that minimizes λmax.
Note that there are no hub nodes and that the networks are characterized by long
loops.

the visualization one observes that the network has a very homogeneous degree
sequence: almost every node has the same number of neighbours. Additionally,
the network structure is marked by the absence of short loops and appears
to be made up of many long loops that are intertwined in a low-dimensional
arrangement.

To obtain a more quantitative picture, a set of 100 optimized network config-
urations was constructed from different randomly selected initial networks. We
then measured a set of network characteristics, such as the variance σ2

k of the
degree sequence, minimum and maximum degrees, kmin and kmax, the cluster-
ing coefficient c and average pathlengths d and diameters. To quantify what is
particular about the constructed networks we compare these quantities to those
measured for the initial random networks.

For the degree variance we find σ2
k = .25 compared to σ2

k = 1.7 for random
graphs with the same number of links. As also kmin = 2 (compared to kmin = 1
for random graphs) and kmax = 3 (compared to kmax = 6.7 for random graphs)
this clearly demonstrates that the optimal networks become regular graphs. We
also find that they are much less cliquish than random networks (clustering
coefficient c = .006 compared to c = .015 for random graphs) and slightly larger
(average pathlength l = 6.5 compared to l = 5.4 for random graphs) than
random graphs.

The degree homogeneity would lead one to hypothesize that the λmax-
minimizing networks could be similar to the ‘entangled networks’ that exhibit
optimal stability of the synchronized state for coupled chaotic oscillators [10].
The stability of the synchronized state in the above scenario, however, can be
related to a small eigenratio [11] λmax/λmin (where λmin denotes the small-
est non-trivial eigenvalue in the spectrum of the adjacency matrix of an undi-
rected graph), which can be achieved for small λmax, but has the additional
requirement of large minimum eigenvalues. While being similarly uncliquish, the
entangled networks were, however, found to also be small in comparison to ran-
dom graphs. Following this argument, our result helps to disentangle the effects
of minimizing λmax and of maximizing λmin, which are both combined in the
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Pajek

Fig. 2. Example of an efficient network (N = 100, L = 500). The network is charac-
terized by the presence of one ‘super-hub’ node and some other highly connected hubs.
Note the cliquishness.

optimization procedure performed in [10]. Hence, degree homogeneity is achieved
by the minimization of the maximum eigenvalue. Small average pathlengths,
however, follow from the maximization of the minimum eigenvalue.

3 Efficient Networks

In this section we concentrate on the construction of networks that are efficient,
i.e. minimize the average pathlength. As already discussed in the literature [2,3]
when links are sparse such networks are typically star-like. If more links are
available than needed to construct one star, multiple, strongly interconnected
hubs are constructed. The arrangement of links is thus also highly cliquish and
one has average shortest pathlengths slighly smaller than 2.

More quantitatively, comparing to random networks we find an average max-
imum eigenvalue of λmax = 10.5 (compared to λmax = 3.5 for random net-
works), a degree variance σ2

k = 99.5 (compared to σ2
k = 1.7), average maximum

degree kmax = 98.8 and average minimum degree kmin = 1.2, and a clustering
coefficient c = .26 (compared to c = .015). While these results chiefly confirm
the observations from the literature [2], they additionally emphasise that optimal
efficiency is related to a decline in resilience, i.e. a strongly increased maximum
eigenvalue. Below, we will address the problem how network topologies can be
constructed that are both resilient and efficient.

4 The Trade-Off between Resilience and Efficiency

In this section we analyze the change in network structure as the requirements
for resilience and efficiency are shifted in Eq. (3). Figure 3 illustrates some pro-
totypical example networks that have been constructed for α = .1, .3 and α = .7.
These example networks visualize the transition from cliquish star-like network
topologies (α = .0) towards homogeneous uncliquish networks (α = 1.) that
have been described in the previous section.
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Fig. 3. Example networks optimized for intermediate values of α = .1, .3, .7 (from left
to right). The transition networks exhibit a core-perhiphery structure, the core consist
of hub nodes, the periphery of nodes of low degree (here periphery nodes are leaves).
Note, that for small α networks are characterised by a small core formed by hub nodes.
These hub nodes are not strongly interlinked. Increasing α the core expands, but is
formed by increasingly lower degree nodes. Finally, the core comprises almost all nodes
and only a couple of nodes are left at the periphery. The second row gives the degree
distributions for networks evolved for α = 0, α = .3 and α = 1. Examples are all
networks with N = 100 and L = 250.

A more thorough analysis is performed in Fig. 4 which gives the change of
various network characteristics with the value of α. The data indicate sharp
transition that separate three distinct regimes, corresponding to typical network
structures. The transition’s behaviour is manifest in a sharp decline of the clus-
tering coefficient at around α = .07 which is accompanied by a sharp decrease
in the maximum eigenvalue and the degree variance as well as a sudden increase
in the average shortest pathlength. In the second case, for α ≈ .85 on observes
a sudden increase in the minimum degree and a small increase in the clustering
coefficient from a regime with c = 0 towards a regime with small, but non-zero
clustering. Finding such sharp transitions in optimal networks is not surprising
and has previously been reported in different contexts, see, e.g., [2,3].

We proceed with a more detailed analysis of the different regimes. For α <
.1 the star-like network structures discussed in section 3 are maintained. The
requirement for a low level of resilience only has an insignificant effect on the
structure of the optimal networks.

In the range .1 < α < .85 the optimal network configurations exhibit a dis-
tinct core-periphery structure. As, e.g., the degree distribution plotted in the
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Fig. 4. Dependence of some (averaged) network properties on the importance trade-off
between resilience and efficiency α. (a) max. eigenvalue, (b) average shortest path-
length, (c) clustering coefficient, (d) average maximum and minimum degrees and de-
gree variance. The data are averaged over 100 optimized networks with N = 100 and
L = 2500.

middle panel (second row) of Fig. 3 highlights, two groups comprised of high-
and low degree nodes can be clearly separated. The high-degree nodes form a
core that contains all links that are not needed to connect the periphery with
the core. Periphery nodes are all leaves (cf. the bottom right hand panel of
Fig. 4 which gives the average maximum and minimum degrees). Within this
parameter range, when the relative weights for the requirements for efficiency
and stability are shifted, the structure and size of the core change (cf. the net-
works illustrated in Fig. 3). Mainly, the requirement for resilience determines a
cap for the maximum degree in the network. Accordingly, the network can be
connected by a relatively small core. When α is increased this core expands, but
is also made up of nodes of increasingly smaller degrees. It is also interesting to
analyze the structure of the core in this parameter regime.

Notably, it is not cliquish (none of the constructed networks contained any
triangle), but it is also strongly dissassortative. Properties of core nodes are very
similar, such that the whole network is made up by two hierarchical levels: the
well connected core and the leaves at the periphery.
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For α = .85 one finds another relatively sharp transition, that is related to the
disappearance of leave nodes at the periphery. Thus, in the parameter regime
α > .85 one finds networks that are very similar to the resilience optimized
networks described in section 2.

5 Conclusions

In this paper we have argued that both efficiency and dynamical resilience play
a role in the design of engineering networks. Whereas efficiency can be related to
short average pathlengths and short communication pathways between the indi-
vidual elements, dynamical resilience is associated with the timescale at which
a stationary state (which corresponds to the normal mode of operation of the
system as we assume) can be recovered. This timescale can be related to the
largest eigenvalue of the adjacency matrix of the network.

It is apparent that both requirements are conflicting demands. Efficiency is
attained in star-like network structures characterized by the presence of hubs.
This, however, entails a large maximum eigenvalue and a decreased reslience.
Resilience is realized in degree-homogeneous networks without short loops. How-
ever, such networks are far away from allowing optimal communication.

Introducing a parameter that measures the importance of efficiency and re-
silience in network design we have defined various trade-offs between these two
requirements. We find sharp transitions that separate three different regimes:
(i) a regime where network design is essentially determined by communication
efficiency, (ii) a regime in which resilience and efficiency play a balanced role in
determining the network design and (iii) a regime where the structure of optimal
networks is dominated by the requirement for resilience.

The networks that trade-off efficiency vs. resilience in various ways are found
in the second regime. They are characterized by a clearly distinct core-periphery
structure. Periphery nodes are leaves, whereas core nodes roughly have the same
degrees and are strongly interlinked with each other.

As a last point, it is interesting to note that these networks that realize a trade
off between efficiency and dynamical resilience are very similar in structure to
those, that combine efficiency and topological robustness [5]. Interestingly, this
observations suggests that all three requirements, efficiency, dynamical reslience
and topological robustness can be realized in one type of network.
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Abstract. In this paper the spreading of epidemic model on complex
networks with a generalized nonlinear incidence rate is presented. Firstly
the SIS model on homogeneous networks with nonlinear incidence rate
is considered, and the existence conditions about the disease-free equi-
librium and the endemic equilibrium are given. And then the model on
heterogenous scale-free (SF) networks is considered, where the absence of
the threshold on SF networks with nonlinear incidence is demonstrated.
At last the stability of the disease-free equilibrium on SF networks is
obtained. From this paper, it is shown that, while the number of the
equilibria is indeed different from the corresponding model with linear in-
cidence rate, the basic reproductive number, which determinate whether
the disease is spreading or not, is independent of the functional form of
the nonlinear incidence rate.

Keywords: Epidemics, Complex networks, Nonlinear incidence, The
basic reproductive number.

1 Introduction

The study of epidemic model on complex networks has attracted a lot of at-
tention and interest [1, 2, 3, 4, 5, 6, 7, 8, 9]. Within these studies, individuals are
modeled as nodes, and possible contacts between individuals are linked by edges.
At the early stages, people mainly studied the spreading of epidemic diseases on
homogeneous networks. At a mean-field level, the equation describing the time
evolution of the average density of infected individuals ρ(t) is

dρ(t)
dt

= −ρ(t) + λ < k > ρ(t)(1 − ρ(t)). (1)

The most significant and general results is the existence of a nonzero epidemic
threshold λc = 1/ < k >: when λ > λc, the disease will break out and persist;
while when λ < λc, the disease will gradually die out.

In 1999, Barabási and Albert addressed a new model for complex network: the
scale-free network [10]. In scale-free networks, the probability P (k) that any node
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has k links to other nodes is distributed according to a power law P (k) = Ck−γ ,
with 2 < γ ≤ 3. Suppose ρk(t) is the density of the infected nodes with given
degree k, and the mean-field equation is:

dρk(t)
dt

= −ρk(t) + λk(1− ρk(t))Θ(ρ(t)), (2)

where Θ(ρ(t)) stands for the probability that an edge emanating from a node
of degree k points to an infected site. We can know that in SF networks with
connectivity exponent 2 < γ ≤ 3, for which < k2 >→ ∞, we have λc = 0. This
fact implies that for any positive value of λ the infective individuals can pervade
the system with a finite prevalence, in a sufficiently large network. This result
disproves the threshold theory in epidemiology.

In modeling of communicable diseases, the incidence rate is consider to play
a key role in ensuring that the model does indeed give a reasonable description
of the disease dynamics. In most classical disease models, the incidence rate is
assumed to be mass action incidence with bilinear interactions given by βIS [11],
where β is the probability of transmission per contact, and S and I represent
the susceptible and infected individuals, respectively. It can be seen that in the
above homogeneous network and scale-free network, the incidence rate are all
bilinear functions.

However there are several nonlinear incidence rates to be proposed by many
researchers: Yorke & London [12] for a time-dependent infection rate; Capasso
& Serio [13] for a saturated incidence rate and Liu et al. [14, 15] for the ef-
fect of behavioral changes on the incidence of infection. Recently Alexander &
Moghadas [16] have given a general nonlinear function f(I; v) ∈ C3(R), for
I, v ≥ 0, which satisfies the following general assumptions:

(A1
′
) : f(0, v) = f(I, 0) = 0;

(A2
′
) : ∂f/∂I > 0 for I > 0;

(A3
′
) : ∂2f/∂I2 ≤ 0 for I > 0.

For most examples that appear in the literature (Moghadas & Alexander [17];
Derrick & van den Driessche, [18]; Ruan & Wang [19]; van den Driessche &
Watmough [20]; Xiao et al. [21]), are all satisfied these assumptions.

In fact there are some results about different infectivities on complex net-
works recently. Zhou et al. [22, 23] presented the identical infectivity for every
node regardless of their different degrees, and they obtain the epidemic threshold
λc = 1/A, where A is the constant infectivity of each node. Fu et al. [24] consid-
ered the epidemics on scale-free networks with piecewise linear infectivity and
immunization. In above papers the different infectivities are all considered ac-
cording to the different degrees of nodes. In fact, we can consider the infectivities
from another way. Here we call it the nonlinear incidence rate. The aim of this
paper is to extend and analyze a simple SIS model on complex networks, with a
generalized nonlinear incidence rate which satisfies a few general conditions. We
hope that the results presented in this paper will give an extent insight into the
spread of the disease on networks.
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The organization of this paper is as follows. In the next section, we give the SIS
model with nonlinear incidence on homogeneous networks, derive the conditions
for the existence of the disease-free equilibrium and the endemic equilibria. In
Section 3 we give the model with nonlinear incidence on scale-free networks. In
this section the existence conditions for the equilibria and the stability of the
disease-free equilibrium are derived. At last a brief conclusion and discussion are
given in Section 4.

2 The SIS Model with Nonlinear Incidence on
Homogeneous Networks

The SIS model with nonlinear incidence on homogeneous networks is as follows:

dρ(t)
dt

= −ρ(t) + λ < k > (1 + U(ρ, α))ρ(t)(1 − ρ(t)), (3)

where U(ρ, α) satisfies:

(A1) : U(0, α) = U(ρ, 0) = 0;
(A2) : ∂U/∂ρ > 0 for ρ > 0;
(A3) : ∂2U/∂ρ2 ≤ 0 for ρ > 0.

The assumption (A1) reflects the fact that, for ρ or α small, the incidence
of infection approximates the commonly used mass action form, while for large
enough ρ and α, the nonlinear term U(ρ, α) dominates. Therefore, α may be
considered as a parameter measuring departure from mass action, and it reduces
the infection rate to λ < k > (1 − ρ(t))ρ(t) when α = 0. The assumption (A2)
reflects that the incidence of infection will increase with the increasing of the
density of infective individuals. The assumption (A3) shows that the increasing
is slow.

Obviously ρ(t) = 0 is the disease-free equilibrium of (3). Defining

R0 = λ < k > . (4)

It is easy to know ρ(t) = 0 is locally asymptotically stable if R0 < 1 and unstable
if R0 > 1. Here R0 is called the basic reproductive number on homogeneous
networks, defined as the the relative density of secondary cases that one infected
individual will cause through the duration of the infectious period [11]. In order
to establish the conditions for the existence of other equilibria, called endemic
equilibria, of the model in the presence of the disease we need analysis the fixed
points of the equation:

ρ = 1− 1
λ < k > (1 + U(ρ, α))

≡ φ(ρ, α). (5)

Note that (4), φ(ρ, α) = 1− 1
R0(1+U(ρ,α)) . The endemic equilibria of the model

correspond to the fixed points of φ(ρ, α) = ρ. The functional form of φ determines
the number of these equilibria. It can be seen that φ has the following properties:
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(1) : φ0 = φ(0, α) = 1− 1/R0;
(2) : φ1 = φ(1, α) < 1;
(3) : ∂φ

∂ρ = ∂U/∂ρ
R0(1+U)2 > 0 for ρ > 0;

(4) : ∂2φ
∂ρ2 = (∂2φ/∂ρ2)(1+U)−2(∂U/∂ρ)2

(1+U)3 < 0 for ρ > 0.

From the properties of function φ, we have the following theorem:

Theorem 1
(1) If R0 > 1, the model (3) has a unique endemic equilibrium.
(2) If R0 = 1, the model (3) has a unique endemic equilibrium if ∂U

∂ρ

∣∣∣
ρ=0

> 1.

(3) If R0 < 1, the model (3) may have no, one or two endemic equilibria.

Proof. It follows from (1)-(4) that φ(ρ, α) is increasing and concave down on
[0, 1]. If R0 > 1, then φ0 > 0. Thus there must exists a unique ρ∗ > 0, such that
φ(ρ∗, α) = ρ∗(Fig.1 (a)). If R0 = 1, then φ0 = 0 and ∂φ/(∂ρ)(0) > 1(≤ 1) if
∂U
∂ρ

∣∣∣
ρ=0

> 1. Thus, φ(ρ, α) = ρ has a unique positive root if ∂U
∂ρ

∣∣∣
ρ=0

> 1, and

no positive root otherwise(Fig.1 (b,c)). Finally suppose R0 < 1, so that φ0 < 0,
there may have no, one, or two positive roots (Fig.2). 
�
About the conditions under which the model exhibits two endemic equilibria
when R0 < 1, we give the following theorem.

*

(a)

*

(b) (c)

Fig. 1. Phase diagrams of φ(ρ, α) showing the location of the fixed points for (a)R0 > 1
with a unique fixed point; (b) and (c) for R0 = 1 with a unique fixed point and no
fixed point

*
2

*
1

(a)

*
0

(b) (c)

Fig. 2. Phase diagrams of φ(ρ,α) showing the location of the fixed points for R0 < 1
with two fixed points (a); a unique fixed point (b) and no fixed point (c)
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Theorem 2. If ∂U
∂ρ

∣∣∣
ρ=0

> 1 holds, then there exists a unique R∗ < 1, such that:

(1) If R∗ < R0 < 1, the model (3) has two endemic equilibria.
(2) If R0 = R∗ , the model (3) has a unique endemic equilibrium.
(3) If R0 < R∗, the model (3) have no endemic equilibrium.

Proof. Let H(ρ, α) = φ(ρ, α) − ρ, and suppose that ∂U
∂ρ

∣∣∣
ρ=0

> 1, which implies

(∂H/∂ρ)|ρ=0 > 0, and ∂2H/∂ρ2 < 0 for 0 < ρ < 1. Hence ∂H/∂ρ is a mono-
tone decreasing function of ρ, and thus there exists a unique ρ∗0 > 0 such that
(∂H/∂ρ)|ρ=ρ∗

0
= 0. This implies that H is an increasing function on (0, ρ∗0] and

decreasing on (ρ∗0, 1). Since H(0) < 0 when R0 < 1, and H(0) = 0 when R0 = 1,
by continuity, it follows that there exists R∗ with R∗ < 1 for which ∂H/∂ρ has
a unique root ρ∗0 with (∂H/∂ρ)|ρ=ρ∗

0
= H(ρ∗0) = 0. Then for some values of

R0 ∈ (R∗, 1), H has two roots ρ∗1 and ρ∗2. Assume that (∂ρ/∂R0)|ρ∗
1
> 0. Using

the expression φ(ρ, α) = R0 + φρ(ρ̂, α)ρ for some ρ̂ ∈ (0, ρ), and noting that
(∂H/∂ρ)|ρ∗

1
> 1, we have

∂φ

∂R0

∣∣∣∣
ρ∗
1

= 1 + φρ(ρ̂, α)
∂ρ

∂R0

∣∣∣∣
ρ∗
1

> 1 + φρ(ρ∗1, α)
∂ρ

∂R0

∣∣∣∣
ρ∗
1

= 1 +
∂φ

∂R0

∣∣∣∣
ρ∗
1

which is a contradiction. This implies that (∂ρ/∂R0)|ρ∗
1
< 0 and thus, the number

of infected individuals at the low endemic equilibrium reduces as R0 increases.
Similarly, it can be shown that (∂ρ/∂R0)|ρ∗

2
> 0 which implies that the number

of infected individuals at the high endemic equilibrium increases as R0 increases.
Therefore, the quantity R∗ for which (∂H/∂ρ)|ρ=ρ∗

0
= H(ρ∗0) = 0 is unique, and

we end this theorem. 
�

From the above analysis, we can see the dynamic behaviors of the SIS model
with nonlinear incidence on homogeneous networks is different from the general
bilinear epidemic model. In the general bilinear epidemic model, there have a
threshold λc, corresponding to the basic reproductive number R0 = λ < k >.
When R0 > 1, the disease will break out and persist; while when R0 < 1, the
disease will gradually die out. However in the nonlinear epidemic model, despite
the disease will break out when R0 > 1, the disease will not die out when R0 < 1,
a new threshold R∗ appear, if R∗ ≤ R0 < 1, the epidemic will break out and
persist, if R0 < R∗, the epidemic will die out.

3 The SIS Model with Nonlinear Incidence on Scale-Free
Networks

3.1 The Model and the Existence of Equilibria

In model (2), the probability of last term is proportional to the infection rate
λ, the number of connections k, and the probability Θ(ρ(t)) that any given link
points to an infected node. yielding
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Θ(ρ(t)) =
1

< k >

∑
k

kP (k)ρk(t), (6)

the last term can be read as the incidence rate and the term as a linear force of
infection. Thus we propose and study here the following model with nonlinear
incidence

ρ̇k(t) = −ρk(t) + λk(1 − ρk(t))(1 + V (Θ,µ))Θ, (7)

where V (Θ,µ) satisfies:

(B1) : V (0, µ) = V (Θ, 0) = 0;
(B2) : ∂V/∂Θ > 0 for Θ > 0;
(B3) : ∂2V/∂Θ2 ≤ 0 for Θ > 0.

We can also note from (B1) that, for Θ and µ small, the bilinear term domi-
nates, while for large enough Θ and µ, the nonlinear term V dominates. There-
fore, µ is a parameter measuring departure from mass action, and it reduces the
infection rate to λk(1 − ρk(t))Θ.

In case of nonlinear infection rate, proceeding as in Section 2 we have that
the equilibrium values of Θ are determined by the following relationship:

Θ =
λ

< k >

∑
k

k2P (k)
(1 + V (Θ,µ))Θ

1 + λk(1 + V (Θ,µ))Θ
.= Φ(Θ). (8)

Obviously, Θ = 0 is a solution of (7), which corresponds the disease-free
equilibrium ρk(t) = 0, k = 1, 2, · · ·. As to the stability of the disease-free equilib-
rium, we will give in the next subsection. In the following we will consider the
existence of the positive equilibrium of model (7). We note V

′ .= ∂V/∂Θ and
V

′′ .= ∂2V/∂Θ2 and it is easy to verify that:

(5) : Φ0 = Φ(0, µ) = 0;
(6) : Φ1 = Φ(1, µ) < 1;

(7) : ∂Φ
∂Θ = λ

<k>

∑
k k2P (k)1+V (Θ,µ)+V

′
(Θ,µ)Θ

(1+λk(1+V (Θ,µ))Θ)2 > 0;

(8) : ∂2Φ
∂Θ2 = λ

<k>Σkk
2P (k) (2V

′
+V

′′
Θ)(1+λk(1+V )Θ)−λ(1+V +ΘV

′
)2

(1+λk(1+V )Θ)3 .

Let

F (Θ) = (2V
′
+ V

′′
Θ)(1 + λk(1 + V )Θ)− λ(1 + V + ΘU

′
)2, (9)

if F (Θ) < 0, then Φ
′′
(Θ) < 0. So if there is another solution 0 < Θ < 1, it must

satisfy ∂Φ(Θ)
∂Θ

∣∣∣
Θ=0

> 1, that is λ<k2>
<k> > 1, where < k2 >=

∑
k k2P (k).

Let

R1 = λ
< k2 >

< k >
, (10)

where R1 is called the basic reproductive number on scale-free networks.
If ∂2Φ

∂Θ2 has variable sign, there may be two or more co-existing solutions, corre-
sponding to unstable and locally stable endemic equilibria of (7). From the view
of biology, this implies that the long term time course of the epidemics depends
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on its initially observed distribution. For example, considering two initial states
located in the two different basins of attraction, they will have very different
asymptotic behaviors. It is also interesting to stress that the basic productive
number in the models with the nonlinear incidence rate is same to it in the
models with the bilinear.

3.2 The Stability of the Disease-Free Equilibrium

In this section we consider the stability of the disease-free equilibrium. The
Jacobin matrix at disease-free equilibrium is

J =

⎛
⎜⎝
−1 · · · 0
...

. . .
...

0 · · · −1

⎞
⎟⎠+

λ

< k >

⎛
⎜⎝

1
...
N

⎞
⎟⎠(1× P (1) · · · N × P (N)

)
.

The matrix J has N − 1 eigenvalues equal to -1: µ1, · · · = µN−1 = −1, the
Nth is

µN = −1 + λ
< k2 >

< k >
. (11)

Having established these premises, we may immediately demonstrate the follow-
ing theorem:

Theorem 3. If R1 ≤ 1, then the disease-free equilibrium of (2.1) is asymptoti-
cally stable in the set [0, 1]N , otherwise there exists a unique endemic equilibrium
if F (Θ) < 0.

The biological consequence of this result is that if the epidemic threshold R1 = 1
is not exceeded the disease will disappear. On the contrary if R1 > 1, then there
may be an endemic solution which is reached independently of the initial state of
the disease. In other words, however complex the system may be and whatever
the initial state of the individuals are, whether the disease will eradicate or not
only depend on the basic reproductive number R1.

4 Conclusion

In this paper, epidemic models on complex networks with nonlinear incidence
rate have been proposed. Different from other incidence rate on complex net-
works, which is related with the degrees of nodes, in the new model the gener-
alized nonlinear incidence rate is taken into account, which is the generalization
of the bilinear incidence rate on complex networks. Firstly the SIS model on
homogeneous networks with nonlinear incidence rate is considered, and the exis-
tence of the equilibria are given. And then the model on heterogenous scale-free
networks are considered, where the absence of the threshold on the SF network
is demonstrated, and the stability of the disease-free equilibrium is obtained.

From this paper, it is shown that introducing nonlinear incidence rate makes
the model much more complex. However the basic reproductive number is inde-
pendent of the functional form of the nonlinear incidence rate, while the number
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of the equilibria is indeed different from the corresponding model with linear
incidence rate. Moreover, the stability of the disease-free equilibrium on com-
plex networks are given, but as to the stability of the endemic equilibria and
bifurcations, which can show the global behavior of the solutions of the model,
we have not mentioned in this paper. These and some other related issues will
be further studied in the future.
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Abstract. The simultaneous unavailability of several technical compo-
nents within large-scale engineering systems can lead to high stress, ren-
dering them prone to cascading events. In order to gain qualitative
insights into the failure propagation mechanisms resulting from indepen-
dent outages, we adopt a minimalistic model representing the components
and their interdependencies by an undirected, unweighted network. The
failure dynamics are modeled byan anticipated accelerated “wearout” pro-
cess being dependent on the initial degree of a node and on the number
of failed nearest neighbors. The results of the stochastic simulations im-
ply that the influence of the network topology on the speed of the cascade
highly depends on how the number of failed nearest neighbors shortens the
life expectancy of a node. As a formal description of the decaying networks
we propose a continuous-time mean field approximation, estimating the
average failure rate of the nearest neighbors of a node based on the degree-
degree distribution.

Keywords: cascading events, failure dynamics, decaying networks, mean
field approximation, large-scale engineering systems.

1 Introduction

Infrastructure systems provide essential goods and services to industrialized so-
ciety including transport, water, communication and energy. A disruption or
malfunction often has a significant economical and social impact and potentially
propagates to other systems due to mutual interdependencies. Wide-area break-
downs of such large-scale engineering networks are often caused by technical
equipment failures which eventually result in a series of fast cascading compo-
nent outages. Illustrative examples are a number of recent wide-area electric
power blackouts and near-misses, where the causal chain of transmission line
and generator disconnections became increasingly pronounced during the course
of the events (e.g. [1]).

In the field of complex systems, a considerable effort over the past decade has
led to an understanding and characterization of infrastructure robustness and
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vulnerability mainly by means of static network analysis [2,3,4] or by including
simple nodal load models in order to account for static [5,6,7] or transient [8]
load redistribution after a single component failure. One of the main conclusions
was that networks with a scale-free degree distribution are more robust in regard
to random node failures than networks with an exponential degree distribution,
but exhibit a significantly higher vulnerability regarding deliberate attacks on
highly connected nodes [9].

This paper addresses the underlying dynamics of cascading events in infras-
tructure systems by studying and further extending a recent minimalistic model
for the spreading of failures in complex networks as introduced in [10]. The
model considers independent and stochastic node outages which increase the
stress on the remaining nodes as they are assumed to take over the load. The
stress on a node, in turn, decreases its life expectancy which is modeled in anal-
ogy to an accelerated “wearout” process. Being motivated by cascading events
within infrastructure systems, the primary objective of the model is to identify
basic features of failure propagation processes within large-scale networks. At
this stage of our work it was not the intention to model the actual behavior of
a specific engineering system, but rather to capture some important properties
which have to be further substantiated by the investigation of real systems. Yet,
the model is kept general enough in order to be applicable to a wider range of
complex networks where the outage of a node shortens the life expectancy of its
neighboring nodes.

The paper is organized as follows: in the next section we describe the ba-
sic stress model and present the generalized accelerated “wearout” process. In
section 3 we analyze different stress-dependent wearout functions. Section 4 in-
troduces a simple repair process in order to derive stationary states of the net-
works. In section 5 we describe the decaying process by a continuous-time mean
field approximation and compare the numerical results with Monte Carlo simu-
lations. In section 6 we draw conclusions.

2 Degradation Model

2.1 Conceptual Basics

We represent a large-scale engineering network mathematically by an undirected,
unweighted graph G(N,L) with N nodes being interconnected by L links. The
graph is described by its N ×N adjacency matrix A(G) [11].

The conceptual modeling framework for the network degradation process con-
sists of a simple model for the nodal stress and a combined model for both the
independent outage of a node and the stress induced shortening of its life ex-
pectancy.

2.2 Nodal Stress Function

In this paper, we consider the definition of the nodal stress introduced in [10].
The stress sk0,i on a node with actual degree i corresponds to the ratio of the



Modeling Failure Propagation in Large-Scale Engineering Networks 2129

number of failed neighboring nodes to the total number of initially connected
nodes, i.e. the initial degree k0. Hence, we calculate sk0,i as:

sk0,i =
k0 − i

k0
(1)

Equation (1) implies the assumption that highly connected nodes have a stronger
tolerance with respect to the outage of a neighbor than nodes with lower connec-
tivity. Furthermore, the strength of the influence between two nodes is supposed
to be the same for each pair of connected nodes.

2.3 Nodal Failure Rate

At time t=0 the network consists of N0 nodes. In order to account for stochastic
and independent node outages we assign to every node an identical and constant
failure rate rB. Thus, without additional node interaction the failure free time
would be exponentially distributed with mean MTTF = 1/rB, where MTTF
stands for mean time to failure [12] and can be equated to the life expectancy.
However, as it is assumed that the stress sk0,i increases the failure probability of a
node in a given (and sufficiently small) time interval (t+δt] and thus shortens its
expected failure free time, we increase its basic failure rate by a stress-dependent
term:

rk0,i = rB + Φ(k0, i) (2)

where rk0,i is the overall nodal failure rate. The second term, Φ(k0, i) = f(sk0,i),
is an arbitrary function of the actual stress and - in analogy to an accelerated
wearout process - is further referred to as the “wearout acceleration function”.

3 Analysis of the Wearout Acceleration Function

In order to assess the influence of the stress-dependent wearout on the failure
propagation dynamics, two types of functions Φ(k0, i) have been selected and
analyzed: a linear model and a nonlinear, logistic model. Both models are applied
to networks with an initial number of N0=1000 nodes with either random or
scale-free initial degree distribution. The ensemble of random networks is of the
Erdős-Rényi type [13] with initial degree distribution P (k0) ≈ 〈k0〉k0e−〈k0〉/k0!,
where 〈k0〉 is the initial average degree. The ensemble of scale-free networks is
generated using the preferential attachment method according to Barabási and
Albert [14] leading to an algebraic degree distribution P (k0) ∼ k−γ

0 , where γ is
the scale-free exponent. The network generation routines were adopted from the
implementation in [15]. Due to their different statistical characteristics the two
network types have been chosen for capturing the influence of the topology on
the failure spreading process. As we aim at being as generic as possible they do
not necessarily represent real-life topologies of large-scale engineering networks.
Throughout the remainder of the paper the value for the basic failure rate is set
to rB=1 (per time unit).
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3.1 Linear Model

The linear model assumes that the failure rate of a node increases linearly with
its stress sk0,i:

Φ(k0, i) = csk0,i (3)

where c is a linear factor and sk0,i is calculated according to formula (1). Figure 1
depicts the resulting time sequence of the network degradation process for both
Erdős-Rényi random graphs (ER) and scale-free networks (SFN) with different
initial average degree.
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Fig. 1. Time sequence of the degradation process applying the linear wearout accelera-
tion function for networks with N0=1000 nodes and an initial average degree of 〈k0〉=2
(left) and 〈k0〉=4 (right). The degradation curves are generated by means of Monte
Carlo simulations, averaged over 200 realizations.

According to Fig. 1 the speed of the failure propagation process is only weakly
dependent on both the initial average degree and the initial degree distribution.
The reason lies in the linear form of the wearout acceleration function Φ(k0, i).
When a neighbor of a node with a large initial degree k0 fails, its stress is
increased by a much smaller amount than it does for a node with a small k0.
Thus, it is expected that nodes with a large k0 hold a higher life expectancy than
nodes with a small k0, and that highly connected and heterogeneous networks
would therefore be more robust. However, this is compensated to a certain extent
by the fact that any of the k0 neighbors of a node can fail, linearly increasing
the rate by c/k0. As this again is valid for all those neighbors, the overall failure
rate becomes only weakly dependent of the inital degree. The abrupt stopping of
the cascade in random graphs with 〈k0〉=2 corresponds to a total decomposition
of the initially connected subgraph that contained the majority of nodes (“giant
component”).
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3.2 Logistic Model

Regarding the nonlinear acceleration function we assume that the stress-
dependent part of the failure rate increases according to a sigmoidal function:

Φ(k0, i) = c
1

1 + exp[−α(sk0,i − θ)]
(4)

Assuming a sufficiently large value for the gain parameter of α=100 allows ap-
proximating a step function. By shifting the threshold θ we determine the level
where the stress starts to significantly accelerate the wearout process. Hence, in
contrary to the linear model the logistic function strongly weights the robustness
of highly connected nodes. Figure 2 depicts the resulting time sequence of the
network degradation process for both Erdős-Rényi random graphs and scale-free
networks with different initial average degree.

Weighting the robustness of nodes with a high initial degree clearly makes
the heterogeneous, scale-free network with an average initial degree of 〈k0〉=2
considerably more robust than the corresponding random graph, which is a ho-
mogeneous network with each node having approximately the same degree. The
largest difference can be observed at a high influence of the accelerated wearout
on the overall failure rate rk0,i. However, at a higher average initial degree of
〈k0〉=4 this effect disappears again. In a scale-free network with 〈k0〉=2 most
of the nodes have degree k0=1 and are connected to nodes with a significantly
higher degree, which act as a “barrier” and prevent a further spreading of the
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Fig. 2. Time sequence of the degradation process applying the logistic wearout ac-
celeration function for networks with N0=1000 nodes and an initial average degree of
〈k0〉=2 (left) and 〈k0〉=4 (right). The parameters of the logistic model are set to α=100
and θ=0.3 respectively. The degradation curves are generated by means of Monte Carlo
simulations, averaged over 200 realizations.
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node failures. In a heterogeneous network with higher connectivity the influence
of these stabilizing hubs becomes suppressed as more nodes with lower degree
are interconnected, again allowing failures to propagate through the network.

Figure 3 shows the influence of the failure threshold θ on the speed of the
failure propagation process in an Erdős-Rényi random graph with initial size
N0=1000 and initial average degree of 〈k0〉=2.
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Fig. 3. Influence of the failure threshold θ on the speed of the degradation process
for an Erdős-Rényi random graph with N0=1000 and initial average degree of 〈k0〉=2.
The parameters of the logistic model are set to c=1000, α=100 and θ=0.9,0.8,...,0.2
(from slowest to fastest degradation). The degradation curves are generated by means
of Monte Carlo simulations, averaged over 200 realizations.

By gradually decreasing the failure threshold θ the speed of the overall net-
work degradation is accelerated in rather large steps, reflecting the underlying
degree distribution P (k). The abrupt step between θ=0.6 and θ=0.5 for example
corresponds to a highly increased failure rate of nodes with inital degree k0=2 as
they are becoming prone to the stress induced wearout. The increasing speed of
the failure propagation between θ=0.4 and θ=0.3 can be explained analogously.

4 Repair of Nodes

We assume that the recovery speed of a failed node is independent from the state
of the network. Furthermore, the repair of a node is modeled with a constant
rate µ being independent of the initial and actual degree of the node:

µ =
1

MTTR
(5)

where MTTR is the mean time to repair and represents the expected time value
for the restoration process of a technical component [12]. If a node is repaired it
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Fig. 4. Steady-state of the number of active nodes Ns as a function of the repair rate
µ for ER (circles) and SFN (triangles) with N0=1000 and 〈k0〉=2 each. a) linear model
with c=1000, b) logistic model with c=1000, α=100 and θ=0.3.

becomes reconnected to all the originally neighboring nodes, thus reducing their
stress again.

The steady-state of the network as being represented by the number of active
nodes, limt→∞ N(t) = Ns, is calculated by means of a Monte Carlo simulation.
As a stopping rule we use the coefficient of variation:

CV (Ns) =

√
V ar(Ns)
|E(Ns)|

< β (6)

When the value of β reaches 0.01 or a maximum number of 150’000 retrials are
conducted, the simulation is stopped. Figure 4 plots the steady-state of Erdős-
Rényi random graphs and scale-free networks with N0=1000 and 〈k0〉=2 against
the repair rate for the two wearout acceleration models.

The steady-state of the number of working nodes, Ns, again reflects the higher
robustness of scale-free networks with a small connectivity in the case of the
logistic wearout acceleration function. Whereas for the linear function both net-
works behave in approximately the same way, a considerably higher repair rate
is needed to keep the Erdős-Rényi random graph at the same level of function-
ality, if the robustness of the highly connected nodes is weighted by the logistic
model.

5 Mean Field Approximation

A time-continuous mean field approximation is used to derive a first analytical
description of the dynamic network degradation process. In order to account
for different network topologies we consider the time dependent degree-degree
correlation P (k′|k, t). The degree-degree correlation represents the conditional
probability that at time t a node of degree k is connected to a node of degree
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k′. Therefore, we combine a master equation describing the evolution of nodes
with a master equation describing the evolution of links, whereas the formalism
for the derivation closely follows [16]. As the failure of a node is a discrete event
we have to base our approach on the following assumption:

Assumption 1. The total number of nodes N(t) is large.
The number of nodes is sufficiently large so that every event occurs with the

frequency given by the probability of that event.

Consider a network with an arbitrary initial degree distribution P (k0). At some
time t there exist Xk0,i(t) nodes with initial degree k0 and actual degree i. At the
same time the network consists of Li,j(t) links connecting nodes of actual degree
i with nodes of actual degree j. The relation between the expected number of
nodes with actual degree i, Xi(t) = N(t)P (i, t), and the expected number of
links connected to nodes with actual degree i, Li(t), is given by:

Li(t) =
∑
j>0

Li,j(t) = i
∑
k0>0

Xk0,i(t) = iXi(t) (7)

The total number of active nodes N(t) is then given by:

N(t) =
∑

i

Xi(t) =
∑

i

Li(t)
i

(8)

To satisfy the symmetric characteristic of the link-space matrix and in accor-
dance with [16] we double count the number of links in the case i = j.

5.1 Node-Space Master Equation

The expected number of nodes Xk0,i(t) can change in three ways:

1. A node with initial degree k0 and i neighbors can fail. This decreases Xk0,i(t)
and occurs at rate rk0,i according to Eq. 2.

2. One of the neighbors of a node with initial degree k0 and actual degree i can
fail, again decreasing Xk0,i(t). By making use of assumption 1 the expected
failure rate of a neighboring node is given by the conditional probability of
the actual degree of the neighboring nodes, P (j|i, t), times the conditional
probability of the initial degree of that node, P (k0|j, t), times the resulting
stress-dependent failure rate, rk0,j . Hence, the expected (or average) failure
rate of a neighboring node becomes:

〈rnn(t)〉i =
1

Li(t)

∑
j>0

[
Li,j(t)

1
Xj(t)

∑
k0>0

Xk0,j(t)rk0,j

]
(9)

The rate of losing a nearest neighbor is then given by multiplying 〈rnn(t)〉i
with the total number of nearest neighbors i.
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3. One of the nearest neighbors of a node with actual degree i + 1 and initial
degree k0 can fail, increasing Xk0,i(t). The expected failure rate of such a
node is derived analogously to 2 by calculating the average failure rate of
nearest neighbors 〈rnn(t)〉i+1.

The combination of the three outage modes changing Xk0,i(t) yields the node-
space master equation describing the time evolution of the number of nodes with
initial degree k0 and actual degree i:

dXk0,i(t)
dt

= −
[
rk0,i + i 〈rnn(t)〉i

]
Xk0,i(t) + (i + 1) 〈rnn(t)〉i+1 Xk0,i+1(t) (10)

5.2 Link-Space Master Equation

In order to estimate the expected degree of a neighboring node using the two
node degree correlation P (k′|k, t) the actual number of links Li,j(t) is needed.
The derivation of the link-space master equation follows in similar manner to
[16], by introducing the degree dependent failure rate rk0,i. The expected number
of links Li,j(t), connecting nodes of actual degree i with nodes of actual degree
j can change in three ways being valid for both ends of a given link:

1. If a neighbor of an i+1 node fails and this node, in turn, is connected to a
node with actual degree j, a new link i ↔ j is formed. This is occurring at
a rate i times the expected failure rate of a nearest neighbor of a node with
actual degree i+1, 〈rnn(t)〉i+1. Analogously, Li,j(t) is increased if a neighbor
of a node with actual degree j+1 fails and this node is connected to a node
with actual degree i.

2. One of the neighbors of the two nodes at each end of a link i ↔ j can fail with
average rate 〈rnn(t)〉i and 〈rnn(t)〉j , respectively. This decreases Li,j(t). As
each of the neighbors may fail, the rates are multiplied by the actual number
of connecting links, i−1 and j−1 respectively.

3. One of the nodes at each end of a link i↔ j can fail with average rate 〈r(t)〉i:

〈r(t)〉i =
1

Xi(t)

∑
k0>0

Xk0,i(t)rk0,i (11)

and 〈r(t)〉j accordingly. This decreases Li,j(t).

The combination of the three outage modes yields the link-space master equation
describing the time evolution of the number of links connecting nodes of actual
degree i with nodes of actual degree j:

dLi,j(t)
dt

= iLi+1,j(t) 〈rnn(t)〉i+1 + jLi,j+1(t) 〈rnn(t)〉j+1

−
[
(i− 1) 〈rnn(t)〉i + (j − 1) 〈rnn(t)〉j

+ 〈r(t)〉i + 〈r(t)〉j
]
Li,j(t) (12)
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5.3 Comparison with Monte Carlo Simulation

The system of coupled differential equations (Eq.(10) and Eq.(12)) has been in-
tegrated numerically using the standard Matlab ode45 solver [17], whereas for
both classes of networks the results are averaged over an ensemble of 20 realiza-
tions. The Monte Carlo simulations are averaged over 200 network realizations.
Regarding the linear wearout acceleration Fig. 5a) displays the evolution of the
total number of nodes, N(t), for Erdős-Rényi random graphs with an initial num-
ber of N0=1000 nodes, an initial average degree of 〈k0〉=4 and different values
for c. Figure 5b) shows the results for both scale-free networks and Erdős-Rényi
random graphs with an initial average degree of 〈k0〉=2. For the random graphs
there is an excellent match between the numerical solution of the mean field
approximation and the results of the Monte Carlo simulations. At about 65%
decomposition of the scale-free networks the mean field approximation starts to
deviate from the Monte Carlo simulation as the speed of the cascade becomes un-
derestimated. With respect to the logistic wearout acceleration function Fig. 5c)
depicts the evolution of the total number of nodes for both Erdős-Rényi random
graphs and scale-free networks with an initial average degree of 〈k0〉=2.

According to Fig. 5c) the mean field approximation again captures the evo-
lution of the decaying random networks with a rather high accuracy, whereas
regarding the scale-free networks it overestimates the speed of the failure propa-
gation when about 30% of the nodes have failed. While the approach might be ap-
propriate to describe heterogeneous networks characterized by a high
functionality of the nodes, further model refinements seem to be necessary when
it comes to the description of the evolution of a total network collapse.
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Fig. 5. Comparison of the mean field approximation (mfa) with Monte Carlo (MC)
simulations. a) ER, 〈k0〉=4, linear wearout acceleration function with different values
for c. b) ER and SFN, 〈k0〉=2, linear wearout acceleration function with c=100. c)
ER and SFN, 〈k0〉=2, logistic wearout acceleration function with c=100, α=100 and
θ=0.3. The dashed-dotted lines represent the theoretical decay of an empty graph with
N0=1000, i.e. without any node interaction.
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6 Conclusions

We presented a minimalistic model based on an accelerated “wearout” process in
order to reflect basic patterns of potential failure propagation dynamics within
large-scale engineering networks. The influence of the topology on the speed of
the overall network degradation highly depends on the particular model for the
wearout acceleration due to failing neighbors of a node. Weighting the failure
tolerance of highly connected nodes makes networks with scale-free structures
significantly more robust than random networks. We further introduced a time-
continuous mean field approximation describing the evolution of the decaying
networks. The numerical results are in agreement with the Monte Carlo simu-
lations except for the later stages of the degrading scale-free networks, making
further model improvements necessary. The presented theoretical insights gained
by the wearout analogy remain to be further substantiated by the investigation
of real systems, eventually allowing for a derivation of optimal repair and defense
strategies so as to prevent cascading events within infrastructure networks.
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Abstract. One of major challenges for post-genomic biology is to un-
derstand how molecules dynamically interact to form networks which
facilitate sophisticated biological functions. Instead of analyzing individ-
ual molecules, systems biology is to study dynamical networks of inter-
acting molecules which give rise to life. In recent years, many progress
have been made in systematic approaches and high-throughput tech-
nologies for systematic studying complex molecular networks. Analyzing
these networks provides novel insights in understanding not only compli-
cated cellular phenomena but also the essential principles or fundamental
mechanisms behind the phenomena at system level. This paper presents
a brief survey on recent developments on modeling and analyzing com-
plex molecular networks mainly from global and dynamical properties
of complex molecular networks. Some recent developments and perspec-
tives of analysis on molecular networks are also discussed.

Keywords: Modeling, analyzing, molecular networks.

1 Introduction

Molecular biology has led to remarkable progress in understanding of individual
cellular components, and the next main challenge is to understand biological
networks composed of the components revealed by reductionism in molecular
biology at the system level [1]. As the behaviors of living systems can seldom be
reduced to their molecular components, one has to assemble the components into
networks so as to understand complex biological processes. More and more scien-
tists are attracted by such a research topics, especially the topological structures
and functions of different molecular networks.

Biological functions can only be carried out through precise interactions and
regulation of thousands of cellular components such as genes, proteins, and
metabolites. Due to the large number components and parameters involved in the
networks, it is almost impossible to intuitively understand how the networks exe-
cute complex cellular functions. The understanding of complex biological systems
requires the integration of experimental and computational research. Therefore,
accurate modeling is prerequisite in understanding the biological implications
of different topological properties such as path lengths and degree distributions
and their behaviors such as circadian rhythms of different molecular networks.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2139–2148, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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Furthermore, qualitative or quantitative analysis can also be made, which will
contribute to accurate experimentally verifiable predictions.

Molecular networks comprise metabolites, enzymes, proteins, or genes as ver-
tices, which are linked depending on the interactions between them. Modeling
these networks may be performed by considering the theory of complex networks
because of its universality and ability to mimic systems of many interacting parts.
Besides theory of complex networks, nonlinear dynamical theory can also paly
an important role in investigating molecular networks due to the dynamical in-
teractions between the cellular components. The dynamics and global properties
of molecular networks such as small-world and scale-free topological properties
of different kinds of molecular networks are important in understanding biolog-
ical systems, namely regulation mechanisms, robustness properties, information
flow, and perfect adaptation.

In this paper, we present a brief survey on recent developments in modeling
and analyzing of complex molecular networks from the viewpoint of systems biol-
ogy. Attention will be focused on global and dynamical properties of the networks
based on theory of complex networks and nonlinear dynamics. Specifically, we
first describe some approaches to model molecular networks such as stochastic
and deterministic approaches and explain how to construct a molecular network
with specific functions, e.g., switches and oscillators, from the theoretical and
engineering perspective. Then, we explain how to analyze complex molecular
networks, especially their dynamics, robustness, information propagation, and
adaptation. Finally, some recent developments and perspectives of analysis on
molecular networks will be discussed.

2 Modeling of Molecular Networks

Molecular biology has provided a wealth of knowledge about individual cellular
components. Also, the use of high throughput DNA microarray, protein chips,
RT-PCR, and other methods to monitor biological processes in bulk is critical.
It has led to the realization that it is essential to establish methodologies and
techniques to enable us to understand how genes, proteins and small molecules
dynamically interact to form molecular networks which facilitate sophisticated
biological functions such as circadian rhythms, cell cycle, and cell differentiation
and how the global properties mean for different kinds of molecular networks.
Therefore, modeling becomes so important that an insight into basic mechanisms
and information can be obtained and further detailed qualitative and quantita-
tive analysis and verifiable predictions can be also made.

Several different attempts have already been made to create models of molec-
ular networks. Generally, they can be classified into two categories: reverse and
forward engineering approaches.

2.1 Reverse Engineering Approach

Network structures can not be automatically inferred from experimental data
based on some principles or universal rules. To identify network structures, two
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kinds of approaches - bottom-up and top-down can be utilized based on the
experimental data used. The bottom-up approach tries to construct a molecu-
lar network based on the compilation of independent experimental data, mostly
through literature searches and database request such as KEGG and some spe-
cific experiments to obtain data of very specific aspects of the network. This
approach is suitable when most of the molecular and their regulatory relation-
ship are relatively well understood.

On the other hand, the top-down approach tries to make use of high-
throughput data obtained through new measurement technologies. Many infer-
ence technologies have been developed such as singular value decomposition and
robust regression [2], steady-state perturbation experiments [3], integration of
multiple datasets [4,5], and integrating genetic perturbations [6]. The drawback
of the top-down approach is the computational cost. Also, when prior knowledge
is well understood, a hybrid method that combines the bottom-up and the top-
down approach can also be used so as to reduce the possible space of network
structures.

Reverse engineering approach is very useful in building complex molecular
networks although the network obtained are generally very abstract. Reverse
engineering typically requires the use of simplistic parametric models of a large-
scale network, e.g., Bayesian networks, Boolean networks, or linear differential
equations, and the parameters of which are adjusted to fit real-world data. Such
an approach is very important in understanding their global properties and func-
tional organization such as the scale-free topological properties of metabolic net-
works [7].

2.2 Forward Engineering Approach

After the abstract models are obtained, some more detailed information is further
needed so as to faithfully quantify the information contained in the abstract
networks. A natural choice is to use forward engineering approach, where a
set of equations are built based on detailed molecular interactions with exact
kinetic parameters to achieve biological reality. The underlying biochemistry
and regulation mechanisms can be used to quantify the fundamental laws of
regulation between molecules.

Forward engineering approach is very useful to handle concrete and compli-
cated molecular systems at more detailed level so as to analyze the regulation
mechanism, robustness properties, synthetic network design, and control strate-
gies. So far, many different technologies have been developed including analysis
of different regulation process such as effects of nonlinear protein degradation
[8], hysteresis in a synthetic mammalian gene network [9], robustness properties
[10], construction of relatively simple genetic circuits with specified functions,
e.g. switches and oscillators [11,12,13,14,15], and collective behaviors of multi-
cellular networks [16,17,18,19,20,21].

To obtain detailed and exact information in molecular networks, there is a
strong need to combine forward engineering and reverse engineering. Reverse
engineering approaches provide basic information in molecular networks to fit
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to experimental data. Based on the abstract models and further information
revealed by molecular biology, forward engineering builds more detailed mathe-
matical models with kinetic-related parameters. From this viewpoint, the model
would focus on capturing the intrinsic architecture of molecular networks and
their detailed kinetics rather than some basic information.

2.3 Dynamical Modeling of Molecular Networks

Different formalisms can be used to model and simulate detailed molecular net-
works.All methods can be categorized as static or dynamic, discrete or continuous,
stochastic or deterministic [22]. All these approaches can help us qualitatively or
quantitatively understand the structures and functions of the molecular networks
and their regulatory mechanisms.

Stochastic and deterministic approaches have traditionally been used in model-
ing dynamical molecular networks. The deterministic approach such as ordinary
and partial differential equations neglects the effects of stochastic fluctuations.
For example, the rate equation approach, in which the culture is assumed to be
homogenous, use the concentrations of cellular components as the variables to de-
scribe the dynamics, i.e. the rates of production and decay of these components.
The constructed models consist of a system of ordinary differential equations so
as to analytical or numerical techniques of nonlinear dynamics can be applied.
While For the case of inhomogeneity, other techniques such as partial differential
equations are more appropriate to describe the spatially heterogeneous culture.

Although the deterministic approach is relatively easier and some analyti-
cal techniques can be applied, the stochastic modeling approach such as master
equation approach provides the most detailed level of the dynamics due to the
existence of the intrinsic and extrinsic noises. The inherent stochasticity in bio-
chemical processes such as binding, transcription, and translation generates the
intrinsic noise. While the variations in the amounts or states of cellular com-
ponents or the external environment generate the extrinsic noise. Such noises
are believed to play especially important roles when species are present at low
copy numbers. The power of the stochastic approach lies in its completeness and
attention to detail although the simulations are computationally expensive. See
[23] for more details on stochastic modeling approaches.

3 Analyzing Molecular Networks

In this section, we give a brief introduction to dynamical analysis, robustness
properties, information propagation, and adaptation of molecular networks.

3.1 Dynamical Analysis Molecular Networks

Biological functions can only be carried out through dynamical interactions be-
tween the basic cellular components. Therefore, dynamical analysis of molecular
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networks is very necessary on how the cellular components interact and form
feedback which plays a major role in various aspects of biological processes and
physiological functions such as chemotaxis and circadian rhythms. Besides tradi-
tional theory of nonlinear dynamics, theory of complex networks, control theory,
and stochastic process also plays an important roles in analyzing the dynamics
of molecular networks.

Traditional nonlinearity theory, especially stability and bifurcation theory,
have been widely used in analyzing network dynamics and cell physiology. For
example, the dynamics of cell cycle regulation was analyzed by using bifurcation
theory, which tells us how the generic properties of a dynamical system depend
on parameter values [24]. The authors showed that bifurcations underlie cell-
cycle transitions. The theory of nonlinear dynamics is also used in analyzing
all complex dynamics in molecular networks such as circadian rhythms [25] and
robustness properties [26].

Control theory can also paly an important roles in analyzing dynamics of
molecular networks [27]. For example, monotone control theory can be used to
construct molecular networks with specific functions such as switch and oscilla-
tors [28,29,11,12,13,14,15]. It can also be used to detect stability and bifurcations
in positive-feedback systems [30]. Robust perfect adaptation in bacterial chemo-
taxis through integral feedback control also has been proposed [31]. It is well
known different feedback play different roles in determining networks dynamics
[32]. For instance, positive feedback networks can only converge to equilibrium
and therefore negative feedback is necessary to produce oscillatory behaviors [33].

Complex network theory can also help us to understand and predict the be-
havior of molecular networks because many molecular components constitute
complex networks. Global properties such as degree distribution, hubs, scale-free
properties play important roles in understanding the implication of molecular
networks. For example, metabolic networks had small-world and scale-free prop-
erties [7,34] and cellular networks such as protein-protein interaction networks,
gene regulatory networks, and metabolic networks tend to be disassortative [35].
Such properties can not only ensure the network robustness against random
failure of the nodes but also to guarantee an efficient transport and flow process-
ing by avoiding congestion. Gene networks also have similar properties which is
a result of evolutionary self-organization via preferential node attachment be-
cause the genes with numerous co-expressed partners were found to evolve more
slowly than average [36]. The networks of interacting proteins also have the
scale-free properties which is the consequence of network’s simultaneous toler-
ance to random errors, coupled with fragility against the removal of the most
connected nodes.

Besides the above mentioned techniques, there are some other approaches for
mathematical analyzing of biological systems, among which is the stochastic ap-
proach due to the inherent stochasticity or randomness in biological processes.
Different approaches have been proposed to analyze and control such stochas-
ticity. In many cases, the stochastic and deterministic descriptions of a system
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coincide in the sense that the mean behavior of the system can be accurately
captured by the deterministic description [37]. When the system is operating
near a critical point, however, deterministic and stochastic behaviors may be
different. In this case, noises can induce some new phenomena. Noise can also
induce new phenomena such as noise-based switches and amplifiers for gene
expression [38] and fluctuation-enhanced sensitivity of intracellular regulation
[39] in a single cell were also found. Some stochastic simulation algorithms have
also been proposed.

3.2 Robustness of Molecular Networks

Robustness, the ability to maintain performance in the face of perturbations
and uncertainty, is one of the essential features of biological systems [40]. It is
essential for them to be robust against various changes in parameters to cope
with genetic variations and external disturbances. It is believed that the structure
of the network, rather than specific parameters of the network determine the
robustness properties [10].

Understanding the mechanism behind robustness is particularly important
because it provides in-depth understanding on how the system maintains its
functional properties against various disturbances. For example, robustness of
circadian rhythms with respect to molecular noise, parameters, and network
structures have been studied [26,41,42,10]. It is found that the robustness maybe
related to evolution [43]. Some mechanisms have been found which can im-
prove the robustness. For example, redundancy is a widely used method to
improve the systems robustness against damage to its components by using
multiple pathways to accomplish the function [1]. The use of explicit control
scheme is also an effective approach to improving robustness. The global prop-
erties such as scale-free networks are also robust against random failure of the
molecules [7].

3.3 Information Propagation in Molecular Networks

Essence of living systems is flow of mass, energy, and information in space and
time. The flow occurs along specific networks such as flow of mass and energy
in metabolic networks, flow of information involving DNA in transcriptional
regulation networks, and flow of information not involving DNA in signaling
networks. Thus, the information propagation in molecular networks typically
involves intracellular feedback mechanisms and continually sensing their envi-
ronment through receptors. To determine how cells act and interact we need to
understand how information is transferred between and within cells. The infor-
mation transfer is carried out through integrated exchange of biosignals by cell
communication. While the intracellular feedback mechanisms, i.e., the direction
and strength of relationships between intracellular components in a pathway
determines the information propagation inside individual cells [45].
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3.4 Adaptive Molecular Networks

During the evolution of molecular networks, both the network composition and
the interactions between components will vary. The adaptive molecular networks
are formed on two levels [44]. On one level, the equations of motion are inte-
grated to determine the state of each component. On a second level, algorithms
which approximate physical processes in the real system are employed to change
the equations of motion. Take the immune network as an example. It has two
different types of temporal variation. The first is adjustment of the concentration
of each component in response to the couplings, i.e., the relationships between
intracellular components. The second is an innovative process, the addition of
new components into the system or deletion of old components from the system
[44]. The adaptation of molecular networks is a selective property in evolution
process.

Besides the construction of adaptive molecular networks from the viewpoints
of evolution, there are also two other approaches to constructing a system that
exhibits perfect adaptation from the perspective of robust control theory: (i) fine
tuning the parameters and (ii) designing a specific structure that creates this
property inherently. Robust perfect adaptation in bacterial chemotaxis through
integral feedback control is such an example [31].

4 Discussion

In this paper, we have given a brief introduction to modeling and dynamical
analysis of molecular networks. It is worth mentioning that the framework on
modeling and analyzing molecular networks in this paper is general, and can be
widely applied to various areas of real biological systems. Although still in their
infancy, theoretical methods for modeling and analyzing of gene regulation pro-
cesses are indispensable to reveal the essential mechanisms of biological systems
because intuitive understanding of their dynamics is usually hard to be obtained
only from biological experiments.

Although there are significant advances on modeling and analyzing molecu-
lar networks in recent years, the essential mechanisms by which the function
arises remain to be fully understood. Many different forms of models have been
constructed with various approximation or assumptions, however, the integra-
tive study with as many as possible factors still need further exploration from
perspectives of systems and networks. It is an area in need of new theoretical
concepts linking dynamical phenomena and molecular networks. In addition, it
is also a future topic to exploit the structures of network motifs and modules to
model or simplify molecular networks in a biologically plausible manner.
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Abstract. The problem of stabilization in complex networks with asymmetric 
couplings forced by pinning control is studied. By using eigenvalue analysis, 
controllable regions for different types of coupling links are obtained. Some 
relevant factors on controllability such as pinning fraction and pinning strength 
are also investigated. 

Keywords: Complex network, asymmetric network, pinning control, stability, 
eigenvalue analysis. 

1   Introduction 

We are surrounded by complex systems. Many complex systems in nature and socie-
ties can be cast into complex networks, where vertices are the elements of the systems 
and edges represent the interactions among them. Recently, the interplay between the 
complexity of the overall topology and the collective dynamics of complex networks 
gives rise to a host of interesting effects [1-7].  
  Especially, there are attempts to pinning control the dynamics of a complex network 
and guide it to a desired state. Previous work at this question [8-9] has typically 
looked at very specific coupling schemes such as symmetric coupling and uniform 
coupling (i.e., the nodes interact with the same coupling strength). However, in many 
circumstances this simplification does not match satisfactorily the peculiarities of real 
networks. For instance, the WWW [10-11], metabolic networks and citation networks 
[12-13] are all directed graphs, whose coupling matrices are asymmetric. Due to the 
difficulty of asymmetric coupling producing imaginary parts of eigenvalues, stabiliza-
tion problem for asymmetric networks subjected to pinning control has been an im-
mensely challenging undertaking in the current literature. 

The main contribution of this paper is to using eigenvalue analysis approach to 
characterize both the controllable region of the stationary state and the eigenvalue 
distribution of the coupling and control matrices. The dependence of the controllabil-
ity on both pinning fraction and pinning strength is studied through directed numeri-
cal simulations. 

                                                           
* Corresponding author. 
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2   Stabilization of Stationary State by Pinning Control 

Consider a very popular complex dynamical network consisting of N  identical cou-
pled nonlinear nodes with diffusive and linear couplings 

                                               
1

( ) ( ( )) ( )
N

i i ij j
j

x t f x t b x t
=

= + Γ∑ , 1, 2, ,i N= ,              (1) 

where 1 2( , , , )T m
i i i imx x x x R= ∈  represents the state vector of the i -th node, and the 

nonlinear function ( )f ⋅ , describing the local dynamics of the nodes, is continuously 

differentiable and capable of producing various rich dynamical behaviors, including 
periodic orbits and chaotic states. m mR ×Γ ∈  is a 0-1 constant matrix indicating inner-
coupling between the elements of the node itself, while the real matrix , 1( )N

ij i jB b ==  

satisfying zero-row sum denotes the outer-coupling among the nodes of the whole 
network. If there is a connection from node i  to j ( )j i≠ , then 0ijb > ; otherwise 

0ijb =  ( )j i≠ . For symmetric couplings, all the eigenvalues of the coupling matrix 

are real. However, asymmetric couplings produce imaginary parts of eigenvalues, 
which can yield additional stability and instability absent in symmetric couplings 
cases. Here, the whole network is supposed strong connected and the coupling matrix 
B  is assumed to be diagonalizable although it is asymmetric. It is easily proved that 0 
is an eigenvalue of the asymmetric matrix B  with multiplicity 1 and the real parts of 
all the other eigenvalues of B  are negative due to Gerschgorin’s disk theorem [14].  

In this paper we focus on the following problem. Supposing the isolated node ac-
cepts a chaotic solution, our central task is to stabilize network (1) onto a homogenous 
stationary state 

                                             1 2( ), ( ), , ( )Nx t x t x t x→ ,  as t → ∞                             (2) 

where x  is an equilibrium point, satisfying ( ) 0f x = . 

To achieve the goal (2), feedback pinning controllers are applied onto a portion δ  
of nodes in network (1). Without loss of generality, let the first l  nodes be selected to 
be pinned, where l  is the integer part of the real number Nδ . It should be noted that 
a controller will not be removed after being placed in. 

Thus, the controlled network can be described as 

                                 
1

( ) ( ( )) ( )
N

i i ij j i
j

x t f x t b x t u
=

= + Γ +∑ , 1,2, ,i N= ,                      (3) 

with the local state feedback controllers given by 

                                             ( ( ) )i i iu d x t x= − Γ − , 1,2, ,i N= ,                               (4) 

where the feedback gains 0id d= >  for 1,2, ,i l=  and 0id =  for otherwise. 

The stability of the stationary state (2) after control can be analyzed exactly by set-
ting ( ) ( )i ie t x t x= −  and linearizing Eqs. (3) at state x . This leads to  

                                        [ ( )]T TE E D f x CE= + Γ ,                                                     (5) 
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where ( ) m mDf x R ×∈ is the Jacobian matrix of f evaluated at x . 1 2[ , , ,TE e e=  

] m N
Ne R ×∈  and C B D= −  with feedback gain matrix 1 2( , , , )ND diag d d d= .  

It is an easy matter to prove that C  is asymmetric, and all the real parts of its ei-
genvalues are strictly negative with their corresponding (generalized) eigenvectors  

1 2[ , , , ] N N
N Rφ φ φ ×Φ = ∈ , 

satisfying  

k k kCφ λ φ= , 1, 2, ,k N= .   

By expressing each column of E  on the basis 1 2{ , , , }Nφ φ φ , one has 

                                                                    E η= Φ ,                                                  (6) 

where 1 2[ , , , ]T m N
N Rη η η η ×= ∈ . 

Then, (5) can be expanded into the following equations: 

                                           [ ( ) ]k k kDf xη λ η= + Γ , 1, 2, ,k N= .                              (7) 

To this end, the stability problem of the ( )N m× -dimensional system (3) about the 

stationary state x  is reduced to the stability problem of the much simpler N  inde-
pendent m -dimensional linear system (7) about the origin. 

The significance of Eqs. (7) is that the stability problem of the controlled network 
(3) can be separated into two independent problems: one is to analyze the stable re-
gions of Eqs. (7), which depends on the dynamics of the isolated node such as the 
equilibrium point x , the Jacobian matrix ( )Df x  and the inner linking structure Γ ; the 

other is to analyze the eigenvalue distribution of the matrix C , which depends on the 
network topology parameters, control gain d  and the number of the pinned nodes l .  

According to the linear system theory, the controlled network (3) is locally expo-
nentially stable about x , if and only if all the eigenvalues of the matrix 
[ ( ) ]kDf x λ+ Γ  have negative real parts. This criterion provides the stability boundary 

in the complex plane. Of course, this stability boundary depends on the dynamics of 
the isolated node and the inner linking matrix Γ . In the following subsection we 
clarify various essentially different structures of controllable regions. 

2.1   Stable and Unstable Regions  

Now we specify the following models as our examples. Let 1 2 3[ , , ]Tx x x x= . 

(1) Lorenz model 
A single Lorenz oscillator [15] is described in the dimensionless form by 

                                                        
1 2 1

2 1 1 3 2

3 1 2 3

( )x x x

x x x x x

x x x x

α
γ

β

−⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟ = − −⎜ ⎟⎜ ⎟

⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

,                                    (8) 
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which has a chaotic attractor when 10α = , 8 / 3β =  and 28γ = . With this set of 

system parameters, one unstable equilibrium point is [8.4853,8.4853,27]Tx = . 

(2) Chen model 
A single Chen oscillator [16] is described in the dimensionless form by 

                                                 
1 2 1

2 1 1 3 2

3 1 2 3

( )

( )

x x x

x x x x x

x x x x

α
γ α γ

β

−⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟ = − − +⎜ ⎟⎜ ⎟

⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

,                                (9) 

which has a chaotic attractor when 35α = , 3β =  and 28γ = . With this set of sys-

tem parameters, one unstable equilibrium point is [7.9373,7.9373,21]Tx = . 

In Fig. 1 we plot the stable region of the homogenous stationary state x  of Lorenz 
model in the complex plane for different linking matrices Γ . The curves represent the 
critical condition at which the largest real part of the eigenvalues of the matrix 
[ ( ) ]kDf x λ+ Γ  is equal to zero. In the region marked by “S” (stable), the largest real 

part of the eigenvalues of the matrix [ ( ) ]kDf x λ+ Γ  is negative, while it is positive in 

the region marked by “U” (unstable). In Fig. 2 we do the same as in Fig. 1 with the 
model replaced by the Chen model. 
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Fig. 1. Distributions of stable (“S”) and unstable (“U”) regions of the stationary state for the 
Lorenz model.  The green solid lines represent the zero maximum real part of eigenvalues.  
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Fig. 2. The same as Fig. 1 with the Chen model considered 
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It is interesting to notice that the structure of the stable regions in Figs. 1-2 can be 
classified into three groups. Class (i), including Figs. 1(c), 1(d), 2(a), and 2(b): the 
critical curves are V-shaped, then larger Re( )λ−  and smaller Im( )λ  are favorable 

for stabilizing the homogenous stationary states. Class (ii), including Figs. 2(c) and 
2(d): the critical curves form closed circles, and then stable regions are localized in 
certain finite Re( ) Im( )λ λ− −  regions. Too large and too small Re( )λ−  and too large 

Im( )λ  can definitely destroy the stability of the homogenous stationary states. Class 

(iii) [see Fig. 1(a)]: the critical curves are inversely U shaped, and then larger Re( )λ−  

and larger Im( )λ  are favorable for stabilization of the homogenous stationary states. 

Fig. 1(b) is a kind of mixture of classes (i) and (iii). It is interesting to find a sharp 
central bottom in its stable region. 

2.2   Eigenvalue Distribution  

Now all the stable and unstable regions shown in Figs. 1-2 remain unchanged for the 
given parameters. For stabilizing the homogenous stationary state, the key point is to 
move all the unstable eigenvalues of B  to the controllable domains by adding suit-
able control matrix D . In the following we consider unidirectional ring networks 
with 3 and 4 nodes as shown in Figs. 3(a) and 3(b), respectively. 

In Fig. 4 we plot various eigenvalue distributions at 3N =  and (1,0,0)diagΓ =  

for different d  and l . It is observed from Fig. 4(a) that without control (i.e., 0d = ), 
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   (a)                                                                 (b)                        

Fig. 3. (a) Unidirectional ring network: N=3. (b) Unidirectional ring network: N=4. 
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Fig. 4. Eigenvalue distribution of the asymmetric matrix C . N=3 (The network structure  
Fig. 3(a) is considered). (a) d=0, l=0. (b) d=1, l=2. (c) d=1, l=3. (d) d=50, l=2. The blue dots 
represent the eigenvalues of the matrix C  with d=0 and l=0, while the red circles represent the 
eigenvalues of the matrix C  with d≠0 and l≠0. The green lines denote the critical curves of the 
stable region in the case of Fig. 1(a). These notations are valid for Figs. 5-6. 

there is one unstable eigenvalue, 0, locating in the unstable region. Keeping all pa-
rameters unchanged except setting 1d =  and 2l = , all the eigenvalues move up as 
shown in Fig. 4(b). However, there is still one nonzero eigenvalue sitting in the unsta-
ble region. Continuously increasing the pinning fraction until 3l = , the unstable 
eigenvalue crosses the critical line and enters the stable region [see Fig. 4(c)]. In Fig. 
4(d), we increase largely the feedback gain on the basis of Fig. 4(b), and find the 
unstable eigenvalue ultimately moves into the stable region (The other two stable 
eigenvalues are moved up outside of the scope of the figure). Figure 4 tells us clearly 
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Fig. 5. Eigenvalue distribution of the asymmetric matrix C . N=3 (The network structure 
Fig. 3(a) is considered). (a) d=0, l=0. (b) d=0.5, l=1. (c) d=0.5, l=3. (d) d=2, l=1. The green 
lines denote the critical curves of the stable region in the case of Fig. 1(c). 
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Fig. 6. Eigenvalue distribution of the asymmetric matrix C . N=4 (The network structure Fig. 
3(b) is considered). (a) d=0, l=0. (b) d=7.5, l=1. (c) d=7.5, l=4. (d) d=8.5, l=4. The green lines 
denote the critical curves of the stable region in the case of Fig. 2(c).  
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the removal of the eigenvalues after control. It is concluded that increasing the pin-
ning fraction and/or the pinning density can considerably enhance the controlling 
efficiency in the case of inversely U shaped region. 

In Fig. 5, we do the same as Fig. 4 except the stable region distributions Fig. 1(c) is 
considered. All the features found in Fig. 4 are still observed in Fig. 5. 

In Fig. 6 we consider the cases Fig. 2(c) and Fig. 3(b). It is observed from Fig. 6(a) that 
all the eigenvalues are outside the stable region without control. In Fig. 6(b) we choose 
only one node to be pinned. The obvious consequence is that all the eigenvalues of  C  
move up, and then the top eigenvalue first crosses the bottom critical curve and enters the 
stable region. Keep all parameters unchanged from Fig. 6(b) except that the pinning frac-
tion l  is increased to 4l = , then all the eigenvalues move into the stable region. Continu-
ously increasing the feedback gain d  to 4d =  from Fig. 6(c), an interesting phenomenon 
takes place: the top eigenvalue first crosses the upper critical curve and enters the unstable 
region, which leads to destabilization. It is concluded that too large and too small l  and d  
can definitely destroy the stabilization of the stationary state.  

Figures 7 and 8 show the process of controlling the 3-node and 4-node unidirec-
tional ring networks corresponding to Figs. 4(d) and 6(c), respectively. It is clearly 
that the aim state is stabilized well after control. 
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Fig. 7. Specifically pinning some nodes in a 3-node unidirectional ring network corresponding 
to Fig. 4(d) 
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Fig. 8. Specifically pinning some nodes in a 4-node unidirectional ring network corresponding 
to Fig. 6(c) 
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3   Conclusions 

In this paper, the stability problem of stationary states for asymmetric networks sub-
jected to pinning control is discussed by eigenvalue analysis approach. The effects of 
pinning fraction and strength are investigated in detail. The stabilization problem of 
complicated high-dimensional coupled and controlled networks can be divided into 
two independent problems: One is the description of controllable and uncontrollable 
regions of the isolated node modified by an eigenvalue forcing kλ Γ ; the other is the 

eigenvalue analysis of the node coupling and controlling matrix C . The former is 
independent of the node interaction scheme and the control mechanism, and the latter 
is independent of the inner dynamics, the homogenous stationary state and the inner 
linking structure Γ . Both problems have been solved easily, and they, together, pro-
vide definite answers to the problems of stability of asymmetric coupled networks. 
For instance, one can easily reveal and classify the stability of the stationary state by 
examining whether and how some unstable eigenvalues enter into the stable region. 
Moreover, one can apply control matrix D  to stabilize a stationary state by moving 
all the unstable eigenvalues into the stable region. The ideas in this paper can be ap-
plied to general coupled extended networks. 
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Abstract. An important natural phenomenon surfaces that satisfactory
synchronization of self-driven particles can be achieved via remarkably
reduced communication cost, especially for high density particle groups
with low external noise. Statistical numerical evidence illustrates that a
highly efficient manner is to distribute the communication messages as
evenly as possible along the whole dynamic process, since it minimizes
the communication redundancy. More surprisingly, it is discovered that
there exists an abnormal region in the state diagram where moderately
decreasing the communication cost can even improve the synchroniza-
tion performance. Significantly, another interesting fact is found that
low-cost communication can help the particles aggregate into synchro-
nized clusters, which may be beneficial to explain the forming mechanism
of individuals’ aggregation phenomena over biological flocks/swarms.

Keywords: Vicsek model, communication, synchronization, state dia-
gram.

1 Introduction

Over the last decade or so, physicists have been looking for common, possibly
universal, features of the collective behaviors of animals, bacteria, cells, molec-
ular motors, as well as driven granular objects. One of the most remarkable
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characteristics of systems such as a flock of birds, a school of fish, or a swarm of
locusts is the emergence of ordered state in which the particles move in the same
direction [1,2,3], despite the fact that the interactions are (presumably) of short
range. Moreover, this issue can be further generalized to a consensus problem [4],
i.e. groups of self-propelled particles agreeing upon certain quantities of interest
like attitude, position, temperature, voltage, etc. Distributed computation based
on solving consensus problems has direct implications on sensor network data
fusion, load balancing, swarms/flocks, unmanned air vehicles (UAVs), attitude
alignment of satellite clusters, congestion control of communication networks,
multi-agent formation control, and so on [5,6,7,8].

Vicsek et al. [1] proposed a dynamic model to describe the collective motion
of self-propelled particles, which has been drawing more and more attention re-
cently and gaining increased popularity from both physics and engineering com-
munities [2,3,9,10,11,12,13,14,15,16]. In the Vicsek model each particle tends
to move in the average direction of its neighbors while being simultaneously
subjected to noise. As the amplitude of the noise increases the system under-
goes a transition from an ordered state in which the particles move in the same
direction, to a disordered state in which the moving directions are uniformly
distributed. Grégoire and Chaté [2] modified the Vicsek model by changing the
way in which the noise is introduced into the group. By this means, the states
transition is switched from second to first order. More recently, in order to stabi-
lize flocks/swarms, Gazi-Passino [11] and Moreau [12] developed two alternative
models, i.e. the Attraction/Repulsion (A/R) model and the linearized model,
respectively. The former yields a cohesive swarm with bounded size in a finite
time, while the latter can guarantee the convergence of all the particles’ states
to a common one with complete communication, i.e. sending messages all along.
Zhang et al. introduced predictive mechanisms into the Vicsek model and the
linearized flocking model, respectively [17,18,19]. Moreover, they have also found
some singular behavior inside such mainstream flocking models [20], and devel-
oped some adaptive velocity approach to accelerate the synchronization process
of flocks/swarms[21].

Based on complete communication, most of the previous models of self-
propelled particles yield many attractive characteristics like convergence, ordered
state, consensus, rendezvous, cohesion, robustness, etc. However, in this paper,
an important phenomenon is discovered that complete communication is not
the most efficient manner. For many kinds of self-propelled particle groups and
natural swarms/flocks/schools, satisfactory ordered state can still be achieved
with sharply reduced communication cost. More surprisingly, in the density-noise
space, there exists an abnormal region where moderately reducing the communi-
cation cost can help increase the performance. A general physical picture behind
our finding is as follows: in abundant natural bio-groups composed of animals,
bacteria, cells and so on, each particle does not send messages throughout the
whole process, but now and then in some suitable manner, which is called partial
communication. Some close examples can be found in firefly groups, deep-sea lu-
minous fish schools and so on. Each particle uses light signals with limited power
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to guide the others, and just flashes at some suitable discrete times to save en-
ergy, which yields satisfactory collective performances. Other than the above
mentioned natural phenomena, our work is also partially inspired by Ref. [13],
which reveals that a very small proportion of informed individuals can efficiently
guide a large-scale group. In addition, we found the role of information redun-
dancy on the present model: the higher the redundancy, the worse the synchro-
nization performance. Therefore, a highly efficient manner is to distribute the
communication messages as evenly as possible along the whole dynamic process.

On the other hand, it was also found that particles are more likely to con-
gregate into synchronized clusters using partial communication, which is useful
to understand the collective behaviors of natural flocks/swarms like obstacle-
avoidance, forging and anti-intrusion, where effective and economical mecha-
nisms are desirable to reform agents into several synchronized clusters. Aggrega-
tion in biology has numerous counterparts in physics. As an irreversible process,
clustering is a typical nonthermal equilibrium phenomenon, which typically fol-
lows a power law and is essential in the construction of a statistical physics for
systems far from thermal equilibrium [22,23]. It is also known that intermittent
dynamics is mainly due to the relative direction of motion of different clusters
[24]. From an industrial application point of view, the phenomena and strate-
gies reported in this paper may be applicable in some prevailing engineering
areas such as autonomous robot formation, sensor networks, and UAVs [5,6,7].
Since each particle in these groups has limited power to send messages, partial
communication can be used to save energy and form congregation.

2 Synchronization via Low-Cost Communication

Due to its popularity, we will focus on the Vicsek model [1]. In this model, the
velocities {vi} of N particles are determined simultaneously at each time step,
and the position of the ith particle is updated according to xi(t + 1) = xi(t) +
vi(t). The velocity of a particle, vi(t+1), has a constant speed v and a direction
given as θ(t + 1) = 〈θ (t)〉r + ∆θ, where 〈θ (t)〉r denotes the average direction
of particles within a circle of radius r surrounding the particle i (including i
itself), which is given as arctan [〈sin (θ (t))〉r / 〈cos (θ (t))〉r] if 〈cos (θ (t))〉r ≥ 0,
or arctan [〈sin (θ (t))〉r / 〈cos (θ (t))〉r] + π if 〈cos (θ (t))〉r < 0, where 〈sin (θ (t))〉r
and 〈cos (θ (t))〉r denote the average sine and cosine values, and ∆θ represents
a random noise obeying a uniform distribution in the interval [−η/2, η/2]. In
accordance with the Vicsek model, we use the same settings as in Ref. [1], i.e.
r = 1, v = 0.03 and N = 300, and employ the absolute value of the average
normalized velocity va = |

∑N
i=1 vi|/(Nv) as the performance index. va � 0 if

the direction of motion of the individual particles is distributed randomly, while
for the coherently moving phase, va � 1. Note that the linear size L of a square
shaped cell determines the density ρ = N/L2, and in all the simulations we use
1000 independent runs and at most M = 3000 running steps for each run, which
is sufficiently long to reach the steady state of all the following cases. The initial
position and moving direction of each particle are selected randomly from the
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Fig. 1. (Color online) Synchronized performance index va with respect to communica-
tion cost p for random (squares) and continuous (circles) manners

square [0, L]× [0, L] and range [0, 2π], respectively. The boundary conditions are
periodic.

For partial communication, only part of the particles will broadcast their po-
sitions and velocities at each time step. The communication cost p is evaluated
by the average number of broadcasting particles over the total number of parti-
cles at each time step. To investigate partial communication and find a highly
efficient manner, we compare two communication manners, namely, random and
continuous. The random communication manner (resp. the continuous commu-
nication manner) demands that each particle send p · M messages reporting
its position and velocity randomly (resp. continuously with randomly selected
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Fig. 2. (Color online) Variance of va with respect to different initial conditions over
1000 independent runs

beginning step). Since the cost of communication is the major concern here, we
fix the number of messages that each particle can send throughout the process.

First, these two protocols are compared for a high density particle group
(L = 5) without noise in Fig. 1(a). The first attractive characteristic of the ran-
dom manner is that satisfactory va can be yielded with sharply reduced p (e.g.
no less than 95% of va of the complete communication for p ≈ 2%). To further
investigate the influence of the density ρ on the performance va, we have done
simulations for a medium density case (L = 15) and a low density case (L = 25)
(see Fig. 1(b) and Fig. 1(c), respectively). Comparing the performances for the
random communication alone across Figs. 1(a)–(c), one can observe that, when
the density ρ decreases, to achieve the same satisfactory va a higher communi-
cation cost p is required. Similar conclusions can also be drawn for the continuous
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protocol. Next, we investigate the effect of external noise by adding low and high
noises. As shown in Figs. 1(d)–(f), the noise has a more intensive effect on the
performance than density. It can be seen that the random manner outperforms
the continuous manner. Moreover, when there is no neighboring particles sending
any messages around a particle, which happens frequently in the low-density
and/or low communication cost cases, it can still be aware of its own velocity as
θ(t + 1) = θ(t) + ∆θ(t).

Moreover, since the initial positions and velocities of the particles are ran-
domly selected, to support the generality of our observation, we examine the
sensitivity of va to the initial conditions as shown in Fig. 2(a)–(f). For high-
density/low-noise cases, such as Fig. 2(a) and (d), the standard variance of va,
denoted by σa, keeps at a very low level of less than 6×10−4. On the other hand,
although σa increases with increasing η or decreasing ρ , it still remains at an
acceptable low level (see Fig. 2(b), (c), (e) and (f)), which will not change the
tendency of va (see Fig. 1 (b), (c), (e) and (f)). The validity of our observation
on va (see Fig. 1) is thus verified.

The physical reason for achieving synchronized performances via very low
communication cost is: due to the high density (e.g. L = 5), on average there
are enough particles inside the radius r of each particle, and the combination
of the sparse messages of each one of the plentiful neighbors constitutes a suf-
ficient information flow which can guide each particle to the right direction. If
the density of particles is decreased (e.g. L = 15, 25), p should be increased
to compensate for the deficiency of the neighboring guidance information. The
random protocol is better since it distributes messages more evenly, thus reduce
the redundancy. In contrast, in the continuous manner, when one message sent
by a particle can guide its neighbors along the right direction, its subsequent
messages do little to help the group performance. In this sense, these subsequent
messages become redundant, and the efficiency is thus decreased substantially.
Therefore, it is reasonable to deduce that the best manner is to distribute the
communication messages as evenly as possible along the whole dynamic process,
since it minimizes the communication redundancy.

We propose a simple noise-free model to demonstrate that more evenly dis-
tributed communication leads to better performance. As shown in Fig. 3, with
a given integer Q, for strategy Si (1 ≤ i ≤ Q), each particle sends its messages
with probability 1/(Q − i + 1) if the current time step t satisfies the inequal-
ity t mod Q ≥ i − 1. It is obvious that the communication cost p equals 1/Q
for each strategy and the communication redundancy increases with increas-
ing i. From the performance comparison in Fig. 4(a), we can observe that va

decreases with increasing communication redundancy. In order to clarify the
conception of communication redundancy or evenness, we use the variance of
the message sending-time difference sequence to quantify the communication
evenness Je = 1

pM

∑pM
j=1(hj− h̄)2 with h̄ = 1

pM

∑pM
j=1 hj and hj the sending-time

difference between the (j−1)th and jth messages. For completeness, we define h1

as the sending-time of the 1st message. Larger Je implies more evenly-distributed
message sequence. For the strategy SQ, one has hj = h̄ = Q (j = 1, . . . , pM), the
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Fig. 3. (Color online) Illustration of different communication strategies Si (i =
1, 2, · · · , Q). S1 is the same as the random communication manner.
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Fig. 4. (Color online) (a) Performance of strategy Si (i = 1, 2, · · · , Q). Here we set
Q = 10, η = 0, and (b) Evenness analysis. M = 3000, Q = 10, and this curve is the
average value over 1000 independent runs.

messages of all the N individuals are concentrated simultaneously at the Qth
step, 2Qth step, . . ., M

Q Qth step, which creates the greatest redundancy and
leads to a zero Je. On the contrary, for strategy S1, the message sending-time
difference sequence hj are distributed randomly from 1 to Q, in other words,
the messages of all the N individuals can be distributed randomly in the whole
process, yielding the least redundancy or the greatest evenness. It is observed
from Fig. 4(b) that Je decreases with increasing i, which supports our argument.

Furthermore, a surprising phenomenon is observed that, in the case of the
random manner with noise (such as L = 25, η = 0.4, L = 7, η = 2 and
L = 9, η = 2), there exists an abnormal region where moderately reducing p
might even increase va, which means reduced communication of a flock may
improve synchronization or stability. To illustrate the abnormal phenomenon
of the random manner more vividly, first we provide several typical abnormal
cases and mark their corresponding abnormal values by red points in Fig. 5(a).
Significantly, for the groups working in this region, each particle can use much
less communication power to gain even better performance. The applaudable
physical rule behind this astonishing phenomenon might be: in some suitable
areas of the density-noise space, the influence of noise defeats the counterpart of
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Fig. 5. (Color online) (a) Abnormal cases of random manner, red points denote the
abnormal values; (b) State diagram: abnormal (red), normal (blue) and disordered
(green) regions

the neighboring communications but it has not yet reached the extent of totally
disordering the system dynamics, thus in some range of p (e.g. 0.5 ≤ p ≤ 1) more
communication means propagating more errors. Consequently, partial commu-
nication outperforms complete communication. This rule can be very useful in
plentiful industrial applications, since more benefits can be achieved with less
communication cost in some working conditions. However, note that this phe-
nomenon is only found in the random communication. As to the continuous
manner, its communication redundancy is too much to arouse this abnormal
phenomenon.

We sketch the diagram in Fig. 5(b) where the density-noise space is divided
into three regions, namely abnormal, normal and disordered regions. Here, the
disordered region represents the density-noise combinations with which the per-
formance va remains at a very low random value no matter what p is. Further-
more, the intensity of the color represents the likelihood of the occurrence of each
phenomenon. For instance, the very inner part of the abnormal region is darker
than the boundary, which means in this central part the abnormal phenomenon
is more likely to occur. There is no abnormal phenomenon in noise-free cases,
thus the line of η = 0 always belongs to the normal region; for ρ = η = 0, there
is no particle, therefore the origin point is the only intersection of the three
regions. More importantly, in the abnormal region, the intensity of the noise
has been increased to defeat the influence of the neighboring communication.
However, if the noise is too heavy, then the system will enter the disordered
state. Using such density-noise space diagrams, one can tell whether the current
working condition of the network is in the abnormal region or not. If so, one
can estimate how much communication energy can be saved to yield even better
performance than complete communication. In this sense, the discovery of such
abnormal regions will be valuable in abundant industrial applications.
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3 Aggregation via Low-Cost Communication

Apart from the analysis of the synchronization index va with respect to com-
munication cost p, it is necessary to investigate the dynamical geographical bias
caused by the low-cost communication mechanism. To implement this, first, the
steady-state distributions of the self-propelled particle system are displayed with
different communication costs p = 1, 0.1, 0.01 in Fig. 6. We observe in Fig. 6(b)
that, in complete communication mechanism with p = 1, the particles are ho-
mogenously distributed. In contrast, as shown in Figs. 6(c) and (d), the particles
become condensed, and all those in a given cluster move approximately in the
same direction, and meanwhile, all clusters also head in similar directions. In
other words, although the velocity still remains synchronized, the state of ho-
mogenously distributed particles has been broken by the low-cost communication
mechanism and the particles aggregate into increasingly compacted clusters with
decreasing communication cost p. In order to quantify this appealing clustering
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Fig. 6. (Color online) Condensing performance for different communication cost p with
random mechanism. Here, L = 10, ρ = 1, v = 0.05, η = 0, φ =

∑L2

i=1 |xi − x̄|/(2(L2 −
1)x̄). All four panels show snapshots at the 2000th running step where the short black
lines denote the directions of movements of the particles.
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Fig. 7. (Color online) Condense performance index φ with respect to communication
cost p with random mechanism. Here, L = 10, η = 0, M = 2000, and the φ curves
denote average values over 1000 independent runs.

phenomenon, we propose another index φ =
∑L2

i=1 |xi − x̄|/(2(L2 − 1)x̄), where
xi and x̄ represent the particle number in ith unit grid (1× 1 squares) and the
average particle number in each unit grid, respectively. If particles are homoge-
nously distributed (no clustering phenomenon), index φ � 0. On the contrary, if
all the particles are congregated into a single unit grid, φ equals the maximum 1.
Therefore, φ rises with increasing condensing intensity of the whole group, which
has been verified by Figs. 6(b)–(d).

To exhibit a more vivid contrast between complete and partial communica-
tion mechanisms, we examine the φ − p curves in Fig. 7. One can observe that
the condensing phenomenon is intensified with decreasing p. Thereby, low-cost
communication makes the particles congregate into several clusters heading in
similar directions. This interesting phenomenon can be interpreted as follows.
Under partial communication, a particle often cannot perceive whether it is ap-
proaching some ‘dark’ neighbors who have not reported their dynamics for a
while until it receives the first message from those neighbors. At that moment,
however, this particle has already been very close to its neighbors regardless that
it begins to align the direction according to its neighboring velocity. Therefore,
the condense phenomenon is much more likely to occur with low-cost communi-
cation. In other words, low-cost communication keeps a satisfactory synchroniza-
tion performance while condensing the whole group into several clusters heading
in similar directions. Significantly, such phenomena are compatible with existing
ones that measured clustering in biological swarms [24].

4 Conclusion

In summary, we have numerically analyzed the collective dynamics of self-
propelled particle groups via partial communication and found that: (i) Ordered
state can be possibly achieved with fairly low communication cost. When the
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density is high, for noise-free or low-noise cases, just a very small proportion of
communication can produce satisfactory performances; in other words, almost
no benefit can be gained by increasing the communication cost when p exceeds
a very small value. (ii) There exists an abnormal region in the density-noise
space, in which moderately reducing the communication cost can even improve
the performance. (iii) Particles are more likely to congregate into synchronized
clusters heading in similar directions via low-cost communication.

To verify the universality of these conclusions, we have also applied the rule
of partial communication to another two popular models of self-propelled par-
ticles, the Attraction/Repulsion model [11] and the linearized model [12], and
similar conclusions have been drawn. For natural science, the contribution of
this work is to explain why particles of biological flocks/swarms/schools do not
send messages to others all along but just now and then during the whole pro-
cess, and how they reform into clusters to facilitate some complex collective
behaviors. From the industrial point of view, the value of this work is two-fold:
(i) The required communication energy can be reduced sharply at the cost of
a tiny decrease of synchronization performance. (ii) Congregation or clustering
formations required under certain circumstances can be economically achieved
by low-cost communication mechanism.
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Abstract. Many real-world domains can be represented as complex net-
works.A good visualization of a large and complex network is worth more
than millions of words. Visual depictions of networks, which exploit hu-
man visual processing, are more prone to cognition of the structure of
such complex networks than the computational representation. We star
by briefly introducing some key technologies of network visualization,
such as graph drawing algorithm and community discovery methods.
The typical tools for network visualization are also reviewed. A newly
developed software framework JSNVA for network visual analysis is in-
troduced. Finally,the applications of JSNVA in bibliometric analysis and
mobile call graph analysis are presented.

Keywords: Visual Analytics, Complex Network, Community Structure.

1 Introduction

An explosion of network research catalyses the emergence of network science,
which not limited to physics, but captures biology, computer science, mathemat-
ics and the social sciences [1]. In network science, more efforts have been devoted
to empirical studies of large-scale networks while classical random graph models,
such as the Erdös& Rényi (ER) model, belong to pure theoretical study. Along
with research of complex network, software packages have also been developed
to assist scientists to tackle the real complex network datasets from modeling,
analyzing to visualizing. Visualization can help make the complex network data
easier to read or understand. The visualization of networks is possible to greatly
improve the sense making of analytical results but also for the communication of
results within and across disciplinary boundaries but also to the general public.
Hence visualizations have played an important role in generating new insights
in network science.

Visualization is often used as an additional or standalone data analysis
method. Network visualization is a technique to graphically represent sets of
network data. Visualization techniques can be applied to communicate the re-
sults of network measurement, modeling and validation or to visually compare
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the structure and dynamics of empirical and simulated networks [2]. Visualiza-
tion has become an indispensable part of any network analysis toolkit. With
respect to visualization, network analysis tools are used to change the layout,
colors, size and other properties of the network representation. Large network
visualization has recently received a lot of attention from researchers in both in-
formation visualization and network science communities. Although some newly
available techniques are quite capable of visualizing large graphs of thousands
to hundred thousands of nodes and edges, visualization of large graphs, is still
a challenge problem due to the size and complexity of real networks and the
diversity of the network science applications.

In this paper, we begin with a brief review of network visualization techniques
and representative software packages. Since scalability is a key issue for network
visualization paradigms, we overview the methods of graph clustering for large
datasets, which can quickly discover the community structure embedded in a
large graph and divide the graph into densely connected sub-graphs. A newly
developed software framework JSNVA [3] for network visual analysis is also intro-
duced. Finally, some applications of JSNVA ,such as investigating the structural
features of scholarly networks and exploring temporal communications in mobile
call graphs are discussed.

2 Network Visualization Basics and Typical Tools

2.1 Network Visualization Basics

A good visualization system for very large network should be a combination
of three components including graph drawing, graph clustering and interaction.
Network visualization techniques range from the layout of networks, to the vi-
sualization of network dynamics and the tight coupling of data analysis and
visualization. The basics of visualization design include major matrix, tree, and
graph layout algorithms. The visualization of network dynamics shows the evo-
lution of networks in terms of attribute changes or structural changes. The tight
coupling of data analysis and visualization has been more related to a new body
of research: visual analytics [4], which is the science of analytical reasoning sup-
ported by highly interactive visual interfaces.

2.2 Algorithms for Drawing Large Graphs

Visualizing large graphs presents unique problems which require non-orthodox
solutions [7]. Drawing which displays the entire graph has the advantage of
showing the global structure of the graphs. In the last decade several algorithms
that generate string-line drawings of general large graphs have been invented.

Fruchterman and Reingold citefr propose a heuristic force-directed algorithm
based on the model of the Spring algorithm of Eades. This algorithm is widely
used in many tools and framework, such as JUNG, Prefuse, Pajek etc. The naive
algorithm is based on a model of pairwise repelling charged particles (nodes) and



Visual Analysis of Complex Networks and Community Structure 2173

attracting springs (edges). Their layout algorithm needs Θ(|V |2) time per itera-
tion to calculate the repulsive forces between all pairs of nodes. In order to speed
up this algorithm, they present a variation that called the grid-variant algorithm
based on the technique in n-body simulations to approximate the distant bod-
ies as a single pole. If the number of iterations is assumed to be constant, the
best-case running time of grid-variant algorithm is Θ(|V |+ |E|). The worst-case
running time, however, remains Θ(|V |2 + |E|) [5,12]. Frich et al. [6] present a
randomized adaptive layout algorithm call GEM for nicely drawing undirected
graphs that is based on the Spring algorithm and contains several new heuristics
to improve the convergence, including local temperatures, gravitational forces
and the detection of rotations and oscillations.

Faced with the problem of drawing a large graph, it is natural to associate with
a hierarchy of graphs and produce a drawing starting with the smallest graph
in the hierarchy, and drawing larger and larger graphs using previous drawing.
Harel and Koren [9] use an O(k|V |) algorithm that finds a 2-approximative solu-
tion of the k-center problem. They divide the graph into a sequence of subgraphs
which is determined by the approximative solution of the k-center problem. They
use a variation of the algorithm of Kamada and Kawai [10] as force-directed al-
gorithm to draw each level. The asymptotic running time of their algorithm is
Θ(|V ||E|) and Θ(|V |2) memory is needed to store the distances between all pairs
of nodes [12]. Gajer et al. [7,8] propose a hierarchical force-directed layout al-
gorithm called GRIP for drawing large graphs. The algorithm are composed of
two phrases. A coarsening phase in which a sequence of coarse graphs with de-
creasing sizes is computed and a refinement phase in which successively drawing
of finer graphs are computed, using the drawings of the next coarser graphs and
a variant of suitable force directed algorithm. However, the GRIP algorithm is
used for drawing the networks which contains only one component and it is hard
to use it to get the overview of real-world networks directly.

Koren et al. [11] present a fast graph drawing algorithm ACE for drawing
large graphs. ACE finds an optimal drawing by minimizing a quadratic energy
function. The minimization problem is expressed as a generalized eigenvalue
problem, which is solved rapidly using a novel algebraic multigrid technique
instead of calculating the eigenvectors directly. The ACE algorithm is much
faster than the force-directed algorithms for nearly all kind graphs. However,
the authors do not give an upper bound on the asymptotic running time of ACE
in the number of nodes and edges [12].

The ability to find and analyze such communities can provide invaluable help
in understanding and visualizing the structure of networks [22]. The community
detecting algorithms will great influence the results of network visualization,
however, there are lots of metrics on community detecting has been proposed.
Newman and Girvan [22] use the famous GN algorithm to discover natural di-
visions of co-authorship network. They get an overview of the relationships be-
tween different communities by applying the shortest-path betweenness version
of the GN community structure algorithm. Palla et al. [18] use the k-clique-
community detecting algorithm to get the overview of the protein-protein inter-
action network.
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2.3 Network Visualization Typical Tools

There are various network visualization tools developed in resent years. These
tools can be broadly divided into two categories: special-purpose tools or general-
purpose tools. Those special-purpose tools are domain-specific. Social network
analysis and biology are always the most popular domains. The typical tools in-
clude: NetDraw in UCINET [27], NetMiner, igraph, Cytoscape etc. Those general
purpose tools can visualize arbitrary network data that can be expressed as a
set of nodes, links, or paths. The typical software packages include: Pajek [26],
JUNG [28], Prefuse [13], Graphviz, GUESS in Network Workbench etc.

NetMiner is an innovative software tool for Exploratory Analysis and Visu-
alization of Network Data [29]. NetMiner allows user to explore social network
data visually and interactively, and helps user to detect underlying patterns and
structures of the network.It is a comprehensive package for the analysis of social
network data, which can handle tens of thousands of nodes. Social network anal-
ysis methods include centrality measures, subgroup identification, role analysis,
elementary graph theory, and permutation-based statistical analysis.

Cytoscape is an open-source, cross-platform network visualization and analy-
sis application [19]. Cytoscape has it’s roots in Systems Biology and is therefore
well suited for analyzing data from high-throughput experimentation as well as
other molecular state information. The central organizing metaphor of Cytoscape
is a network (graph), with genes, proteins, and molecules represented as nodes
and interactions represented as edges between nodes. The core functionality in-
cludes the visualization, layout, and manipulation of networks in addition to data
handling services needed for importing, exporting, and managing network data.

Network Workbench [25] is a Large-Scale Network Analysis, Modeling and
Visualization Toolkit for Biomedical, Social Science and Physics Research. This
project will design, evaluate, and operate a unique distributed, shared resources
environment for large-scale network analysis, modeling, and visualization, named
Network Workbench (NWB). NWB integrates the excellent GUESS visualization
tool to interactively explore and understand specific networks, as well as their
interaction with other types of networks.

3 JSNVA: A Framework for Network Visual Analysis

To gain insight into today’s large data resources, data mining extracts interesting
patterns. To generate knowledge from patterns and benefit from human cognitive
abilities, meaningful visualization of patterns are crucial [14]. Although informa-
tion visualization technologies are indispensable in complex data analysis, wide-
spread tools still need to be developed, as successful information visualization
applications often require domain-specific customization.

In order to explore the link relations in real-world networks explicitly, we
propose JSNVA (Java Straight-line Drawing Network Visual Analysis frame-
work) [3], a lightweight framework for network visual analysis. The goal of
JSNVA is to give simple and elegant solutions to analyze real-world networks
vividly and intuitively, so we both focus on drawing graphs and analysis. To
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evaluate its function, we apply JSNVA to analyze real-world networks in differ-
ent large scale data sets and we can get their underlying structure intuitively
and quickly.

3.1 Architecture

A framework is a set of cooperating classes that make up a reusable design
for a specific class of software [15]. JSNVA is written in Java programming
language using Java2D graphics, and it provides a clear framework for graph
based visual analysis. JSNVA draws from pioneering work on drawing graphs and
existing system like JUNG, prefuse. To make JSNVA more flexible, reusable and
understandable, we apply some design patterns in it and divide the framework
into different modules based on their functions. JSNVA is mainly composed of
the following core modules: Graph module, Layout module, Algorithm module
and Paint module.

Fig. 1. The architecture of JSNVA

Graph Module. The Graph module implements the underlying data structure of
the graph to be drawn or analyzed. The graph data structure can store attributes
by different attribute keys. JSNVA provides both a directed graph interface and
an undirected graph interface for abstract graphs. These graph interfaces enable
us to handle general graph structures, so that we are not restricted to special
graph structures such as general tree or rooted tree structures. In the same time,
we can use the graph structures to analyze real-world network efficiently as a
general graph library independent of other modules.
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Layout Module. The Layout module is the core module of JSNVA which de-
termines the positions of vertices under geometric constraints. In this module,
developer can implement different layout algorithms strictly and don’t need to
connect them together, for which can be done in the Engine module. Layout
module supplies different drawings algorithms to map the vertices’ positions of
abstract graph to the panel and store the positions of vertices in the graph
structure. JSNVA implements many general layout algorithms, including forced
directed layout [5,10], radical layout [16] etc.

Algorithm Module. The Algorithm module focuses on implementing the algo-
rithms from graph theory. This module only use the basic graph structure in the
Graph module, and it is still under development. We have implemented some
basic algorithms on graph theory, such as Dijkstra algorithm, Kruskal algorithm
and Prim algorithm etc. In order to get deep understanding of the different large-
scale networks, we divide two sub-modules in the algorithm module, which are
centrality sub-module and community sub-module. We have also implemented
some community detecting algorithms, such as maximal clique detecting algo-
rithm, GN algorithm [17], K-clique-community detecting algorithm [18] in the
community sub-module. We also implement some well known centrality algo-
rithms in the centrality sub-module such as degree centrality, betweenness cen-
trality, closeness centrality etc.

Paint Module. The Paint module is the top one of the framework, and it use
other modules to draw a network on a panel. In the Paint module there is a
submodule called Controler module which enable JSNVA to handle interactive
events, such as mouse event, saving images event etc. The GraphCanvas sub-
classes Swing’s JPanel and it can be used in any Java Swing application. The
LayoutEngine use a Scheduler pattern to provide dynamic visualization [24]
which updates visual properties and redraws the network at regular time in-
tervals. Following the Template Method pattern [15], the LayoutEngine defines
the skeleton of drawing algorithm by using the layout algorithms provided by
the Layout Module to display a network on the GraphCanvas. At each step of
displaying the graph, the Scheduler in the LayoutEngine will call the layout
method in the Layout interface to redraw the network on the GraphCanvas
dynamically.

The vertices and edges are drawn by Renderer submodule. This submodule
separate visual components from their rendering methods, allowing dynamic
determination of visual appearances [24]. Changing the appearance of vertices
and edges just requires overriding the paint methods in the submodule. The
elements in network can be drawn as different styles, for example, for example,
we can change the sizes, shapes, colors of vertices and we can also change the
colors, thickness of edges. In the Render submodule there is a submodule called
assignment module which is used to set visual attributes in the graph structure,
such as sizes, colors, labels, fonts etc. for rendering the elements.
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4 Applications

4.1 Co-authorship Network

Here we build a co-authorship network to investigate kinship patterns, commu-
nity structure in it. We get the published papers written by the students and
faculty at Beijing University of Posts and Telecommunications from 1998 to
2004, which are indexed by SCI, EI and ISTP. There are about 1990 papers in
the data set. We extract authors’ names from the files and put the first name be-
fore the surname manually and connect all the authors in each paper together.
In the co-authorship network, the size of the giant component is 1453, filling
87.4% of the total volume. In the following parts of this paper, we only focus on
characters of the giant component.

Community Detecting. Detecting the relations among communities is also
crucial to the understanding of structural and functional properties of networks,
and it is a useful way to handle information overload to get an overview of
the network. There are two kinds of famous community detecting algorithms to
find the clusters in network. One method is to divide the network into different
separated sets of communities, and the other method is trying to detect sets of
overlapping communities.

Separated Communities. Here we set the collaboration times between authors
as the weights of edges, then use the algorithm provided by Newman [23] in
the Algorithm module to detecting community structures in the weighted giant
component, which is implemented in the Algorithm module. Through the algo-
rithm, we get 34 communities in the component and all of them are in different
colors. The thickness of edges in Fig. 2 indicates the collaboration times between
authors and the size of vertices shows the productivity of authors. We choose the
largest community which is to show the detailed view. Fig. 2 shows the largest
community in the giant component. To avoid the graph image confused by au-
thors’ names, we label some famous authors in the community. We find some of
the authors labeled are professors in the school of Telecommunication Engineer-
ing, while others are in the school of Science. PeiDa Ye is an academician from
Chinese Academy of Sciences and JinTong Lin used to be a student of professor
PeiDa Ye. Both of them are in the Optical Communication Center in the school.
BoJun Yang and XiaoGuang Zhang et al. are professors in the school of Science.
Although the authors are from different schools, they are in the same research
field of Optical Communication.

Overlapping Communities. To uncover the stable communities, we will filter the
unstable links in it and link these communities together to show their research
fields. We use the k-clique-community detecting algorithm [18] in the Algorithm
module to connect these highly overlapping cliques in this network. At last, we
find 29 4-clique-communities in the stable network. We find out the most com-
mon used school name in each community to describe it. As shown in Fig. 3,
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Fig. 2. The largest community in the giant component

the green vertices represent authors from the school of Telecommunication En-
gineering; the yellow ones are from the school of Science ; the dark blue ones
are from the school of Computer Science; the purple ones are from the school of
Electrical Engineering; the pink ones are from the school of Information Engi-
neering; the red ones are the people belong to different communities. Through
this figure, we find most of communities are from the school of Telecommunica-
tion Engineering which indicates the main research interest of the university is
related to telecommunication. We can also find that the authors from the school
of Science are closely connected with the authors from the school of Telecommu-
nication Engineering because they are all have a main common research interest
in Optical Communication.

4.2 VAST2008 Challenge

We explored the temporal communication patterns of Catalano/Vidro social
network which is reflected in the mobile call data in the mobile call mini challenge
of VAST 2008 contest [20]. Our team got the Cell Phone Mini Challenge Award
on social network accuracy. In this challenge, we focus on detecting the hierarchy
of the social network and try to get the important actors in it. We present our
tools and methods in this summary. By using the visual analytic approaches, we
can find out not only the temporal communication patterns in the social network
but also the hierarchy of it.

Data Set. The mobile call records cover a ten-day period in June 2006, and
are narrowed to about 400 unique mobile phones during this period. The data
set includes records with the following fields: identifier for caller, identifier for
receiver, time, duration and call origination cell tower. The challenge includes
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Fig. 3. An overview of the research fields of these communities at the university

questions about the social structure of the call network. Furthermore, we need
to answer and characterize the changes to the social network over the ten days.

Temporal Relationship. In order to detect the communication patterns, we
construct call graphs based on the call records. According to the mobile phone
call records from June 1st 2006 to June 10th 2006, we find that the social network
structure changed greatly on June 8th 2006. In the first 7 days, the leader of
the social network was 200. We use the PageRank value of each individual in
the directed call graph formed in these 10 days to show the importance of the
individual [21]. The sizes of vertices indicate the importance of vertices. We find
an interesting pattern that all the neighbors of 200 vanished in the call graph
formed on June 8th 2006 and there were some actors with large degrees replaced
their positions.

Equivalent Actors. The problem of detecting similar vertices in a network is
not a new one. There are a lot of measures to show the similarity between data
objects, such as simple matching coefficient, Jaccard coefficient, cosine similar-
ity, Pearson’s correlation coefficient etc. In order to get the similarity between
two vertices in the call graph formed in these 10 days, we choose the Jaccard
coefficient to measure how many common neighbors they share. Let N(i) be the
neighborhood of vertex i in a network and |x| be the size of set x. Then the
Jaccard coefficient of an actor pair (i, j), which is symbolized by J(i, j), is given
by the following equation:

J(i, j) = J(j, i) =
|N(i) ∩N(j)|
|N(i) ∪N(j)|
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Fig. 4. The temporal social network (A) the first 7 days (B) the last 3 days. (C) The
social network of the temporal call graph.

Table 1. The Jaccard coefficients of actor pairs

ID1 ID2 Jaccard Coefficient
1 309 0.75
5 306 0.68
3 360 0.60
2 397 0.59

Table 1 shows the Jaccard coefficients of these actor pairs with high degrees
in the call graph during the 10 days. The equivalent actor pairs are (1, 309), (5,
306), (3, 360) and (2, 397).

Social Structure in the Call Graphs. We can get that there are two groups
of people who communicate with a lot of people in the Catalano/Vidro social
network. The first group is the neighbors of 200 and their identifiers are 1, 2, 3
and 5. The second group is the people who have the equivalent positions with
the people in the first group whose identifiers are 309, 397, 360 and 306. All
the people in the second group called the person whose ID is 300. We use the
egocentric networks of 200 and 300 to show the social network structure. We
get the social network by detecting the two egocentric networks whose roots are
200 and 300 in 2 hops. Fig. 4 (A) shows the social network of the first 7 days,
and Fig. 4 (B) shows the social network of the last 3 days. The green nodes are
the ones in both social networks. As shown in Fig. 4 (C), by merging these two
temporal networks together, we can get the social network formed in these 10
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days. In Fig. 4 (C), the green nodes are the core actors in the social network
and the blue and red ones are their neighbors, respectively. We suspect that the
network may reflect a social structure crackdown, and the positions of the 200,
1, 2, 3 and 5 may be replaced by 300, 309, 397, 360 and 306.

5 Conclusion

In this paper, network visualization technologies,such as layout algorithms for
drawing large graphs and community detecting algorithms for graph clustering,
are reviewed. Some typical network visualization tools are also introduced.A
lightweight framework for network visual analysis JSNVA: Java Straight-line
Drawing Network Visual Analysis framework is presented.

We present two applications to show its flexibility and performance. In the
first application, we try to analyze the statistical and clustering features of a
co-authorship network. By using focus+ detail views, we show an overview of
the relations between different communities and the detailed relations between
authors in the largest community. After finding the clustering and labeling the
institute names in different stable communities, we can get an overview of the
different research fields of the university and their relations. In the second ap-
plication,we analyze the social network structure of an organism, based on the
mobile call records of the mini challenge in VAST 2008. By visualizing the calling
behaviors of the actors in the social network, we find the structure of the social
network changes during a period observed. A reduced social network structure
is constructed by exploring these communication patterns through JSNVA.
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Abstract. This paper recognises that comparisons have been made between the 
role of the conductor of an orchestra and leaders of enterprises, but that little 
note has been taken of how the complex dynamics of orchestras can provide 
metaphors for transformational and / or evolutionary behaviour in complex en-
terprises. The paper intends to identify some of the dynamic musical patterns 
and phenomena that exist in orchestras and show how these can provide in-
sights for other domains where similar complex federated structures emerge 
'on-the-fly' by providing and using a complexity-inspired framework. 

1   Introduction 

In the pursuit of effective business leadership, insights have been drawn from appar-
ently related activities. For example, the achievements of great sportswomen and 
men, of military leaders and of charismatic individuals have been held up as models 
for others to emulate. Also, the nature of team working (in situations analogous to 
business) has also been used as a source of insight - as is evident in the continued use 
of 'outward bound' activities to forge teambuilding. Music too has been a source of 
inspiration with the role of the conductor seen as being equivalent to that of a business 
leader and the orchestra as equivalent to the enterprise [1].  

However, though these orchestral comparisons are anecdotal (and entertaining) 
they are limited in their value for a number of reasons. For example, they tend not to 
explain the dynamic and emergent aspects of organisations (as these are seen as 'diffi-
cult' and are outside most people's formal educational experience), nor do they offer a 
systematic context in which to discuss and compare the issues raised. 

This paper intends to address these issues by identifying some of the pre-event en-
ablers and the during-performance dynamic musical phenomena (that exist in and 
around orchestras) and show how these can be mapped to provide insights for the 
business domain - where similar complex federated structures emerge 'on-the-fly'.  

It is not possible to understand these complex behaviours by trying to break them 
down in a reductionist manner. Instead, this paper uses a 'Complexity Framework' 
(described below) and shows how it can be used to enable the different aspects of 
these musical phenomena to be captured, visualised, understood and subsequently 
exploited. 
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2   The Complexity Framework 

The emergent properties of complex interactions are often portrayed as unwelcome, 
chaotic and destructive, but nothing could be further from the truth. In reality, emer-
gent phenomena become interconnected, interdependent and creative and the whole 
world depends upon it (as in ecosystems and living creatures for example). These 
Complex Multi-modal, Multi-level networks of interactions display persistent, emer-
gent patterns which are adaptive over time. It is well understood that these complex 
behaviours cannot be understood by breaking them down in a reductionist, linear 
manner - instead approaches from complexity science must be used. 

It is outside the scope of this paper to provide a tutorial on complexity science. 
There are many excellent resources available [2, 3, 4, 5, 6]. Also, the paper will not 
examine the philosophical or spiritual aspects - though they are obviously relevant. 

In complexity science, the persistent entities and emergent patterns arising from in-
teractions have been called Complex Adaptive Systems (CAS). In the social and hu-
man context CAS have additional elements such as purposeful sensing, learning, 
problem-solving, prediction and acting. The term Complex Adaptive Reflexive Sys-
tems (CARS) [7] has been used for these purposeful entities - examples of which 
extend from social groupings to the brain. Human communities, such as the orchestras 
and enterprises which are the subject of this paper, are also CARS and we assert that 
the Complexity Framework we describe here, based on the understanding from com-
plexity science, can be used to capture, visualise and understood their behaviours. 

It is important to note that if we only focussed on the activities of conductor and 
orchestra during 'The Performance' we would miss many critical factors (such as the 
role of the composer and the score, the way that musicians acquire their skill, the 
significance of the performance and the nature of the environment in which the per-
formance occurs). The Complexity Framework is designed to address these potential 
shortfalls by using four distinct 'perspectives' (described briefly below) They focus on 
the different aspects which affect how emergent phenomena come about: 

Perspective 1: Precursors and Enablers (The Givens). This perspective considers the 
environmental context (the so-called 'substrate') in which the interaction occur. Emer-
gent phenomena could not arise, nor complex systems exist without the persistent 
existence of certain things. These include, for example, enduring 'precursors' of emer-
gence (such as the Physics and Mathematics of music) which are relatively fixed and 
'enablers' over which composers, conductors, musicians and the audience have some 
influence (an example is the materials used to make instruments).  

Perspective 2: Purpose and Intent (Design / Composition - Score). Given the pur-
poseful nature of both artistic performances and business enterprises there has to be 
some expression of intent, some formulation of a design and / or of goals - however 
transitory. This activity shapes much of the context in which future endeavours occur 
and determines the range of repertoires that are possible. A key aspect is the way the 
design is formalised and employed to communicate the intent to the performers. In 
nature, for example, DNA has a role - in music a score is usually written and enter-
prises use artefacts such as so-called 'business process models'. 
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Perspective 3: Components and Structuring (Architecture / 'Assembly' / Rehearsal). 
Emergent phenomena arise from the interaction between 'components' in some envi-
ronment. The nature of the interactions, interdependencies and influences is largely 
dictated by the properties of those components - their abilities to sense, communicate 
and interact and shape their environment. This is true for orchestras and enterprises too, 
but in different ways. The nature of the instrument, the competence of the musician, the 
size and composition of the orchestra and the experiences gained through rehearsal all 
play a part in what then subsequently can be achieved during the performance. 

Perspective 4: Dynamic Change ('Run-time' Performance and Perception). A key 
difference between musical performances and most enterprises is that during per-
formances dynamic adjustment and adaptation is the norm. For example, the locus of 
authority is continually moving within the orchestra and is adjusted on-the-fly de-
pending on the circumstances. The interplay between three aspects is key to the final 
performance: the top-down influence of the conductor and of the section leaders; the 
self-aware and self-regulatory behaviour of the players and their orchestral groupings 
and the bottom-up effects which arise from individual personalities, motivations and 
competencies [9]. Most importantly, there is the influence of the audience, whose 
perceptions, involvement and reactions can have profound effects. In business, this 
equates to customers and 'the market'. Lastly, there is the environment in which the 
performance occurs which will have its own influence because of its shape and sound 
qualities - though it should not be forgotten that the environment itself can be pur-
posefully 'interfered with' to change aspects of the performance. 

Employing the Complexity Framework - Required Mindset. The Perspectives 
above are not independent - they are always interconnected (not always in the most 
obvious ways). It is easy to forget this and to make limiting assumptions. Hence, it is 
essential to adopt a suitable mindset1 when using Complexity Frameworks to analyse 
orchestras and enterprises. An example would be to always avoid drawing arbitrary 
boundaries. A musical performance sounds like something with a clear start, middle 
and end - but this is not so. As in enterprises, performances start long before the event 
and continue after it - relationships and animosities are formed, trains are late and 
people have a 'bad day' - all these 'external aspects' impacting on the performance. 
Indeed, these aspects can be purposefully employed to disrupt performances or coerce 
performers - as happens when competition occurs between 'orchestral houses'. 

3   Complex Behaviours in Orchestras 

This section will examine how musicians organise themselves into cohesive but flexi-
ble structures in order to cope with changeable and sometimes unpredictable perform-
ance-based situations. The Complexity Framework Perspectives will be used to 
explore a number of aspects of musical performance including: the way musical ideas 
are transmitted through written scores, the innate dynamics and properties of musical 
ensembles, general training and rehearsal methods and, most importantly, the varying 
relationships between performers, conductors and the audience.  

                                                           
1 The principles involved and a description of 'the Mindset' will be the subject of another paper 

from The abaci Partnership in its 'Exploiting Complexity' series [8]. 
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3.1   Perspective 1: Precursors and Enablers (The Givens) 

The most fundamental 'given' when it comes to music is the nature of sound and the 
human ability to perceive it. Without either of these there would be no performance - 
though the visual element of rhythmic movement is important too. 

Other precursors of music are tempo, meter and pulse which are used by compos-
ers as an agent of cohesion. The two most common approaches are as follows: 

1. The system of bars with subdivisions of beats makes the most natural timecode for 
performers. The literal use of ‘absolute time’ (minutes and seconds) as a time ref-
erence is, surprisingly, unnatural (though it has been exploited by contemporary 
composers to create a sense of distance and alienness in performances). 

2. The use of performer-triggered timecodes enables the schedule of events to de-
pend on one or other of the performers in the ensemble. In rehearsal, there is a de-
gree of experimentation involved in discovering the most effective set-up. This 
method of event-triggering allows the composer to ensure at least some points of 
convergence in what might otherwise be an open and improvisatory structure. 

Another given is the nature of the materials and techniques available to us for mak-
ing instruments. These have dictated the range and types of sounds that we can pro-
duce and detect. Recent developments in digitally-generated sound have extended the 
range of possibilities - only constrained by the limits of sound and hearing. 

3.2   Perspective 2: Purpose and Intent (Design / Composition – The Score) 

The intent of the composer is communicated to the performers through a score. Since 
a performance consists of a performer using interpretation and training to bring the 
score to life, the more proscriptive the score, the less freedom is given to the per-
former to act spontaneously and musically. Over time, composers have enjoyed a 
gradual escalation in status moving from that of craftsman to that of artist and creator 
of 'The Score'. The score is essentially a graphic representation of the music which 
either codifies the finished result or the actions that need to be taken in order to 
achieve that result. All scores are approximate and should be taken as blueprints re-
quiring interpretation and realisation in performance. This having been said, if one 
takes a selection of scores from the last 500 years, an unmistakeable trend can be 
found. This is the steady but gradual increase in the level of detail in the score.  

The level of detail in a score has a direct effect on the amount of creativity required 
of the performer to ‘complete’ the piece in performance. At one end of the scale are 
scores by, for example, Plainchant, Palestrina, Dowland and Bach which rely heavily 
on interpretation in terms of dynamics, expression and articulation. By the time of 
Schumann, Vaughan Williams and Berg, it is clear that the score becomes much more 
proscriptive and represents the increase in status of composers across this time period 
(1820-1920). In the worst-case scenario for players, the composer writes a heavily 
proscriptive score, and the conductor then dominates the interpretive process, leaving 
the musicians little creative space. These scores are not as interesting (from the point 
of view of studying complex inter-performer dynamics within ensembles) as more 
modern and expressive scores such as graphic scores which attempt to find new ways 
of communicating with musicians and conductors.  
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A large proportion of jazz improvisation consists of taking an established song, 
known as a standard, and improvising around the melody. Most jazz musicians work 
with scores that recognise this practice called lead sheets which are stripped-down 
scores from the original song which provide the melody and accompanying chord 
progressions, using a bespoke harmonic shorthand. The players then bring their pre-
set riffs, catches, scales and embellishments and work them around the skeleton. The 
power of this notation is that it recognises the complex nature of the task being under-
taken and provides a direct, uncluttered score to enable the performers to focus all 
their energies on the improvisation task. Success here is nearly entirely due to the 
creativity of the performers in interpreting some of the 'non-sensical' scores. 

3.3   Perspective 3: Components and Structuring ('Assembly' / Rehearsal) 

Some scores provide flexibility by not specifying the instruments required to bring the 
piece to performance. In other words, the nature of the music depends on which com-
ponents are present (players and instruments) and how their inter-relationships are 
structured and how those structures can 'reconfigured' through rehearsal.  

Musical Components and Configuration of the Orchestra. As en example, the 
Modern Symphony Orchestra has two main configurations. The most common (A), 
distributes the instruments from left to right (as heard by the audience) in order of 
high- to low-frequency instruments. This arrangement affords the audience a stratified 
frequency distribution which leads to clarity of musical line. The second arrangement 
(B) aims to produce a more blended and homogenous sound by placing the violins in 
a stereo configuration and placing the lower strings in the centre of the stage. It 
should be noted that, in terms of cohesion, arrangement A has the edge on B in that 
most players hear the higher-frequency-based instruments in their right ear which is 
believed to be more responsive to high frequencies than the left ear in the majority of 
the population. The strings can be thought of as the general forces, providing the 
foundation of the orchestra, whereas the woodwinds, brass and percussion (arranged 
according to power, loudest at the back) can be viewed as specialist forces that bring 
individual sound colours and associations to the overall sound. 

Leadership Roles within the Orchestra. Each section of the orchestra has a leader 
or principal player and, beneath the principal, there is a graduated 'hierarchy' in which 
no player is of an equivalent position in the hierarchy. For example, the violins are 
arranged in twos (called desks) and on each desk there is a principal, and each desk 
takes its lead from the desk in front. This ensures both a motivated, competitive struc-
ture in each department, but also a coupled one in which all desks act as an extension 
of the front desk, and ultimately the leader. 

The Role of Rehearsal. A. The success of a musical ensemble in achieving its objec-
tives depends, to a large degree, on how robust, supple and adaptive that ensemble is. 
Although the character of any musical organisation is clearly a function of the indi-
viduals of which it is comprised, the way the ensemble is trained has an enormous 
bearing on the flexibility of the resultant group dynamic. With poor training and re-
hearsal, even individually-excellent players can deliver a shoddy performance.  
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The most common and powerful rehearsal technique, used universally for ensem-
bles of any size, is that of dissecting the piece and consolidating every instrumental 
strand before re-assembling. As orchestras become familiar with a piece of music 
through rehearsal, it is easy for the individual players to fall into patterns of playing 
which start to rely on the surrounding players.  

For a passage in a typical orchestral piece (involving strings, woodwinds, brass and 
percussion) the conductor will often ask each orchestral section to play their parts 
separately, without the surrounding parts. This often highlights possible weak mo-
ments as it both takes away the parts on which players may have been relying and 
also puts that section of the orchestra under pressure to perform in front of their peers. 
This rehearsal technique of strengthening of the separate strands of the music to make 
the whole more resilient to internal failure really comes into its own when dealing 
with ensembles comprised of significantly less-accomplished musicians who tend to 
behave in a less-independent way, making catastrophic failure far more common. 

Having repeated this process with the different sections of the orchestra, significant 
combinations of instruments will then be rehearsed. This way, each component of the 
orchestra is helped to develop both a sense of independence and also a number of 
different lenses through which to understand the music. The knowledge of what all 
the other parts should be doing allows each player to react intelligently to emergent 
conditions in a performance situation. It also allows the conductor (the leader of the 
rehearsal) to embed elements of style and interpretation within the orchestra itself 
rather than imposing it from above.  

3.4   Perspective 4: Dynamic Change (Performance and Perception) 

Once the day of performance arrives, despite all the preparations, much can change - 
either deliberately or accidentally. The performance itself is 'emergent' and can (like 
all emergent phenomena of this type) be influenced from three directions: either top-
down (eg, by the conductor); or by the bottom-up behaviour of the players and / or 
their instruments; or from the 'middle' - through self-organisation, self regulation etc 
(sometime called self-*). The interplay between these three directions of influence is 
key to the final performance. Each of these is discussed below. 

Influence from the Top-down. The role of the conductor is often misunderstood by 
the casual observer. It appears that the conductor’s primary function is to keep time 
and to bring in the various instruments as and when required. This may be true of the 
conductor of an amateur orchestra, professional orchestras are composed of highly-
trained musicians who don’t need a conductor to indicate when their next entry is or 
which beat of the bar the piece has reached. So, the main role of the conductor is to 
direct and emphasise the focus of performance at any one time. 

This description of the conductor’s job sounds rather managerial. However, it 
should be appreciated that the decision-making process, and the communication of 
these decisions, is tied into a creativity and an artistic expression. Another crucial task 
that conductor performs is that of communicating an overarching vision for the music 
that will allow the players to more intuitively recognise their role in the organisation. 

There are two distinct and well-known caricatures of conducting style. They repre-
sent the extreme positions on an axis - most conductors try to bring together elements 
of each in order to maximise both the discipline and flexibility of their organisations. 
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However, for the purpose of this paper, it will be useful to highlight the features and 
effects of these two 'extreme' approaches. The first type is ‘the Dictator’. 

The Dictator imposes his will on the orchestra and ensures that he leads both the 
‘leading’ instruments and the supporting instruments. There is very little room for 
personal musical/creative interpretation of the score on an individual basis and the 
success of the performance relies heavily on the performance, and investment of en-
ergy, of the conductor on the day. These orchestras tend to be extremely tight in terms 
of ensemble but are quite brittle structures which can fall apart catastrophically if the 
conductor either makes a mistake, or departs from the expected interpretation of a 
piece. The players, without the chance to invest the music with their own interpreta-
tions, relinquish ownership of the music to the conductor and are therefore dependent 
on the conductor for their corporate coherence. This sort of operational style tends to 
stifle the innate flexibility of the orchestral structure but is often considered successful 
as the vision of the conductor is often more clearly (and ruthlessly) realised without 
the ‘interference’ of players’ differing interpretations.  

The Persuader, on the other hand, invests authority in the principals of all sections 
and will seek to create space for individual interpretations of the music within a de-
fined, overarching concept. This approach, in moderation, allows the fluid hierarchi-
cal structures to work well, to support emergent musical situations and to cope well 
with conducting and player mistakes. The potential weakness of this approach is a 
lack of discipline, and lack of coherence and ensemble, and a overly consensus-lead 
approach preventing a meaningful musical expression. 

Influence through Self-regulation. The background organisation of the symphony 
orchestra is designed so that the higher-frequency instruments, which are more likely 
to be playing an important melody-carrying role, lead the lower-frequency instru-
ments (more likely to be playing a supporting role). However, the principal focus in a 
piece of music is not necessarily the highest instrument. It is nearly always the mel-
ody, wherever in the frequency range it is to be heard. And it is in always allowing the 
instruments carrying the melody a self-regulatory leadership role for the duration of 
that melody that the orchestra shows its flexibility. 

The reality of orchestral playing is that the melodic focus is shifting continually 
and all players need to be constantly aware of how they each fit into the overall or-
ganisational structure and, in particular, which instrument(s) is leading at any time. A 
1st violinist, sitting on the 3rd desk, will be subconsciously constantly monitoring the 
evolving hierarchy of the orchestra and either participating in a leading role or a sup-
porting one as required. That any instrument could feasibly take the lead, and the 
remaining instruments fluidly fall into a supporting role without 'internal dislocation', 
makes the orchestra such a flexible force for musical expression. 

Influence from the Bottom-up. Bottom-up musical organisation comes into its own 
when the score presents the performer with a number of optional musical fragments. 
The intention is that these fragments are then assembled by the performers in real-
time. There is a spectrum as to how ‘leading’ the fragments are; some pieces feature a 
bewildering array of fragments which seem to not represent any higher order while 
others provide fragments of musical material which may suggest several possible 
combinations. For a successful creation in this last scenario, the performers need to 
first of all recognise the possible combinations and then be able to keep these 
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combinations in mind as they play the piece. Given that the assembly of the piece is 
essentially improvised, it will contain plenty of bottom-up emergent behaviour.  

So, success turns on the individual performers’ ability to constantly monitor the 
cumulative textures and atmospheres and respond accordingly so that they contribute 
to rather than disrupt or ignore the emerging patterns. In a sense, all of the types of 
performance featured above involve a dynamic element in which events feedback into 
the overall plan; that is, to some extent, the 'virtual score' evolves, bottom-up, in real-
time as the performance proceeds. It is not difficult to imagine a system whereby 
alterations to the score that arise in real-time could be cycled back into a digital form 
of the score by the performers themselves.  

Influence from the Audience (Observers). Concepts such as atmosphere and mood 
only come into being in the act of listening - indeed the performance as perceived is 
entirely emergent - in the minds of the audience (each of who enjoys a different per-
formance). Some composers provide scores which notate the listening experience. 
Here, the composer is effectively delegating all musical elements (such as melody, 
harmony, rhythm) to the performer who is given the task of musical composition 
influenced by audience reaction.  

Influence from the Environment. The most powerful effect of environment is 
changing the way sounds are heard. Agents of disruption are rhythmic dissonance and 
bad tuning as these attack the very core of cohesion in most forms of classical music 
which ensemble around a common pulse and harmonic consonance. In general, both 
of these sorts of disruption occur as a result of players either not listening to one an-
other or being placed in an environment in which it is difficult to hear their fellow 
performers. In both situations the player misses the vital feedback from other players 
and therefore is unable to make the necessary adjustments because of: 

1. Distance between the performers: distance introduces time delays and a greater 
mixing of direct and reflected signals which can cause a loss of clarity in the 
source. A good example of this in action is to assess the quality of the ensemble 
between an organ and a church congregation as the congregation process around 
the church singing; the almost inevitable result is that the congregation will move 
out of time and out of tune with the organ the greater the distance between the 
two.  

2. Inadvertent lack of performer monitoring: lack of monitoring inevitably leads to 
rhythmic and tonal dissonance and is often the result of performer laziness or en-
vironmental distractions. This can result in the performer being over-stretched; if 
the performer commit her resources to the general situation, and has none left for 
her performance, it is likely that the ensemble will suffer. 

Competition and Disruption. Musical ensembles can fail, or be caused to fail, be-
cause of the sorts of challenges to the cohesion they face - such as rhythmic and har-
monic dissonance, tuning and disruption of the command structure. 

An example of this would be a clash of egos at the top of the chain of hierarchy. In 
an orchestral set-up, this sometimes takes the form of the Leader of the Orchestra (the 
Principal Violin) battling with the conductor. The Principal Violin (in theory, the con-
ductors assistant) has phenomenal power as she leads the whole string section - the 
foundation of the orchestra - and helps to carry through the conductor’s interpretations. 
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If they do not work well together then a destructive tension develops within the orches-
tra and awkward performance results.  

Surprisingly, this scenario is reasonably stable in terms of ensemble as the orches-
tra is acting as one, in opposition to the conductor, enabled and led by the Principal 
Violin. 

4   Metaphors for Leadership and Enterprises 

This section will draw on metaphors from the orchestral domain and will examine 
how enterprises could organise themselves (and their collaborators and even potential 
competitors) into cohesive but flexible structures in order to cope with changeable 
and sometimes unpredictable commercial situations with their 'wicked problems' [10].  

The Complexity Framework Perspectives will be used to explore aspects of net-
worked enterprise2 including: the way ideas are transmitted through shared artefacts 
of various sorts, the innate properties of the parts of enterprises (including training 
methods to exploit complex environments) and, most importantly, the varying rela-
tionships and interdependencies between personnel, leaders, consumers, producers 
and the wider environments. 

4.1   Perspective 1: Precursors and Enablers (The Environmental Givens) 

In the same way that orchestras and their performances are profoundly shaped by their 
environment, enterprises need to understand better the role of their own environments 
(eg, physical, economic, social) in shaping the range of behaviours and influences 
available to them. This means understanding what, for them, and for their competitors 
and collaborators, are precursors and enablers. Some of these may be limiting, some 
may present opportunities - but these will vary depending on the nature of the enter-
prises involved. These need to be mapped out and understood. 

Example precursors include number, arithmetic, 'money' and economic 'constants' 
which underlie all commerce. Enablers, which enterprises can affect, include current 
and new financial and economic models (such as the 'Futures Market' which provides 
a way past the limitations of previous business methods). 

4.2   Perspective 2: Purpose and Intent (Design / Composition) 

There is no direct equivalent in an enterprise for 'the score'. It is not in mission state-
ments, nor is it in process models (as these are designed to be followed, as in a call 
centre, without 'interpretation'). The orchestral metaphor indicates that part of the way 
ideas are transmitted is through artefacts designed in advance (the score) and part 
cones through the intent of the conductor and performers during the event. This latter 
intent is unwritten and equates to company 'ethos'. 

Companies such as Google and Innocent Smoothies have a very clear intent which 
shapes what they do. This is much more than the brand and shows that enterprises can 
definitely benefit from developing a much richer understanding of purposefulness and 

                                                           
2 The term 'creative clusters' (www.creativeclusters.com) has been used for creative economies 

- where highly agile enterprises 'agglomerate' in mutual support and competition. 
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intent and the ways in which they can be communicated (not just as terms of its static 
artefacts, but in how the enterprise 'lives the dream' as it works). This includes appre-
ciating the key role that personnel have in interpreting and enacting the intent. 

4.3   Perspective 3: Components and Structuring ('Assembly' / Rehearsal) 

Enterprises know that the type of people they recruit fundamentally affects the bottom 
line. However, too often people are just seen as 'resource' - as pegs to put in holes. It 
is not well understood how the innate properties of the various parts of the enterprise 
interact, inter-depend and ultimately how this affects the kind of overall behaviour 
that will emerge. Without this knowledge, businesses can inappropriately 'optimise' 
resulting in a lowest-common-denominator, clamped-down behaviour. 

The orchestral metaphor shows clearly how the mix and diversity of people, their 
instruments, interaction techniques and skills enables a rich repertoire to be exploited. 
Enterprises need to understand much more clearly which aspects of their 'components' 
sets the range of repertoires that they require and how to change the capability mix 
dynamically to affect outcomes (including providing training in how to exploit com-
plex environments. Like orchestral rehearsals which explore the possibilities). 

4.4   Perspective 4: Dynamic Change ('Run-time' Performance and Perception) 

The performance of enterprises emerges from the varying relationships, interdepend-
encies and interactions between personnel, leaders, consumers, producers their tools 
and artefacts and the wider environments. Enterprises can vastly improve their under-
standing of how to purposefully exploit the dynamics of complex emergent phenom-
ena to give them decisive advantage. This means acquiring the appropriate mindset, 
adaptive stance and tools and then mastering the mechanisms for asymmetric influ-
ence in complex environments described briefly below. 

Influence from the Top-down. The nature of leaders compared to mangers is often 
misunderstood. Managers follow behavioural templates and work within authority 
structures given to them by the enterprise - they follow the script they are given. 
Leaders take risks, interpret the situation and are prepared to take off in new direc-
tions - they explore the space of opportunities. In this sense, the conductor of an or-
chestra has the qualities of a true leader - being prepared to dynamically hand off 
authority to other leaders in the orchestra who, at that time, are better placed to lead.  

Influence through Self-regulation. There are many self-* behaviours that enterprises 
can potentially display, including responsiveness, initiative, flexibility, resilience, a 
happy working environment leading to a successful company. The orchestral meta-
phor indicates how many behaviours are possible, yet, enterprises do not always ap-
preciate they are there to be tapped into.  

Influence from the Bottom-up. The role that performers play in a successful per-
formance is obvious but, as has been indicated above, the orchestral metaphor of 'The 
Dictator', shows that their contribution to the performance can be seriously con-
strained, even impoverished. If players are to make their contribution from the bot-
tom-up then the enabling conditions must be understood and nurtured. 
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Influence from Consumers and the Environment. As in a performance, the percep-
tions that consumers (audience) develop are 'outside' the enterprise, yet clearly affect 
its success fundamentally. In a similar way, the environment can be a vital mediator 
of feedback (eg, for an orchestra from disruptive echo in a theatre - for and enterprise 
in the form of graffiti say) and the environment can even have a direct influence. This 
was evident at the opening of Heathrow Terminal 5, where the wider environment 
beyond the terminal had such a profound impact that the Terminal itself could no 
longer function. These types of 'connectedness' cannot be ignored. 

5   Summary 

Other writers have compared conductors of orchestras with leaders of businesses. 
Usually, those comparisons relate only to the relationship between the conductor and 
the musicians during a performance and so the analogies that can be drawn are con-
strained by this viewpoint. This paper provides a much richer perspective, by drawing 
on complexity science, which leads to further valuable insights. These enables us to 
understand that both orchestras and enterprises are types of so-called Complex Adap-
tive Reflexive Systems (CARS). Complexity science shows that, to understand 
CARS, alternative perspectives are required and the paper has used a Complexity 
Framework for its analysis covering four of these perspectives as follows:  

• Environmental Perspective: the precursors and enablers (the environmental Giv-
ens) that must be in place before any activity can occur;  

• The 'Design-time' Perspective: covers purpose and intent (design / composition) 
which set the context and goals for activity;  

• The 'Assemble-time' Perspective: covers components and structuring ('Assembly' / 
Rehearsal) which allow the properties of the individual entities to be considered; 

• The 'Run-time' Perspective: which examines the exploitation of dynamic change 
(performance and perception) where adaptation and emergence come to the fore. 
 
The paper has examined musical performances from these four perspectives and 

has mapped the insights gained to metaphors with relevance for enterprises and lead-
ers - indicating that enterprises: 

• need to understand better the role of environmental factors (eg, physical, economic, 
social) in shaping the range of behaviours and influences available to them - in-
cluding understanding, for business, what are precursors and enablers with limiting 
and / or enhancing aspects for different kinds of enterprises (for self, competitors 
and collaborators) and for different kinds of sucess; 

• can benefit from a richer understanding of purposefulness and intent and the ways 
in which they can be communicated (this is more than just issuing 'mission state-
ments') - including, for business, appreciating the importance of the role that per-
sonnel have in interpreting and enacting the intent; 

• should understand how the nature of their 'components' sets the range of repertoires 
that an enterprise can display (the so-called 'pays peanuts, get monkeys' effect) - 
including, for business, understanding how changes in this capability mix can criti-
cally affect outcomes and the 'bottom line'; 
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• can vastly improve their understanding of how to purposefully exploit the dynam-
ics of complex emergent phenomena to give them decisive advantage - including, 
for business, acquiring the appropriate mindset, adaptive stance and tools and mas-
tering the necessary leadership techniques. This includes the mechanisms for 
asymmetric influence in complex commercial environments. 
 
These insights lay the foundation for the in-depth exploitation of orchestral meta-

phors by enterprises (and other domains of human endeavour). These metaphors are 
particularly suited to turning complexity to advantage by enabling them to extend 
their repertoire of 'on-the-fly' behaviours - being more agile, adaptive and successful. 
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Abstract. In this paper we study the network structure in music and at-
tempt to compose music artificially. Networks are constructed with nodes
and edges corresponding to musical notes and their co-occurrences. We
analyze sample compositions from Bach, Mozart, Chopin, as well as other
types of music including Chinese pop music. We observe remarkably simi-
lar properties in all networks constructed from the selected compositions.
Power-law exponents of degree distributions, mean degrees, clustering
coefficients, mean geodesic distances, etc. are reported. With the net-
work constructed, music can be created by using a biased random walk
algorithm, which begins with a randomly chosen note and selects the
subsequent notes according to a simple set of rules that compares the
weights of the edges, weights of the nodes, and/or the degrees of nodes.
The newly created music from complex networks will be played in the
presentation.

1 Introduction

The study of complex networks in physics has aroused a lot of interest across
a multitude of application areas. A key finding is that most networks involving
man-made couplings and connection of people are naturally connected in a scale-
free manner, which means that the number of connections follows a power-law
distribution [1]. Scalefree power-law distribution is a remarkable property that
has been found across of a variety of connected communities [2]–[8] and is a key
to optimal performance of networked systems [9].

Across cultures, and between individuals, certain musical pieces are consis-
tently rated more favorably than others and the mathematical analysis of mu-
sical perception has a long history [10]. One fundamental question of interest
is whether these different music share similar properties, and the implication of
this question is whether a common process/rule exists in the human brain that
is responsible for composing music. To answer this question, our approach is
to employ a data-driven transformation to represent a musical score as a com-
plex network. In particular we analyze a few distinct types of music, including
classical music and Chinese pop. Specifically we treat a piece of music as a com-
plex network and to evaluate the properties of the resulting network, such as
degree distribution, mean degree, mean distance, clustering coefficient, etc. The
purpose is to find out if different music would display uniformity or disparity

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2196–2205, 2009.

c© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009
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in terms of network structure. Our results demonstrate, quite surprisingly, that
different music types actually share remarkably similar properties. Our final task
in this paper is to make an attempt to create “reasonably good” music from the
network that has been formed from given compositions such as those of Bach
and Mozart. We basically find that if the same network property is retained,
it is possible to compose music artificially and the remaining open problem is
the choice of a particular sample from a large number of possible compositions.
In composing a music, from a system’s viewpoint, our human brain would have
automatically performed a processing step that allows only compositions that
satisfy certain network properties to emerge and finally pick the best composi-
tion according to the composer’s subjective choice. Of course, we do not know
exactly how the brain does that. As an interim approach, some rudimentary
rules may be incorporated when selecting compositions.

2 Review of Networks

A network is usually defined as a collection of “nodes” connected by “links” or
“edges” [2]. If we consider a network of musical notes, then the nodes will be
the individual musical notes and a link between two nodes denotes that the two
musical notes are neighbors in the score. The number of links emerging from
and converging at a node is called the “degree” of that node, usually denoted
by k. So, we have an average degree for the whole network. The key concept
here is the distribution of k. This concept can be mathematically presented
in terms of probability density function. Basically, the probability of a node
having a degree k is p(k), and if we plot p(k) against k, we get a distribution
function. This distribution tells us about how this network of musical notes are
connected. Recent research has provided concrete evidence that networks with
man-made couplings and/or human connections follow power-law distributions,
i.e., log(p(k)) vs log(k) being a straight line whose gradient is the characteristic
exponent [3]–[8]. Such networks are termed scalefree networks.

3 Network Construction Based on Co-occurrence

A musical note is defined by its pitch and time value. For example, a crotchet of
the middle C is considered as a note, and a quaver of the same middle C is a dif-
ferent note. See Fig. 1. Consider an 88-key piano keyboard. If we limit each key

Fig. 1. A crochet of middle C is a note (left), and a quaver of middle C is a different
note (right). Both are considered as different nodes in a musical network.
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note 7

note 1 

note 5

note 4

node 9

note 2

note 3

note 8note 6

Fig. 2. A network for music, where nodes are notes and edges are connections of two
consecutively played notes

Fig. 3. Network from Bach’s violin solos

to have 20 possible time values (e.g., brieve, semi-brieve, dotted minum, minum,
dotted crochet, crochet, dotted quaver, quaver, dotted semi-quaver, semi-quaver,
dotted demisemi-quaver, demisemi-quaver, etc. [11]), for instance, there are al-
together 1760 possible notes.

For simplicity, we consider single-note scores where notes are to be played
one after another, without simultaneous playing of two or more notes like a
chord. Then, we may examine the way in which notes appear in the score for
the purpose of constructing a complex network to represent the score.
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To form a network, we need to define both nodes and edges. For the purpose
of constructing a network from a musical score, we consider notes as nodes as
explained earlier. A piece of music can be considered as a sequence of notes and
hence edges can be defined by connections from one note to another chronolog-
ically. That is, if note i starts at time T and note j ends at the same time, then
an edge is established from note i to note j.

Suppose there are N nodes. Then, node i is connected to node j when node
i is played and followed by node j, and the connection is directed from node
i to node j. Eventually, a network is formed with each node connected to a
number of other nodes, as shown in Fig. 2. Of particular interest is the number
of edges emerging from a node, which is defined as the degree of that node and
is denoted by k. Also, the distance between two nodes, d, which reflects how
closely two nodes are connected, and the clustering coefficient, C, which reflects
on the extent of inter-connections of nodes, are also of importance. Furthermore,
to probe into the structure of the network, the distribution of the degree will be
considered.

In the following section we will examine the networks formed from music
composed by Bach, Chopin and Mozart, as well as from Chinese pop music. A
typical network formed using the method described above is shown in Fig. 3,
which corresponds to Bach’s violin solos.

4 Analysis

The MIDI (Musical Instrument Digital Interface) format is used here for repre-
sentation of music [12]. MIDI allows music to be stored in digital forms that can
facilitate repeated performance at later times. Referring to Table 1, tick n is the
time mark which indicates the time an event occurs. An event is either the start
or end of a musical note. For instance, pitch name 1 starts at tick 1 and ends at
tick 3.

MIDI files can be created by direct conversion from the scores or from the
actual real-time performance. In the case of actual real-time performance, the
time duration for a note is generally imprecise resulting in a much larger number
of nodes due to the wide variation of the actual time duration of the same

Table 1. Simplified MIDI file format

Time mark Event Note identity

Tick 1 Start Pitch name 1
Tick 2 Start Pitch name 2
Tick 3 End Pitch name 1
Tick 4 End Pitch name 2
Tick 5 Start Pitch name 3
Tick 6 End Pitch name 3

... ... ...
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intended note. We therefore limit our study to MIDI files created by direct
conversion in order to keep the musical information precise. Once the network
is formed, we can compute the following parameters:

1. Length of composition, i.e., total number of notes, T
2. Number of nodes, N
3. Total number of edges,

∑
k

4. Mean degree, k̄
5. Mean shortest distance between nodes, d̄
6. Network diameter, dmax

7. Clustering coefficient, C
8. Assortativity, R
9. Power-law exponent of

– Edge weight distribution,1 γew

– Node degree distribution,2 γnd

– Node weight distribution,3 γnw

The length of the selected pieces and the number of nodes for a network can
be found by simple counting. The mean degree can also be found relatively easily
by taking the average over the degree values of all nodes in the network. The
calculation of the mean minimum distance between nodes requires some compu-
tational effort, and in this work we have adopted the Floyd-Warshall algorithm
[13]. The network diameter is the largest minimum distance between nodes. The
clustering coefficient of a node is the percentage of nodes connected to it which
are themselves connected. The average clustering coefficient is found with the
following formulas [14,15]:

C1 =
3× number of triangles in the network
number of connected triples of nodes

C2 =
1
N

∑
i

number of triangles connected to node i

number of triples connected to node i

The assortativity, R, is essentially the correlation between pairs of nodes [16],
and can be calculated by

R =
1
σ2

k

∑
ij

ij(eij − kikj)

where σ2
k =

∑
i i

2ki − [
∑

i iki]
2, ki is the out-degree of node i, eij is the joint

probability distribution of the out degrees of nodes i and j.
The power-law exponent is the slope of the log-log plot of the distribution,

assuming that it is a straight line and thus reflects a scalefree distribution.
1 The weight of an edge is the total number of connections made via the edge.
2 Since networks in our study are directed networks, distributions of in-degree, out-

degree and total-degree are calculated separately.
3 The weight of a node is summation of weights of all the edges connected to it. Also,

in-weight, out-weight and total-weight are calculated separately.
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Table 2. Network parameters calculated for selected works

Network T N
∑

k k̄ d̄ dmax C1 C2 R

Bach’s violin sonata 18000 301 3797 12.6 3.0 10 0.37 0.30 0.00
Bach’s violin solo 18000 229 1965 8.6 3.1 9 0.34 0.37 0.13
Bach’s WTC Book I 18000 589 8955 15.2 3.1 11 0.23 0.17 -0.03
Bach’s WTC Book II 18000 726 14476 19.9 2.8 9 0.34 0.30 0.05
Chopin’s Op.28 18000 721 13397 18.6 2.8 8 0.28 0.28 0.08
Chopin’s Nocturne 18000 899 9718 10.8 3.5 16 0.11 0.15 0.08
Mozart’s works 18000 509 4005 7.9 3.4 12 0.16 0.16 -0.07
Jay Chou’s “Secret” 8386 340 2377 7.0 4.2 22 0.15 0.18 0.05

Table 3. Power-law exponents calculated for selected works

Networks γew γnd (in/out/total) γnw (in/out/total)
(fitting error) (fitting error) (fitting error)

Bach’s violin sonata 1.7 0.9/1.2/1.2 0.8/1.1/0.4
(0.0014) (0.0044/0.0059/0.0034) (0.0015/0.0010/0.0040)

Bach’s violin solo 1.2 1.0/1.0/1.0 0.6/0.6/0.8
(0.0039) (0.0091/0.0088/0.0053) (0.0027/0.0019/0.0007)

Bach’s WTC Book I 1.4 1.1/1.2/1.0 1.1/0.9/1.1
(0.0009) (0.0038/0.0029/0.0029) (0.0013/0.0012/0.0007)

Bach’s WTC Book II 1.7 1.1/1.0/1.0 1.3/1.2/1.1
(0.0005) (0.0022/0.0025/0.0020) (0.0007/0.0007/0.0005)

Chopin’s Op. 28 1.6 0.8/1.1/0.9 0.9/1.1/0.9
(0.0003) (0.0033/0.0020/0.0018) (0.0005/0.0003/0.0003)

Chopin’s Nocturne 1.8 1.2/1.3/1.1 1.1/1.1/1.1
(0.0010) (0.0021/0.0019/0.0018) (0.0008/0.0010/0.0006)

Mozart’s works 1.7 1.2/1.1/1.1 1.1/1.2/1.1
(0.0011) (0.0026/0.0029/0.0023) 1(0.0007/0.0005/0.0004)

Jay Chou’s “Secret” 1.8 1.4/1.8/1.5 1.3/1.5/1.3
(0.0023) (0.0034/0.0031/0.0028) (0.0008/0.0008/0.0006)

In our study, compositions from several composers and sources are consid-
ered, namely, selected Bach’s sonatas and partitas for violin solo, Bach’s “Well-
Tempered Clavier” (WTC), Mozart’s KV545, KV252, KV487, KV525 and
KV457, Chopin’s Op. 28 and Nocturnes, and Chinese pop music.

Basically, we concatenate a number of pieces of the same type of works to-
gether to form a single set, from which a MIDI file is generated. Complex net-
works are then constructed and the parameters are extracted for each network.
Tables 2 and 3 summarize the results for the selected musical works. Some find-
ings are worth noting.

1. The networks formed for the different musical works are found to be scalefree
in their edge weight, node degree and node weight distributions, and the
power-law exponents, γ, are surprisingly consistent and all fall in the range
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Fig. 4. Degree distributions (summation of in and out degrees) for different works.
p(k) versus k in log-log scale. Slopes are measured and reported as γnd in Table 2.

of 1 to 2, using a least-square-error estimation. The mean fitting errors are
from 0.001 to 0.006 for sample sizes of around N/2 (as half of the data
corresponding to very large and small k have been discarded) [17]. Fig. 4
shows the degree distributions plotted in a log-log scale.

2. With the length of the music fixed, other parameters like the number of
nodes, total number of edges, and average degree vary quite significantly for
different works. This shows that the same scalefree structure of music can
produce significantly different kinds of music, and other parameters may play
some roles in characterizing them.

3. The assortativity values of the networks are generally very small in magni-
tude, between 0.01 and −0.01. This shows that pairs of nodes are generally
uncorrelated, and there is no preference for a node of high degree to connect
to nodes of high or low degree, or vice versa.

4. Community structure has been observed in almost all music networks. A few
communities of nodes of similar time durations are found, consistent with
the usual observation of sections of different tempos in a piece of work, e.g.,
allegrissimo, allegro, andante, etc.

5 Composition from Complex Networks

The properties of the musical networks have indicated some universality across
different composers and styles. For instance, the power-law degree distribution is
a specific manifestation of such universality. If different composers would come
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up with music displaying universality, then would it be possible that music can
be created artificially by preserving the same or similar network parameters?

Suppose we form a network from the works of Bach’s violin solo. Then, we
may create a new score using the same set of nodes (notes) and connecting
one after another following an algorithm that preserves some selected network
parameters. Let us focus on the preservation of the scalefree degree distribution
as it seems to be the most striking common feature. We take a simple approach
in connecting the nodes (generating the sequence of notes), which is based on a
biased random walk algorithm.

Algorithm 1 (Based on Edge Weights). First, we begin with an node (note,
the probability be chosen is according to its degree) in the network. The next
node in the sequence will be chosen among those connected to it. According to
the weight of a connecting edge,4 we define the probability that this edge will
be chosen. Then, the node connected to the chosen edge will be the next node.
The process continues and thus a new score is created.

Algorithm 2 (Based on Node Degrees). Another way to create a new score
is as follows. Again, we begin with an arbitrarily chosen node (note) in the net-
work. The next node in the sequence will be chosen among those connected to
it. Here, according to the degrees of all connecting nodes, we define the proba-
bilities that these nodes will be chosen as the next node. In this way, nodes are
chosen one after another. The process continues and thus a new score is created.

Algorithm 3 (Based on Node Weights). Similar to Algorithm 2, we start
with an arbitrarily chosen node (note) in the network. The probability that a
node connected to the starting node to be chosen as the next node is calculated
from its node weight, i.e., the total edge weights of all edges connected to the
node. Likewise, nodes are chosen one after another. The process continues and
thus a new score is created.

Some samples of music generated from the musical networks can be down-
loaded from the the following website:
– http://cktse.eie.polyu.edu.hk/MUSIC/

For each algorithm, a network of the same length as the original Bach’s violin
solo is generated. We also preserve the proportion of different musical scales as
in the original composition, and in this case, A minor : B minor : C major : D
minor : E major : G minor = 1 : 6 : 1 : 3 : 3 : 1.

Table 4 shows the properties of the original network and the re-composed
networks. From the table we could see that the network recomposed using Al-
gorithm 1 “edge weight” has the closest resemblance with the original network,
having the number of nodes, mean degree and clustering coefficient closest to
the original Bach’s piece. Also, Algorithm 1 seems to produce “more appealing”
music than the other two algorithms.
4 The weight of an edge connecting two nodes is the number of times the two nodes

are connected as the music is played in the original music from which the network
was generated. See also footnote 1.
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Table 4. Properties of re-composed music networks

Property Bach’s violin solo Algorithm 1 Algorithm 2 Algorithm 3
T 18000 18000 18000 18000
N 229 204 185 133∑

k 1965 1749 1793 1253
k̄ 8.6 8.6 9.7 9.4
d̄ 3.1 3 2.9 2.8

dmax 9 7 7 7
C1, C2 0.34, 0.37 0.37, 0.34 0.42, 0.36 0.52, 0.43

R 0.13 0.04 0.01 0.03
γew 1.2 1.2 0.9 1

γnd (in/out/total) 1.0/1.0/1.0 0.9/1.1/1.1 0.8/0.9/1.0 0.8/0.8/1.3
γnw (in/out/total) 1/1/1 0.7/0.8/1 0.9/0.9/1 1.5/1.4/1

Remarks: As can be expected, huge possibilities exist in generating music from
the above algorithms. Thus, filtering off “bad” music is important. Our initial
consideration is the extent of duplication of any sequence of notes. Intuitively,
a duplication-free sequence resembles a random sequence which is undesirable.
Thus, we may incorporate a duplication measure in our algorithm to improve
our compositions.

6 Conclusion

We have analyzed selected musical compositions in terms of co-occurrence net-
work structures. Selected works from Bach, Chopin and Mozart, as well as from
Chinese pop music, are analyzed, and networks are constructed according to the
note-to-note connections of the musical scores. The networks have been found
to be scalefree and their degree distributions have a similar power-law property
with the values of the exponent equal to around 1.1. Such commonality suggests
that the human brain composes music which naturally exhibits a scalefree degree
distribution. We have therefore extended our study to reconstructing music and
the basic criterion is to preserve the same power-law property. The resulting
reconstructed music are still very numerous and not all sound appealing. An
optimization (selection) process is needed to pick the finalist, and it will be a
challenging task to study how the human brain does the selection in the process
of composing music.
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Abstract. The model of patterns recognition or attractor network
model of associative memory, offered by J.Hopfield 1982, is the most
known model in theoretical neuroscience. This paper aims to show, that
such well-known laws of art perception as the Wundt curve, perception
of visual ambiguity in art, and also the model perception of musical
tonalities are nothing else than special cases of the Hopfield’s model of
patterns recognition.
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1 Introduction

As is known, any science develops from empirical quantitative laws to the funda-
mental theory in which these laws are the special cases of the general principles.
For example, development of mechanics occurred from empirical laws formulated
by Galileo and Kepler to the Newton’s fundamental laws of dynamics and the
law of gravitation. In psychology of artistic perception there are some empirical
laws for which the conventional theoretical explanation have not proposed and its
relation with fundamental principles of the brain functioning is not revealed. For
instance, the Wundt curve and structure and traits of musical tonalities are not
explained from principles of the brain working. Our objective is to show that
these empirical laws are the simple property of the Hopfield’s neural network
model of patterns recognition [1],[2].

2 The Wundt Curve

Wilhelm Wundt in 1874 qualitatively described hedonic value received by the
person from perception of a artwork, depending on arousal potential of this work
in the form of the inverted U-shaped curve. Strangely enough, but any theoret-
ical explanation for this empirical law have not been proposed up to date It is
important to note, that the Wundt curve is not described by any concrete math-
ematical formula with concrete numerical parameters. Numerous experimental
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Fig. 1. Replacement of area of an attraction of one of stereotypes pattern of potential
function in Hopfield’s model of patterns recognition on potential function of elementary
catastrophe “fold”. 1 - potential function in the Hopfield’s model , 2 - potential function
of elementary catastrophe “fold”, ϕ - coordinate in configuration space.

Fig. 2. The Wundt curve can be obtained as universal property of elementary catastro-
phe “fold”. Distance characterizes a deviation of an inputted pattern from a stereotype
pattern can be taken as a measure of arousal potential or novelty. 0 - a stereotype
pattern, o - an inputted pattern.

date, first of all in empirical aesthetics [3],[4], confirm, that the dependence of
aesthetic value of artworks from its novelty is described by inverted U-shaped
curve only in its top part. The bottom branches of this curve may view asymmet-
rically, might be bent, etc. In order to obtain an inverted U-shaped curve let us
replace the fragment of a potential function related to the area of an attraction
of one stereotypes pattern in the Hopfield’s model by the potential function of
elementary catastrophe “fold” [5] (see fig. 1)

A distance between position of a minimum corresponding to an imprinted
stereotype pattern and position of an inputted pattern we use as a measure of
arousal potential or novelty (see fig. 2).

Potential function of elementary catastrophe “fold” has the following view:

U = Φ3 − (KC −K)Φ− C (1)

where K - hedonic value, KC - maximum of hedonic value, ΦC - maximum of
arousal potential, C - constant. Dependence for variables Φ

ΦC
and K

KC
looks like

the following (see fig. 3).
The arousal potential is the extensive variable similar to density of substance,

magnetization, etc. in phase transitions.As is known, in Hopfield’s neural networks



2208 I. Yevin and A. Koblyakov

Fig. 3. Modeling of the Wundt curve by means of elementary catastrophe “fold”

the order parameter is correlation between patterns. Clearly, that the less correla-
tion between the pattern offered by a work of art and the corresponding stereotype,
the more is arousal potential. On the contrary, the hedonistic value is the inten-
sive variable similar to temperature at phase transitions. In neural networks as a
measure of temperature it is expedient to take intensity of noise.

3 Visual Ambiguity in Art

There is one more basic model of artistic perception - perception of visual am-
biguity. The best known examples of ambiguous figures are specially designed
patterns such Necker’s cube or “young girl-old lady”.

One of the first who specially created ambiguity in painting was Italian artist
Giuseppe Arcimboldo [6]. The painting Disappearing Bust of Voltaire by Sal-
vador Dali is an another example of this kind of visual ambiguity, when a hu-
man face is created with different human figures. The most famous example of
ambiguity in painting is, of course, ambiguity “mocking-sadness” of Mona Lisa’s
smile in Gioconda by Leonardo da Vinci [5],[6].

The perception of ambiguous figures has non-linear properties, and that mul-
tistable perception could be modelled by catastrophe theory methods [7],[8].
Ambiguous patterns are examples of two-state, bimodal systems in psychology.
When we perceive an ambiguous figure, like the fourth picture in the row in
fig. 4 , the perception switches between two interpretations, namely ‘man’s face’

Fig. 4. Ambiguous patterns are two-state systems. Their perception one can model by
using elementary catastrophe “cusp”.
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or ‘kneeling girl’ because it is impossible for the brain to recognise both inter-
pretations simultaneously. Just like for any bifurcative state, it is impossible
to predict in the case of an ambiguous figure which interpretation will appear
first. G. Caglioti from the Milan Polytechnique Institute first paid attention to
the fact that ambiguous figures are a cognitive analogue of critical states in
physics. Various authors pointed out that the perception of ambiguous figures
has non-linear properties, and that multistable perception could be modelled by
catastrophe theory methods [7],[8].

The switch between two interpretations could be described by elementary
catastrophe “cusp”.

x3 − bx− a = 0 (2)

where a and b are control parameters and x is the state variable. The first
parameter a is called the normal factor and quantitatively describes the change
in bias in the drawing in a “shape space” from a man’s face to a woman’s figure.

The second parameter b is called the splitting factor or bifurcation factor and
describes how much the amount of details is presented in the ambiguous figure.
The state variable x is presented as a scale from +10 (“looks a lot like a man’s
face”) to −10 (“looks a lot like kneeling girl”). For this model we could formally
represent potential function

V =
1
4
x4 + b

1
2
x2 + ax (3)

It is worth noting that unlike in physical sciences, where the potential function
is usually deduced from fundamental laws or standard theories, in mathematical
models in psychology and other “soft sciences” the potential function is hypoth-
esized and is really considered as the potential energetic function, which should
be minimized. In this case it might be also considered as the Lyapunov function
in Hopfield’s model of patterns recognition.

4 Structure of Musical Tonality

Using Hopfield’s model, we can consider pitch perception as a pattern recognition
process and it gives us an ability to explain why notes with octave interval
we hear as very similar. A musical note is defined by its lowest pitch, known
as its ‘fundamental frequency’, but a note also contains higher-pitch overtones
with frequencies that are some multiple of the fundamental. When we hear, for
instance, notes “C” in different octaves, we recognize very similar sound patterns,
keeping in mind complex overtone structure of every note. Other words, sound
patterns of notes divisible by octave are the most similar among all others notes
and therefore belong to the same basin of attraction and precisely by this reason
we hear notes divisible by octave as very similar.

It is reasonable to suggest that three stable steps of tonality: tonic, medi-
ant, and dominant are keynotes or attractors of neural network. Others steps
of tonality: subdominant, submediant, ascending parenthesis sound, descend-
ing parenthesis sound play the role recognizable patterns, gravitating to some
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Fig. 5. Potential function E in Hopfield’s model for minor tonality in Western tonal
music. Black circle denotes stable step of tonality, white circle denotes unstable step.

or other keynote. As we already said, I, III, and V steps of tonalities (tonic,
mediant, and dominant accordingly) are stable states. Steps II, IV , V I, and
V II are unstable. The degree of their instability (the degree of their gravitation
to appropriate stable state) depends on distances between unstable and stable
sounds. The strongest gravitation of V II step to I step and of IV step to II
step are observed.

For the lack of minor seconds intervals in a pentatonic scale there are not such
strong gravitation as in a natural scale. We can depict exactly only distances
between minima, but not depths of these minima. It is reasonable to suggest that
the minima depth of tonal energetic function is extremely personal for human
beings and reflects a musical abilities (giftedness) of a person. The more a person
has a gift for music, the more depth of valleys has appropriate energetic function.
A person who is devoid of music ability has energetic function with shallow
valleys.

5 Concluding Remarks

Our senses and the brain itself must operate near the critical point because we
originated and evolved in a critical world [9]. Only at critical point the brain
can create new forms of behaviour. As we have shown above, perception of art
and music takes place close to critical state. Therefore art may be considered as
an essential tool for maintenance of the brain close to critical point that gives
human beings possibilities for better adaptation.
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Abstract. This paper illustrates an algorithm to generate a complex
acoustic stimulus whose statistical properties are as close as possible
to the non-stationary dynamics revealed by the current analysis of the
electro-encephalogram activity of the human brain. Thus, the composi-
tion is driven by crucial events, namely renewal non-Poisson events with
an inter-time distribution density ψ(τ ), which is an inverse power law
with index µ, fitting the condition 1 ≤ µ ≤ 2. We find that the music
composition is more attractive when we fill the time region between two
consecutive crucial events so as to enhance the leading role of µ. In all
cases the spectra markedly depart from the ideal 1/f condition, thereby
suggesting a shift from the 1/f noise perspective of the pioneer work of
Voss and Clark to the Zipf’s law perspective advocated by more recent
work on music composition.

Keywords: music composition, brain, complexity matching, 1/f noise,
Zipf’s law.

1 Introduction

Since the pioneer work of Voss and Clarke, [1,2,3] there has been a widely ac-
cepted conviction that music generates 1/f noise and that the fractal structure
of music and painting corresponds to the aesthetic needs of human psychology
[4]; human beings live in an out of equilibrium condition that makes them sen-
sitive through a still unknown form of resonance to the beauty of the arts, and
to the environment fractal structure as well. This is so because both arts and
environment live in the same out of equilibrium condition as the human brain.
However, the current understanding of the real nature of 1/f noise is incomplete.
The theory of Voss and Clarke [3] shows that 1/f noise emerges from a station-
ary correlation function, and this conflicts with the attractive conjecture that
music pleases us as a consequence of its correspondence with the non-stationary
nature of the brain processes [4,5,6]. This conjecture is supported, for instance,
by Anderson [7] who advocates the perspective of the brain self-organizing itself
via a vertical collation of the 1/f fluctuations in order to perceive the world and
generate adaptive behavior.

The work of Gong et al.[8], based on the analysis of the electro encephalo-
graphic activity of the human brain in the alpha range, affords compelling ev-
idence of collective intermittent dynamics as an emergent property of globally
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coupled phase oscillators near the critical point of a phase transition. The con-
clusion of these authors is that the brain is characterized by type-I intermittent
behavior [9], namely, a dynamic process with regular, quiet behavior interrupted
by abrupt bursts of chaotic and irregular activity. The time spent by the system
in the quiet (laminar) state is very extended and the time distance τ between
two consecutive bursts of activity is given by an inverse power law distribution
density ψ(τ)

ψ(τ) =
A

τµ
, (1)

where A is a non vanishing positive number. Note that, as shown in Refs.[10],
the non-stationary condition is generated by

µ < 2. (2)

In fact, the mean time length of the laminar region is infinite and upon time
increase, quiet regions of larger and larger size are expected to appear. This
generates ergodicity breakdown [10] and, consequently, an out of equilibrium
condition which, according to Gong et al. [8] is shared by the brain. The con-
clusions of Gong et al [8] agree with the intermittence perspective advocated
by other authors [11,12] and with the brain non-stationarity of [13] as well. It is
plausible that the brain non-stationarity, emphasized by the recent psychological
studies [4,7], corresponds to the occurrence of unpredictable quakes and that the
time distance between two consecutive quakes has the waiting time distribution
of Eq. (1) supplemented by (2).

The main aim of this paper is to design an complex acoustic stimulus matching
brain intermittence. According to the Complexity Matching Principle (CMP)[14],
the transport of information from one complex system to another is facilitated if
the two systems share the same µ. An acoustic stimulus matching the brain may
have therapeutic effects. Having in mind the biblical harp that David used to sooth
King Saul, we call this composition David’s Harp, or, in short, Harp.

2 Double Truncation Algorithm

The authors of Ref.[15] determine τ through

τ = T

[
1

y
1

µ−1
− 1

]
, (3)

where y is a number of the interval [0, 1] generated by a random number gen-
erator. The non-linear transformation of Eq. (3) converts the number y into a
number τ , whose distribution density is given by

ψ(τ) =
A

(τ + T )µ
, (4)

with the normalization factor A = (µ− 1)T µ−1. The lack of correlation between
two different values of y makes the corresponding τ values uncorrelated as well,
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thereby generating the rejuvenation condition associated with type-I intermit-
tence. The finite value of µ makes the resulting process depart from the ordinary
Poisson condition, which corresponds with µ = ∞. It is important to point out
that this transformation, with no apparent psychological significance at a merely
mathematical level, becomes very attractive when we assign a temporal mean-
ing to τ . The nth event occurs at time tn = tn = τ1 + ... + τn for n > 1. If the
number of events per unit of time is constant, they generate a boring random
process. This is the property of the regime µ > 3. The region 1 ≤ µ ≤ 3 gen-
erates events strongly departing from the Poisson statistics [14]. The condition
µ < 2 corresponds to a vanishing Kolmogorov complexity [16], with a number of
crucial events per unit of time decreasing with time as 1/t2−µ. This is the source
of a non-stationary and rejuvenation process fitting the psychological needs of
the human brain as we shall see in Section 3. Properly filling the laminar regions
generates 1/f noise.

The algorithm of Eq. (3) yields an excessive number of short times τ < T .
These times have a probability larger than the long times and do not carry
information on the parameter µ, which is the essential property for matching the
brain [17]. The excessive number of these times makes the music composition
unattractive and computationally heavy [18]. Furthermore, we note that the
EEG analysis [17] reveals that the region of very long waiting times is truncated.
Thus, to match the human brain, we use the following algorithm

τ =
[
T β

max − y
(
T β

max − T β
min

)] 1
β

, (5)

with
β ≡ 1− µ, (6)

for µ > 1 and

τ = Tmin

(
Tmax

Tmin

)y

, (7)

for µ = 1. As in the case of the algorithm of Eq.(3), y is a number selected
randomly and with equal probability from the interval [0, 1], inclusive. This al-
gorithm, in line with the statistical information emerging from the EEG analysis,
confines the power law behavior to a limited region ranging from Tmin to Tmax

while setting ψ(τ) = 0 for both τ < Tmin and τ > Tmax.
Note that in the time scale τ > Tmax this music composition is ergodic, just

as the brain in the same time region. However, in the time scale τ < Tmax, with
the inverse power law nature of ψ(τ) and µ ≤ 2, this music composition turns
out to be non-ergodic, thereby matching the brain’s non-stationarity.

3 1/f Noise

When Tmax = ∞, the region µ < 2 is characterized by a perennial non-stationary
condition. In the case µ > 3, the stationary condition exists but the regression
to equilibrium is infinitely slow [14]. Consequently, the whole region 1 ≤ µ ≤ 3,
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must be considered anomalous. When µ < 2, the Kolmogorov entropy vanishes.
When 2 < µ ≤ 3, the sequence of crucial events generate Lévy rather than Gauss
statistics [16]. We define this as a weak chaos condition. The pioneer work of Voss
and Clarke [1,2,3] rests on the assumption of stationarity. Their theoretical ar-
guments for the evaluation of spectrum of the squared composition, SV 2 , do not
apply to the Harp. However, if we interpret V 2 as the signal to study, we can
in principle benefit from the work of Ref. [19]. Lowen and Teich, in fact, apply
their theory to the case of renewal non-Poisson time series. They fill the laminar
regions in two different ways. The former corresponds to assigning to each lam-
inar region the value of 1 or −1, according to the fair coin tossing prescription.
The latter is based on leaving the laminar regions empty by assigning to them
values of vanishing duration, while giving the constant value of 1 to the times
where the quakes occur. The latter prescription holds true also in the case where
the signal gets the maximum value when an event occurs, and drops quickly to
zero. They find

S(f) ∝ 1
fη

, (8)

with
η = 3− µ, (9)

in the former case, and
η = µ− 1, (10)

in the latter case. It is interesting to notice that µ = 2, in both cases, generates
the ideal 1/f noise condition. In the former case, the perennial out of equilibrium
condition is signaled by η > 1 and in the latter by η < 1. We shall see that
the weak-chaos music composition, filling the laminar region with a different
prescription, departs from this theoretical prediction.

4 Weak-Chaos Music Composition

In this section we illustrate the Harp design. Actually, we study two Harps,
called Harp #1 and Harp #2. Harp #1 selects the envelope decay time from the
prescription of Eqs.(5) and (7), with the same µ as that determining the laminar
region length. Harp #2, however, is based on a perfect correlation between the
envelope decay and the time length of the laminar region, insofar as the envelope
decay time is selected to be proportional to the laminar region length through a
proportionality factor r. This makes Harp #1 much richer in events than Harp
#2, especially in the non-ergodic case µ ≤ 2. It is remarkable that Harp #1
sounds much more attractive musically than Harp #2.

4.1 How to Fill the Laminar Region

The music was created in Csound with an algorithmically generated score. It
consists of note events whose onsets are determined from a series of waiting times
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generated according to Eqs. (5) and (7). Sine waveforms, which were chosen
to minimize dissonance, were multiplied by percussive exponential envelopes
with short attacks and long decays. The decay times and peak amplitudes, like
the waiting times, were calculated according to equation Eqs. (5) and (7). Pan
positions were chosen randomly from an ordinary white probability distribution.

Pitches were chosen randomly from a chord set which progressively changed
throughout the duration of the piece. A just major Ptolemaic diatonic tuning
(1
1 , 9

8 , 5
4 , 4

3 , 3
2 , 5

3 , 15
8 , 2

1 ) was used for the purity of its consonances. Run through
a simple medium room reverberator, the end result sounds something like a
large music box with an extended frequency range and more expressive dynamic
range. The inverse power law distribution of the waiting times, decay times, and
amplitudes results in numerous, mostly quiet notes with close to the minimum
decay time, with occasional longer gaps, sustains, and volume accents occurring
sporadically throughout. This produces an attractive, varied texture occupying
an intermediate position between order and randomness.

4.2 Exponential Envelope

Here we describe the envelope function of the oscillations filling the laminar
regions with a generic example. The envelope we used is comprised of two parts:
an attack (rise) and a decay (fall). Times are expressed in milliseconds. We use
the general form

f(x) = kax (11)

for the attack, and
f(x) = bx−∆ (12)

for the decay. We set a = (1/ε)(1/∆). We shall use throughout ε = k = 0.001 and
∆ = 40. At time x = 0, f(x) = k and at x = ∆, f(x) = k(1/ε) = 1. For the
envelope decay we set b = (ε)1/TD , with ε = k. Thus, at x = ∆ we have f(x) = 1.
With time increase f(x) decays from the value of 1 at x = ∆ to the value of ε at
t = TD + ∆. The parameter TD defines the decay time. The parameter TD for
Harp #1 is selected from the distribution density of Eqs. (5) and (7), with the
same µ as that assigned to distribution density of the laminar region lengths,
and for Harp #2 is assumed to be proportional to the waiting time τ . In the
case of Harp#1, the attack or rise time is small compared to the decay or fall
time which is 7000ms to 12000ms.

4.3 Spectral Analysis

Following Voss and Clarke [1,2], here we evaluate SV 2 . Fig. 1 refers to the case
that we judge to be aesthetically attractive, with the waveform between two con-
secutive crucial events established independently of the laminar region length.
We se that η ≈ 1.8, with no dependence on the complexity parameter ranging
from µ = 1.2 to µ = 2. In Fig. 2, we illustrate the SV 2 spectrum of Harp #2.
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In this case, when r is small, we can compare our result to Eq. (10). We find
that for r = 1, the slope of the spectrum, in the low-frequency regime, is indeed
close to −1 and that η depends on µ. However, making the spectrum closer to
the ideal 1/f -noise condition does not make it more attractive. It is rather much
less attractive than Harp #1. Interested readers can listen to excerpts of both
Harp #1 and Harp #2 [18].

Fig. 1. Tmax = 2200ms , attack = 40ms, decay range: 7000 − 12000ms, amplitude
range: 1200 − 30000, frequency range: 220 − 1650Hz. Tmin was set for each data set
such that all sets would have the same predicted number of events (approx. 3,500).
In this version of the Harp, decay is not proportional to waiting time. The µ for the
amplitudes equals 1.5. The µ for the decay times equals that of the waiting times.
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Fig. 2. The µ of the amplitudes equals 1.5. Decay is proportional to waiting time (tau).
The authors do not consider the results to be aesthetically pleasing [18]. The µ of the
waiting times equals 2.0. Tmin = 100ms, Tmax = 2200ms, attack = 40ms, amplitude
range: 1200 to 30000, frequency range: 220-1650Hz.

5 Zipf’s Law

Manaris et al. [20] have recently pointed out the relevance of Zipf’s law for music.
According to Zipf’s law, after ranking the words of a text, their frequency W ,
expressed as a function of the rank R, turns out to obey the prescription:

W (R) =
K

Rη
, (13)

with η ≈ 1. We adopt the symbol W because, in accordance with the authors of
Ref. [21,22], we wish to emphasize the connection between Zipf’s law and Pareto’s
law, which refers to the wealth of individuals of a human society. However,
according to Manaris et al. [20], W can be identified with the spectrum S and
the rank R with the frequency f , thereby making Zipf’s law generate the 1/f
spectrum of Eq. (8). According to Manaris et al. [20], it is possible to rank many
other musical properties, for instance chromatic-tone distance, melodic intervals
and note duration. Their frequencies always obey Eq. (13).

What about the distribution density of W? We note that, according to Pareto
[21,22], the probability of finding incomes larger than a given value W is pro-
portional to 1/W k, thereby yielding

Ψ(W ) =
A

W k
, (14)
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where Ψ(W ) denotes the cumulative probability, which is related to distribution
density ψ(W ) by the relation

ψ(W ) = −dΨ(W )
dW

. (15)

Thus, we get

ψ(W ) =
B

Wµ
(16)

with µ = k+1 and B = kA. Following the authors of Refs. [21,22], it is straight-
forward to show that

µ = 1 +
1
η
. (17)

We therefore conclude that the ideal Zipf’s law condition η = 1 yields the value
µ = 2, which corresponds to the condition were our music composition becomes
most attractive [18].

The music composition proposed in this article corresponds to identifying τ
with W . Consequently, the most frequent waiting times are the short times, so
that

Wmax = W (1) = Tmin. (18)

The upper limit to the waiting times τ establishes a limit to the maximum rank
of this (musical) society through

W (Rmax) = Tmax. (19)

6 Concluding Remarks

We have designed a music composition driven by crucial events, namely renewal
non-Poisson events, with the power index µ ranging from 1 to 2. According to
the CMP discussed in Ref. [14], this music composition should exert a significant
influence on the brain, especially when its complexity parameter µ is tuned
to the EEG’s µ [8]. The authors of Ref. [14] argued that there should be a
correspondence between the CMP and the widely accepted fact that the brain is
sensitive to 1/f stimuli. The main result of this paper is that the CMP is more
general than the 1/f effect and that this influence may be good if the music is
attractive. Thus, Harp #1 may have therapeutic effects via the CMP, without
involving the 1/f channel of communication. In fact, when the lifetime of the
oscillations envelope is short compared to the laminar region size and the 1/f
prediction of Eq. (10) applies, the composition (Harp #2)is disagreeable. The
SV 2 spectrum of the agreeable music composition is essentially independent of
µ, with η ≈ 1.8. The music composition designed in this paper fits Zipf’s law,
which according to Ref. [20] is a key aspect of music pleasantness, and the music
variable fitting Zipf’s law is the time duration τ of the laminar region. Of course,
this is a truncated Zipf’s law, namely Tmax is finite in accordance with the recent
analysis done by the authors of Ref. [23].
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In conclusion, although we cannot prove that the real music composition hosts
crucial events, this possibility cannot be ruled out either: the crucial event hy-
pothesis may be compatible with the analysis made by the authors of Refs. [24]
and [25]. On the other hand, we invite the readers of this paper to express their
own judgment on the aesthetics of our music composition, which does host cru-
cial events, by listening to it [18]. Within the context of stochastic music [26,27],
our music composition is based on weak rather than strong chaos [28]. Thus,
there might be a connection with DNA music [29], especially in the case where
the DNA spectrum yields η > 1 [30], which, according to Eq. (9), should cor-
respond to µ < 2. We think that this music composition may match the brain
nature and consequently realize beneficial therapeutic effects based on the Com-
plexity Matching Phenomenon.

Acknowledgment. The authors thank the Army Research Office for financial sup-
port through grant # W911NF-08-1-0117.
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Stat. Phys. 122, 137 (2006)
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Abstract. We trace the rank size distribution of notes in harmonic mu-
sic, which on previous works we suggested was much better represented
by the Two-parameter, first class Beta distribution than the customary
power law, to the ranked mixing of distributions dictated by the har-
monic and instrumental nature of the piece. The same representation is
shown to arise in other fields by the same type of ranked shuffling of dis-
tributions. We include the codon content of intergenic DNA sequences
and the ranked distribution of sizes of trees in a determined area as ex-
amples. We show that the fittings proposed increase their accuracy with
the number of distributions that are mixed and ranked.

Keywords: Ranking distributions, Power law distribution, Zipf law in
Music.

1 Introduction

Since the publication of Zipf’s law, Power Law and Rank-size distributions have
been often tried in fields other than languages, Music among others. There have
been several recent papers proposing different explanations and/or modifications
to the pure Power Law [1,2,3,4]. In a previous work [5], we have shown that pure
Power Laws are not a good representation of the rank size distribution of notes
of a musical piece throughout its domain, and that the two-parameter, first class
Beta Distribution (TPBF) [6]:

S(r) =
N(R + 1− r)β

rα
, (1)

where S(r) is the size against which the distribution is ranked, N a normalisation
factor, R the number of total ranks and r the rank variable, can account for a
better fit on both tails of the distribution. Refer to Figure 1 for some sample
fittings, and to Figure 2 for a comparison of several types of representations.

When analysing the results of over 1500 fitted musical pieces in parameter
space, a clear trend over major and minor modes was noted. To get a clearer
picture of what made the parameters different for major and minor modes, the
rank-size distribution of notes was broken into a distribution of octaves ranked
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Fig. 1. A log-log plot of the frequency of notes against the rank. The classical piece
is Beethoven´s Quartet No.14 Op. 131 (α = 0.461, β = 1.147, r2 = 0.9968), the jazz
piece is “A good one” by Benny Goodman (α = 0.573, β = 0.905, r2 = 0.9993) and
for rock music, the song “Sweet child of mine” by Guns&Roses (α = 0.798, β = 1.267,
r2 = 0.9992).

Fig. 2. Semilog plot of the rank-size distribution of Brahms’ Symphony No.4, 1st move-
ment with superimposed fittings. the fittings to be compared are a stretched exponen-
tial, a q-exponential, a parabolic fractal distribution, and the first class two parameter
Beta distribution. Note the correct qualitative behaviour of the TPBF in the rightmost
region of the distribution.



2224 M.B. del Ŕıo and G. Cocho

1 2 3 4 5 6 7 8 9 10 11 12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Note

C
ou

nt
 (

no
rm

al
iz

ed
)

octave 3

octave 4

octave 5

octave 6

octave 7

Fig. 3. Histogram per octave of the number of times that a certain note is used. The
histogram is normalized to the frequency of each note in a certain octave. The number
1 note is C# and number 12 is C. Notice that F#, A and B are rarely used, as can
be expected from harmonic arguments. The piece is J.S. Bach’s prelude BWV 881 in
F minor.

by the number of notes used within, and a distribution of the twelve notes of
the scale, per octave, ranked by frequency of appearance. The second group of
the above mentioned revealed that the use of a particular note was qualitatively
the same in each octave, thus suggesting that the use of a particular note can be
simulated stochastically according to its importance within the particular scale
used, i.e. favouring, for example, the tonic, the dominant, etc. . . over notes that
are not in the scale of the main key or those of the most common modulations.
See Fig. 3. This subject is treated in [7] from the perspective of perception
psychology.

2 TPBF and Ranked Shuffling of Distributions

Until now all work has been descriptive, showing the phenomenology and mak-
ing emphasis on the ubiquity of the TPBF [8,9,10], which suggests an approach
of great generality. In the following we show that it is suspiciously often the
case that, under certain restrictions yet to be fully characterised, the mixing of
distributions and their posterior ranking produces functional forms well repre-
sented by the TPBF, much in the same spirit as convolution leads to a Normal
distribution, given certain restrictions and limits. The ubiquity of the findings
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is the prime motivation to believe that the mentioned restrictions shouldn’t be
too strong as to make the systems of interest abound as they seem to.

The separation of the music rank-size histogram into distributions of the in-
dividual octaves, made it clear that the place a note adopted after being ranked
was dependent on its function within the tonal scale on which the piece was set,
and on the octave on which it was played. The final form of the distribution was
thus shown to be a collection of regions that could be characterised by the differ-
ent combinations of those two parameters that determine the “importance” of a
note within the piece. For example, the leftmost region of the rank-frequency dis-
tribution, that which contains the notes with higher frequency, is characterised
by containing notes placed typically in the middle octaves (the histogram of the
octaves is usually unimodal and non monotonous) and belonging to the tonal
scale, the intermediate region consisted predominantly on notes either played
on border octaves and belonging to the scale or on middle octaves and not on
the scale, etc. . . That music can be decomposed in that way also explains the
major-minor modes trend in parameter space, since the 12 note histogram of
each is different, given the inclusion of two extra notes in the minor mode scale.
See Figs. 4. and 5.

1 2 3 4 5 6 7 8 9 10 11 12
0

50

100

150

200

250

Rank.

C
ou

nt
s

DOMINANT

TONIC

SUPERTONIC

MEDIANT

SUPERDOMINANT

SUBDOMINANT

SENSIBLE

TRITONE

MINOR SEVENTH

MINOR SIXTH

MINOR SECOND

MINOR THIRD

Fig. 4. Typical twelve-note rank-size distribution of a composition written in major
mode. The sharp cut after the seventh rank marks the line between the notes on the
scale and those used only as passing or grace notes.

It is this play between hierarchies what is consistently present in systems
that show ranked distributions well fitted by the TPBF. Evidently, any distribu-
tion can be separated arbitrarily into smaller distributions in such way that the
ranked shuffling of the constituents is the original distribution, so it is possible



2226 M.B. del Ŕıo and G. Cocho
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Fig. 5. Typical twelve-note rank-size distribution of a composition written in minor
mode. This distribution has a less dramatic fall than that for major keys because minor
tones have two more notes in the scale, depending on whether it is rising or falling.

that the restrictions needed on the ranked shuffling of distributions as to produce
TPBF’s act on the way the individual constituents of the distribution overlap.

2.1 Examples

To illustrate the ranked shuffling of distributions we present data taken from
[11]. We obtained the distribution of trees, herbs and shrubs in a particular
abandoned field in Illinois, USA, ranked according to the area of coverage. The
fittings for each of these are not quite as satisfactory as that for the distribution
of all areas together, that is, that for the ranked shuffle of the three distributions.
Refer to Fig 6.

This progressive approach to a better TPBF fit with further shuffling also
happens in the previous examples on Music. See Fig 7.

To end this section we mention, without much detail, that another important
example we have worked with is the ranked distribution of triplets of nucleic
bases in DNA. This last distributions reveals a structure similar to that of music,
in that it can be separated in regions characterised by the degeneration of the
parameters that determine the likeliness of appearance of a triplet. Whereas in
Music this likeliness was determined by the octave and whether the note is in the
tonal scale or not, in the distribution of triplets it is characterised by whether
the first, second and third base are a “strong” or “weak” base, which in a loose
sense equals to say that they belong or not to a privileged set, like, in music, the
tonal scale.
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Fig. 6. Log Plot of the distribution of trees, herbs and shrubs, ranked according to
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0 10 20 30 40 50 60 70

10
1

10
2

10
3

10
4

Rank

Lo
g(

C
ou

nt
)

R−S distribution of first 3 octaves.

TPBF fit.

R−S distribution of first 4 octaves.

TPBF fit.

R−S distribution of first 5 octaves.

TPBF fit.

R−S distribution of first 6 octaves.

TPBF fit.

R−S distribution of first 7 octaves.

TPBF fit.

R−S distribution of first 8 octaves.

TPBF fit.

R−S distribution of first 9 octaves.

TPBF fit.

R−S distribution of all octaves.

TPBF fit.
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3 Conclusions

The ranked distributions of notes in harmonic musical compositions are con-
sistently well represented by the TPBF, and the parameters arising from the
fittings have tendencies that become clear once one separates the whole into
distributions of individual octaves, where the importance of the main key of the
composition is revealed. Such separation leads to believe that the presence of
the TPBF may arise from the ranked shuffling of distributions. Evidence from
other fields, and from the general observation that goodness-of-fit parameters in-
crease progressively on the number of distributions that are shuffled and ranked,
strengthen this last idea. The necessary restrictions on the ranked shuffling to
produce the TPBF can’t be too strong since they need to account for the ubiq-
uity of the findings.
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Abstract. In this Work-in-Progress paper, we study the dynamics of
priority-queue networks by generalizing the interacting priority queue
model of Oliveira and Vazquez [Physica A 388, 187 (2009)]. We show
that the original AND-type protocol for interacting tasks is not scalable
for the queue networks with more than two queues. We then introduce
a scalable interaction protocol, an OR-type one, and examine the ef-
fects of the number of queues and the network topology on the waiting
time dynamics of the priority-queue networks. We also study the effect
of synchronicity in task executions to the waiting time dynamics in the
priority-queue networks.

Keywords: Priority queue, human dynamics, social network.

1 Motivations

Priority queue models of human dynamics have received much attention among
statistical physics community lately [1,2,3,4,5,6,7,8]. Since the introduction of
the Barabasi model [1], the priority queue model aims mainly to account for
the heavy-tailed waiting time distributions observed for a number of human
dynamics data [1,5,8]. The emergence of distinct “univerality classes” by the
power-law exponent α of the waiting time distribution P (τ) ∼ τ−α has been
the cornerstone in the development of the subject. Yet, it has remained to be
seen how robust the dynamic properties of the priority-queue model are under
generalizations towards more realistic modeling of human dynamics.

In this respect, the recent work by Oliveira and Vazquez [9] on the interacting
priority queues represents a crucial first step forward. They introduced tasks
that require simultaneous actions of two individuals, that is, interacting tasks,
and constructed a minimal interacting priority model consisting of two queues.
An interacting task, or I-task, is executed only when it is the highest priority
task for both the individuals. Thus the interaction in the original OV model is
a kind of AND-type protocol for I-tasks. With the model, they found that the
power-law exponent α of the waiting time distribution for I-tasks takes values
2 ≥ α > 1, different from the Barabasi single-queue model, while it approaches
to the single-queue value α = 1 in the limit of infinite queue size. Thus the OV
model showed that the interaction between queues is a relevant factor for the
waiting time dynamics of the priority queue models.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2229–2231, 2009.
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In this Work-in-Progress paper, we generalize the OV model for more than
two queues and other interaction protocols to present a priority-queue network,
and study its waiting time dynamics.

2 Preliminary Results

We build the priority queue network composed of I-tasks with pairwise inter-
actions. Upon an arbitrary network configuration, we put a priority queue on
each node, with the queue-length �i = ki + 1; ki I-tasks and an additional
non-interacting task, where ki is the degree of the node i. Each of the I-tasks
represents the pairwise interaction between i and its neighbor, say j, denoted by
Iij . Here we summarize some of the preliminary results.

2.1 OV Model with N > 2

We first consider the generalizibility of the OV model for more than two queues.
With the AND-type interaction protocol for I-tasks, we found the OV model
generically not amenable for increasing network size with N > 2. This suggests
that the OV model in its original form alone may not be appropriate for the
realistic modeling of human network behaviors. Thus we turn to a different
interaction protocol, an OR-type one, which leads to nontrivial active dynamics
for N > 2.

2.2 Priority-Queue Network with OR-Type I-Tasks

We build a priority-queue network with OR-type I-tasks as follows: i) Each step,
a node is randomly chosen (say, i), and its highest priority task is identified. ii)
If the highest-priority task is an I-task, say Iij , then it and its conjugate task Iji

of the node j are excuted simultaneously. Otherwise, the non-interacting task
Oi is executed. iii) The priorities of all executed tasks are newly assigned. In
the case of 2 queues, the power-law exponent α of the I-tasks and O-task is
founded to be αI = 3 and αO = 2, respectively. We then apply the model to
fully-connected networks (complete graphs) with N > 2, and found that the
exponent αI depends on the network size as αI decreases as N increases, while
αO is rather stable against N . We then apply the model on star networks (graphs
with the single hub node and all other “leaf” nodes connected only to the hub).
For the star network, we obtained different behaviors such as different αO for
the hub- and leaf-nodes. These indicate a significant effect of network topological
position of the queue node on its waiting time dynamics.

2.3 Effect of Synchronicity in Task Executions

We modify our priority-queue network model for parallel task executions, to
study the effect of synchronicity of task processing in queue networks. To this



Dynamics of Priority-Queue Networks 2231

end, we modify the dynamic rules in the previous section as follows: i) Each step,
each node chooses its highest priority task. There might be priority conflicts,
such that a node i chooses Iij , while the partner node j chooses Ijk as her
highest-priority task, incompatible with each other. To resolve it, ii) we sort all
chosen tasks in i) by the priority values, and execute them in order of priority,
while each node can execute at most one task each step. That is, if the priority
of Iij is higher than that of Ijk, than the node j executes the task Iji upon
request from i before Ijk, which subsequently cannot be executed at this step. iii)
After completing ii), all the executed tasks assigned new random priorities. We
apply the modified model to fully-connected networks and star networks, finding
yet distinct behaviors for both cases. In comparison with the “sequential” task
execution cases in the previous section, these indicate that the synchronicity
effect, by way of accompanying priority conflicts, is a relevant factor for the
waiting time dynamics of priority-queue networks.

3 Discussions

In this Work-in-Progress, we have presented that the priority-queue models ex-
hibit rich waiting time dynamics and the waiting time dynamics is strongly
affected by the topology of the network as well as the queue disciplines. It re-
mains to be seen how our results, together with that of OV model, can improve
our understanding of human dynamics from the perspective of priority-queue
networks.
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Abstract. We demonstrate that the laws of Zipf and Benford, that gov-
ern scores of data generated by many and diverse kinds of human activity
(as well as other data from natural phenomena), are the centerpiece ex-
pressions of a generalized thermodynamic structure. This structure is
obtained from a deformed type of statistical mechanics that arises when
configurational phase space is incompletely visited in an especially se-
vere fashion. Specifically, the restriction is that the accessible fraction
of this space has fractal properties. We obtain a generalized version of
Benford’s law for data expressed in full and not by the first digit. The in-
verse functional of this expression is identified with the Zipf’s law; but it
naturally includes the tails observed in real data for small rank. Thermo-
dynamically, our version of Benford’s law expresses a Legendre transform
between two entropy (or Massieu) potentials, while Zipf’s law is merely
the expression that relates the corresponding partition functions.

Keywords: Zipf’s law, Benford’s law, generalized thermodynamics,
fractal phase space.

1 Introduction

Over more than half a century, observers of the astonishing ubiquity of the
empirical laws of Zipf and Benford have been puzzled by their seeming universal
validity and intrigued about the plausible answer to the central question of why
they appear in so many contexts. As it is widely known, Zipf’s law refers to the
(approximate) power law that is displayed by sets of data (populations of cities,
words in texts, impact factors of scientific journals, etc.) when these are given
a ranking (in relation to size of populations, frequency of words, magnitude of
impact factors, etc.) [1]. Benford’s law is a well-known simple logarithmic rule
for the frequency of first digits found in listings of data (stock market prices,
census data, heat capacities of chemicals, etc.) [2].

It has been argued that Benford’s law is a special case of Zipf’s law [3]. Indeed
the relationship beetween the two has been made explicit some years ago [4] by
first obtaining a generalization of Benford’s law from the basic assumption that
the underlying probability distribution P (N) of the data N under consideration
is scale invariant and therefore has the form of the power law P (N) ∼ N−α,
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α > 0. A simple integration over P (N), to obtain the relative probability for
consecutive integers n and n + 1, leads, when α = 1, to P (n) = log(1 + n−1)
which is Benford’s law. The next step in Ref. [4] was to obtain the rank k from
P (N), this time as an integration over P (N) from N(k), the number of data
that define the rank k, to a finite number Nmax that corresponds to rank k = 1.
In the limit Nmax → ∞ they obtain N(k) ∼ k1/(1−α) that is Zipf’s law with
exponent 1/(1− α) when α > 1.

Here we expand on the results of Ref. [4] merely by keeping Nmax finite,
and as we argue below, this consideration facilitates the articulation of a major
inference on the physical nature of the laws of Zipf and Benford. We contend
that these laws represent general thermodynamic relations, albeit for a special
type of thermodynamic structure obtained from the usual via a deformation
parameter. The generalized form of the Benford’s law as derived in Ref. [4]
in its broad form (not specialized to a first or other digit) is seen to express a
Legendre transform between two thermodynamic potentials, the inverse of which
becomes a generalized Zipf’s law. We also reason that this kind of deformed
thermodynamics arises form the introduction of a strong impediment in accessing
configurational phase space that results in a fractal or multifractal available
subset of this space. We identify the quantities that represent thermodynamic
potentials, partition functions and conjugate thermodynamic variables. In the
next Section 1 we reproduce the results in Ref. [4] relevant to our purposes and
then describe in the following Section 2 our main results. We conclude the article
with a short Summary and discussion.

2 Derivation of the Laws of Benford and Zipf

Denote by P (N) the probability distribution associated to the set of data under
consideration (e.g. the distribution obtained from a histogram generated by data
- a total of N numbers - giving the magnitudes of the population of a set of
countries). Under the assumption of scale invariance the distribution has the
form of a power law P (N) ∼ N−α. The probability of observation of the first
digit n of number N is given by [4]

P (n) =

n+1∫
n

N−αdN =
1

1− α

[
(n + 1)1−α − n1−α

]
, α �= 1, (1)

from which one obtains Benford’s law P (n) = log(1 + n−1) when α = 1.
The set of N factual data numbers can be ranked and compared with ranking

of another set of also N numbers extracted from the basic distribution P (N) ∼
N−α. The rank k is given by [4]

k = N
Nmax∫

N(k)

N−αdN =
1

1− α

[
N1−α

max −N(k)1−α
]
, α �= 1, (2)
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where Nmax and N(k) correspond, respectively, to rank k = 1 and nonspecific
rank k > 1. Inversion of the above in the limit Nmax � 1 yields Zipf’s law
N(k) ∼ k1/(1−α).

3 Laws of Benford and Zipf and q-Deformed
Thermodynamics

Consider the q-deformed logarithmic function

logq(x) ≡ 1
1− q

[x1−q − 1], (3)

with q �= 1 a real number, and its inverse, the q-deformed exponential function

expq(x) ≡ [1 + (1− q)x]1/(1−q) , (4)

that reduce, respectively, to the ordinary logarithmic and exponential functions
when q = 1. In terms of these functions, Eq. (2) and its inverse can be written
more economically as

N−1k = logα Nmax − logα N(k), (5)

and
N(k) = Nmax expα[−Nα−1

maxN−1k]. (6)

We first comment that Eq. (6) is a generalization of Zipf’s law that takes into
account, as we see below, the behavior for low rank k observed in real data where
Nmax is finite. Clearly, we recover from Eq. (6) the power law N(k) ∼ k1/(1−α)

in the limit Nmax � 1 when α > 1.
Now, in order to arrive at an interesting physical interpretation of Eq. (5)

we look at the quantities contained in it. We notice that both logα Nmax and
logα N(k) are given by the integrals

logα Nmax =

Nmax∫
1

N−αdN and logα N(k) =

N(k)∫
1

N−αdN, (7)

and these in turn can be seen, when α = 1, to conform to the evaluation of
entropy Ŝ1 = logNmax or S1 = logN(k) where the probability of N equally
probable configurations in phase space is P (N) = N−1 [5]. If we now allow for
α > 1 we can retain the same interpretation,

Ŝα = logα Nmax and Sα = logα N(k), (8)

with P (N) = N−α, with Nmax and N(k) playing the roles of total configurational
numbers or partition functions. Therefore Eq. (5) can be rewritten as

Sα = Ŝα −N−1k,
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Fig. 1. Rank-order statistics for the world population by country (empty circles) taken
from [6]. The x axis represents the rank while the y axis stands for the population. An
expα(x) function with α � 1.86 (smooth curve) is fitted to the data.
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Fig. 2. Rank-order statistics for the appearance of words (empty circles) in the British
National Corpus [7]. The x axis represents the rank while the y axis stands for the
frequency of appearance of each word. An expα(x) function with α � 2.09 (smooth
curve) is fitted to the data.

and read as the expression of a Legendre transform from the Massieu potential
Ŝα(N−1), a function of the inverse of the number N , to the entropy Sα(k), a
function of the rank k. The conjugate variables N−1 and k, could be seen to play
the roles of inverse temperature β and energy u in the description of a thermal
system.
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Fig. 3. Rank-order statistics for journals by impact factor (empty circles) [8]. The x
axis represents the rank while the y axis stands for the impact factor value of each
journal. An expα(x) function with α � 2.53 (smooth curve) is fitted to the data

Eq. (6), being the inverse of Eq. (5), states the same relationship but in terms
of the partition functions N(k) and Nmax(N−1). We illustrate in Figs. 1 to 3
the capability of Eq. (6) to reproduce real data for rankings of city populations,
words in texts and impact factors of scientific journals, respectively.

4 Summary and Discussion

We have presented here a novel thermodynamic, statistical-mechanical, reading
of the generalized law of Benford and its inverse, an also generalized law of Zipf.
This interpretation may explain the ever presence of these phenomenological
laws in a wide range of observations including very dissimilar situations. We
remark here that the deviation from unity of the exponent α implies a restricted
access to the phase space values for N , this restriction involves an accessible
subset of this space with a scale invariant property, i.e. a fractal set, as stated
by the power law P (N) ∼ N−α. Our identification of the rank k as analogous
to an energy u is supported by the fact that the maximum value of N , Nmax,
can be replaced by any other reference value Nref < Nmax in the derivation of
Eq. (2) (and therefore of Eqs. (5) and (6)) that results in a shift in the interval
of rank values as they would start now at a negative k. This interval can be
shifted again to recover k = 1 as the highest rank. Such shift would correspond
to a common shift in the interval of energy values u. On the other hand the
identification of N−1 with the inverse temperature β indicates that the larger
the sample N the smaller the ‘temperature’. As we observe in Figs. 1 to 3, Eq.
(6) succeeds in reproducing the small rank tail present in real data that appears
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before the power law behavior sets in, and it is clearly due to the finite size
described by Nmax < ∞. Real data also show deviations from the power law
N(k) ∼ k1/(1−α) for large values of the rank k [9] [10]. We do not address these
deviations here but we discuss them in a future publication [11] where we make
use of an unstated duality property of rank functions.
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10. Beltrán Del Ŕıo, M., Cocho, G., Naumis, G.G.: Physica A 387, 5552 (2008)
11. Altamirano, C., Robledo, A.: (to be submitted)

http://en.wikipedia.org/wiki/Zipfs_law
http://numbrary.com/sources/f33de7d1aa-cia-the-world-factboo
http://www.feweb.vu.nl/econometriclinks/rankings/


J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2238 – 2246, 2009. 
© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009 

The Main Principles of Simulation Modeling of the 
Sustainable Development Complexes System: Case of 

World Economy 

Dmitry Chistilin 

Dnipropetrovs’k University for Economics and Low 
Naberezhnaya Lenina str., 18, Dnipropetrovs’k, Ukraine, 49000 

unid@a-teleport.com 

Abstract. The phenomenon of states changes of the world economy during the 
last 200 years shows that there is a certain 70-year regularity in its development, 
which is expressed in increased structural complexity of the global economic 
system every 70 years. The development happens after certain periods of 
bifurcation (up to 50 years) accompanied by the lower rates of economic 
development, and periods of adaptation (up to 20 years) with the higher rates. 
The theoretical justification of this process shows that the increased structural 
complexity of the global economic system is the external manifestations of the 
self-organization process in a large complex system we call the “world 
economy”. The “world economy” is regarded as global economic environment 
where countries and their group organizations are ordinary agents. Every agent 
has the same properties as the system: they can be open, non-equilibrium, 
dissipative, self-organizing; they can also have the aim – to maintain integrity 
through the main function (development). We can watch the fractal symmetry of 
all general properties ranging from the global system to its ordinary agent. 
Development, the main function of the system, is viewed as the movement of 
economic environment. Basing on the assumption about maintaining boundary 
limits of system stability we solve the task of stable movement of environment 
and sustainable development of the global civilization in the context of fixed 
main properties and system characteristics. On the basis of outlined properties 
we make a mathematical model of non-linear dynamic system – development of 
the global system. 

Kеуwords: sustainable development, the self-organization, global system. 

1   Introduction 

Researches having been made by different scholars defined civilizations of the XXIst 
century. They are united into three local formations due to ethical, cultural and other 
features: Eurasia, North America and Oceania, Africa and the Middle East. The 
modern humankind is known to have faced a number of insoluble civilization 
problems which can cause destructive global processes. 

First of all the religious, ethical and cultural conflicts are connected with different 
views on material side of civilization. The revenue gap between “the gold billion” 
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population and other people is increasing. The control over allocation and use of 
scarce resources of the planet, first of all energy resources, relates to the conflict. 
There also exists a threat of ecological catastrophe. Low control over using weapons 
can lead to provoking local war conflicts to which countries having weapons of mass 
destruction can be involved. 

It is obviously that the planet is a single home for all kinds of civilizations and for 
any social form of human’s life activity. The main element in their coexistence 
without conflicts is the rules of interaction in the context of global system. The global 
system is a social system with structures – institutions that define the rules of 
interaction between countries (ordinary agents) of the global system.  

Countries being ordinary agents of a social system (the global system) form 
regional and civilized systems. Every outlined local civilization can be viewed as 
group unions of countries that participate in international exchange of resources on 
the basis of international labor division. Thus, functioning of the global system that is 
based on existent regional and global institutions can be considered as regional and 
global institutions. 

In the context of growing conflict tendencies of the XXIst century it is getting 
evident that existent institutions of the global system – supranational organizations 
and the system of international exchange of resources – do not provide development 
of the global civilization without conflicts. Therefore the most urgent task of 
nowadays is to make a forecast as to forming such social institutions that can 
guarantee coexistence of local civilizations without conflicts as well as sustainable 
development of the global system of the XXIst century. 

The system of rules about interaction between civilizations as a political structure 
of the global system of the XXIst century on the basis of the common planetary 
constitution can be referred to these institutions. The system of international monetary 
and financial relations that is the basis for exchange of resources among civilizations 
should be stated in the common planetary constitution as well. 

“The global system” system is aimed at maintaining its homeostasis or keeping 
humankind safe. Sustainable development of humankind lies in maintaining the 
global system integral for a long period of time. The necessary condition for this 
sustainable development is institutions which provide compromise base for 
interaction between local civilizations within the global system. To solve this task we 
need to define conditions which form both stability of a social system “the global 
system” and boundary limits of stability ensured by rules of interaction and in the 
context of which sustainable development occurs.  

Thus, the forecast concerning sustainable development of the global civilization is 
the task of forecasting and forming institutions of the global system which can 
provide sustainable development of humankind. 

The solution of the task about defining conditions of sustainable development of 
“the global system” system helps us to make the following conclusions:  

• general approach allowing us to describe the main properties of “the global system” 
in a simplified form and its development with indicating feature parameters.  

• mathematical formalization of the global  system and its development basing on 
outlined characteristics as a non-linear dynamic system.  
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• making simulation modeling on the basis of laid down system of differential 
equations describing development of the global system.  

• analysis of experiment results that can help to realize the following items:  

− about the character of the global system behavior in the process of development.  
− about the main system properties that form the process of development and its 

stability.  
− about conditions for system functioning; the conditions have to be implemented to 

provide stability of development.  

2   Sustainable Development of the Global System: System 
Approach 

The author of the monograph “Self-organization of the World Economy” formulated 
the concept of development and self-organization of a social system the world 
economy (the global system) and made the corresponding model. The model 
represents the main characteristics of the system itself and its development. The 
model is represented in figure 1. 

The system development is regarded as the process of changes in system states. 
Every system state has a structural and quantitative characteristic and specific time 
interval during which the structure keeps its integrity.  

The model of the world economy development describes the system behavior 
within the period 1825-2035.  
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Fig. 1. The model of development and self-organization of World economy for interval of time 
1825-2035 years 
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The idea about development process lies in the base. The process is considered as 
accumulating structural information on the basis of mechanism of self-organization as 
the result of struggle between two contrary tendencies: organization and disorganiza-
tion. Definite structural and quantitative characteristics allow us to define three states 
of the world economy system in the process of its development. The first two states 
are real whereas the third one is predicted. The structural characteristic for every state 
is the system of international monetary and financial relations that function during 
specific time interval. Political structure of the global system – availability or absence 
of supranational institutions of regulating interactions among ordinary system agents 
as to exchange of resources on the basis of international labor division – can also be 
referred to structural characteristics.   

The process of GDP growth for countries that participate in international exchange 
of resources can be called the quantitative characteristic. Countries making up the so-
called “triad”: Europe – the USA – Japan are taken as the base as more than 60% of 
world goods turnover during specific time interval falls on these countries.  

Every state of the global system corresponds to a 70-year cycle of development. 
Every cycle combines conflict as well as non-conflict phase of development. A 
conflict phase is implemented through the bifurcation mechanism of development and 
low rates of GDP growth. Non-conflict phase is implemented through the adaptation 
mechanism of development and uneven increase in GDP. Every phase of a cycle 
corresponds to a definite period of development that changes each other like 
mechanisms of development. 

We consider sustainable development as a change in system states that keep its 
integrity and maintain it within boundary limits of stability for a long period of time. 
It happens on the basis of forming a new structure of a system with adaptation to 
environmental pressure: population growth and limited resources. The stated above 
conflict trends are external demonstration of the pressure.  

Thus, we have the following description of the global (the world economy) system 
development. 

3   Development and Self-organization of the World Economy 
System 

According to already defined criteria, the historical period, that is being studied, concerns 
development of the world economy system for over the period from 1825 till 2035. 

Basing both on the periods when indicated systems of international monetary 
relations are functioning and on the quantitative characteristics we define the time 
limits when three states of the world economy system exist in the process of its 
development. In other words we determine the time periods as to three cycles and six 
periods of development of “the world economy” system. [Figure 1] 

These time limits are represented as follows: 

The first state 
The first cycle of the world economy system development is the period when the gold 
standard system functions: 1825 – 1875 – 1895. 
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1. The first period in the first cycle of “the world economy” system development:  

• the period from 1825 till 1875. Transformational period. The period of forming the 
gold standard system; 

• the period when the bifurcation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 1.5%. 

2. The second period in the first cycle of “the world economy” system development: 

• the period from 1875 to 1895. The period of active functioning of the gold standard 
system; 

• the period when the adaptation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 2.6%. 

The second state 
The second cycle of “the world economy” system development is the period when the 
Bretton Woods system functions – 1895–1945–1965. 

1. The third period in the second cycle of the world economy system development: 

• the period from 1895 till 1945. Transformational period of forming the Bretton 
Woods system; 

• the period when the bifurcation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 1.8%. 
 
2. The fourth period in the second cycle of development: 

• the period from 1945 till 1965. Active functioning of the Bretton Woods system; 
• the period when the adaptation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 5%. 

The third state 
The third cycle of “the world economy” system development is the period of 
Jamaican system – 1965 – 2015 – 2035. 

1. The fifth period in the third cycle of “the world economy” system development 
is the period of transforming the system of international monetary relations and 
forming its new structure; 

• the period from 1965 till 2015; 
• the period when the bifurcation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 3.4%. 

2. The sixth period in the third cycle of the world economy system development is 
the period which can be forecast, the period of active functioning of a new system 
of the international monetary relations: 

• the period from 2015 – 2035 (predicted); 
• the period when the adaptation mechanism of development is functioning; 
• the rate of the world economy growth corresponds to 8 – 9% (predicted). 
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Table 1.  

States of 
the 
world 
economy 
system 

Time
intervals 

Periods of 
functioning 

Structural
characteristic 
of the state 

Mechanisms of 
implementation 

Quantitative 
characteristic. 
Development 
rates in 
percentage 

the Ist 
1825-1875 

Bifurcation 
1,5

The first 
state 

1825-
1895

the IInd 
1875-1895 

Functioning 
of the Gold 
Standard 
system of 
international 
monetary 
relations 

Adaptation 

2,6-3

the IIIrd 
1895-1945 

Bifurcation 
1,8

The
second 
state 

1895-
1965

the IVth 
1945-1965 

Functioning 
of the Bretton 
Woods 
system of 
international 
monetary 
relations 

Adaptation 

5

the Vth 
1965-2015 

Bifurcation 
3,4

The
third 
state 

1965-
2035

the VIth 
2015-2035 

Functioning 
of the 
Jamaican 
system of 
international 
monetary 
relations 

Adaptation 
forecast 
8-9

 

 
Basing on the system states outlined above we form the model of self-organization 

and development of the world economy. (Figure 1) 

4   Sustainable Development of the Global Civilization – Non-linear 
Dynamic System 

Above-stated model of development and self-organization of the global  system (the 
world economy) allows us to make the following conclusions about properties of the 
model under research.  

Two contrary processes that initially come to be the natural quality of the system 
itself lie in the base of system development. These processes are: the process of 
producing goods in conditions of limited resources and the process of their 
consumption in conditions of its unlimited growth.  

The factor that produces dynamics is population growth for a long period of time.  
The natural property of the system – dissipation of resources – is expressed by 

unlimited consumption of goods in conditions of limited resources for their 
consumption; it also predetermines the necessity of independent forming the system 
structure in order to provide efficient resource allocation for production and goods for 
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consumption, i.e. self-organization. The natural property of the system – non-
equilibrium – is also caused by two contrary trends. 

All hierarchic types of the social system have the property of production and 
consumption, for example, a country, a regional, civilized system and a global 
civilization. We can see the fractal symmetry of the main properties of the social 
system “the global civilization”.  

The system development happens by cycles with the interval of about 70 years. 
Every cycle of development goes through a conflict stage (50 years) and a non-
conflict stage (20 years). They are implemented through the bifurcation and the 
adaptation mechanisms of development correspondingly. Old system relations are 
being restructured and new relations are being formed at the stage when the 
bifurcation mechanism of development works. This process is followed by decreasing 
quantitative indicator of development. 

Whereas at the stage of the adaptation mechanism the development occurs without 
conflicts and is followed by uneven growth of quantitative indicator. Every cycle of 
development corresponds to one system state. Every consecutive state of the system 
possesses more complex structure and from the economic viewpoint it is more 
effective than the previous one: it provides the system integrity in conditions of the 
environmental pressure. Stability has its borders within which sustainable 
development occurs. When the system leaves the limits of stability it stimulates states 
of extremely non-equilibrium kind. It also leads to further indefinite behavior of the 
system where the global conflict can happen or self-destruction of the humankind can 
be one of the possible versions of development. 

Therefore the main condition for keeping the system integral consists in 
maintaining stability of the system “the global civilization”. The main objective of 
studying non-linear dynamic system behavior – development of the global civilization 
on the basis of modeling and conducting numerical experiments – is to calculate the 
stability limit as well as the conditions for maintaining the system within the 
estimated borders. 

We can also see the complication of the system structure: self-organization in the 
form of the mechanism that implements sustainable development on the basis of 
spontaneous complication of the system structure.  

We can make the conclusion that “the global civilization” system has properties 
peculiar to non-linear dynamics. The system can function in two different modes – 
bifurcation and adaptation converting from one functioning mode to another one in 
the developmental process. The system has the property of self-organization as well. 
The main function of the system lies in the development through which its aim (to 
maintain the integrity) is implemented. 

The processes of production and consumption are regarded as the main properties 
of the system that generates development. 

The fact that the system is maintained in limits of sustainable development through 
the process of development helps to keep the system integrity. 

5   Formalization of the Global Civilization System Development  

The global civilization system is regarded as global economic environment where 
countries and their group organizations are ordinary agents. Every agent has the same 
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properties as the system: they can be open, non-equilibrium, dissipative, self-organizing; 
they can also have the aim – to maintain integrity through the main function 
(development). Development is caused by contrary processes – the process of 
production and the process of consumption and is implemented through two types of the 
development mechanism: the bifurcation mechanism and the adaptation mechanism. 

We can watch the fractal symmetry of all general properties ranging from the 
global system to its ordinary agent. 

Development, the main function of the system, is viewed as the movement of 
economic environment. Basing on the assumption about maintaining boundary limits of 
system stability we solve the task of stable movement of environment and sustainable 
development of the global civilization in the context of fixed main properties and 
system characteristics.  

At the first stage we study behavior and properties of an abstract non-linear dynamic 
system on the basis of reduction and fractal symmetry of the main properties. At the 
second stage we model and examine the behavior of specific system “the global 
civilization”. 

6   Modeling of Development of the System “Global Civilization” 

On the basis of outlined properties we make a mathematical model of non-linear 
dynamic system – development of the global civilization, where: 

• phase changes – ordinary agents, having the property of production and consumption 
• space to which they belong to – phase space or global economic environment  
• the main function is development expressed by movement of global economic 

environment  

Thus, we make a non-linear system of differential equations that describe the main 
properties of an object where an equation of environmental movement will be the 
system solution. Then basing on numerical experiment we examine the properties of 
an equation of environmental movement.  

7   Objectives of Simulation Modeling 

1. To get some idea as to qualities and properties of attractors in the given system of 
both modes of functioning which the system forms in the development process. 
Attractors are mathematical images of determined modes of functioning. Change 
of modes – switch of functioning from an ordinary to a chaotic (bifurcation) mode 
shows the change of quantity and character of attractors. In “the global 
civilization” system attractors are supranational institutions that determine rules of 
behavior for system agents. These attractors also decrease indefinite trajectory of 
development which helps to maintain system stability in a mathematical sense of 
description. Thus we receive a mathematical concept of institutions necessary for 
maintaining sustainable development of global civilization system. 

2. To make a numerical calculation of borders of stable environmental movement 
within which the global civilization system develops.  



2246 D. Chistilin 

3. To get some idea about the character of change in number and in properties of 
system attractors for maintaining boundary limits of sustainable development of 
the global civilization system.  

4. To show interaction of sustainable development, self-organization and available 
boundary value of the stability of the system under study.  

5. To show evolution of the structure of an abstract social system under research.  
6. To show evolution and to make a forecast of the structure of international 

monetary and financial relations of the global civilization. 
7. To show evolution of the structure and to make a forecast of forming the main 

political institutions of the global civilization system in the XXIst century 
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Abstract. We perform an analysis of the way individual users navigate
in the Web. We focus primarily in the temporal patterns of they return to
a given page. The return probability as a function of time as well as the
distribution of time intervals between consecutive visits are measured and
found to be independent of the level of activity of single users. The results
indicate a rich variety of individual behaviors and seem to preclude the
possibility of defining a characteristic frequency for each user in his/her
visits to a single site.

1 Introduction

The introduction of PageRank by L. Page and S. Brin in 1999 and subsequent
development of the Google search engine, marked a turning point in the history
of the Internet [1]. For the first time a model of the way people interact with
and navigate through Web pages was successfully applied to rank the content
of the WWW. PageRank models web surfers as random walkers that blindly
click through links without any memory of where they have been or where they
intend to go. Despite the overwhelming success that resulted in one of the worlds
fastest growing companies, it is clear that real users don’t behave in the way
prescribed by this simple set of rules. Several other models have been proposed
over the years [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16] but there has been a lack
of data with which to test the merits or faults of each one. We analyze Web
access log information from Emory University’s server to provide a more accurate
characterization of real world online behavior and how it evolves over time. Our
final propose is twofold: on one hand, characterizing the navigation of users
entering the domain and, on the other hand, studying the information that
the logs contain about individuals’ activity patterns. In the present work, we
will focus mostly on the second question. Recently, there has been a surge of
interest in the exploration of human dynamics through the daily interaction
with a number of electronic devices [5,17,18,19,20,21,22,23,24,25]. From mobile
phones to social network sites; all provide abundant data on whom contacts
whom and when it occurs. In a similar spirit but with a different perspective,
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we intend to study how users interact with Web pages. And more specifically,
which are, if any, the rules that govern their return in time to the same site.

Our database is composed by the detailed logs generated by the software re-
sponsible for serving the content of Emory domain and respective sub domains
during the period between Apr. 1, 2005 and Jan. 17, 2006. Due to privacy con-
cerns, we have had access only to an anonymized version of these data. The
sanitized version allows us to identify each user by an unique ID number, which
is not traceable to the original IP. This ID number permits an accurate un-
derstanding of the behavior that each user displays in the online world, and the
way accesses occur and evolve over time within the resolution of one second. One
can think of this data set as a bipartite graph evolving in time. There are two
types of “nodes”: on one side, users, who connect to the other type representing
URLs. Each link corresponds to a different request, that is timestamped with
the date and time at which it occurred. During our observation period, the web
site received over 3 million visitors to about 2.5 million pages for a grand total
of over 53 million requests.

2 Number of Visits

A Web domain with the size and variety of Emory’s one inevitably attracts a
fair amount of traffic. An important part of this attention, 32% of the total
requests, are single time events. Many users as identified by their unique ID’s
never come back to the same Web page (URL) during the full period of our do-
main observation. This does not imply that they cannot return to other URLs.
There can be different reasons for this behavior, among which the erratic Web
exploration through search engines are likely to play a role. If one focus on the
returning visitors alone, the statistics of the number of requests of a single user
to an unique URL is quite broad. The histogram of the number of recurrent
visits, P (ω), is displayed in Figure 1. The curve of P (ω) cannot be identified
as a simple power-law (see the discussion in Ref. [17]) but is definitively long-
tailed. Such broadness exposes a large variety in the users’ behaviors. Variety
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Fig. 1. In a), the histogram of the number of recurrent visits of a user to a single site.
In b), activity profile of a single human user.
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that is not only constrained to the number of returning visits but also to their
time location. In Figure 1b, the activity of a single user is shown. This user has
been randomly selected among those visiting an administrative site that requires
manual insertion of data, which ensures us that he or she is unequivocally hu-
man. The number of visits per unit of time shows drastic bursts followed by long
periods of almost no activity. A similar bursty dynamics in time has been docu-
mented in mail and email answers and motivated the proposal of a model based
on priority queuing [26,27,28,29,30]. We studied the application of this model
to Web navigation in a previous work [17]. Next we will show extra details on
the applicability of the model as well as new results regarding single user Web
navigation.

3 Time Interval between Consecutive Visits

One most important question regarding single user behavior in our database is
whether it is possible to distinguish automatic processes from genuine humans.
The requests to a Web page can in fact be originated by a wide range of elements.
Some that we were able to identify comprehend benign updating programs for
software, malware, automatic hacker attacks and, finally, real human users. Most
automatic processes are characterized by a very regular dynamics presenting a
clear frequency, which makes them easy to detect and do not affect the return-
time statistics. Intentional attacks however do not follow such predictable ways.
Still, we are able to identify them by two characteristics: the huge amount of
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Fig. 2. Average inter-visit time of a single user to a single site 〈τω〉 multiplied by ω
as a function of the number of visits. A flat line (as the red curve) is expected for
“standard” users, the change of trend after w ∼ 103 indicates very different malicious
activity.
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Fig. 3. Distribution of times between consecutive visits to a Web page by the same
user thresholding the users by their level of activity

traffic they generate and its concentration in short periods of time. Plotting the
average time between consecutive visits by a user to a page as function of the
number of times he or she returns to that particular page as in Fig 2, a change
of trend delates the presence of this type of malicious automatic processes. In
the following, we will use these two identification techniques to filter out the
contribution of automatic processes from the statistical study.

In Ref. [17] we measured the time interval between two consecutive requests
to a given web page by the same user. When measured over all the IP-URL pairs,
it is clear that these intervals obey a power-law distribution with exponent −1
over about 5 orders of magnitude in time. This value of the exponent has impor-
tant practical consequences. It implies that there is no statistically well defined
average and that arbitrarily large fluctuations are possible, thus precluding the
definition of a “normal” users. At first, this result strikes us as strange. After
all, human beings are creatures of habit and many other studies in the social
sciences have been able to define what “normal” behavior is in several situations.
What makes web browsing different? Perhaps this peculiar exponent is simply
an artifact of taking the average over several distinct classes of individuals. In
Fig. 3 we plot this same distribution P (τ) but restricted to only a subset of the
users. The first three curves are averaged only over users with less than 10, 100
and 1000 requests, respectively, over the course of the data sampling period. In
all the cases the curve is identical to within small fluctuations and consistent
with the previous τ−1 result. This implies that the users cannot be simply clas-
sified by their activity level and that, as we also showed in [31,32], highly chaotic
temporal patterns in the return times are an intrinsic characteristic of individual
human users.
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4 Return Probability

As mentioned above, about 68% of requests made by all users are a consequence
of a user returning to a page he or she has already visualized in the past. In-
tuitively, we would expect that the return probability R(τ) should vary over
time. A hypothetical user will be less likely to revisit a page that has not seen
for 2 years, than one that has visited it last week. If for no other reason than
a simple loss of interests in the content, or even for having forgotten about a
given resource even if it interested him. The way that this probability changes
over time is, however, far from clear. To probe it, we have plot in Fig. 4 R(τ)
as a function of the time τ after the user’s first detected visit to a page. We can
identify three different regimes corresponding to the three time scales: minutes,
hours and days/months. In the first 10 minutes, users pressing the refresh or back
button to reload the page are responsible to about 27% of all the returns. The
return probability then quickly decreases until about 16 hours after the initial
visit, accounting for roughly 33% of the total visits. This 16h period is consis-
tent with students or staff returning to a page to finish some task started earlier
in the day. The remaining 66% of returns can then be accounted for by people
returning to the page to check for updated information. This regime is clearly
different from the previous one, following a very slowly decreasing function that
points to a much slower waning of interest at larger time scales.

As before for the users, we have extended our analysis to different groups
of Web sites. In this case the discrimination is done by the popularity of the
page, how many visits it accumulates during the whole period under study. As
can be seen in Figure. 4b, the increase of the threshold in the number of visits
does not perturb overall the functional shape of R(τ). It contributes however
to a more nitid signal in the periods of time corresponding to entire days and
a slightly longer decay of the tail. That is, the form of R(τ) as an estimator
of how people loose interest on a site seems to be quite robust and relatively
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universal. More popular sites, as the home page of the university, show still a
more marked influence from the returns produced within the usual circadian
rhythms of human activity such as days and weeks.

5 Discussion

We have presented a detailed analysis of the user navigation patterns in the
domain of a medium size American university. Our aim is to characterize better
the propensity of users to revisit the same Web page and the distribution of
times between such events. In order to do so, we estimated two functions: the
probability of finding an inter-visit time of length τ , P (τ), and the probability
for a user of returning to the same site after a time τ of the first visit, R(τ).
Both functions follow a very slow decrease with their respective time variables.
P (τ) can be approximated by a power-law with exponent close to −1, while
R(τ) does not display such a simple functional form being possible to recognize
in it the different temporal scales. Our main finding is the robustness of both
functions when the users or the Web sites considered for the analysis are filtered
out accordingly to their activity or popularity. This fact points out to a possible
universal behavior incarnated by their functional forms, and that would be an
intrinsic characteristic of the relation between users and sites. More work, that is
in progress, is needed to clarify how much this behavior extends to other different
empirical systems out of work/academic environments.
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Abstract. Emergency is very difficult to be predicted since the social system 
has complex and comprehensive characters, so while a public emergency 
happens, a reasonable, efficient and timely response and control mode to be 
quickly selected is important to decrease the loss and to reduce the control cost. 
If the public emergency response agency doesn’t rapidly forecast or estimate 
the potential loss, an ineffective control mode would be adopted, and the 
emergency diffusion situation couldn’t be controlled, which would lead to the 
social instability. According to the different efficiency of response measure, the 
different control mode of public emergency response are classified into four 
types which are defined as lead-control mode, sync-control mode, delay-control 
mode and Invalid-control mode, respectively. The results show that the 
different cost is needed to control the emergency diffusion with different 
control mode, and the lead-control mode is the most efficient control model. 

Keywords: Public emergency, Public emergency response, Control mode. 

1   Introduction 

While a public emergency happens, people’s normal human life will be disrupted, and 
the lives and property would be threatened, Even that a host of social problems 
stimulated by the ripple effect of the event would lead to the social disharmony and 
the regional (or national) social chaos [1-3]. In the 21st century, the frequency of 
different event is increasing, and the impact scope and intensity is becoming more and 
more severity [4-6]. For timely responding to different event, and properly dealing 
with them, the national response plans of public emergency are established in few 
countries [7, 8]. Example, The National Response Plan (NRP) of United States being 
launched by Homeland Security of US in 2004, is an all-discipline, all-hazards plan 
that establishes a single, comprehensive framework for the management of domestic 
incidents. It provides the structure and mechanisms for the coordination of Federal 
support to State, local, and tribal incident managers and for exercising direct Federal 
authorities and responsibilities [9]; The Master State Plan for Rapid Response to 
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Public Emergencies of China is launched by the State Council of the People's 
Republic of China in 2006, which principles are to improve China’s capacity for 
safeguarding national security, social stability, and the public lives and property, 
timely responding the public all-emergencies, reducing the probability of the 
emergencies and their loss, and make economic and social development more people-
oriented, comprehensive, balanced, and sustainable. Furthermore, many approaches 
about how to forecast and dealt with different emergencies are gradually developed 
[10]. However, the development of social system is an extremely complicated 
nonlinear dynamic process. The drive force and characteristic of any social 
emergency is different, especially in different time and space, so there can be no two 
social emergencies with the same causes, scale, character, and diffusion process, if it 
is possible, there are only similarity. For better response to a new social emergency, 
not only it is need to quickly find the appropriate plan from the emergency response 
plan, but also it is necessary to rapid adopt the appropriate control mode on the basis 
of the diffusion intensity and trend of the emergency under the emergency response 
plan guidance.      

Those experiences are from dealing with many major emergencies, e.g. SARS 
(2003) and Wenchuan earthquake (2008) in China, let us know how to exactly and 
quickly get these emergency information, especially the precision location, 
characteristic, strength, and scope, are important to carry appropriate scheme into 
control the diffusion speed, reduce the death number and loss, and recover the 
damage. Only after these information are rapidly hold by the government response 
office, the timely and appropriate control measures could be established and adopt. If 
not, which would made the rescue measure become invalidation and lead to the 
damage scope enlarged, death number increased, the control cost increased, so much 
as lead to the regional or national society instability. Further more, despite all that a 
control measures may be carried into execution very quickly, there is still a certain 
amount of time lag for the real situation of emergency. In that case, it is the key issue 
of emergency response what control mode and how much strength are just right for 
effectively and quickly dealing with the emergency to minimize the loss. Based on the 
above mentions, the different control mode of public emergency response are 
developed in this paper, according to the different efficiency of response measure, 
which are defined as lead-control mode, sync control mode, delayed control mode and 
collapse control mode. In next contents, the four control modes of public emergency 
response will be discussed in detail, respectively. 

2   Lead-Control Mode 

Lead-control mode referred in this paper is that while the emergency happens, on the 
basis of the location, characteristic, strength and scope of emergency, the emergency 
response agency rapidly forecasts the possible diffusion speed and loss extent of the 
emergency and implement an optimal response mode which will greatly control the 
farther deterioration of emergency and minimize the loss in time. So, the lead-control 
mode is one of the most efficient public emergency response modes, that is to say,  
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Fig. 1. The control process with lead-control mode 

which is an intelligent control model. The control process with lead-control mode can 
be expressed as fig.1. 

In fig. 1, y -axis is the speed includes response control speed and emergency 

diffusion speed; t -axis is the time of the emergency diffusion and controlled; MN is 

assumed to be the threshold of uncontrollable line; the across point cy with y -axis 

and MN is the max velocity of emergency diffusion which could be controlled; cV is 

the control velocity curve; the surrounding area with t -axis and cV is the control 

capacity which expresses the control cost; eV is the diffusion velocity curve; the 

surrounding area with y -axis and eV is the diffusion extent which expresses the loss; 

0t is the time of the emergency occurred; 1t is the time of control measure carried out 

by public emergency response agency. The control process for emergency with the 
lead-control mode can be divided into the following stages. 

2.1   Knowledge and Forecast Stage 

The public emergency response agency rapidly know the emergency information of 
where, what, why and how, and forecast its possible diffusion trend and diffusion 

velocity from 0t to 2t . During the stage ( 10 ~ tt ) of knowledge and forecast, the 

diffusion acceleration ( ea ) of emergency has showed an upward trend, the diffusion 

velocity has increased from 0 to 
1teV , and the diffusion extent has increased from 0 to  
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1S  (
1t

diffusion1 SS = ). The emergency has been diffusing and worsening from 0t  to 

1t  because this is a knowledge and forecast stage and not an implement control stage. 

2.2   Full Control Stage  

The emergency diffusion velocity and diffusion extent would increase to 
2t

eV and 

2t
diffusionS from 1t  to 2t , respectively, on the basis of forecast result with the 

emergency information of where, what, why and how. In order to full controlling the 
emergency diffusion state in the shortest possible time, the control initial velocity 

1t
cV (

2max1
)(

tt ecc VVV >= ) at 1t  has to be carried out by the emergency response 

agency and has been maintaining until 2t  (see fig. 1). To the moment 1t , 
1t

edV equals 

1 and ea begin to decrease from the maximum; to the moment 2t , 
1t

edV decreases to 

0, 
max2

ee VV
t

=  and 13diffusion control )(
2021

SSSS
tt

>=−
−−

, the diffusion acceleration 

ea  becomes to 0, and the control acceleration ca also decreases from 0 to negative. 

That is to say, the worsening state of emergency diffusion be converted to full 

controlled state during the control stage ( 21 ~ tt ).    

2.3   Appease Stage  

Because the optimal control measure is adopt in the control stage, the diffusion 

velocity decreases to 0 at the moment it , and the control velocity also decreases to 0 

at the moment 1+it  which mean the emergency has been fully appeased, and the 

social stability comes back to the original state.     

3   Sync-Control Mode 

Sync-control mode referred in this paper is that while the emergency happens, on the 
basis of the location, characteristic, strength and scope of emergency, the emergency 
response agency rapidly estimates the emergency state and carries out control 
measure to deal with the emergency in time. The significant difference between lead-
control mode and sync-control mode is that, in the fist control stage, lead-control 
mode adopts the maximum control velocity through forecasting the potential diffusion 
speed and damage extent of the emergency, but sync-control model adopts gradually 

increasing the control velocity from 
1t

cV . The control process with the Sync-control 

mode can be divided into the follows stage (see fig. 2). 
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Fig. 2. The control process with sync-control mode  

3.1   Knowledge and Estimate Stage 

The public emergency response agency rapidly knows the emergency information of 

where, what, why and how, and estimates its current state. During the stage ( 10 ~ tt ) of 

knowledge and estimate, the diffusion acceleration ( ea ) of emergency has showed an 

upward trend, the diffusion velocity has increased from 0 to 
1teV , and the diffusion 

extent has increased from 0 to 1S  (
1t

diffusion1 SS = ). The emergency has been diffusing 

and worsening from 0t to 1t  because this is a knowledge and estimated stage and not an 

implement control stage which is same as the first stage of lead-control mode. 

3.2   Dominant Control Stage  

The control measure is carried out by the public emergency response agency in 

dominant control stage which control initial velocity 
1t

cV equals the diffusion velocity 

1teV  at 1t , and begins to increase with the acceleration ca (> ea ). From the fig. 2, we 

can see, to the moment 2t , the control velocity increased to 
2t

cV ; the diffusion 

velocity increased to 
2teV ; 

2t
cdV and

2tedV  all equal 1, and 
22 tt ec VV > ; the ea  and 

the ca  are all to the maximum and begin to decrease; and the control capacity over 

the diffusion extent than 3S , 13 SS = and 
2021

diffusion control −−
=

tt
SS . That is to say, 

the accelerated state of emergency diffusion is controlled at moment 2t .  
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3.3   Full Control Stage  

The diffusion acceleration ( ea ) has decreased from the maximum to 0 during the 

period of 2t ~ 3t . To the moment 3t , ea  decreases toward to negative, 
3tedV  

decreased to 0, which is to say the diffusion velocity increases to the maximum 

(
maxeV ). The control acceleration ( ca ) has decreased from the maximum to 0 during 

the period of 2t ~ 4t . To the moment 4t , ca  decreases toward to negative, 
4tcdV  

decreases to 0, and the control capacity (
41

 control −t
S ) is more than the diffusion extent 

(
40

diffusion −t
S ), which means the partial controlled state of emergency changed to the 

full controlled state.  

3.4   Appease Stage  

The appease stage has the similarity between the sync-control mode and the lead-

control model. The diffusion velocity decreases to 0 at the moment jt , and the 

control velocity also decreases to 0 at the moment 1+jt , which also mean the 

emergency has been fully appeased, and the social stability comes back to the original 
state.  

4   Delay-Control Mode  

Delay-control mode referred in this paper is that while the emergency happens, the 
emergency response agency rapidly carries out control measure to deal with the 

emergency, but the control initial velocity (
1tcV ) is too small, even close to 0, so the 

control initial velocity is assumed to 0 at the 1t moment. The control process with the 

Delay-control mode can be divided into the follows stage (see fig. 3).  

4.1   Knowledge Stage 

The public emergency response agency rapidly knows the emergency information of 
where, what, why and how, but doesn’t estimates its current state accurately. During 

the knowledge stage ( 10 ~ tt ), the diffusion acceleration ( ea ) of emergency has 

showed an upward trend, the diffusion velocity has increased from 0 to 
1teV , and the 

diffusion extent has increased from 0 to 1S  (
1t

diffusion1 SS = ). The emergency has 

been diffusing and worsening from 0t to 1t , which is same as the first stage of lead-

control mode and sync-control mode. 
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Fig. 3. The control process with delay-control mode  

4.2   Partial Control Stage  

The control measure is carried out by the public emergency response agency in partial 

control stage, in which the control initial velocity (
1t

cV ) equals 0 and increases with 

control acceleration ( ca (> ea )) at the moment 1t . From the fig. 3, we can see, to the 

moment 2t , the control velocity increased from 0 to 
2t

cV , the diffusion velocity 

increased to 
2teV , and there is 

22 tt ec VV = . During the partial control stage, the 

diffusion extent increased from 1S  to 21 SS +  ( 1t ~ 2t ), and the control capacity 

increased to 
21

 control −t
S , but there is ( 21 SS + ) >

21
 control −t

S . That is to say, the 

diffusion state is only partially controlled, but which whole state is still show a 
worsening trend. 

4.3   Dominant Control Stage  

To the moment 3t , the control velocity increased to 
3t

cV , the diffusion velocity 

increased to 
3teV , the 

3t
cdV and 

3tedV all equal 1, which means the diffusion 

acceleration ea  and the control acceleration are all to the maximum and begin to 

decrease; the control capacity over the diffusion extent than 3S , the 213 SSS +=
 

and 
3031

diffusion control −−
=

tt
SS which means the accelerated state of emergency  

 



2262 Z.-M. Fan, W.-Y. Niu, and J.-F. Gu 

diffusion is controlled at moment 4t , so the stage ( 2t ~ 3t ) is called the dominant 

control stage in the sync-control mode. 

4.4    Full Control Stage  

To the moment 4t , the diffusion acceleration ( ea ) decreases from 0 to negative, 

4tedV decreased to 0, that is to say, the diffusion velocity increased to the maximum 

(
maxeV ). To the moment 5t , the control acceleration ( ca ) decreases from 0 to 

negative, 
5tcdV decreased to 0, that is to say, the control velocity increased to the 

maximum (
maxeV ), and the control capacity (

51
 control −t

S ) is more than the diffusion 

extent (
50

diffusion −t
S ), which means the partial controlled state of emergency changed 

to the full controlled state, so the stage ( 3t ~ 5t ) is called the full control stage in the 

delay-control mode. 

4.5   Appease Stage  

The appease stage in delay-control mode also has the similarity with the sync-control 
mode and the lead-control model. The diffusion velocity will decrease to 0 at the 

moment jt , and the control velocity will also decrease to 0 at the moment 1+jt , which 

mean the emergency has been fully appeased, and the social stability comes back to 
the original state. 

5   Invalid-Control Mode  

Invalid-control mode referred in this paper is that while the emergency happens, the 
emergency response agency doesn’t rapidly and exactly estimates how much loss will 
be possible caused, but only simply know what happened, which results in a 
ineffective control measure adopted. During the whole process of invalid-control 

mode, the control velocity ( cV ) has been always less than the diffusion velocity ( eV ), 

and the control capacity has been also less than the diffusion extent. The control 
process with the Sync-control mode can be divided into the follows stage (see fig. 4).  

5.1   Knowledge Stage 

During the knowledge stage ( 10 ~ tt ), the diffusion acceleration ( ea ) of emergency 

has showed an upward trend, the diffusion velocity has increased from 0 to 
1teV , the 

diffusion extent has increased from 0 to 1S  (
1t

diffusion1 SS = ), and the emergency has  
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Fig. 4. The control process with invalid-control mode 

 

been diffusing and worsening from 0t to 1t . To the moment 1t , the control measure 

adopted by the emergency response agency, but which is an ineffective control 
measure. 

5.2   Lose Control Stage 

Because the acceleration of control velocity ( cV ) has been always less than the 

acceleration of diffusion velocity ( eV ), the diffusion velocity (
nt

eV ) increased to the 

max value ( cy ) at the moment nt  that could be controlled before the control velocity 

(
nt

cV ) at the moment 1+nt , which means the control capacity (  controlS ) has been also 

less than the diffusion extent ( diffusionS ) during the stage ( ntt ~1 ). Once the 

emergency diffusion extent is more than the threshold can be controlled, the 
emergency diffusion situation would become uncontrollable, and which would led to 
the regional (even national) society system change to instable and chaos. 

6   Results and Discussion 

The lead-control model, sync-control model, delay-control model and invalid-control 
model are discussed in the above mentions which shows the different control cost is 
need to control the emergency diffusion with different control mode, and the loss and 
impact caused by the emergency are different. According to integrate analyzing fig.1-4, 
these results can be obtained: 1) emergency has shown the worsening trend during the 

stage ( 10 ~ tt ); 2) the emergency diffusion period and caused loss, and the control 
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period and control cost, all are delay-control model > sync-control model > lead-control 
mode; 3) whether each one of the delay-control model, sync-control model and lead-
control mode are adopted by the public emergency response agency, the emergency 
diffusion velocity and strength could be full controlled before which increases to the 
uncontrollable threshold; 4) If the public emergency response agency doesn’t rapidly 
forecast or estimate the potential loss caused by the emergency on the basis of the 
emergency information of where, what, why and how, even doesn’t know them, the 
inefficient control measure would be adopted, and the emergency diffusion situation 
couldn’t be controlled, which would lead to the social instability; 5) the lead-control 
model not only need take the shortest time to full control the emergency diffusion 
situation, but also make the loss and control cost minimize, however, which had to 

rapidly finish the forecast and analysis in the stage ( 10 ~ tt ). 

In fact, whether the emergency would happened is very difficult to be predicted, so 
the optimal control mode adopted has directly impact on the response plan is success 
or fail. Then how control mode is optimal? From the above analysis, it can be 
concluded that whether the emergency information of location, characteristic, cause, 
strength can be rapidly known, and the potential change trend can be quickly 
forecasted, directly lead to the selected control measure is appropriate or inefficient, 

so we can say if these works have rapidly completed in the first control stage ( 10 ~ tt ) 

of certain control mode which may be called the optimal control mode to deal with 
the emergency. At the same time, since the social system often has the complex and 
comprehensive characters, and the research of four control modes is in the mechanism 
stage and still in the first instance, which result in many problems need to investigate 
in the next work. For example, how many drive forces and how to cause the 
emergency are very difficult to be estimated, and how much control capacity need to 
full control the emergency diffusion is also very difficult to be forecasted in a short 
period of time. However, A lot of experience in history emergency could be used for 
testing these control modes in future works, so these control modes of public 
emergency response in this paper would provide an efficient tools to help the public 
emergency response agency select the optimal control measure in the emergency 
process. In sum, with the development of forecast technology and methods, we 
believe that the correctness and speed of forecasting and estimating for emergency 
possible diffusion trend, extent and loss, will be quickly advanced, and the lead-
control model will eventually become the universal emergency mode.  
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Abstract. Risk perception is one of important subjects in management 
psychology and cognitive psychology. It is of great value in the theory and 
practice to investigate the societal hazards that the public cares a lot especially in 
Socio-economic transition period. A survey including 30 hazards and 6 risk 
attributes was designed and distributed to about 2, 485 residents of 8 districts, 
Beijing. The major findings are listed as following: Firstly, a scale of societal 
risk perception was designed and 2 factors were identified (Dread Risk & 
Unknown Risk). Secondly, structural equation model was used to analyze the 
influence factors and mechanism of societal risk perception. Risk preference, 
government support and social justice could influence societal risk perception 
directly. Government support fully moderated the relationship between 
government trust and societal risk perception. Societal risk perception influenced 
life satisfaction, public policy preferences and social development belief. 

Keywords: Societal risk perception, psychometric paradigm, Social justice, 
Government Trust. 

1   Introduction 

The degree of risk individuals assign to societal problems involving possible harm 
helps shape their attitudes toward public policy on such issues. Extensive literatures 
explain both the underlying causes of risk perception per se and the determinants of 
assigning risk to particular activities, situations, or technologies. But relatively few 
studies account for the influence factors and mechanism of risk perception in social 
situation. This paper is aim to describe the societal risk perception of the public and to 
explore the mechanism of it.  

1.1   The Study of Risk Perceptions 

In the late 1970s, stimulated by the merits of Starr’s approach, [1] Slovic, Fischhoff, 
and Liechtenstein [2], [3] carried out studies using questionnaires, asking people 
                                                           
* Preparation of this article was supported by a grant of National Natural Science Foundation of 

China: “Pre-warning model of psychological behavior and crisis management strategies”, the 
grant No. is 70573108. 
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directly about their perception of risks and benefits of many issues. [2], [3], [4] They 
characterized the hazards using several attributes that hypothetically influence the 
perception and acceptance of the associated risks. [1], [5] One of the main 
characteristic of these studies was the variety of psychometric scaling methods used 
to produce quantitative measures of perceived risk. [6], [7] The authors refer to this 
methodology as the “psychometric paradigm,” assuming that what individuals 
subjectively understand as risk may be influenced by a wide array of psychological, 
social, institutional, and cultural factors.[8] The paradigm assumes that, with an 
appropriate design of the survey instrument, many of these factors and their 
interrelationships can be quantified and modeled in order to better understand 
individuals’ and society’s attitudes toward the hazards they confront. [8] 

The application of the psychometric paradigm by Slovic, Fischhoff, and Liechtenstein 
represents a landmark for research of public attitudes toward risk.[2], [3], [4] The 
psychometric method has been utilized for studying risk perception in a number of 
countries, such as Norway [9], Poland [10], Italy [11], France [12], and Chile [13]. 
Although risk perception research has a history of more than 40 years in Europe and 
North America, little is known about risk perception among the Chinese people, who 
comprise one of the world’s largest ethnic groups. The available data on risk perception 
among the Chinese mainly come from environment risk situation [14], [15], [16], [17], 
seldom in social situation. Xie, Xu [18] [19] did a series of researches which are focused 
on the perceptions among the whole hazards faced to public. Liu, Huang, Zhou [20] 
explored the construction of public societal risk. We attempt to improve upon prior 
research on societal risk perceptions among Chinese by addressing current societal 
hazards that threatened publics.  

1.2   The Influence Factors and Mechanism of Societal Risk Perception 

Understanding the influence factors and mechanism of societal risk perception is 
important for several reasons. Firstly, establishing whether linkages between risk 
preference and perceived risk help explain how personal risk preferences effects 
public’s perception on societal problems. Previous research on the relationship 
between personality and risk perception are inconsistent. Some research found risk 
preference could influence public’s risk perception [3], [8], [21], while others did not 
prove it [19]. We will explore this in social situation of current China.   

Secondly, establishing whether government trust and support that they get from 
government contribute to societal risk perception helps explain how the public views 
governmental management of social hazards. As Gerber and Neeley [22] said, Studies 
of risk perceptions and policy issues often proceed by identifying a potential hazard 
highly salient to the public (such as nuclear energy) and then examining the 
underlying determinants of how the public assesses the degree of safety/risk 
associated with that activity or technology [23], [24], [25], [26]. Seldom research 
focused on the social issue. So our study will pay more attention to the relationship 
between public’s attitude on government and their risk perception. The first variable 
we cared about is trust in government. Pollak [27] argues that because of meaningful 
constraints on scientific knowledge of risk and because the public frequently lacks 
trust in government and in experts, public policies pertaining to risk should create 
institutional arrangements that promote public confidence in the efficacy of policy 
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responses to various hazards. Ample evidence points to government trust as critical to 
individuals’ risk rating of various hazards which have policy implications [28], [29], 
[30], [31]. The second variable we cared about is government support. Consistent 
with the cushion hypothesis, Chinese individuals perceive financial options as less 
risky than Americans [32], because they have better support system. So we suppose 
that if public could get more supports from government when they face to the hazards, 
then their risk perception will descend.   

Thirdly, establishing whether social justice influence public perception on societal 
risk helps explain how the public views social situation affects their perception of 
risk. Lerner and Miller argued that the more personal an experience of injustice, the 
more threatening that they felt [33], [34]. So we suppose that social justice is an 
indicator of public’s attitude of current socio-economic transition in China.  

Accounting for how societal risk perception affect public’s attitude on current life 
and future could illuminates the meaning of societal risk perception research. Gerber 
and Neeley[22] find that citizens utilize perceived risk rationally: greater perceived 
risk generally produces support for more proactive government to manage potential 
hazards. A problem will be worse in the future affects the degree of perceived risk 
associated with that issue [23], [3]. Hence, we suppose that perceived risk not only 
produce the attitude of current, but also could influence public‘s view on the future 
belief. Prior research shows that an individual’s belief.  

In a word, the present work aims to describe risk perception in P. R. China using 
the psychometric paradigm and to explore the influence factors and mechanism of 
risk perception, while trying to fill in some of the knowledge gaps that currently exist 
on some issues. Its goals are: (1) to assess what hazards preoccupy Chinese; (2) to 
describe those attributes of risk that influence the population’s perception of them; (3) 
to explore the influence factors and mechanism of risk perception. 

2    Method 

2.1   Sample 

A total of 2485 people participated in the study (43%males and 57% females). Their 
ages ranged from 18 to 83 years (median=36.3) and they were all come from Beijing. 
In general, the sample is in line with the region’s population characteristics. 

2.2   Materials 

Societal Risk Perception: To achieve the research goals, a survey was developed 
based on the work of Slovic [8] and colleagues in which subjects were required to 
quantify 6 attributes for 30 hazards which divided into 7 groups. The hazards were 
extracted from panel study and adapted to the P. R. China situation.  

Risk Preference: We measure risk preference by asking “Compare to others, my 
personality is” (Six-point response scale ranging from “very risk aversion” to “very 
risk taking”). 

Government Trust: the measure of this variable is a replication of that adopted by 
Brian, Gerber and Grant [22]. “In general, how much of the time do you trust the 
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national government to do what’s right? In general, how often do you trust your city 
government to do what’s right? (Six-point response scale ranging from “Just about 
always” to “Almost never”) 

Government Support: to examine government support, we manipulated this construct 
by asking “when I meet hazards, government could support my life” (Five-point 
response scale ranging from “strongly disagree” to “strongly agree”).  

Social Justice: social justice questionnaire was included comprising the six items of 
the General Belief in a Just World Scale [35] and the seven items of the Personal 
Belief in a Just World Scale [35] in random order.  

Social Development Belief: We administered a measure of social development belief 
by attracting 6-item from the social survey which developed by ISR (Institute for 
Social Research, University of Michigan). 

Policy Response Preferences: The item of this survey was taken from previous work 
of Brian, Gerber and Grant [22]. We measure this construct by asking “Government 
should take stronger steps in such 7 kind of problems, even if it means more 
disturbing to citizens” (Five-point response scale ranging from “strongly disagree” to 
“strongly agree”).  
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Fig. 1. The CFA result of societal risk 
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3   Result 

3.1   Perceived Societal Risks  

In the panel study, a principal component analysis of sample was conducted, and a 
varimax rotation was performed. We got 2 factors from 6 attributes, which is Dread 
Risk & Unknown Risk. As the Fig.1 shows, we confirm this construct by using CFA 
(Confirmatory factor analysis) in the formal survey and the model fit well (2=159.5, 
GFI=0.98, AGFI=0.95, CFI=0.93, RMSEA=0.09). The factor “dread” includes worry, 
severity, acceptability, and immediacy; while factor “unknown” include number of 
impacted people and familiar.  

By using factor scores of “dread risk” and “unknown” as coordinates, Fig. 2 
presents a two-dimensional plot of societal risk. Results indicate that the Daily life 
hazards have highest loadings on the factors dread & unknown. This result explain 
that the daily life hazards which include price arising, children education, food and   
 

 

Fig. 2. Location of the societal hazards within the two-component space 
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medicine safety, unemployment, medical insurance, traffic problems and so on are 
main problems threatened the public. 

3.2   The Influence Factors and Mechanism of Societal Risk Perception 

To estimate the structural equation modeling (SEM) we use the Amos 7 program with 
full information maximum likelihood estimation that allows cases with missing data 
to be retained, instead of deleting those cases through a pairwise or listwise technique. 
Using the gathered survey data, we estimated our 2 models. Model 1 assumed that: 
the risk preference, social justice, government trust, government support will directly 
influence the public’s societal risk perception; government support will partially 
moderate the relationship between government trust and societal risk perception; 
societal risk perception will affect social development belief, life satisfaction and 
policy response preference. Model 2, as Fig. 3 shows, assumed that government 
support will fully moderate the relationship between government trust and societal 
risk perception. 

The model 1 testing the mechanism of perceived societal risk revealed a good fit to 
the data. GFI, AGFI, CFI, NFI, IFI, TLI, and CFI were all above the recommended 
level of .90, the RMSEA was .06, below the recommended .08 for a good model. The 
second model also presented a good fit to the data. GFI, AGFI, CFI, NFI, IFI, TLI, 
and CFI were all well above .90 and the RMSEA was .06. However, the directly 
relationship between government trust and societal risk perception is not significant in 
model 1, so model 2 accounts best for the data.  

 

 
Fig. 3. Structural Model of Policy Response Preferences 
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Table 1. Perceived Risks (Mean and Standard Deviation) of the Public 

χ2 df χ2/df GFI AGFI NFI IFI TLI CFI RMSEA
Model1 2251.18 240 9.38 0.93 0.91 0.92 0.93 0.92 0.93 0.06(0.06-0.06)
Model2 2204.24 220 10.02 0.93 0.91 0.92 0.93 0.92 0.93 0.06(0.06-0.06)  

4   Discussion 

4.1   Societal Risk in P. R. China 

Using similar qualitative risk attributes to those in previous studies, we obtained 
similar factors of Slovic [8] previous research, with little differences in their 
composition. We believe that this attribute composition is better represents the 
societal risk in China.  

In sum, findings of the current study suggest that Chinese tend to perceive societal 
hazards as moderately threatening. Regarding hazards, the most striking differences 
between the current samples and those studied in prior research is the focused point of 
hazards. Daily life problems are perceived more dreadful in our research. 2002, Xie 
found in her study that compare to the result of 1994, public pay more attention to the 
macroscopically problems which come down to whole of social development. 
However, just as Boholm said actions and understandings about risks are learned by 
socially and culturally structured conceptions and evaluations of the world [36]. In 
our current results, public turned around to concern the daily life problems, such as 
price rising of commodity & house. The high sensitivity to daily life problem may 
have its origin in the social setting of current Beijing, and in the socioeconomic 
characteristics of its population. The result told that some public issues around daily 
life can now capture the preoccupation of current China.   

4.2   The Influence Factors and Mechanism of Societal Risk Perception 

In current study, we found that the risk preference, social justice, government support 
will directly influence the public’s societal risk perception; government support will 
fully moderate the relationship between government trust and societal risk perception; 
societal risk perception will affect social development belief, life satisfaction and 
policy response preference. 

There is general consensus that trust is important in risk management. However, 
the effects of trust vary strongly across studies. Up to 70% [37] of the variance of 
risks perceived could be explained using trust as a predictor. In most studies the 
correlation between the risks perceived and trust were in the range between 0.2 and 
0.4. [31] We think this inconsistent result may due to the moderation effect of the 
government support. In current research, we found that government trust could not 
affect risk perception directly. This result said that trust and act are both important to 
government. Trust in government could work only when public believe they can get 
government support when they face to hazards.  

The personal belief in a just world is important in predicting the appraisement of 
societal risk. Just as Confucius said, the lord of a state or a family concerns himself  
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not with scarcity, but rater with uneven distribution. In view of the fact that our 
country locates special historical development stage, the social justice question has 
already been an urgent social question to overcome.  

Societal risk perception like a weatherglass could explain the attitude of public. On 
the one hand, it could influence the comment on current social. Risk social theory 
[38] believes that macroscopically risk could transform to microscopically risk in a 
way. That’s mean the hazards of social may affect every ordinary people’s life. 
Meanwhile, microscopically risk could transform to macroscopically risk too, if 
ordinary people feel that the hazards had already threaten daily life, they will support 
government manage them. On the other hand, societal risk could affect the comment 
on future belief. This result could let us view the societal risk perception as forecast 
social indicator, for the high sensitivity to future appraisement. 

By describing the societal risk and examining the structured model, we can account 
for the influence factors and mechanism of societal risk. Recognition of both direct 
and indirect effects through the modeling of exogenous and endogenous relationships 
improves the ability to capture the myriad determinants of the citizenry’s perspective 
on hazard management. 
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Abstract. Social physics is an old and new discipline. In the seventeenth 
century, when physics as we know it was gradually taking shape, natural 
philosophers were attempting to apply the concepts and methods of statistical 
physics to society as a whole. The social physics is the use of natural way of 
thinking, the basic principles of universal rules, systems and methods of 
calculation means the social, economic and other complex issues of qualitative 
and quantitative analysis of complex subjects. In the direction of natural and 
social sciences Cross-full, it could be easy to understand the flow of migrant 
peasant workers preference choice of this complex issue. 

Keywords: Social Physics, Migrant peasant workers, Flow. 

1   Introduction 

According to the general rules of the world development process, While the per capita 
GDP is at the developing stage of US dollars 1000-3000, the society tends to be 
corresponding with the most serious bottleneck time of population, resources, 
environment, efficiency, equity and other social contradictions, there will always be 
the period of ‘easy to economic imbalance, easy to social disorder, easy to act out of 
balance, and social ethics is also need to be adjusted and reconstructed’ [1]. China's 
migrant peasant workers have reached a considerable scale, and become a major force 
of economic and social development. The social physics is the use of natural way of 
thinking, the basic principles of universal rules, systems and methods of calculation 
means the social, economic and other complex issues of qualitative and quantitative 
analysis of complex subjects. In the direction of natural and social sciences Cross-full, 
it could be easy to understand the flow of migrant peasant workers preference choice 
of this complex issue. 

2   Social Physics and Analysis of Differences between Urban and 
Rural 

From Chinese social physics community’s point of view of the basic, there would be a 
understanding of the following framework to explore the mechanism in the process: 
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(1) to recognize both natural systems or human systems, without exception, anywhere 
(space) at any time (time) has emerged the ‘difference’ the absolute; (2) as long as 
there are a variety of ‘differences’ or ‘difference in the collection’ is bound to have a 
broad sense, ‘gradient’; (3) as long as there is a broad sense, ‘gradient’ is bound to 
have a broad ‘power’; (4) As long as there is a broad sense of ‘power’ is bound to 
have a broad sense ‘flow’ [2]. 

Therefore, it could conclude that in reality there is a gradient of the difference 
between urban and rural areas, by then cities’ gravitation and the gradient led the 
migrant peasant workers flow to cities. 30 years of reform and opening up, China is 
actually the cities’ rapid development in 30 years, the gap between rural and urban 
expansion, of which leading to migrant peasant workers significantly increasing. 
From 1978 to 2005 and according the national statistics, the gap between the 
disposable income of urban residents and farmers per capita net income constantly 
pulled in the large (as shown in Figure 1).Urban-rural income difference equal to the 
disposable income of urban residents divide farmers per capita net income.  

As can be seen from Figure 1, the overall trend is gradually increasing differences 
between urban and rural areas, which also showed four stages: from 1978 to 1986, the 
income gap between urban and rural residents show a downward trend, the lowest 
point close to 1.8; from 1987 to 1994 , continued to show an upward trend, the highest 
level has exceeded 2.8; from 1995 to 1997, show a certain decline, but do not drop; 
1998-2005, again on the rise, and in 2002 broke the 3, has been in recent years 3.2 in 
the near [3]. 

 

Fig. 1. Urban-Rural Income Differences during 1978～2005 



2278 L. Ding and W. Yun-Lin 

3   The Differences of Cities’ Gravity and the Flow of Migrant 
Peasant Workers 

According to the relevant theories of social physics, differences lead to in gradient, 
the gradient rises to power, the powers cause flow and some other earlier analysis, 
which can be learned that there are a variety of income differences of China, and these 
income differences result gradient in different regions and different groups, then the 
gradients lead the existence of income gravitation income, which would be bound to 
lead to a variety of flow. Furthermore, the greater difference, the greater income 
gradient; the greater income gradient, the greater income gravitation; the greater 
income gravitation, the more migrant flow.  

In order to research the migrant flow, it could be introduced Lorenz curve to study 
the differences between urban issues. In order to study the national income 
distribution between citizens, the American statisticians M.O. Lorenz put forward the 
famous Lorenz curve. First, population should be queued by income from low to high, 
and then should be considered income percentage by any lowest income percentage of 
the population, which would be the cumulative percentage of the population and the 
percentage of the accumulated income of correspondence described in graphic, which 
would be Lorenz curve (shown in Figure 2), through the A area is calculated to be 
well-known Gini coefficient. 

 

 

Fig. 2. The Schematic chart of Lorenz Curve 
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As the Lorenz curve and the Gini coefficient is in fact used to analyze the 
differences, we are here to use this method to analyze the differences between urban 
issues. The Results are between 0 and 1, the more close to 0 that the smaller gap 
between cities, the more close to 1 that the greater the gap between the cities. As the 
Gini coefficient in the calculation, select the more data points the smaller the error, 
the paper selected data GDP of top 100 cities from 1997 to 2007.  

Lorenz curve as a function of the form:  G 2 L F dF                                                 (1) 

In order to facilitate calculation, covariance method could be used in this article, 
the formula for:  G ,µ                                                                (2) 

The specific point of view: 
Firstly,  i ∑ i                                                           (3) 

The formula of covariance is:  cov y , i ∑ y µ i i ∑ iy µ                     (4) 

The coefficient of urban difference: G ,µ µ ∑ iy                                   (5) 

The results are shown in Figure 3. 
 

 
 

Fig. 3. The Difference Coefficient of GDP to 100 Cities 
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The results can be seen that there was a widening gap between the more obvious 
trend from the top 100 Chinese cities, which is that 10 years despite the rapid 
development of China's focus on the city, but to a large extent have only benefit a 
very small number of developed cities in the rapid economic development, and the 
result is the gap between urban reality has also been widening. 

According to the National Bureau of Statistics and the Ministry of Labor and 
Social Security released a comprehensive analysis of the data, the total number of 
Chinese migrant peasant workers is about 1.2 billion, of which 60% is the inter-
provincial flow. The main exports areas are central and western regions; the eastern 
part is the main input. The migrant peasant workers from central and western regions 
are the national ratio of 67%; migrant workers 70% are employed in the eastern 
region. The main inter-provincial movement of rural labor force to the provinces as 
Guangdong, Zhejiang, Shanghai, Beijing, Jiangsu, Fujian and Tianjin, the 7 provinces 
and cities in 2006 absorbed 82% of the total inter-provincial movement of rural labor 
employment, while the proportion in 1999 only about 65%, which means that migrant 
workers to urban mobility has become increasingly from low-income rural areas flow 
to the most economically developed cities or urban development group. One is the 
eastern coastal areas; in particular the Pearl River Delta region and Yangtze River 
Delta region are two of strongest attract centers, followed by regional central cities. 
Ignored in the culture, climate and other factors, it can be more or less to build a 
framework for the flow of migrant workers (Figure 4). 

 

 

Fig. 4. The Flow of Chinese Migrant Peasant Workers 
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As can be learned from Figure 4, if the box area is larger, the flow would be 
greater. Due to the great existent income gradient, developed cities are the first choice 
for migrant peasant workers, such as Beijing, Shanghai, Guangzhou, Shenzhen, 
Dongguan and other cities. As previously mentioned differences between the Chinese 
cities continually have been enlarging factor, which will lead to a very small number 
of cities over the influx of migrant peasant workers. The results of this analysis obtain 
the views of consistency with a number of scholars. There is no doubt that a large 
number of migrant peasant workers in the inflow to the economy's vitality at the same 
time, will also inevitably bring a variety of social instability. 

4   Policy Proposals Based on Social Physics 

It is thought by social physics that the impact of the steady flow due to the differences 
arising, in the existence of income differences under the multi-dimensional 
construction of a harmonious society, the government must consider reducing the 
difference between profit or take advantage of differences in lead. Reasonable use of 
the principle of superposition of the stream flow can be reduced or even to reach the 
steady-state, that is, the difference caused by different kinds of material with the 
reverse flow stream will weaken. As a result, we offer the following suggestions: 

4.1   Coordinating Economic Development and Narrow the Differences 

In order to maintain steady and rapid development of China's economy, our country 
must face up to the existing differences between the rapid urban expansion, we should 
deepen reform and expand opening up, step by step in different regions of 
coordination between the various urban gap in attention to the secondary distribution 
of maintaining social equity To prevent polarization. Employment is the flow of 
migrant workers in urban and rural areas of comparative advantage as a result, the 
flow of migrant workers in the next few years will be mainly from rural to urban areas 
in particular, to the more developed economies of large and medium-sized cities, from 
the economy to the less developed regions in economically developed areas to focus, 
beads Pearl River Delta, the Yangtze River Delta and Beijing-Tianjin-Tangshan 
district are still the major flow of migrant workers. However, the eastern part of the 
cost of living increase over the years, and the slow growth of wages of migrant 
workers, there are less attractive to migrant workers. In the future to fight for the 
formation of a new batch of economic growth so as to the flow of migrant workers 
employed to provide a new choice. In addition, efforts to attract some of the rural 
labor force to choose local or provincial or other adjacent areas of urban employment, 
the flow will become more diversified. 

4.2   Concern in Rural Areas and Achieving the Goal of Increasing Farmers 

The main income of rural residents by the natural environment, the market prices of 
agricultural and sideline products, as well as the development of township enterprises, 
and the income of urban residents by wage and incentive system, as well as different 
industries and different skills of the wage difference between. It is therefore necessary 
to strengthen the market prices of agricultural interventions to encourage the broad 
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masses of rural areas, according to its own conditions for the development of 
township enterprises and optimize its industrial structure so as to increase the income 
level to absorb labor force and employment; at the same time the Government should 
increase the public in rural areas and facilities for scientific research into agriculture, 
increase agricultural subsidies and credit support to foster the development of 
township enterprises, promote urbanization, public property through the transfer 
payment system and other measures to increase the income of the farmers[4]. At the 
same time, in order to reduce the key elements brought about by the rapid 
accumulation of wealth effect, the state must step up to the secondary distribution of 
income ability to adjust the personal income tax, inheritance tax and property tax, and 
other standards to achieve a real difference to lower earnings. 

4.3   Introduction of Policies to Reduce the Ratio of Migrant Peasant Workers 
Return 

At present, due to the economic differences caused by population movement has 
brought a lot of problems. The influx of a large number of population in some cities 
so that the city's public facilities, employment and law and order, and other serious 
pressure, and into the city for those who have caused such as security, school children 
and many other issues. For example, the annual Spring Festival travel season, due to 
the large number of returning to the flow of transport has brought great pressure. Data 
show that in 2007 National Spring Festival passenger transport reached a total of 2.17 
billion. Such a large number of rural areas were mainly due to the large number of the 
labor force. According to the study of urbanization in China is 1 percentage point 
every year to raise the speed of development, and an increase of 1 percentage point in 
rural areas to cities in the release of 10,000,000 persons of the labor force. As a result, 
how to get these out of the labor movement into the workplace, and to reduce 
unnecessary back, is to narrow the differences in an important way to ease the 
conflict. Governments at all levels should put the corresponding supporting policies, 
so that cities can play an active labor force into urban mainstream society.  
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Abstract. Based on the social physics theory, this paper analyzes the economic 
disparities between different regions in China, and contributes a conceptual 
model of population migration among eastern, central, western and north-
eastern regions. The national 1% population sample investigation data is 
adopted to build a network of inter-provincial population migration, and the 
population migration network is analyzed with social network analysis. The 
results are shown that there is a very strong correlation between migrant 
population and economy disparity in China, and the migration with obviously 
geographical characteristics. The eastern region is the main areas for migration-
inflow; the central region is the main areas of migration-outflow; the western 
region is relatively “locked-up”, with a little of population flow; and the 
migration of the northeast is mainly within its own regional territory. 

Keywords: Social physics, Social network analysis, Population migration, 
Economy disparity. 

1   Social Physics 

Social physics is an "old" subject which has long history and covers a wide range of 
subjects. In addition to its distinctive features of sociology and physics, it also has a 
profound philosophy, psychology and economics base [1]. The word of social physics 
was put forward by Auguste Comte, who was the well-known French sociologist and 
philosopher in 19th century. The core idea of social physics is to make use of some 
physics concepts and methods to study the phenomenon and social laws [2]. A well- 
known French philosopher, Simone Weil, he thought that Marx was the first one who 
had the twin idea of taking society as the fundamental human fact and of studying 
therein as the physicist does in matter, the relationship of force [3]. To a certain sense, 
it is precisely because of the social physics’ thinking and concepts that caused the 
research of social issues into modern social sciences. Moreover, the impact still exists 
and plays an important role. As pointed out by American sociologist, George Lunderg 
in 1939: It may be that the next great developments in the social sciences will come 
not from professional social scientists, but from people trained in other fields [4]. 

In general, social physics is a complex subjects which use the natural science’s 
thinking mode, basic principles and methods to qualitatively and quantitatively 
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analyze the complex issues of society, economy and other complex issues. From 
Chinese social physics community’s point of view, there would be a understanding of 
the following framework to explore the mechanism in the process: (1) both natural 
systems or human systems, without exception, anywhere (space) and anytime (time) 
will emerge the "difference" absolutely; (2) as long as there are a variety of 
"differences" or "difference set", there will be bound to have a "gradient" in the broad 
sense; (3) as long as there is a broad sense of "gradient", there is bound to have a 
"power" in the broad sense; (4) as long as there is a broad sense of "power", there will 
be bound to have a "flow" in the broad sense [5]. Therefore, if there are differences in 
society, there will inevitably be “gradient”, “power” and “flow”. 

On the basis of social physics theory, this paper primarily analyzes the disparities 
of regional economic in China, and based on this disparities, builds a concept model 
of China's inter-provincial population migration, and uses survey data to analyze it 
with social network analysis. The results will be a valuable reference for the building 
of a harmonious society. 

2   China’s Regional Disparity 

Recognizing the difference is the base of analyzing the “power” and “flow”. According 
to the framework of social physics, the generation of “power” must be due to the 
existence of “differences”. China's inter-provincial differences are existed in many 
ways, this paper analyzes the inter-provincial differences from economic aspects. 

 
Data source: National bureau of statistics of China. 

Fig. 1. Regional disparity in land area, population, GDP, exports & imports, and revenue in China 
in 2006 
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Data source: National bureau of statistics of China. 

Fig. 2. Regional disparity in per capita GDP in China in 2006 

Since the reform and open door policy of the late 1970s, China has achieved 
magnificent economic growth. The fruits of the growth, however, have not been 
distributed fairly across China’s regions. And it has become one of the important issues 
that the geographers, economists and government regulators concerned about [6]. In 
order to control rising regional disparity, China has shifted its focus from the coast 
onto the interior regions. The central government put the “western development 
strategy” into practice in 1998, with the “northeast revival strategy” following in 2003. 
Most recently, the “rise of central China” strategy has been implemented. But regional 
disparity in China continues to be serious [7]. 

China's regional disparity is mainly in the different development level of eastern, 
central, western and north-east region. There are a few definitions of the four zones, 
which are changing over time. Academic and official definitions are also sometimes 
inconsistent. We use the definition of national Bureau of Statistics of China, the eastern 
region includes the following 10 provinces and municipalities: Beijing, Tianjin, Hebei, 
Shanghai, Jiangsu, Zhejiang, Fujian, Shandong, Guangdong and Hainan. The central  
 



2286 Y.-l. Wang and D. Li 

Xinjiang

Xizang

Neimeng

Qinghai

Gansu

Sichuan

Yunnan

Jilin

Heilongjiang

Hunan

Hubei

Guangxi

Henan

Jiangxi

Anhui

Guizhou

Guangdong

Hebei

Shaanxi

Shanxi

Fujian

Liaoning

Shandong

Jiangsu

ZhejiangChongqing

Ningxia

Taiwan

Hainan

Beijing
Tianjin

Shanghai

Imcome(yuan)

No data

0 - 5000

5000 - 6200

6200 - 7500

7500 - 13000

Legend

 
Data source: National bureau of statistics of China. 

Fig. 3. Regional disparity in per capita income in China in 2006 

region includes the following 6 provinces: Shanxi, Anhui, Jiangxi, Henan, Hubei and 
Hunan. The western region includes the following 12 provinces and municipalities: 
Inner Mongolia, Guangxi, Chongqing, Sichuan, Guizhou, Yunnan, Tibet, Shan’xi, 
Gansu, Qinghai, Ningxia and Xinjiang. The northeast region includes the following 3 
provinces: Heilongjiang, Jilin and Liaoning. 

Data shows that despite the efforts of the central government, regional disparity 
continued to widen during the period from the late 1990s to the early 2000s. Figure 1 
shows the shares of land area, population, GDP, exports & imports, and revenue 
among eastern, central, western and northeast regions in 2006. Taking the indexes of 
each region into account, the east had disproportionately large shares of GDP, exports 
and imports, revenue. The central, western and northeast region in particular had 
negligible percentages of exports and imports, 3.1%, 3.3% and 3.9% respectively. 

Per capita income and per capita GDP is important indicator which measure the 
level of regional development. Figure 2 shows the spatial distribution in the real per 
capita GDP of China’s provinces. Although the real per capita GDP of all the 
provinces increased significantly during 1979 to 2006, we can see a tremendous 
difference among the eastern, central, western and north-east region in spatial 
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distribution. In 2006, China’s regional income distribution was clearly unequal in 
terms of real per capita GDP. The real per capita GDP of the richest region, Shanghai, 
was about ten times that of the poorest region, Guizhou.  

Figure 3 shows the spatial distribution in the per capita income of China’s 
provinces, this indicator composed by annual per capita disposable income of urban 
households and per capita net income of rural households. We also can see a 
tremendous difference among the eastern, central, western and north-east region in 
spatial distribution. The per capita income of the richest region, Shanghai, was about 
three times that of the poorest region, Guizhou. 

3   Concept Model of Population Migration and Empirical Analysis 

3.1   Concept Model of China’s Population Migration 

Through analysis of previous, we can learn there are a variety of inter-province 
differences in China, these “economic differences” led to the “income gradient” 
between different regions and different income groups, and the existence of “income 
gradient” would certainly give rise to the existence of “income attraction power”, the 
greater the “income gradient”, The greater the “income attraction power”, the society 
bound to lead to a variety of “flow” under the “income attraction power”. 

Economic differences would lead to the occurrence of multiple streams, such as 
population flow, capital flow, information flow, technology flow and so on, these 
flow have respective laws and intertwined, form a multi-layer, multi-dimensional 
network. In this paper, we take population migration network as an example, build 
concept model of China’s Population migration under the economy differences(see 
Figure 4). It is worth noting that the population migration network only consider the 
economic differences, there is still a variety of differences in reality that will cause  
 

 

 

 

Fig. 4. Concept model of China’s population migration 
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population migration, such as the differences in culture and climate, thus, the ultimate 
population migration networks is the stacking effect of variety differences that can 
cause population migration. 

In figure 4, arrows indicate the direction of flow, the thickness of the lines indicate 
the scale of the flow. As can be seen from the figure, due to the existence of gradient, 
the relatively developed eastern region has become the first choice for the migration 
population in the central, western and north-eastern region. There is no doubt that a 
large number of immigrants will bring vitality to economy, but at the same time, it 
also will inevitably bring about social instability in a variety of factors, which we 
have encountered in some region, such as Beijing, Shanghai, Guangdong and other 
relatively developed provinces. 

3.2   Empirical Analysis 

Adopting the national 1% population sample investigation data in 2005 which 
investigated by national bureau of statistics of China, we construct a adjacency matrix 
that the migration population from the locus of registered permanent residence move 
to the current residence among 31 provinces. Adjacency matrix is a static and multi-
dimensional arrays, the elements of matrix indicate the right value from one provinces 

to another provinces. Such as, ijx  indicate the number of population that migrate 

from provinces i to provinces j, by the same token, we can finally get a 31*31 matrix. 
Use social network express this matrix, as shown in Figure 5. In which, node on  
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Fig. 5. Inter-provincial population migration network(The number is greater than 1000 person) 
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behalf of the provinces, the arrows indicate the flow of the population, the thickness 
of the lines indicate the number of population. For the sake of clarity, the figure does 
not show the link that the number of migration population less than 1,000 people, that 
is, If the migration population from provinces i to provinces j less than 1000, then 

ijx =0, and there is no line from i point to j. 

There are a number of indicators which can measure the weightiness of node and 
the network's overall structure [8]. Such as the network density, centrality, subgroup 
and role analysis, this paper use degree centrality and structural analysis to analyze 
the migration network. Centrality is an important indicator that can measure the 
superiority and privileges of the node in network [9]. There are four measures of 
centrality that are widely used in network analysis: degree centrality, betweenness, 
closeness, and eigenvector centrality. Degree centrality is defined as the number of 
links incident upon a node [10]. If the network is directed (meaning that ties have 
direction), then usually define two separate measures of degree centrality, namely 
outdegree and indegree. 

Outdegree: 

1

( )
n

DO i ij
j

C n X
=

=∑  .                                                    (1) 

Indegree: 

1

( )
n

DI j ij
i

C n X
=

=∑  .                                                    (2) 

Where, in  indicate province; ijX  is the adjacent matrix constructed based on inter-

provincial population migration. 
According to the formula (1) and (2), we get the outdegree and indegree of the 

network(Table 1). As can be seen from the table, the outdegree of Sichuan, Anhui, 
Hunan, Henan, Jiangxi and other regions are high, that mean these provinces are the 
main region which export population; the indegree of Guangdong, Zhejiang, 
Shanghai, Jiangsu, Beijing and other regions are high, that mean these provinces are 
the main region which absorb migrant population. This is consistent with Figure 1. 

Next, in order to distinguish the role of various provinces in the network, structural 
analysis is applied. In this paper, we use Concor(Convergence of iterated correlations) 
method to analyze the network structure. Concor is an analysis method that based on 
correlation coefficient. The formula that calculate the correlation coefficient between 
two provinces as follows: 

 

ki kj ik jk
ij 22 2 2

ki ik kj jk
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r =

(x -x ) + (x -x ) (x -x ) + (x -x )

i j i j

i i j j

⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅+

∑ ∑
∑ ∑ ∑ ∑
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Where, x i⋅  is the average of all provinces emigrate to i province, xi⋅  is the average 

of i province emigrate to all provinces, kix  indicate the population that k province 

emigrate to i province.  
Use formula (3), we can get the first correlation coefficient matrix among the 31 

provinces. Concor method is based on this matrix. Using formula (3) to calculate the 
first matrix, the second matrix is get, and then repeat the calculation, the correlation 
coefficient would be convergence step by step. Based on the results of convergent 
matrix, cluster is made[11]. According to Concor methods, China’s inter-provincial 
population migration network can divide into 8 categories, the clustering show in 
Figure 6. 

Table 1. Outdegree and indegree of the inter-provincial population migration network 

ID Province OutDegree InDegree NrmOutDeg NrmInDeg 
23 Sichuan 77351 6603 5.732 0.489 
12 Anhui 76042 4552 5.635 0.337 
18 Hunan 61636 4209 4.568 0.312 
16 Henan 59692 3667 4.423 0.272 
14 Jiangxi 49056 3307 3.635 0.245 
17 Hubei 47014 6008 3.484 0.445 
20 Guangxi 37467 4849 2.777 0.359 
22 Chongqing 30784 4631 2.281 0.343 
24 Guizhou 30601 5032 2.268 0.373 
10 Jiangsu 23606 55973 1.749 4.148 
8 Heilongjiang 20940 5217 1.552 0.387 
15 Shandong 18830 16768 1.395 1.243 
3 Hebei 18541 11494 1.374 0.852 
11 Zhejiang 16270 81989 1.206 6.076 
27 Shan’xi 14209 4966 1.053 0.368 
13 Fujian 12844 37453 0.952 2.775 
7 Jilin 10840 3982 0.803 0.295 
28 Gansu 8835 2133 0.655 0.158 
5 Inner Mongolia 8815 9288 0.653 0.688 
25 Yunnan 8592 10653 0.637 0.789 
6 Liaoning 6461 14636 0.479 1.085 
19 Guangdong 5566 215994 0.412 16.006 
4 Shanxi 5135 5434 0.381 0.403 
21 Hainan 2215 3863 0.164 0.286 
31 Xinjiang 2054 13572 0.152 1.006 
1 Beijing 1972 44903 0.146 3.328 
9 Shanghai 1854 61298 0.137 4.543 
29 Qinghai 1635 1628 0.121 0.121 
2 Tianjin 1384 15602 0.103 1.156 
30 Ningxia 1295 1531 0.096 0.113 
26 Tibet 259 560 0.019 0.041 

Note: NrmOutDeg is normalized outdegree centrality, NrmInDeg is normalized 
indegree centrality. 
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Fig. 6. Clustering of population migration network use Concor method 

We can see clearly from the figure that the classification has obvious geographical 
characteristics. Beijing, Shanghai, Jiangsu, Zhejiang is the major areas of absorbing 
migrant population, and the four provinces all in the eastern region; Hunan, Hubei, 
Guizhou, Chongqing, Guangxi, Shan'xi, Henan, Jiangxi, Sichuan is the main area of 
emigrating population, most of them are in central region; Liaoning, Jilin, 
Helongjiang, Shandong is clustered into a category. They are all in northeast region 
except Shandong. The main feature of this category is population migration mainly 
restricted in these areas; Tibet, Xinjiang, Qinghai, Ningxia have the characteristics of 
less immigration and less emigration, all in the western region and relatively closed; 
Inner Mongolia, Hebei, Shanxi and Tianjin is clustered into a category, the main 
feature of this category is emigrant population mainly enter into Beijing. Gansu and 
Anhui is clustered into a category, the flow of emigrant population in this category is 
relatively dispersed. Yunnan and Fujian’s emigrant population are mainly enter into 
Jiangsu, Zhejiang and Guangdong, and the immigrant population are mainly from 
Sichuan, Chongqing and Guizhou. In Guangdong and Hainan, there are a large 
number of immigrant populations and few emigrant populations. 

4   Summary and Discussion 

Population migration is a very complex process, which involve a variety of factors. 
Based on the analysis of economy disparity, this paper builds a concept model of 
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China's regional population migration, and empirical analyzed with the national 1% 
population sample investigation. The results may provide important information for 
policy-makers to carry out macro-control and social management. However, due to 
space limitations, this paper does not discuss the measures and policies. In short, 
social physics theory provides good ideas for solving social problems, and social 
network analysis is a very effective tool in solving social problems. 
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Abstract. Social Harmony Equation (SHE) leads the social system to the evolu-
tion direction of social by accumulation of “social combustion substances”, i.e., 
the accumulation of microcosmic entropy increase “basic particles” (individual) 
in social system from assimilated “basic social energy” to dissimilated one; 
meanwhile, the catalysis of “social combustion promoter” (social excitation en-
ergy) has enhanced the “social temperature” of disordering process of social 
system and completed the energy accumulation of social entropy increase that 
can generate the transition. Finally, ignited by the “social trigger threshold”, the 
social system has completed the abrupt change from orderliness to disorderli-
ness. The continuous variation of the above-mentioned three basic non-linear 
processes has jointly composed the whole contents of social combustion theory. 
Under the restriction of such conditions of different time (t), different space (α) 
and different scale (β), it is finally explained as a comprehensive dynamics of 
social system deterioration. 

Keywords: social harmony equation(SHE), social temperature, social physics. 

1   Introduction 

Social Combustion Theory (SCT) leads the social system to the evolution direction of 
social entropy increase by accumulation of “social combustion substances”, i.e., the 
accumulation of microcosmic “basic particles” (individual) in social system from 
assimilated “basic social energy” to dissimilated one; meanwhile, the catalysis of 
“social combustion promoter” (social excitation energy) has enhanced the “social 
temperature” of disordering process of social system and completed the energy accu-
mulation of social entropy increase that can generate the transition. Finally, ignited by 
the “social trigger threshold”, the social system has completed the abrupt change from 
orderliness to disorderliness. The continuous variation of the above-mentioned three 
basic non-linear processes has jointly composed the whole contents of social combus-
tion theory. Under the restriction of such conditions of different time ( t ), different 

space (α ) and different scale ( β ), it is finally explained as a comprehensive dynam-
ics of social system deterioration. 



2294 W.-y. Niu 

2   Social System Deterioration 

Both I. Prigogine and H. Haken once made brilliant expositions on the change of 
system from disorderliness to orderliness respectively in Order out of Chaos (Prigog-
ine, 1979) and Synergetics: An Introduction (Haken，1977). As for the change of 
system entropy triggered by the self-organized behavior, they put forward the frame-
work for explanation from non-linear dynamics, which is undoubtedly very important 
for acknowledgement of behavior track of social system. However, though they ex-
plained the system recombination and convergence from disorderliness to orderliness 
triggered by the self-organization in a state far from the balance, it seems that both of 
them explained only half of the whole track of “system behavior wave”. As for the 
other half, i.e., disintegration of system-organization and deconstruction of system-
order, in particular, the dynamics for continuous operation after system formation, 
i.e., how the social system goes from orderliness to disorderly deterioration, they had 
a simple understanding. It is out of this reason that the social combustion theory tries 
to make an academic remedy for this regret.  

 

Fig. 1. Deterioration and organization of social msystem 

The deterioration of social system is specially referred to the transform of a social 
body from the orderliness to disorderliness. It is usually understood as deviation or 
dissimilation extent from the mainstream society, i.e., the damage to the organization 
and orderliness of the current social system. Meanwhile, it can be understood as pros-
pect and pursuit of the replaceable social system that goes to the future in the “system 
behavior wave” and the preparation of fostering and accumulation of self-organization 
capabilities in the new conditions. The coexistence of this duality (deconstruction and 
construction), i.e., the full-period description of the “system behavior wave”, is the 
core and key point of acknowledgement of social combustion theory (Niu，2001). 
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3   Social Combustion Theory (SCT) 

It can be regulated that the SCT is a dynamic measurement of the social system from 
the normal state to abnormal state, from orderliness to chaos, from organization to 

breakdown in specific time ( t ), specific space (α ) and specific social scale ( β ):   

)()()(),,( 321 DfAfMftSCT ••=βα . (1) 

In the formula: 

)(1 Mf
－ social combustion substance (basic energy of social system) 

)(2 Af
－Social combustion promoter (excitation energy of social system) 

)(3 Df
－Social ignition temperature (trigger threshold of social system) 

Directly, indirectly and potentially complicated relations can be established be-
tween ),,( βαtSCT  and the complicated variant group in multi-element state, re-

flecting the mutually influenced and affected comprehensive measurement among 
various social forces in the social system. Since the actual social system faced by the 
social combustion theory can be expressed as both a spontaneous evolution process 
from orderliness to disorderliness and a conscientious accumulation process from the 
randomness to organizational functions. It not only includes the multi-directional 
abandonment of the current system, but also implies the directional selection of new 
system. This duality overlap explanation (simultaneous or sequential) has described 
the complexity of social system behavior. It has organically combined the deteriora-
tion of old system and the reconstruction of new system for a general recognition of 
social evolution cycle. The multiple alternation and space-time competition of disin-
tegration of old system (social entropy increase) and reconstruction of new system 
(social entropy decrease) have jointly embodied that the social system behavior fea-
tures the idiosyncracy of innovation cycle with time rhythm. 

The social combustion substance ( )(1 Mf ) is jointly reflected by the comprehen-

sive overlap of the social deviation from the harmonious relation between “human-
kind and nature” and the deviation from the “inter-person harmonious relation” in the 

specific “ t ”, “α ” and “ β ” conditions. )(1 Mf is subordinated to the mode of La-

grangian’s equation for social system change along with the change of time ( t ), space 

(α ) and social scale ( β ) and is expressed as: 
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In the equation,  

SK － Actual control force for maintaining the social system 

0SK － Optimal control force for realization of “harmony” social system 
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T－ “Social temperature” deviated from the harmonious state 

0T
－ “Social temperature” at the harmonious state 

P－ a micro-existence state deviated from the actual main-stream society. The 
bigger P is, the more number of individual of the society deviated from the main-
stream social system there are. It basically conforms to the principles about the social 
disorderliness extent and the entropy increase in Boltzmann Principle.  

The particular relationship among SK , T  and P  can be expressed as the follow-
ing three groups: 

Supposing P＝ a constant,  then SK ， T  ；  SK ， T  

Supposing T＝ a constant,  then SK ， P ；  SK ， P  

Supposing SK ＝ a constant, then T ， P ；  T ， P  

When SK ＝ 0SK ， T＝ 0T ， P＝ 1 

Then PTT ln)( 0− ＝ 0， )(1 Mf ＝ 0 

When SK ＝ 0， T ∞， P ∞  

Then PTT ln)( 0− ∞， )(1 Mf ∞  

In the study, SK  is regarded as a positive restriction variant for maintaining the 
mainstream society. It is usually composed of “external control force, internal control 
force, survival supportability as well as sustained development force”, respectively 
representing such social institution, law, armed forces, police, approval, common 
views, psychology, value as well as material supportability and development satisfac-
tion capability etc. It can be expressed as: 

∑=
i

iSKSK . (3) 

Meanwhile, it regards the negative restriction variant (denudation variant 

( PTT ln)( 0− ) that disintegrates the current mainstream social system as the dy-

namic of a social deterioration process. This dynamic is usually composed of “external 
interference extent, internal disorderliness extent, social pain extent and development 
disharmony extent”, respectively representing the negative factors influencing the 
social stability such as invasion, subversion, turmoil, out of control, crisis, complain, 
trouble, unemployment, poverty and crime commitment etc. It can be expressed as: 

∑ −=−
i

iPTTPTT ln)(ln)( 00 . (4) 

If 1ln)(SK 00 =−− PTTSK／ , it means that the social combustion sub-

stances are 0; when PTTSKSK ln)( 00 −−／ ∞ , it means that the social com-

bustion substances have been fully filled the society, i.e., arriving the maximum energy  
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accumulation for disintegration of social system, since the all-round accumulation of 
basic social energy for social combustion can be formed only when large quantity of 
basic particles (social individuals) exist and react simultaneously. 

The social combustion promoter )(2 Af  is usually expressed by the social excita-

tion energy generated by the social psychology level in the particular t , α  and β  
conditions. The social excitation energy is subordinated to Boltzmann distribution of 
social psychological spectrum, requiring all members of society (N) and the total 
excitation energy triggered by the psychological state should satisfy: 

∑∑ ==
i

ii
i

i nuNandnN U . (5) 

In accordance to the equiprobability principle, it can be predicted that the differen-
tiable quantum states with the same energy have the same appearance probability. 
Supposing in the Nondegeneracy conditions, the distribution probability for social 
excitation energy levels in the state similar to many independent particles (the indi-
vidual person) can be calculated. Under the premises of admittance of distribution of 
Boltzmann’s social excitation level, the average state of social excitation energy can 
be expressed as: 

0UUU u −= • . (6) 

In the formula, uU  is the social excitation energy possessed by the social combus-
tion promoter; 

•U  is the accumulated average social excitation energy above the prob-

ability of the average states in the distribution of Boltzmann’s social energy level; 
0U  

is the average social excitation energy in the normal social psychology state. 
The social excitation threshold )(3 Df  is referred to the critical value (formation of 

large-scale disorderliness of society) that can be formed instantly in specific 

t ，α ，
β  conditions. The minimum average kinetic energy needed by this critical 

value can effectively overcome the “social potential barrier”, realize the energy dissi-
pation similar to quantum transition in rapid variant mode and play the effect of igni-
tion temperature of crisis event of social system. 

0EEd ≥ . (7) 

In the formula, dE  represents the average kinetic energy 0E  needed and equal to 

or more than the social excitation threshold. 
In the three big factors for deterioration of social system in the social combustion 

theory, )(1 Mf  represents a slow variant that has a controlling or basic effect in social 

system transform and its value range is regulated to be 0～1.0; )(2 Af  represents the 

medium variant that plays a catalytic role in change of social system. As the first 
correction factor of SCT, its value range is stipulated to be 2.0± ; )(3 Df  represents 

the slow variant that plays a critical role in social system. As the second correction 
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factor of SCT, its value range is 1.0± . The relationship among the three can be 
written as follows: 
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The deterioration process of social system inducted from the social combustion 
theory can be finally expressed as: 

[ ]∫ ∫∫
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4   Conclusion 

(1) The SCT is a rule for explanation of dynamics for deterioration of social system. 
By learning from the basic idea of sociophysics and effective correction of social 
rules and psychological rules, it is possible to obtain brand-new explanations about 
the deterioration of social system. 

(2) In the SCT, it is the social combustion substance ( )(1 Mf ) that plays a basic 
role. Since the difference generated between the social individual and its expected 
virtual social objectives in spontaneous trend exits at any time, the macroscopically 
acknowledged five basic differences such as concept difference, culture difference, 
national difference, religion difference and wealth difference have composed the 
essential reasons for generation of accumulation of social combustion substances. 

(3) In the process of composition of social combustion substances, due to the com-
petition and comparison of two kinds of social forces, i.e., the rivalry effect between 
the positive force (including the external and internal social forces) maintaining the 
social system and the negative force for expansion of social disorderliness, the instan-
taneous mapping for the social system state at time t has been obtained. In this case, 
the instantaneous mapping has described the net accumulation of social combustion 
substances along with the time.  

(4) The net accumulation of social combustion substances made along with the 
time has effectively lifted the combustion scale, speed and strength by further cata-
lytic of social excitation energy so as to implement the effect of “the first correction 

factor” of SCT, expressed by )(2 Af  in the formula. 

(5) In the resultant force of )(1 Mf  and )(2 Af , it needs adding the social igni-

tion temperature )(3 Df  for breakthrough of “social excitation threshold” whether or 

not the social system in the combination of t , α  and β  is disorderly. As a result, as 
the second correction factor of SCT, it has completed the retreat of social system in 
the “original state”; meanwhile, it provides necessary and sufficient conditions for the 
formation of social system (by socially self-organized behavior) in a “new state”.  
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(6) The order of )(1 Mf ， )(2 Af  and )(3 Df  has been respectively defined in the 

essay. )(1 Mf , as the basic variant, is in the range of 0～1.0; )(2 Af , as the first 

correction factor, is 2.0± ; )(3 Df , as the second correction factor, is 1.0± . At 
last, the SCT has integrated the natural factor, social factor, human factor, and psy-
chological factor into a comprehensive series and finally completed the dynamic cog-
nition of social system deterioration. 
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Abstract. This study is based on network public opinion of the case - "Nankai 
Buick Affair". The daily number of posts as the variable, quantitative research is 
carried out on the law of change in network public opinion, which provides the 
scientific basis for managers to choose the best time to intervene. This article 
first begins from the three aspects: a number of changes in daily posts over time, 
the constitute of main topics and statistical analysis, and then gives a in-depth 
analysis of the law of change in network public opinion. After the emergency, 
performed by the number of posts, the shape of the rise and fall in network 
public opinion has three categories: sharp peak, severe right-skewed and fat tail. 
On this basis, then we study the changes of major issues in network public 
opinion in different stages: In the two periods: “Start- Peak” and “Peak-End”, not 
only the number of posts in BBS is not the same, but also the main topics in the 
BBS articles are different for the network public opinion of emergency. Finally, 
points out, If the managers issue truth of the incident in the prime time through 
the channels of authority, we can reduce the distance between the peak and the 
state of equilibrium for the network public opinion system, which is conducive to 
a smooth landing public opinion and social harmony. 

Keywords: Network Public Opinion, Skewness, Kurtosis, The Best Time to 
Intervene. 

 

According to the latest CNNIC statistics, by the end of June 2008, the number of 
Chinese Internet users has reached 253 million [1]. The Internet users’ size ranks first 
in the world and has been a huge network of groups. At the same time, the Internet 
has become an important channel to gather public opinion information, which can 
quickly reflect the dynamics of public, hot spots and users’ voice, to a certain extent, 
show the reality of people's emotional attitudes. 

At present, network public opinion shows unprecedented level of activity and 
strong influence in the government's decision-making. The China's top leaders also 
increasingly pay attention to and concern about the messages in network forums, in 
order to grasp the pulse of the community to beat more quickly and accurately. 
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Against this background, carrying out exploratory phase about the law of change in 
network public opinion, which will no doubt provide the relevant decision-making 
reference to the government, and will further deepen and expand the basic theory of 
network public opinion. 

1   Summary of the Network Public Opinion 

Network public opinion is the staggering summed of a variety of emotions, attitudes 
and views held by the public over the public's interest or the various public offices 
closely related to their own self-interest, which are expressed and disseminated via 
Internet. Network public opinion has characteristics as follows: freedom controllabil-
ity, real-time interactivity, richness and diversity, the occult and outside the dominant, 
emotional and irrational, personalized and polarized groups and so on [2].  

Plekhanov once said: “The development in public's views, like the whole of human 
history, is a regular process.” [3]The network public opinion, constituted by the 
emotion of the internet users, attitudes and views, from its formation to the end, all in 
a dynamic process of change, must follow a number of laws to run. At present, there 
has been much research on the rules of changes in network public opinion. 

Yi Liu [2] (2007), in "Introduction to the research of network public opinion", from 
a macro point of view of public opinion, described the law in the process of change: 
the law of the rise and fall, the law of sequence changed, the law of conflict and the 
law of decay, and analyzed three types of situation in the law of the rise and fall: the 
wave-shaped, and the trapezoid-shaped single peak.  

But more scholars research some specific case from the perspective of the network’s 
transmission. Some scholars from the perspective of Internet media network study the 
law of public opinion. For example: Zhou Qin [4] (2005) in the article "the" peak "in 
public opinion of news" pointed out that :scientific inquiry , search and statistics of a 
major mining incident in the WEB pages in the mainstream search engines could 
reflect the generally network opinion of incidents of this kind of news.  

Other scholars from the perspective of the network audience study the law of the 
network public opinion. For example: Hongmei Chen [5] (2005), in the article "BMW 
charging case in BBS", analyzed and interpreted the message content of posts about 
"Northeast BMW case" in "Strong China Forum" in the People's Network, concluded: 
the public discussion did not break through rational limit of the box and with the 
network platform; the public were likely to bypass the traditional media, set up a 
separate agenda, and thus affect the act of traditional media; the public expression in 
network not only developed a space of public discussion, but in a sense, but also 
formed a social movement, which has impact on the reality of the process. Xutong 
Chen and Lifeng Deng [6] (2004), through analysis of "Mingchung Wang events", 
"Zhao Wei clothing events" and "heavy snow blocking the traffic incident", got some 
of the main conclusions: driving force for the formation of the question, the cause of 
decay in the question, inherent convergence in the development of the of BBS issues, 
as well as a "social safety valve" function of BBS. Liang Guo [7] (2002) in the article 
"The First Day of Terrorist Attack to WTC :Discussions at "Strong China Forum"" 
analyzed the Chinese netizens’ different attitudes on the "9.11" as well as the U.S. 
government and pointed out the relationship between volume of posts and news 
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reports, and described the dialogue between the public and network manager of the 
powerful forum on the same day, which is not only helpful to understand public 
opinion, but also to provide reference for strengthening guide and management in 
network public opinion. 

To sum up, lack of quantitative research, these researches mainly provide in-depth 
qualitative analysis, which will lead to this problem: Although these studies can 
advice the managers can take what kind of measures, they has not been involved with 
when it did not take steps, and this is precisely a key issue. 

Therefore, this study aims to carry out quantitative research on the law of changes 
in network public opinion, and provide a scientific basis for the managers to choose 
the best time to intervene. 

2   Data Sources and Basic Statistical Indicators 

2.1   Data Sources 

We have studied a large number of cases. In this paper, we select the "Nankai Buick 
Affair" as the key point of emergency analysis. The "Nankai Buick Affair" is a typical 
mass incident which occurred in the Nankai University in December 24, 2007, due to 
the traffic accident between a Buick car outside the school and a student's bike. The 
number of participants amounted to more than 1000, including students, communities, 
teachers and police.  

The object of this study is the number of posts. These posts focus on "Nankai 
Buick Affair" and come from the section of the Nankai University of the 
LiangQuanQiMei BBS [8]. We select this BBS for the following reasons: firstly, it 
has comprehensive coverage of the "Nankai Buick Affair" without deleting posts; 
secondly, it has a wide audience, including crowd in and out of school, whose views 
are representative; finally, it is easy to carry out statistics and monitoring. 

The research time ranges from the first hours when the traffic accident occurred 
(Beijing time at 8:40 p.m. on December 24, 2007), to the time network public opinion 
of the events calmed (Beijing time on January 3, 2008).  

2.2   Basic Statistical Indicators 

In this paper, the skewness coefficient and the kurtosis coefficient are used to measure 
the degree of deviation from the peak level of network public opinion equilibrium. 
Basic statistical indicators are as follows: 

If ix  variable is set x  (the number of posts) the first i observations, on a 

n observations of the samples, the formulas to compute these statistics are as follows: 
Sample average: 

i 1

n
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x

n
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Sample variance: 
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If s<0,C  then it is a left-distribution; if s>0,C then it is a right -distribution. This 

indicator not only reflects the direction of deflection, but also the degree of deflection. 
Kurtosis coefficient:  
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The range of the kurtosis coefficient is [ 2, ]− ∞ . Compared with normal 

distribution, if 0k >C , the distribution will have sharper peak and fatter tail, and the 
greater the kurtosis coefficient, the fatter the tail, and vice versa [9]. 

3   Analysis of Network Public Opinion 

3.1   Change of the Number of Posts over Time 

Through real-time monitoring the section of the Nankai University of the 
LiangQuanQiMei BBS，the number of posts about "Nankai Buick Affair" recorded 
reaches 1068. The specific distribution is shown in figure 1, which depicts the daily 
number of posts with histograms and trend lines. 

In figure1, the first post on the theme of calling for help appeared at 11:58:43 pm on 
Dec. 24, 2007, and it only spent a few hours for the number of posts reaching the peak. 
The main topics in the peak period include the causes of the incident, the process of the 
incident, and solidarity for the students. Then, Nankai University published the official 
announcement for the incident, and network in Nankai was prohibited from visiting the 
LiangQuanQiMei BBS, the ShuiMu BBS, and other community forums. At the same 
time, the major forum also started to filter and control speech. Later, the leadership of 
the school held a school-wide meeting of student leaders, released notification of the 
situation of this accident and reported to the leadership of the Tianjin city on relevant 
work. The Tianjin's leadership pointed out that: great efforts should be paid to protect 
the beautiful quiet atmosphere of institutions. Then, the number of posts declined 
sharply from Dec.26. Public opinion also changed simultaneously from completely 
supporting the students to partly supporting the students, to remain neutral, or even 
opposition. Although dissatisfaction with some of the measures to deal with the matter  
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Data source: LiangQuanQiMei BBS 

Fig. 1.The daily number of posts chart on "Nankai Buick Affair" 

 

Data source: LiangQuanQiMei BBS  
Note: The main topics refer to the number of posts more than 5% of the total number of posts in 
study period. 

Fig. 2. The constitute of the main topics chart 
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caused a lot of discussion, (the measures such as the information blockade, control of 
the students ‘opinion, and so on.), the Nankai University School continue to publish 
favorable news, and at the same time, lack of access to schools Nankai latest news, 
most people who were in wait-and-see hoped that the school be able to correctly 
handle the matter. Then the number of posts slowly declined, and network public 
opinion gradually decayed. 

3.2   The Constitute of the Main Topics 

Posts are a kind of public opinion, which contains a variety of emotions, attitudes and 
opinions of Internet users. By sorting out the 1068 posts, we find that the discussion 
about "Nankai Buick Affair" in BBS can be divided into five main topics: notification 
of the course, exploring the reason, discussion about the expected ways to deal with 
the incident, views to the event stakeholders, and discussion about the practical 
measures taken to deal with the incident. In figure 2, the cause of the incident was 
discussed the most enthusiastically, which shows that people's concern remains not just 
at the top surface of things, but the deep-seated reasons for this incident. 

3.3   Statistical Analysis 

Applying the formula (1), (2), (3) and (4), the results can be calculated as follows: 

Table 1. Statistics of the daily number of posts 

x  2s  Cs  Ck  

97 30028.7 2.78 8.22 

 
In table 1, skewness coefficient is 2.78, more than 0，which shows the shape of 

the rise and fall of the number of posts is a serious right-distribution; the kurtosis 
coefficient is 8.22, greater than 0, which shows that the shape of the rise and fall of 
the number of posts has sharp peak and fat tail. As is shown in figure1, with regard to 
the trend lines of daily number of posts, on the left side of the peak, the number of 
posts increases sharply, but on the right side of the peak it decreases more slowly, and 
leaves a long tail. 

The reasons for forming this kind of shape of the rise and fall are as follows:  
Theoretically, the rise and fall of posts in fact reflects the changes in network 

public opinion. It can be seen as simply as a "stimulus - reaction"[2] process: the 
source of stimulation is the emergency, then some irritative information disseminates 
into human brain and interacts with the inherent bias of internet users, at this time, 
the internet users look forward to expressing their emotions, attitudes or opinions on 
the incidents in BBS. When their concerns have been resolved, or the incidents don’t 
generate any irritative information to internet users, the network public opinion on 
the incidents will naturally decline.  

In this case, the first post was to inform people of this fact, and then the main topic 
of discussion quickly shifted to the cause of the incident. However, at this time, 
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because there was no authoritative information about the incident, the views are 
mainly speculations: some people think that owners should be responsible; others 
believe it is the responsibility of the students. At the same time, as measures to deal 
with have not yet been released, people launched a heated debate on how to deal 
with the incident. After the formation of public opinion, driven by a series of 
information, the number of posts rises sharply. At this time, the massive of public 
opinion was close to the stability of the critical point. Later, some measures were 
taken to deal with the incident: the leadership of school made three commitments, the 
school issued an official notice, student leaders were asked to guide students in 
emotion, and so on. Then, the measures to deal with the incident became the main 
topic and the number of main topics declined. That is, as a result of the reduction of 
irritative information, the main issues reduces, and then the number of posts also 
declines, so that network public opinion gradually cools down until disappear. 

4   Choose the Best Time to Intervene for Managers 

In the analysis of network public opinion, we find that: in the two periods: “Start- 
Peak” and “Peak-End” , not only the number of posts in BBS is not the same, but also 
the main topics in the BBS articles are different for the network public opinion of 
emergency. 

In this case, the two periods: “Start- Peak” and “Peak-End”, correspond to the two 
stages before and after taking emergency measures. The changes of main issues can 
be expressed as figure 3. 

 

 

Fig. 3. The changes of main topics in the emergency measures taken before and after 

By observing the changes of the main topics in two stages, we can find: compared 
with the previous stage, in the latter stage, on one hand, the number of the main topics 
reduced significantly; on the other hand, "notification of the course" and "exploring 
the reason" were no longer the major topics, and the subject has been changed into 
“discussion about the practical measures taken to deal with the incident” from “discuss 
the expected ways to deal with the incident”. Combined with Figure 2, this conclusion 
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can be obtained: compared with the previous stage, the number of posts reduces 
significantly in the latter stage. It can be interpreted as: many people who do not 
know the truth in the initial stage of the emergency are urgent to learn about the 
process and the reasons for the incident. However, there is no authoritative source of 
information, they post messages or reprint information to clarify the issue. At the 
same time, some people who know the inside story more will send the information to 
the forum to inform others. However, the information is not authoritative and one-
sided, which often leads to more dispute. 

If the manager issued truth of the incident through the authoritative channels at this 
time, what about the result? By further fractionizing the posts, we found that: the 
number of the posts to repeatedly search confirmation issued by the people who did 
not know the truth, and the posts of doubting the non-authoritative information added 
up to 77, which was about 15 percent of the total number of posts on "notification of 
the course "and" exploring the reason ". After removing these posts, the trend line of 
the daily number of posts will be adjusted, as is shown in figure 1. Comparing with 
the two trend lines, we can see that the peak of the adjusted trend line significantly 
reduces. We can get the results by calculating: skewness coefficient is 2.41, kurtosis 
coefficient is 6.24. The comparison of skewness coefficient and kurtosis coefficient 
between the two trend lines is shown in figure 4.We can see that both skewness 
coefficient and kurtosis coefficient of the adjusted trend line are smaller, that is, the 
degree of right-skewed and steep decline. Therefore, it can be considered that: if the 
manager issued truth through the channels of authority at the time, the distance 
between the peaks and the equilibrium of public opinion system will reduce, and thus 
in favor of a smooth landing of public opinion and social harmony. 

 

Fig. 4. The change of skewness coefficient and kurtosis coefficient between the two trend lines 
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To sum up, we believe that: the "start - peak" time, which is “the prime time” 
shown in Figure 1 is the best time to intervene for managers. 

5   Conclusion and Prospect 

At the 4th Plenum of the 16th CPC Central Committee, the establishment and 
improvement of the mechanisms on collecting and analysis of public opinion was 
written into the <CPC Central Committee’ decision on Strengthening the Party's ruling 
capacity-building>. This shows that the leadership of the CPC Central Committee 
attaches great importance to the management of network public opinion. However, it 
is difficult to manage the network public opinion, due to some of the characteristics of 
the network public opinion, such as emotional, limitations, difficult to control, and so 
on. As a result, the research on the change in the law of network public opinion is 
important and urgent. 

We can make a conclusion as follows: After the emergency, performed by the 
number of posts, the shape of the rise and fall in network public opinion has three 
categories: sharp peak, severe right-skewed and fat tail. In the two periods: “Start- 
Peak” and “Peak-End” , not only the number of posts in BBS is not the same, but also 
the main topics in the BBS articles are different for the network public opinion of 
emergency . Finally, If the managers issue truth of the incident in the prime time 
through the channels of authority, we can reduce the distance between the peak and 
the state of equilibrium for the network public opinion system, which is conducive to 
a smooth landing public opinion and social harmony. 

There is still a lot of deficiency in this research and much more efforts should be 
made in subsequent research. In the future, we should pay attention to the following 
areas. Establish the model to estimate the prime time accurately; Not only study the 
law of the “Start- Peak” period, also consider the length of the tail in the “Peak-End” 
period which reflects the duration of network public opinion. 
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Abstract. This paper draws a comparison between social stability and chemical 
reaction process, and brings forward the concept of “social temperature” and 
“activation energy of social agent”. It is considered that social temperature turns 
out to be the macro symptom of social average energy, and its unceasing up-
climbing roots in the energy accumulation of “inferiorization” process of social 
system; that “activation energy of social agent” stands for the social energy or 
temperature where individuals or groups reach the limit of their psychological 
bearing ability. This paper, basing on above concepts, elaborates on and 
demonstrates the gradual activation reaction mechanisms of social stability by a 
lot of concrete examples. It is thought that there is a threshold value for social 
stability, and the society will be unstable if social temperature goes higher than 
this value; that the larger the social average activation energy is, the higher the 
temperature threshold value of social stability will be; and considering that 
different groups have different activation energy, those fragile groups with low 
activation energy are often the risk source which might pose a threat to social 
stability.  

Keywords: Social stability, Social temperature, Activation energy of social 
agent, Gradual activation reaction, Mechanisms. 

1   Introduction 

At present, China is going through a transformation period where various formations 
exist simultaneously, which, seen from the perspective of risk analysis, is reflected as 
the co-existence of various types of risks, namely, the phenomenon of risks co-
existence. It is an obvious fact that Chinese people and its social safety are currently 
being threatened not only by traditional risk, including infectious diseases, natural 
disasters etc, but also by such social risks as unemployment, wide gap between the 
rich and the poor, work accidents, labor-capital conflict and criminal crimes and so on 
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which keep rising and sharpening in the course of modernization featured by 
industrialization and urbanization. What’s more, specifically speaking, China is being 
through the social formation of postindustrial society period, that is, individualization 
starts to get its way and high-and-new technology keeps evolving, which indicates 
that our social life and natural environment are both threatened by increasingly 
accumulated risks. Co-existence of risks in social transformation period also boasts 
other meanings. China’s social transformation turns out to be the simultaneous start-
up of system transition and structure transformation, including the change from a 
single society featured by planned economy to a diversified one featured by market 
economy.  It is the very fact that we are in the middle of this transformation, namely, 
on the one hand, we are going through the disintegration of old distribution system, 
control system and integration system of social resources, on the other hand, new 
system and mechanism have not been completed and brought into play, that triggers 
and intensifies some special types of risks, such as increasingly widened gap between 
the rich and the poor, deviant social behaviors, up of crime committing rate, 
intensified conflict among clans, morality loss, trust crisis and control failure etc. 

Various risks we are facing in transformation period bring hidden troubles for 
social stability of China and the phenomenon of structural split has already presented 
itself in our society. Consequently, we can see, that it is an important task to keep the 
safety, stability and harmony during a transformation period. According the study 
paradigm of socialphysics [1], this paper is trying to compare the mechanisms which 
helps keep social safety and stability with the activation energy concept and gradual 
activation reaction theory which are used in chemical dynamics.  

2   Activation Energy and Gradual Activation Reaction Theory 

Being a very important concept in chemical dynamics, activation energy’s definition 
varies in different theories, for example, the energy reactant molecule needs to 
become activated molecule; the energy reactant molecule with average energy needs 
to become activated molecule; the D-value between the average energy of activated 
molecule and the average energy of reactant molecule; the lowest energy a molecule 
has, which is able to be collided effectively; the D-value of the lowest potential 
energy between transition-state and reactant etc. although the above mentioned 
definitions are based on different theories and therefore their statement might vary, 
they all point out one similar thing, namely, the reactant molecule has to be change 
into activated molecule, or activated complex molecule from common molecule first 
before chemical reaction happens. And the bringing forward of activation energy 
concept aims to measure the threshold energy, energy barrier and necessary energy.  

If the lowest energy an activated molecule has is defined as the activation energy 
of reaction, we can see, from transition-state theory and collision theory, that there is 
an interaction potential energy among all types of reactant molecule, namely, the 
chemical bond which is a function indicating the relative position of molecules. If 
molecule A and B are about to react, it is necessary to have their components of 
relative kinetic energy at the direction of center of mass go larger than the threshold 
value E0 of certain energy so as to break away from their potential energy respectively 
and get close to each other or collided and hence form new chemical bond. During the 
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reaction, the mobility velocity of molecule or energy distribution meets the Maxwell- 
Boltzmann velocity or energy distribution law, which makes it possible to calculate 

the percentage 
0En n  activated molecule number

0En  takes up in total molecule 

number n at certain temperature T. According to Maxwell velocity distribution rate, 
the molecule number during ~u u du+ goes like (1) 
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Through calculating the integral of (2), we can get the percentage the molecule of 
certain kinetic energy E0 takes up in total molecules. It goes like (3). 
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For general chemical reaction, it goes like 
0E RT , we only take the first item of 

the (3) bracket, and formula (4) stands for percentage the molecule number of E0 
which goes beyond certain energy takes up in total molecules, among which, E0 
stands for the activation energy of chemical reaction, T for absolute temperature, R for 
gas constant. And the chemical reaction rate k is directly proportional with 

0En n . 
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If we assume that 1

0
103.4E kJ mol

−= ⋅ , (4) can be a guide for drafting the curve 

where 
0En n changes with T, like Fig.1. From Fig.1, we can see that chemical 

reaction has a preparation period. In this period, the environment temperature is 
comparatively low and the activated molecule increases with a slow rate. The 
proportion activated molecule takes up in total ones almost keeps unchanged. Under 
this circumstance, the original substance structure remains stable in that the collision 
among reactant molecules happens very slowly, with a slow reaction rate. 
Nevertheless, when the temperature goes over the upper limit of preparation period, 
here comes the reaction period where the proportion activated molecule takes up in 
total ones increases rapidly and the collision and combination among reactant 
molecules happens more frequently, and original bond will be destroyed the chemical 
reaction will be accelerated.  

Reaction tendency indicates the ability of a substance to happen chemical reaction, 
namely, whether it’s easy for a substance to be involved in a reaction or not. Like 
what has been shown in Fig. 2, the smaller the activation energy is, the lower the  
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Fig. 1. Curve where activated molecule’s proportion in total molecules changes with temperature 

 

Fig. 2. Curve where activated molecule’s proportion in total molecules changes with temperature 
under different activation energy levels 

 
upper limit of temperature will be in preparation period of chemical reaction, which 
means that a quick reaction can happen in a comparatively low temperature. If there are 
functional groups with different activities in the structure of certain substance, the 
structure which requires comparatively low activation energy will be activated, collided 
and then reacted when the temperature goes up. As the environment temperature goes 
higher, and the substance itself is heated by the energy released from earlier reactions, 
structures and functional groups which require larger activation energy will be activated 
and reacted. So, gradual activation reaction mentioned in this paper indicates the 
phenomenon and processes where various structures of certain substance which require 
different activation energy will be activated and reacted step by step.  
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3   Analogy between Social Stability and Chemical Reaction 
Process 

The research object of social science often turns out to be a giant system, such as the 
crowd of a city. Among this giant crowd, individuals don’t know each other and are 
identified as people of certain nationality, sex and country only by few characteristics, 
like skin color, dress style and language etc, and the interaction among this giant 
crowd only depends on very limited information. Owing to the fact that lots of 
necessary information is not available, most people tend to give this giant crowd an 
abstract and general characteristic, for example, Japanese office workers are known to 
be busy and Judean businessmen smart. Putting aside the micro differences these 
general characteristics might present for single individual, they are the basic elements 
which tell one group from another. Phenomenon like this can be called social 
atomization [2,3,4], that is, the element of social system is the “agent”, instead of 
diversified individuals, and the former features few obvious characteristics and whose 
behavior and selection are subject to certain rules[5,6]. When the probability that 
individual behavior runs counter to the main rules of the whole society increases, 
social stability is threatened. Seen from certain angle, social system works like a 
chemical reactant and it is reasonable to draw an analogy between social stability and 
chemical reaction process. 

3.1   Social Temperature 

It is deemed in this article that social temperature turns out to be the symbol of social 
average kinetic energy [7], and its unceasing up-climbing roots in the energy accumu-
lation of “inferiorization” process of social system. The so called “inferiorization” of 
social system stands for the process where the micro elementary particle or individual 
of social system get disordered from assimilation to dissimilation. The basic 
differences of current society include the following five aspects: concept difference, 
culture difference, nationality difference, religion difference and difference between 
the rich and the poor [7], the first four kinds of differences are objective and not 
subject to human’s will, and do not change with time, even at all sometimes. 
Consequently, the increasingly up social temperature lies in the widening of 
difference between the rich and the poor, which is particularly reflected in widened 
income gap between strata, urban and rural area, regions, and industries.  

Income gap among strata. Like what has been shown in fig. 3, ever since 1981, the 
gap of individual income of China’s citizen has been widened all along, no matter 
among urban citizens, rural ones, or among all Chinese people. During 1981-2004, 
the Gini coefficient of urban citizen’s income was widened from 0.17 to 0.33, which 
means an increase of 94.1%in uneven income distribution among urban citizens[8]; 
the Gini coefficient of rural citizen’s income was widened from 0.25 to 0.36, which 
means an increase of 44％in uneven income distribution among rural citizens[8]; 
while the Gini coefficient of China’s entire citizens had gone above 0.4 in 1998---an 
worldwide accepted warning limit of uneven income distribution, and kept widening 
since 2000, which put China into the one of those countries where income distribution 
seriously goes uneven [8].  
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Fig. 3. Gini coefficient of income of urban citizens, rural citizens and all Chinese people from 
1978-2004. Data source: Cheng, Y.H. 2007：51-52 

 
Fig. 4. Absolute and relative differences between urban per capita disposable income and rural 
per capita net income from 1978-2006. Data source: China Statistical Yearbook 

Income gap between urban and rural areas. Big difference between urban and 
rural areas has always been one obvious characteristic of China. Like what has been 
shown in fig. 4, ever since 1978, the income difference between urban and rural areas 
has gone through a curve course of being narrowed down first and then widened up, 
however, the absolute difference has been widening all the way. According to the data 
of National Bureau of Statistics of China, during 1978-2006, the per capita disposable 
income of urban families went from 316 Yuan to 11, 759.45 Yuan, with an annual 
increase of 13.3%; the per capita net income of rural families from l33.6 Yuan to 
3,587.04, with an annual increase of 12%. By comparing these two groups of data, we 
can find out that the difference between the per capita disposable income of urban 
families and the per capita net income of rural families was widened from 2.37 times 
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in 1978 to 3.28 times in 2006, and the absolute difference from 182.4 Yuan in 1978 to 
8,172.41 Yuan in 2006. At present, the difference will be even larger if taking various 
material benefits urban citizens enjoy into consideration.  

Income gap among regions. As a big developing country with vast territory, China’s 
difference between the rich and the poor is especially embodied in the income 
difference of different regions. According to the idea stated in China Statistical 
Yearbook, that is, to have its territory zoned into four regions, e.g. the east, the 
middle, the west and the northeast. And fig.5 tells the results of estimating and 
analyzing the per capita GDP differences among these regions by Theil Index,from 
which we can see that the difference change of China’s regional economy went 
through the following stages：during 1978-1986, the Theil index went down from 
0.072242 to 0.060097, which indicated that China’s regional economic difference 
narrowed down a little bit; during 1986-1992, the Theil index almost kept unchanged, 
which indicated that China’s regional economic difference almost were the same in 
this period; while from 1992 till now, the Theil index went up from 0.060513 
to0.076965, which indicated that China’s regional economic difference has been 
widening. We can, according to the decomposable formula of the Theil index, 
calculate the contribution value of differences within these four regions, total 
difference of four regions and differences among four regions to China’s regional 
economic differences. It is shown, from the calculation results, that the difference 
between the rich and the poor mainly exists within the east region and among four 
regions. From the angle of change trend, during 1978-1992, the difference contributed 
by the east to total difference went higher than that among four regions, however, the 
former kept being narrowed down while the latter went the other way around; from 
1992 till now, the difference contributed by four regions to total difference went 
higher than that within the east, nevertheless, the former kept being widened while the 
latter kept being narrowed down.  

 
Fig. 5. The Theil Index of China and the contribution value of the east, middle, west, northeast, 
within the whole area and among regions from 1978-2005. Data source: 55 years of Statistical 
Information Collection of New China. 
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Income gap among industries. There are 15 types of industries in China, including 
agriculture, forestry, husbandry, fishery, excavating industry, manufacturing industry, 
production and supply industry of power, coal and water, construction industry, 
geological prospecting industry, hydraulic management industry, industry of traffic 
transportation, storage and post and telecom, industry of wholesale and retail trade and 
catering, finance and insurance industry, real estate industry, social service industry, 
industry of hygiene, sports and social benefits, industry of education, culture and art, 
and radio, movie and TV, scientific research and comprehensive technical service 
industry, and state organizations, political organizations and social associations and so 
on. Ever since the implementation of reform and opening up policy, difference 
between the highest income and the lowest income has been widening all along, from a 
difference of 528 Yuan in 1985 to that of 26,275 Yuan in 2003, namely, a difference of 
49.76 times, with an average increase of 22.83% annually. From the perspective of 
relative difference, we can see that the relative difference between the highest income 
and the lowest income during 1985-2003 was widened from 1.6 times to 4.63 times, 
with an average increase of 5.8% annually, among which, 1998-2003 witnessed the 
fastest widening of relative difference, from 2.34 times of 1998 to 4.63 times of 2003, 
with an average increase of 12% annually. If we introduce the Theil Index to measure 
the salary difference among industries since 1990, the index went up from 0.015637 
times of 1990 to 0.0341 times of 2003, with an average increase of 5.7% annually, 
which indicated a continuous widening of salary difference among industries.  

From above mentioned, we can find out that it is the social basic energy which is 
accumulated during the “inferiorization process” of social system caused by the 
widening of difference between the rich and the poor that increases the probability of 
disorder degree and breaking main social rules by basic particles (individuals) of social 
system, and augment social behavior entropy and hence make social temperature go 
up. Under a high temperature for a long time, certain particle (individual) is able to 
gain sufficient energy to get away from the restriction of main social relationships and  
 

 
Fig. 6. The Theil Index and the absolute and relative differences among China’s fifteen industries 
form 1995-2003 (year 1995=1). Data source: China Statistical Yearbook. 
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rules, dissociate with social basic structure and collide or conflict with upper 
individuals (particle) and pose a threat to stability and safety of the whole social 
structure. 

3.2   Activation Energy of Social Agent 

A harmonious body and mind of social members serves as an important premise of 
social stability, and the increasingly up-climbing social temperature caused by the 
inferiorization of social system will pose harm to this harmony and put it to unbalanced 
edge, with an obvious phenomenon of the sense of “relative deprivation” of low 
income people. The sense of “relative deprivation” stands for an unbalanced 
psychological state of feelings, which comes from judging and evaluating the loss and 
profit of oneself and is the result of social comparison[9]. Marx once pointed out that 
“What we use for measuring our need and enjoyment is social criteria, instead of 
materials which will satisfy our need and enjoyment, because our need and enjoyment 
is of social characteristic and therefore relative. [10]” As for the comparison within the 
whole society, if certain individual or group thinks that he doesn’t get what he should 
have had after comparing his loss and gain with other individual or group, here comes 
the sense of “relative deprivation” naturally. With the deepening of reform and opening 
up to outside and the development of social productivity, each social member is 
receiving a higher income than before, which, however, coexists with an increasingly 
widened income gap between the rich and the poor. If people with lower income draw 
a comparison between themselves and those with a higher income, they will feel like 
being deprived. The sense of “relative deprivation” is proportional to the difference 
degree of the rich and the poor. When this kind of difference reaches or goes beyond 
the psychological bearing ability of some low-income people, some extreme behaviors 
might occur and hence pose a threat to social stability[11,12]. So, the “activation 
energy of social agent” can be defined as “social basic energy” or “social temperature” 
where the psychological bearing ability of individual or group reaches a certain limit. 
It’s also an active reflection of people to social reality and a compound psychological 
ability structure of people formed under the interaction between the stimulation of 
certain social temperature and existing psychological foundation. 

The activation energy of social agent is subject to the following factors: (1) 
difference between the existing psychological foundation of social agent and the 
reality. Chinese people are affected deeply by the mind-set of “it’s not terrible being 
scarce but uneven” and “everyone shall be as rich as anyone else” of feudal society and 
by the concept of “having everyone eat from the same big pot” of planned economy 
period, which will make it even harder for people to stand the fact that the income 
distribution gap keeps widening. (2) A rational social distribution and insurance 
system. Through re-distribution of income, a rational insurance system can change the 
final distribution situation among social members and insure the basic living standard 
of vulnerable groups; meanwhile, a rational distribution system can effectively prevent 
unfair distribution, including illegal high income (industry monopoly and corruption 
etc.). So a rational social distribution and insurance system plays a significant role in 
enhancing people’s psychological bearing ability and activation energy. (3) Layer 
structures of social income. One Gini coefficient is able to make big difference in 
different income group, for example, after seeing this obvious difference, will feel this 
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strong contrast and ignore the fact that there are transitional income groups between 
these two extreme sides. This will weaken the psychological bearing ability and 
activation energy of the whole society, especially that of low income group, and a 
proper proportion of middle-income group in the whole society will improve the 
relative beneficial degree of citizens and hence strengthen the psychological bearing 
ability and activation energy. (4) The psychological bearing ability of each region and 
community. Owing to the regular psychological tendency of “keep pace with 
neighbors”, people of the same system will feel the difference within their system more 
directly than that among different systems. Currently, the difference between the rich 
and the poor of China mainly lies between urban and rural areas, different regions and 
different industries, which brings forward an effect of “screening” and virtually 
weaken people’s psychological bearing ability to this increasingly widened income gap 
and exalt the activation energy of social agent. 

3.3   Gradual Activation Reaction Mechanisms of Social Stability 

We can divide people into three types according to how large or small the activation 
energy of social agent is, namely, the matching state between people’s psychological 
bearing ability and social basic energy or temperature: (1) vulnerable people with low 
activation energy; people of this type have an extremely low psychological bearing 
ability and are unable to stick up to the strike caused by up-climbing temperature. Upon 
any stimulation of certain social temperature, there will be obvious psychological 
disordering symptoms appearing on them. (2) sensitive people with middle activation 
energy. People of this type enjoy a psychological bearing ability which can stand the 
stimulation of certain social temperature, that is, they have middle-level activation 
energy which can be motivated to resist the impact of high social temperature in 
“inferiorization” process, however, they are fully alert to external stimulation. (3) 
enduring people with high activation energy; people of this type enjoy a high 
psychological bearing ability which will not be affected by the stimulation of certain 
social temperature or energy at all, so they are very flexible and will pose no threat to 
social stability upon relevant stimulation. The above mentioned analysis indicates that 
different people will react differently to the same social temperature, namely, under one 
similar temperature, vulnerable people with low activation energy might instantly react 
to it, start to break away from main social structure and vent out their senses of 
deprivation, loss and risk through various ways and hence pose a threat to social 
stability; while people of the second and third type might be in a dormant or preparing 
phase and are able to resist those negative affects caused by social disordering through 
their will and hence pose no threat to social stability. In general, different social agents 
with different activation energy will have the energy necessary for the transition of 
activation early or late as social temperature goes up. Up-climbing of social temperature 
will not only increase activation agents within each group, but also spread its way 
gradually to people with higher activation energy, which will lead to overlapping and 
intensified reaction and finally to the change of social system from order to disorder. 
Social gradual activation reaction presents itself in reality from the following two 
aspects: one is “round table-politics” and “street-politics”, that is, the occurrence 
frequency of group incidents keeps increasing annually, the other is “night-politics”, 
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that is, crime-committing and law breaking rate goes higher rapidly. These two aspects 
have caused harm to social stability more or less. 

Before the implementation of reform and opening up policy, China’s crime rate 
keeps low all along and was one of the countries whose rate of exposed criminal cases 
is the lowest, with 30 to 60 criminal cases per 100,000 people and 200,000 to 300,000 
or more criminal case each year [13]. Ever since 1978, China’s crime problem became 
more and more serious and seemed to be on the up trend. Take only crime cases 
registered by public security organ for instance, 1978 witnessed only 530, 000 or more 
cases across the country, with a crime rate of 0.56‰ (56 cases per 100, 000 people, 
similarly hereinafter); while 2006 witnessed as many as 465,000 cases and more, with 
a crime rate of 3.54‰, which indicates that crime cases have increased by10.3％ 
annually during 1986-2006. Law-breaking and crime-committing cases and crime rate 
in 2006 was 6.1 times and 4.8 times more than that of 1986 respectively. If we research 
law-breaking and crime-committing cases and the rate by putting criminal cases and 
public security cases together (namely, take public security cases as light crimes), it is 
found, from the statistics, that there were about 1,660,000 crimes in 1986, with a crime 
rate of 1.55‰, and this number increased to as many as 11,850,000 and more in 2006, 
with a high crime rate of 9.01‰, which indicates that crime cases have increased 
by10.3％ annually during 1986-2006. Law-breaking and crime-committing cases and 
crime rate in 2006 was 6.1 times and 4.8 times more than that of 1986 respectively. 
The rapid increase of law-breaking and crime-committing cases has made China no 
longer one of the countries whose rate of exposed criminal cases is the lowest, and 
instead, this phenomenon gets serious in our country. 

If using these four kinds of differences between the rich and the poor to express 
social temperature in general, we get the equation (5), among which, STI stands for 
social temperature index, IDIi for the difference index between the rich and the poor. 
Specifically speaking, difference between rich stratum and poor stratum will be 
indicated by Gini coefficient; difference between urban and rural areas by the  
 

 
Fig. 7. Time Serial Change of China’s crime rate and law-breaking and crime rate. Data source: 
Law Yearbook of China and China Statistical Yearbook; number of criminal cases during 
1978-1980 is from Guo,X. 2002. 
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absolute and relative differences between urban per capita income and rural per capita 
income; difference between rich region and poor region by the Theil index of per 
capita GDP of four regions; difference among industries by the Theil index and the 
absolute and relative differences of above mentioned fifteen industries. For the 
comparability of index IDi, we can use the equation (6) to change it into IDIi. 
Additionally, the crime rate can, to some degree, be seen as the proportion of 
activated agent in social system, like what has been analyzed in Fig. 8. So, there are 
similarities between social stability and chemical reaction. Social temperature also has 
a threshold value ST0, and when ST is equal to or goes smaller than ST0, the up-
climbing of ST will make no big change to the crime rate and social system is in a 
safe and stable state, which is similar to the dormant or preparing period of chemical 
reaction; however, when ST goes larger than ST0, the up-climbing of ST will 
accelerate the crime rate and social system will be in an unsafe and unstable state and 
finally be out of control, which is similar to the reaction period of chemical reaction. 
The reason why social stability will change with social temperature accordingly is 
that, like what has been elaborated, activation energy varies for different groups and 
the temperature threshold value of social stability is subject to the temperature or 
basic energy the vulnerable group need for activation. If this threshold value is 
overtopped, the risk will be increased for sensitive group with higher activation 
energy and group with endurance and the highest activation energy and so will the 
crime rate. 
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The theory of activation energy and gradual activation reaction can be used not 
only to explain the change mechanism of social stability trend from a macro angle, 
but also to explain the occurrence mechanism of specific incident which might pose  
 

 
Fig. 8. Relationship between China’s social temperature index and law-breaking and crime rate. 
Data source: China Statistical Yearbook. 
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threat to social stability, group event for instance.  Before the outburst of group event, 
certain basic energy which will exalt social temperature has been accumulated in the 
process of social inferiorization and is close to the activation energy of some group. 
At a time of t, a sudden incident with certain scale and influence occurred at some 
space point and it concerns vital interest of certain individual or group of this space 
point. Occurrence of this incident intensified the sense of “deprivation” of above 
mentioned people and made the social temperature reflected on them go up quickly 
and finally and over the critical value and gain the energy necessary for activation. 
What’s more, out of the idea of “freemasonry “ and “understanding among groups”, 
groups who are indirectly concerned with this incident can also gain an energy 
preparation of activation and transition. If these groups with the same or similar 
interest requirement can not have their interest protected or met, they start to break 
and even confront the existing social regulations, including disturbing the normal 
working order of Party and government organs together, smashing, looting and 
burning public properties, parade and demonstration, placing slogans, collective strike 
of work, market and class, confronting order-maintaining policemen, and blocking the 
traffic and so on to reach their intention of solving their problems and causing 
negative affect in society.  

4   Conclusion 

We can see, from the above mentioned, that it’s necessary to lower social temperature 
under the threshold for keeping social stability. There are two ways of doing this, on 
the one hand, legality building and legal supervision mechanism shall be improved 
and enhanced and relevant laws and regulations shall be established. Specifically 
speaking, we can start with issuing the “Anti-monopoly Law” to narrow down the 
scope of monopoly industry, put a higher standard for market accession for this type 
of industry, encourage other qualified industries participating in the competition and 
standardize the operation behavior and distribution system of this monopoly industry; 
secondly, improve tax supervision system. Apart from relevant departments like tax, 
industry and commerce, and audit etc, we can try to let representatives of the public 
and the media supervise tax levy at the same time so as to establish an effective social 
supervision mechanism. Thirdly, establish and improve the system for personal 
income tax, legacy tax and grant tax, high consumption tax and enjoyment behavior 
tax etc; and it is feasible to set up a social mechanism which encourages dividing 
social fortune with the help of legal and economic measures, for example, set up 
various funds to donate for charity, welfare and education undertakings, and no tax 
will be levied for sponsors of this kind. Fourthly, further perfect various rules and 
regulations against economic crimes, including punishing severely illegal transaction 
of money and power and illegal quick-rich. On the other hand, keep working out a 
policy preferential to the peasant and western regions. At present, the largest 
difference between the rich and the poor lies in that between urban and rural areas and 
between the east and west, so insisting on supporting the poor and developing the 
west will be a great way to eliminate the phenomenon of polarization. As for short 
term plan, active efforts shall be made in developing a circulation system for rural  
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land, reforming the management system for social affairs; as for long term plan, a 
road of urbanization, industrialization and industrialization of agriculture will be 
feasible. When it comes to the backward western area, more manpower, material 
resources and money shall be invested by the government to strengthen its 
competitiveness. Meanwhile, the macro-adjustment ability of social re-distribution 
shall be enhanced to narrow down the difference between the east and west as much 
as possible. 

Additionally, efforts shall also be made to improve the average activation energy 
of social system. By drawing an analogy between social stability and chemical 
reaction rate, the relationship between social stability degree (crime rate will also 

work) and social temperature can be expressed by such equation as 
0SE

STsk e βα
−

⋅= ⋅ , 
among which, sk stands for social stability degree, ST for social temperature, SE0 for 
regional social average activation energy, α  and β for constants. If we assume that 

social stability degree is sk under social temperature ST, and we can see the following 

equation:
0 '

' 1 1
[ln( ) ln( )] ( )SE

STST
sk skβ= −⋅ − . The instability tendency of social 

system can be divided into three categories according how large or small SE0 is, 
namely, first, easy to be unstable; second, hard to be unstable; third, never to be 
unstable. Great attention shall be paid to area with a big instability tendency to 
improve its social activation energy and make sure that all reform policies will be 
built on a strong social psychological basis of citizens. According to above mentioned 
analysis, social activation energy is subject to the following factors: difference 
between the stimulation of social reality and the existing psychological basis of social 
groups; the rationality of the layer structure of social income; the caring degree to 
vulnerable groups reflected in social insurance system; social orders; and healthy and 
advanced mind-set etc. consequently, efforts shall be made in above mentioned 
aspects to enhance social average activation energy, for example, a lot of insurance 
systems have been issued, including the basic salary standards for employees, medical 
insurance for unemployed workers, and the basic living insurance line for urban 
citizens etc, however, these systems need further improvement; what’s more. Apart 
from this, special support and help shall be given to those poor and vulnerable groups 
like peasant, peasant-workers and unemployed urban citizens and so on. 

The defect of this paper lies in that it only covers how the widening of difference 
between the rich and the poor will affect social temperature and assumes that such 
different factors as concept, culture, religion and nationality etc will keep unchanged 
within certain period, which will, to some degree, affect the accuracy of the results. 
Additionally, because of the space limit, this paper only elaborates on how social 
temperature and activation energy will affect social stability, however, apart from 
temperature and activation energy, there is another important factor—catalyst which 
can lower the activation energy down and enhance the reaction rate. So, what does the 
catalyst mean when it comes to social stability and what kind of role it plays for 
maintaining social stability? It is predictable that a social stability mechanism 
interacted by these three factors (temperature, activation energy and catalyst) will be 
more complicated and requires further research. 
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Abstract. Based on social physics, this paper designs the index system of food 
safety, builds early warning model of food safety, calculates the degree of food 
safety, and assesses the state of early warning of 2007 in China. The result 
shows the degree of food safety is near 0.7 in securer state, belonging to slight 
emergency. It is much lower in eastern areas of developed regions, belonging to 
insecure state in the mass. That the food safety is ensured in major grain 
producing areas, Inner Mongolia, Ningxia and Xinjiang is the prerequisite of 
realizing the food safety of China. The result also shows four significant 
indices, grain production capacity, grain circulation order, grain demand and 
grain supply, which are important indicatio to control food safety. 

Keywords: social physics, food safety, early warning. 

1   Introduction 

Grain production and consumption are undergoing profound changes in the world. As 
far as the tense situation between grain supply and demand is concerned, the 
international community has attached great importance to it. Influenced by the 
relationship of grain supply and demand, in addition with the price increase of oil in 
the international market, the grain prices rose so fast. As a result, it led to grain 
shortage, social unrest, political and economic turmoil in many areas, especially in 
Africa, Asia and Latin America. 

However, there are 22 provinces, 5 autonomous regions and 4 municipalities 
directly under the central government of China with huge regional differences. It 
shows not only the climatic conditions, productivity of farmland and cropping system, 
but also population density and the level of economic development. Under such 
conditions, it is important that there is a direct relation between food safety and social 
stability or national security. Therefore, the implementation of grain early warning is 
an issue of the utmost importance. Academic circles have attached great importance  
to this issue. Up till to now, the one designed the index system to evaluate food safety 
[1, 2, 3, 4, 5, 6], such as per capita output of grain, cultivated land, self-sufficiency rate 
and grain reserves, others calculated the factor of food safety using part of selected 
indices[3, 7]. These researches could provide some guidance to early warning of grain 
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security. However, there are inevitably some limitations. Firstly, although they have 
researched national food safety situation macroscopically, there are not researches on 
regional difference of China. Secondly, the index system they have established is too 
simple to evaluate food safety, and the early warning system of food safety is not based 
on grain production capacity, grain circulation order, grain demand and grain supply. 
Thirdly, in the past two years, it is self-evident that the grain shortage of public opinion 
affected grain prices and security, which should be considered as the more important 
index. This paper designs the index system of food safety from the social physical 
point of view, forms the early warning model of food safety. Based on statistical data 
and Network Data in 2007, the early warning of food safety is researched in China. 

2   Social Physics and Early Warning of Food Safety 

2.1    Social Physics 

Since the birth of social physics, it brought about extensive and profound influences 
on the theoretical application of coordinating the man-land relationship, sustainable 
development and social early warning, and so on. This will be a new direction to 
probe into issues of China. The social physics carried through reasonable analogy 
between social events and combustion phenomenon of nature [12, 13], and thought if 
there were necessary conditions, i.e. ‘burned substance’, ‘burning-rate accelerator’ 
and ‘firing temperature’, social disorder, unstability and chaos will take place. 1) The 
basic reasons for social disorder, i.e. the uncoordinated relationship of man-land, and 
the disharmonious relationship of man-man, are deemed as ‘burned substance’ of 
social unstability. 2) The accelerating factors of social unrest, i.e. misled and 
exaggerated information of media, a trivial situation grossly magnified, the spreading 
of gossip and rumors, a wanton attack  of hostile forces, irrational conclusion, are 
equivalent to ‘burning-rate accelerator’ of social unrest. 3) Accidents with a certain 
scale and effects, are usually signal for social unrest or considered as ‘firing 
temperature’. This will become the theoretical basis to design index system on early 
warning of food safety. 

2.2    Influence of Food Safety on Social Stability 

Grain is not only the basic products that is related to national existence and 
development, but also a public product that stabilizes social order. Food safety is the 
most important and essential part of social security in any country or region. As grain 
is the base of national economy and the people's livelihood, higher grain prices will 
induce an increase in meat, eggs, milk prices and many other grain-related 
commodities prices. Since the second half of 2006, influenced by high international 
grain prices and excess liquidity, the consumer price of poultry, egg, oil and flour 
food rose in a row in China. As a result, there has been a strange phenomenon that the 
consumer price index (CPI) rises at a rapid pace. Researches have shown that CPI and 
CPI of grain have a strong correlation from July 2005 to August 2008 (Fig. 1. ), and 
this will be called “combustion substance” which impacts economic security and 
social instability. 
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Fig. 1. The trendline between CPI and CPI of grain (July, 2005 –August, 2008) 

The conduction and magnification effects of the increase in grain prices disturb the 
normal consumer-style, and cause residents take drastic reserve action such as scare 
buying. In addition, influenced by spreading public opinion about grain shortage, 
illegal traders take this opportunity to hoard, collude and drive up prices, and some 
even take this opportunity to sell contaminated and water-injected pork, and this will 
be called ‘burning-rate accelerator’ effecting on the rising prices and social instability. 
By studying on the relation between the number of scare buying coverage and the 
change of CPI over time, we discover that there are higher consistency and relevance 
between public opinion events and CPI with two-month lag (Fig. 2., Fig. 3.). To a 
large extent, the public opinion about grain shortage plays an important role in 
stimulating the rising consumer prices. 

Food shortage could also lead to social unrest and even political crisis, so it is a major 
threat to social stability. Although there are specific and objective reasons for any 
peasant uprising in Chinese history, land annexation, natural and man-made calamities 
and feudal tyranny are the three main factors. From the view of social combustion 
theory, peasant revolt is the ‘firing temperature’ to cause social disintegration and 
collapse. Influenced by ‘grain tsunami’, global staple food prices have risen by 80 
percent, while the international price of rice rose to a 19-year high and the real price of 
wheat has hit a 28-year high. Scarcity of grain staples has led food shortage in many 
countries. Because of higher food prices, Egypt, Haiti and several African countries 
would face social unrest, even political turmoil and bloodshed [16, 17]. International 
food experts have warned that if the short-term grain shortages around the world could 
not be resolved effectively, more unrest is bound to occur. 

On the sense of social-biology, human beings are actually an existence system with 
sociality  in nature [14, 15]. Only when there is an effective protection of grain  
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supply, society could develop stably. Therefore, food safety is the kernel problem of 
social stability. 

3   Constructing Early Warning System of Food Safety 

The early warning of food safety is to constructing grain production, consumption, 
circulation, reserve, and other aspects of the elements of the warning signs, from the 
angle of realizing human existence, sending out warning signals with warning levels 
and providing theoretical basis for decision-makers taking initiative in defense 
strategy. Because grain shortage is not only the most direct and basic factor in food 
safety, but also is the fundamental factor impacting social stability, the basic idea 
about constructing indices system of food safety is social combustion theory. 

According to our knowledge and understanding regarding social physics and social 
stability theory, our grasp of food safety problem and supervision of public opinion, 
we start with the basic factors, repeat screening process of pre-selecting elements, 
make analysis and eventually select 30 elements to form an element layer. Clustering 
is progressed on this basis, and related elements are classified to the corresponding 
variable layer, variable layer is clustered into state layer with the same method. 
Through the convergence of layer by layer and the superposition of three layers, 
finally we form four state layers, nine variable layers and 30 elements layers, which 
construct early warning indices system of food safety (Table 1.).  

Table 1. The early-warning indices system of food safety 

system 
layer 

State 
layer 

Variable layer element layer 

the ratio of effectively irrigated 
farmland 
the contribution rate of science 
and technology to agriculture 

indices of agricultural 
input 
(AI) 

material input 

per unit area yield of grain 

multiple-crop index 
the proportion of sown area of 
grain 

indices of productive 
potentiality 
(PP) 

per capita amount of arable land 

fluctuant coefficient of per unit 
area  
yield of grain 
percentage of farmland covered  
by natural disaster 

degree  
of  
grain  
securit
y 

grain 
productio
n capacity 
(GPC)  

indices of farmland  
resisting natural disaster 
(FRND) 

percentage of farmland affected 
by natural  
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Table 1. (continued) 

system 
layer 

State 
layer 

Variable layer element layer 

ratio of dependence on foreign 
trade 

event probability of scare buying 
indices of market 
stability 
(MS) 

safety factor of total grain output 

price indices of agricultural 
production  

price indices of grain 

grain 
circulatio
n order 
(GCO)  

indices of  
prices security 
(PS) 

percentage of domestic grain 
prices to external price 
per capita grain expenses  
rate of natural increase of 
population 
urbanization level 

indices of  
demand scale 
(DS) 

per capita of gap between demand 
and production 
the number of poverty-stricken 
people 
gini coefficient 
the coefficient of dual structure in 
urban and rural economy 

grain 
demand 
(GD) 

indices of  
potential demand 
(PD) 

the proportion of breadless 
household 

per capita output of grain 

self-sufficiency rate of grain 
indices of  
provisionment 
(P) grain support of residents with 

low incomes  

grain stock level of government 

 

grain 
supply 
(GS) 

indices of grain stock 
(GS) 

grain stock per farmers 

 
On the basis of the data in 2007, elements layer adopts measurable, comparable 

indices to measure directly the number of variable layer, intensity behavior and 
velocity, including per capita share of grain. Variable layers substantially reflect and 
reveal the state behavior, relation between states, reasons and drive for variations 
[18], including grain demand index and grain supply index. State layers are the major 
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section and key components for deciding food safety situation. They include the state 
on a certain time section and changes in a certain time series, including grain 
production capability, grain circulation order, grain demand and grain supply. The 
degree of food safety forming by the state layers is the most fundamental trend and 
variation characteristics reflecting the early warning system of food safety. 

4   Calculation and Analysis 

4.1   Data Processing 

The early warning system of food safety is made up of a lot of elements, expressed 

by iX , which set a clear-cut development goal in a given period of time, and could be 

quantified. According to the difference of target orientation, these elements are divided 
into two types. One pursues satisfying value of object. The other pursues maximal or 
minimum value of object. The results acquired by transforming actual value and target 
value (F 1, 2, 3), reflect actions and efficacies of elements in the system, called 

efficacy coefficient (EC). Usually, iEC  is between o and 1 ( i＝1, 2, … n ). When the 

target values of elements tend to be the most satisfying, iEC  is equal to 1, when they 

tend to be the most worst, 
iEC  is set to 0. The relationship is named as efficacy 

function. Because EC with individual element does not yet explain general developing 
trend and state of food safety, the relational expression that takes overall efficacy 
coefficients as independent variable should be built so as to describe the 
comprehensive influences or efficacies [8]. In general, it is called early warning 
function of food safety, and its function value is called degree of security (DS). Values 
of range from 0 to 1, the larger DS, the completeness of the system is better. 
Conversely, the less DS, the completeness of the system is worse. 

The actual value of iX  is the ix (i＝1，2，… n ), and 
iα  is upper limit of iX , 

iβ  is lower limit of iX , i.e. i i ixβ α≤ ≤ . According to synergy science theory, 

when the system is under stable conditions, the extremal points of state function are 
the critical points of elements [9]. At the same time, order parameters act two 
efficacies to the system. One is positive, i.e. following the increasing of order 
parameters; the order degree tends to increase. The other is negative, i.e. following the 
increasing of order parameters; the order degree tends to decrease. So EC can be 
represented as follows: 
if 

iX  is the positive, then  

( ) ( ) / ( )i i i i iEC X x β α β= − − ,   ( i ixβ α≤ ≤ ) (F 1) 

if 
iX  is the negative, then    

( ) ( ) /( )i i i i iEC X xα α β= − − ,   ( i ixβ α≤ ≤ ) (F 2) 
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if iX  is modest, then 
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Among (F 3), 'X is satisfying value of iX . 

4.2   Definitive Weight 

Owing to the differences of contribution degree for elements in element layer, state 
layer and variable layer of the system, the definitive weight of elements need to be 
determinated. By analytic hierarchy process [10], the research builds mathematical 
model to calculate the weights of factors in each layer. 

4.3   Building Early Warning Model 

The early warning model of food safety is usually formed with weighted sum, i.e. the 
product of efficacy coefficient of each elements and corresponding weight. The model 
as follows: 

ii FXECFXECFXECDS ×++×+×= )()()( 2211

∑
=

×=
n

i
ii FXEC

1

)(  

1

1
n

i
i

F
=

=∑ ,    

 

(M 1) 

The grain shortage of public opinion led to panic buying, would increase the prices 
of grain and other goods (Fig. 2., Fig. 3.). From social physics point of view, it is 
‘burning-rate accelerator’ of social unrest[19]. In order to emphasize influences of the 
grain shortage of public opinion on food safety, DS is modified as follow: 

δ−

=
∑ ×= 1

1

1

' ])([
n

i
ii FXECDS ,    

 

(M 2) 

Where δ  as modified parameter of DS, stands for the probability of the grain 

shortage of public opinion. When 'DS ≥ 0.8, the state of food safety is highly secure; 

when 0.7 ≤ 'DS < 0.8, the state of food safety is secure. There is no emergency in 

two situations. When 0.6 ≤ 'DS < 0.7, the state of food safety is securer in light 
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emergency; when 0.5 ≤ 'DS < 0.6, it is more insecure in medium emergency; when 
'DS <0.5, it is insecure in serious emergency. 

4.4   Results and Analysis 

4.4.1   General Assessment before Modifying DS 
According to M 1, China is in a grain secure situation as the total score of DS is 
0.697. But it is various in different regions of China (Fig. 4.). DS of Henan, Jilin, 
Heilongjiang and Inner Mongolia, is more than 0.8 and in high secure state. It is 
between 0.700 and 0.767 in Hebei, Jiangsu, Anhui, Jiangxi, Shandong, Ningxia and 
Xinjiang, in secure state. There is no emergency in these 8 provinces and 3 
autonomous regions. DS of some regions, Liaoning, Hubei, Hunan, Sichuan, Tibet 
and Gansu, is between 0.607 and 0.649 in securer state, belongs to light emergency. 
However, it is between 0.502 and 0.584 in Shanxi, Zhejiang, Fujian, Guangxi, 
Chongqing, Guizhou, Yunnan and Shaanxi, belongs to more insecure state and 
medium emergency regions. Especially, DS of some regions, in Beijing, Tianjin,  
 

 

Fig. 4. The spacial distribution map of early warning on food safety 
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Fig. 5. The spacial distribution map of indexes in state layer 

Shanghai, Guangdong, Hainan and Qinghai, is between 0.404 and 0.522, in insecure 
state, belongs to serious emergency regions. 

There are four important indices in state layer of the early warning system. Similar 
to DS, they are also various in different regions (Fig. 5.). In the eyes of grain 
production capacity, the score is 0.175 in China, it contributes more than 25 per cent 
to food safety. Though DS is less than 0.522, the contribution of grain production 
capacity exceeds 39 per cent in Beijing, Tianjin, Shanghai, Zhejiang, Fujian and 
Guangdong. Obviously, these regions belong to economically developed areas, there 
are many advantages, e.g., better basic conditions for agricultural production, high 
overall production capacity of farmland, and so on. Eight provinces in major grain 
producing areas, Hebei, Jiangsu, Shandong, Anhui, Jiangxi, Henan, Hubei and Hunan, 
the average score of grain production capacity is more than 0.19, higher than average 
score of China. This indicates the grain production capacity of major grain producing 
areas is fairly high. Jilin and Heilongjiang belongs to the areas, and their DS is highly 
secure, but the contribution of grain production capacity to food safety is less 5.8 per 
cent than general level of China. So the position of agriculture as the foundation 
should be strengthen and production conditions should be improved, they are 
important conditions to improve grain production capacity of the two provinces. 

In the eyes of grain circulation order, the score of China is 0.077, contributes 11 
per cent to food safety. The spacial variety is unconspicuous in different regions. With 
regard to Beijing, Shanghai, Fujian and Guangdong, the scores are lower 1 per cent 
than average score of China, others are equal to average score of China. This shows 
that grain circulation order is worse in major grain purchasing areas of developed 
regions. Some actions from government, such as shocking profiteer, preventing prices  
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Table 2. The regional comparison of indexes in variable layer 

 
 

of agricultural materials from frequently rising, insuring the balance between the 
supply and demand of grain, are key measures to control grain circulation order. 

With regard to grain demand, the score of China is 0.099, contributing 14.3 per 
cent to food safety. Eight provinces, Hebei, Liaoning, Jilin, Heilongjiang, Jiangsu, 
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Anhui, Shandong and Henan in major grain producing areas, are slightly higher 0.002 
than average score of China, and it is lower than average of China in other regions. 

The grain supply capacity is an important index to measure food safety to a great 
extent. According to calculated results, the score of China is 0.162, contributes 23.2 
per cent to food safety. The diversity among different regions is rather large. The 
score is between 0.170 and 0.256 in Hebei, Jilin, Heilongjiang and Henan of major 
grain producing areas. Though Inner Mongolia and Ningxia do not belong to the 
areas, their scores of grain supply capacity are 0.300 and 0.206 respectively, 
accordingly, contribute 27.3 and 27.1 per cent to food safety. These six regions play 
an important role in insuring food safety of China. The grain supply capacity is lower 
in developed eastern areas of China, especially, Beijing, Shanghai, Fujian and 
Guangdong, it is less than 0.014. These regions are important grain purchasing areas 
of eastern China. 

The diversity of indices in variable layer is similar to those in state layer (Table 2.). 

4.4.2   General Assessment after Modifying DS 
In order to emphasize the influence of the grain shortage of public opinion, DS is 

modified, i.e. 'DS . According to model (2), the result indicates 'DS is 0.688, 
decreasing 0.009 than DS, a decline of 1.2 per cent. Comparing with DS, the 

decreasing range of 'DS is around 2 per cent in Beijing, Tianjin, Shanghai, Zhejiang, 
Fujian, Guangdong, Hainan and Qinghai. Most of them belong to developed areas and 
major grain purchasing areas. The influence of the grain shortage of public opinion 
exceeds average degree of China on DS. Hence, information of food safety must be 
impersonally disseminated through authoritative media, well and truly reported grain 
demand and supply. It will help to realize the security of grain market. 

5   Conclusions and Discussion 

5.1   General Situation of Food Safety 

The score of DS is 0.697, and the score of 'DS  is 0.688 in China. This indicates that 

the influence of  δ  as modifying parameter on DS is not more than 2 per cent. In a 
word, the degree of food safety is near 0.7, and belongs to slight emergency in a 
securer state. There are 11 provinces in major grain producing areas of China. It is 
above 0.7 and secure in Jilin, Heilongjiang, Hebei, Jiangsu, Anhui, Shandong, Henan 
and Jiangxi. It is about 0.64 in securer state in Liaoning, Hubei and Hunan. This result 
shows the grain is secure in major gain producing areas. Although three autonomous 
regions, Inner Mongolia, Ningxia and Xinjiang do not belong to these areas, their 
degrees of food safety are higher than average degree of China, and in securer state. 
Moreover, the degree of food safety in developed eastern region of China, Beijing, 
Tianjin, Shanghai, Zhejiang, Fujian, Gudong and Hainan, is below 0.522 in insecure 
state. The analysis mentioned above indicates ensuring the food safety of major grain 
producing areas and three autonomous regions is the prerequisite of realizing the 
national food safety of China. 
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5.2   Aspects of Insuring Food Safety 

The early warning system of food safety is made up of grain production capacity, 
grain circulation order, grain demand and grain supply, which are important indicatio 
to control food safety. To further improve the degree of food safety of China, the 
work needs strengthening as follow: (1) Grain production capacity should be further 
improved in major grain producing areas, especially, the three provinces in northeast 
China, Heilongjiang, Jilin and Liaoning, effectively irrigated farmland should be 
considerably extended, per-unit grain yield should be steadily raised. (2) Effective 
regulation of grain prices should be strengthened, profiteer must be cracked down, 
and the so called demagoguery of grain shortage must be forbidden so as to realize the 
ordered circulation of grain. (3) The population growth must be strictly controlled so 
that grain supply could meet grain demand. (4) Grain supply is the base line of food 
safety. Grain reserve is important to ensure food safety in grain purchasing areas. 

5.3   Discussion 

This is an attempt to research the degree of food safety in different regions of China. 
Restricted by collecting data, the indix system does not involve the nutritious factors 
and quality of food safety. Index system of food safety should be improved in the 
further research. 
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Abstract. Public opinions toward social concerns are worth to be noticed for 
decision makers to undertake any policies and their outcomes. Social psycholo-
gists usually undertake a series of investigations to access the interaction under-
neath the common thinking or actions. The design and statistic processing of the 
questionnaires always require a lot of manpower. In this paper, two technolo-
gies, denoted as CorMap and iView, for qualitative meta-synthesis which aims 
to acquire and extract assumptions, hypothesis or even just common grounds 
for further investigation, are applied to a free-association test on social risk.  

Keywords: meta-synthesis, word association, qualitative meta-synthesis, CorMap, 
iView. 

1   Introduction 

Right image or perception of public feelings or opinions toward a dedicated topic is 
important for decision makers to formulate policies or take actions. In recent years, 
emergency management calls for right intervention toward crisis, where the right 
image of the crisis is the condition. Nowadays more channels have been explored to 
acquire public opinions especially as Internet enables the emergence of virtual com-
munity, e.g. BBS, on-line opinions or surveys, etc. Huge information accumulated 
drives the tide of data and text mining technologies for structured patterns. On the 
other hand, social researchers usually undertake a series of investigations to access the 
interaction mechanisms underneath the common thinking or actions. The design and 
statistic processing of the questionnaires always require a lot of manpower. Word 
association test is a very common way to acquire images and perceptions toward 
some dedicated topics, such as social risk. Questions such as “What comes to mind 
when you hear (or see) the word....?” are usually proposed to the people. And many 
Web sites have enabled such tests easier to be accessed and wide opinions to be ac-
quired. Web-based way increases the efficiency of data collection, further helps are 
still barely required to facilitate the data processing besides traditional ways. In this 
paper, we apply two qualitative meta-synthesis technologies, CorMap and iView, to a 
free-association test on social risk. The iView technology helps to detect the main 
images toward social risk and also help the analysts in word clustering. The CorMap 
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technology may then be helpful to expose the community and their concerns. More-
over, both technologies enable the visualization of the whole analytical process, to 
show how the diverse public opinions from the diverse word association into some-
what structured hypotheses from which to take in-depth studies. 

For better understanding, some concepts on qualitative meta-synthesis are addressed. 

2   Qualitative Meta-synthesis 

The qualitative meta-synthesis technologies addressed in this paper denote to tech-
nologies for meta-synthesis approach (MSA) proposed by Chinese system scientist 
Qian Xuesen (Tsien Hsue Shen) and his colleagues in the early 1990s [1].  

2.1   Meta-synthesis System Approach  

Since the 1980s, system rethinking tide started from the western world. In China, 
Qian and his colleagues made a new classification of systems and proposed one con-
cept open complex giant system (OCGS) problems to denote the systems which are 
the most complicated and then very difficult to be tackled. By Qian’s view, reduction-
ism methods did not work well with those OCGS problems, such as economic system, 
human system, military system and social system, etc., therefore new system ap-
proach which is beyond traditional analytical ways is required. OCGS problems may 
be regarded as unstructured problems in management science or wicked problems in 
social sciences. Then ideas of approaches to those problems in one area could be 
adopted in another. 

The essential idea of MSA can be simplified as “confident hypothesizing, rigorous 
validating”, i.e. quantitative knowledge arises from qualitative understanding, which 
reflects the process of knowing and doing in epistemology. While adopting ideas from 
meta-analysis, MSA itself emphasizes more on synthesis of analytical results or evi-
dences across different disciplines or fields, which is therefore referred as meta-
synthesis. It expects to “unite organically the expert group, data, all sorts of informa-
tion and the computer technology”, and “to unite scientific theories of various disci-
plines and human experience and knowledge” for both qualitative hypothesizing and 
quantitative validating.  

For better understanding of MSA, Qian proposed a concept - Hall of Workshop for 
Meta-Synthetic Engineering (HWMSE) as a platform for MSA practicing later [2]. 
The concept of HWMSE reflects the emphasis of utilization of the breaking advances 
in information technologies to show to harness the collective knowledge and creativity 
of diverse technical group experts by synthesizing data, information, models, knowl-
edge, experiences into interdisciplinary problem-solving process for both confident 
hypothesizing and quantitative validating. We may regard HWMSE is an advanced 
state of a decision support system (DSS) while humans are elements of HWMSE and 
play dominant roles even machine systems (traditional DSS) can provide intensive 
support. It could be sensed that MSA aims to take humans’ advantage in qualitative 
intelligence (cognition or perception) instead of avoiding those people problems such 
as human’s limited capacity in cognition, subjective prejudice and world views, belief 
in human experts, etc. in practice.  
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2.2   Types of Meta-synthesis 

OCGS problem solving process may go through three types of meta-synthesis, (i) 
qualitative meta-synthesis; (ii) qualitative-quantitative meta-synthesis; and (iii) meta-
synthesis from qualitative knowledge (hypotheses) to quantitative validation based on 
systems engineering practice [3]. The 1st type, qualitative meta-synthesis, aims to 
produce assumptions or hypotheses about the unstructured problems, i.e. to expose 
some qualitative relations or structures of the concerned problems. Computerized 
tools, such as group support systems (GSS), creativity support systems (CSS) etc. 
may support qualitative meta-synthesis. The working process of the qualitative meta-
synthesis may be achieved by those problem structuring methods which support the 
third type of meta-synthesis to achieve final validated knowledge via facilitated col-
lective intelligence. If validation works, solution toward the original unstructured 
problem is gained. If not, new perspectives need to be explored by three kinds of 
meta-synthesis for another process of problem structuring and solving. Different 
meta-synthesis needs different supports, which are of some discussions in correspon-
dence with knowledge creating process in Ref. [4]. 

MSA studies have been undertaken in recent 15 years and more concerns in com-
plexity research also draw attentions to the methodology itself [5]. Figure 1 shows a 
working process of meta-synthesis practice [6]. Activities at synchronous or asyn-
chronous stages are relatively differentiated in condition of time pressure. 

 

 

 

 

Fig. 1. One Working Process of MSA [6] 

Activities held in Synchronous Stage I refer to perspective development or hypothe-
sis generation for meta-synthetic modeling at Asynchronous Stage. Divergent group 
thinking is the main theme while convergent activities are more required for Synchro-
nous Stage II. Such a working flow serves for better understanding about ideas of 
MSA by a practical way. It could be understood that a social survey and analysis for 
social concerns detection also follows such a working process. In Stage I, question-
naires are delivered and answer sheets are then collected after preliminary investiga-
tion. After fundamental analysis about variables and impact factors, structure equations 
may be developed for verification and validation. Larger-scaled investigation will then 
be undertaken. Thus, a normal process of social investigation of public opinions to-
ward some topics can also be understood as a kind of meta-synthesis practice. 

2.3   Meta-synthesis at Different Domains 

Meta-synthesis borrows ideas from meta-analysis. In recent 10 years, meta-synthesis 
is actually a highlighted methodology in qualitative research in comparison to meta-
analysis. In qualitative research, how the inquirer finds, evaluates and integrates past 
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Asynchronous 
Stage (Analysis) 

Synchronous 
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research is important to make meaning of the vast array of studies available on any 
given topics. Ref. [7-9] addressed the meaning of meta-synthesis, or qualitative meta-
synthesis. It can be seen that meta-synthesis of qualitative research is a parallel 
method or technique to meta-analysis of quantitative research but has important dif-
ferences. The aim of meta-synthesis is interpretive rather than deductive. “Quantita-
tive meta-analysis aims to increase certainty in cause and effect conclusions, whereas 
qualitative meta-synthesis seeks to understand and explain phenomena”.  

It could be seen that in social sciences domain, meta-synthesis is a research meth-
odology to review a large body of literature and systematically synthesize the findings 
in an effort to develop a more informed understanding of a particular area of interest. 
Therefore, meta-synthesis referred in social sciences domain mainly denotes qualita-
tive meta-synthesis in systems science where meta-synthesis is as a systemic approach 
to complex system problem solving. Quantitative modeling is a necessary step, thus 
studies on the other two types of meta-synthesis are of more endeavors at present. 

Whatever, the start of meta-synthesis is firstly to generate hypothesis for further 
actions including quantitative modeling. It is important to study more methods or 
supporting technologies to facilitate achieving qualitative meta-synthesis.  

3   Qualitative Meta-synthesis Technologies  

Ref.[10-11] systematically described two data analysis technologies, CorMap analysis 
and iView analysis, in the aim of implementing qualitative meta-synthesis for confi-
dent hypothesizing. The meta-data for both technologies is with such a structure as 

<topic, userID, text, keywords, time> 

Such metadata indicates the corresponding userID denotes one text (e.g. one com-
ment, one blog, the title of a paper, a reply to one question) with a set of keywords 
under the topic at the point of time. By word segmentation and filtered feature key-
words used in text summarization, or even human’s identification, a variety of human 
ideas and opinions can be transferred into one piece of record with that structure. The 
keywords for a blog may also denote the labels or tags of that blog. The keywords are 
articulated as attributes of the userID or the text. Next details of mathematics of both 
analytical technologies are omitted. Only basic steps are depicted for better under-
standing.  

3.1   CorMap Analysis  

CorMap analysis denotes a technology of exploratory analysis of textual data. A gen-
eral CorMap analysis process is as follows. 

Step I. Construct a frequency matrix based on a contingency table of the meta-data. 
Two frequency matrices can be generated. The element of one matrix denotes the 

frequency of keyword i referred by the human j relevant to the topic. The element of 
another matrix denotes the frequency of keyword i referred by the text 
j, 1, 2, ,i m= … , 1, 2, ,j n= … . 
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Step II. Conduct correspondence analysis by performing a series of transformations 
and singular value decomposition (SVD) towards the transformed matrix to acquire 
the coordinates of both humans (or texts) and keywords which then can be mapped 
into 2-dimensional or 3D space for visualized analysis.  

As a result, a pair of participants with more shared keywords may locate closer in 
the 2D space.  

Step III. Calculate the total inertia of the contingency table to describe the level of 
association, or dependence between two categorical variables in terms of the singular 
values and how much that mapping into 2D space accounts for the total variation 
using the largest two singular values. 

As correspondence analysis is only a method for exploratory analysis, the visual-
ized association is not a confirmatory one, and 2 dimensions may not visualize more 
than 75% of the association between humans and keywords. It is very important to 
check the value to avoid misuse of the association. 

Step IV. Conduct clustering with the spatial relations acquired in Step II. Simply, k-
means clustering of keywords is usually carried out.  

Step V. Calculate the centroid of each cluster and find the keyword which is the clos-
est to the centroid as the label of the cluster. 

The above two steps can be done iteratively to see what kind of keyword-grouping 
is appropriate for ideas clustering and concept extraction for qualitative meta-
synthesis. 

Step VI. Calculate the right number of clusters based on distortion, which is a measure 
of with-in cluster dispersion, based on rate distortion theory in the information theory.  

A given cluster number may facilitate clustering analysis. Step VI can be taken be-
fore Step IV.  

The above process shows the essential analytics during CorMap analysis. Such 
kind of analysis can be applied to any combination of the concerned participants, and 
may help to “drill down” into those community thoughts to detect some existing or 
emerging micro community. If applied to an individual user, CorMap analysis may 
unravel personal thinking structure. 

3.2   iView Analysis 

Given the same dataset used by CorMap analysis, iView analysis mainly applies net-
work analysis methods to depict the scenario of the topic. The iView analysis is based 
on the construction of iView network. A general iView analysis process is as follows. 

Step I. Construct iView network. The iView network mainly includes 3 kinds of net-
works, keyword network, human network and text network.  

In a keyword network for iView analysis, the link between the vertices (keywords) 
denotes the co-occurrence of keywords among all texts or humans. Such a network is 
referred as an idea map contributed by all participants. This topological network is a 
weighted undirected network where the weight of edge denotes the frequency of co-
keywords. 



 Qualitative Meta-synthesis Techniques for Analysis of Public Opinions 2343 

In a human network, the link between vertices denotes keywords-sharing between 
participants. The strength between two participants indicates the number of the differ-
ent keywords or the total frequencies of all the keywords they share.  

There are 3 types of text networks for iView analysis. All are directed networks. 
Type I text network denotes the directed link from text j to text i indicating a kind of 
citing the keyword which originally appears in text i. In Type II text network, the link 
denotes to cite the closest text including the concerned keyword. In Type III text net-
work, the semantic meaning of link expands to a variety of attitudes, e.g. oppose, 
support, etc. besides the citation of keywords in both Type I & II text networks. Text 
network may help to show how the ideas grow and spread. 

Step II. Conduct a variety of network analysis to acquire the characteristics of iView 
networks. The basic analyses usually include cutpoint, centrality (degree and be-
tweenness), etc. 

A variety of network analysis aims to get more senses, such as expose different 
perspectives of a collective vision of all the community or the powerful people by 
centrality analysis, etc. The underlying mathematics applied is mainly from graph 
theory and social network analysis (SNA).  

Step III. Conduct clustering of nodes in the iView network for detection of network 
structure.  

With use of community structure detection methods, clustering of keywords of 
iView’s idea map may help to understand the major points from those keyword clus-
ters easier instead only by frequencies of individual keywords. 

Step IV. Assign a label to each cluster. Several ways may be tried. Select the vertex 
with maximum centrality of degree or betweenness in that cluster. If the weight of 
links is considered, differences may happen even with one kind of measure of central-
ity of nodes. 

Step V. Visualize the network and various analytical results. 

The last step may happen after each previous step.  
The pair of idea map and human net could be regarded as one kind of structure 

about the dedicated topic. The exploited network analysis aims to detect basic con-
cepts and main themes, influential people and the potential micro communities 
emerged. The information could be regarded as the constructs of the concerned topic 
and may be helpful to quickly get a rough understanding of the interesting topic or a 
consensus of the existing community. Actully either idea map or human network is 
the one-mode projection (such as the sharing keyword between humans) of an origi-
nal bi-partite network.  

It should be indicated that some different algorithms will be applied to Type III 
text network due to the different semantic meanings of the link at that text network. In 
this paper, text network is not used in the analysis of the public opinions, thus detailed 
analytical mechanism of text network is omitted. 

3.3   Features of Both CorMap and iView Analysis for Qualitative Meta-synthesis 

Either CorMap or iView analysis shows different perspectives toward same set of 
data based on different mechanisms with the same aim to acquire constructs of the 
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problems from those textual data for one topic. Both analytical technologies share 
common features: 

• By a variety of transformations of original textural data sets to expose the 
hidden structure; 

• Visualization of analyzing process to facilitate human’s understanding; 
• Adoption of a series of algorithms or methods instead of application of one 

individual one;. 
• Exhibition of support for a problem structuring process. Firstly, give a rough 

imagine of the issue; secondly, draw a scenario of the issue using clustering 
analysis to detect the structure; meanwhile, an optimal of clusters is achieved; 
thirdly, extract concepts from clusters of ideas. Thus, a category of concepts 
instead of a mess of diverse ideas is acquired step by step; 

• Facilitation of human-machine collaboration. Each step leaves rooms to fa-
cilitate analysts’ direct manipulations and results’ visualization.  

We can apply both technologies to qualitative meta-synthesis to wicked problems. 
Due to different mechanism of each technology, one may be more effective to hu-
man’s understanding at one time. It is human’s duty to make appropriate use of each 
technology during the discovery process.  

Next we apply both technologies to a word-association test in social risk. 

4   Applying iView and CorMap to Analysis of Word Association 
for Social Risks 

The dataset analyzed here is from a test of word association social risk taken by social 
psychology researchers from Institute of Psychology, Chinese Academy of Sciences 
in the 2nd half year of 2007. The sample size for analysis is 321. The age, education, 
gender and profession of each subject are recorded besides his (her) word association 
list. 

4.1   Collective Image on Social Risk by iView Analysis 

In parallel to psychology researcher’s normal data processing in word association, we 
firstly apply iView analysis to the same dataset. 

Fig. 2 shows the iView’s keyword network of the original dataset with a total of 
585 different words contributed by 321 people based a specific iView analysis tool 
implemented by Research Group on Meta-synthesis and Knowledge Science at the 
Institute of Systems Science, Chinese Academy of Sciences. Clustering of words is 
also done. 

It is very difficult to recognize the picture as shown in Fig.2 without the enlarge-
ment of the image. While with no visualization, analysis of networks can also be 
undertaken. By network analysis, 58 cutpoint words are detected from 585-word 
iView idea map. Those cutpoints include words and phrases such as “corruption”, 
“crime”, “culture revolution”, “disease”, “earthquake”, “education”, “emergency”, 
“fake medicine”, “housing problem”, “moral hazard”, “Olympic Games”, “prices of 
goods”, “real estate”, “reform and openness”, “rich-poor gap”, “SARS”, “stock”,  
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Fig. 2. Image map by iView’s keyword network with 65 clusters (Modularity measure 
Q=0.8127) 

“stock market crash”, “Taiwan independence”, “Taiwan Strait crisis”, “traffic jam”, 
“war”, etc. In a social network, a cutpoint indicates an information broker. In the idea 
map, we suppose the cutpoint may indicate an important concept which comes from 
collective imagine generated by free word association. Those cutpoint words may not 
be high- frequency words, which are of more concerns at the normal analysis of word 
association in social psychology study.  

Since many synonym words or different sayings toward the same event exist, we 
suggest the social researchers to deal with those synonym words to decrease the whole 
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number of different words before they make a category of those words. That can also 
be helpful for more clear visualization of the network. Secondly, they may consider 
around 60-70 category of all those words according to the structure detection of key-
word network as the highest value for the modularity measure is 0.8167 for 65 clusters. 
The CorMap analysis was not carried out before preprocessing of synonym words.  

While the social researchers gave the coded datasets directly instead dealing with 
synonyms. Coding means the variables are classified into categories manually. The 
ages are classified into 4 groups, below 24, between 25 and 29, between 30 and 49 
and above 50. The professions include students, business employees, government 
employees and retired people. All words and phrases are also classified into 30 cate-
gories, instead of our suggested size by iView analysis, such as to put “SARS” into a 
category of “major infectious disease”, put sayings such as “traffic jam” into a cate-
gory of “traffic problem”, put “stocks” and “stock market crash” into the category of 
“financial issues”, etc. Then CorMap analysis is carried out toward the different cate-
gorized datasets for different purposes. 

4.2   Different Images or Perceptions among the Public by CorMap Analysis 

Ref. [12] depicts a general data processing toward word association test in social psy-
chology, where word frequency is used to show the extent of concerns. Given the coded 
datasets, CorMap analysis is applied to study people at different categories (age or pro-
fession) and their social risk perception, a totally different way of data processing. 

 

Fig. 3. CorMap of the people at different ages and their words association in social risks 
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Fig.3 shows a CorMap image of people at different ages and their original words (not 
the categorized words). In Fig.3’s CorMap, the label of category of “age_above50” 
locates at the right side, far away from those of the other three age categories. As the 
mapping to 2D space accounts 100% of the total variation, 2D spatial relations are reli-
able and the distances between those categories indicate the differences of perceptions 
toward social risks between the public at different ages. The CorMap provides a basic or 
possible association between the subjects and their thoughts represented by those 217 
words. Due to limited visualized spaces, many words are overlapped in the graph.  

Next k-means clustering is conducted while the right cluster number is 9. Fig.4 is 
the visualized clustering results with the bigger-font-size word as the labels of each 
cluster. A list of words in each cluster will pop up to help users check the details.  

If not satisfied with the clustering results, trials can be taken again. For example, 
we may select the second appropriate number 7 or the third candidate 5 as the cluster 
number. The result is as shown in Fig.5. 

Words in different colors indicate that they belong to different clusters. Clustering 
of words shown here depends on the spatial distance driven from the correspondence 
mapping. Next the CorMap analysis is shown with the categorized words. Fig.6 is the 
people at different ages and their words association in social risks.  

Since there are only 30 categories of words which means only 30 keywords appear 
among all data records, the relevance mapping shown in Fig.3 and Fig. 6 are different. 
We can see that “age_above50” is still far away from the other three groups. Both 
categories “age_30_39” and “age_25_29” are adjacent in Fig.3, while they locate  
 

 

 

Fig. 4. Clustering of words at a CorMap (9 clusters) 
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Fig. 5. Clustering of words at a CorMap (5 clusters) 

 

Fig. 6. CorMap of the people at different ages and their words association in social risks (9 
clusters of words) 
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much closer in Fig. 6. The youngest and the oldest are far away at both CorMaps. The 
mapping to 2D space still accounts 100% of the total variation. Fig.7 is clustering 
result with one smaller cluster number 4. 

Going through the CorMap analysis process, more qualitative senses of social con-
cerns by people at different ages may be made. Both Figures 8 and 9 show the CorMap 
analysis of the people with different professions and their social concerns. The labels 
for 4 professions in the figures are (students), (business employees), 

(retired people) and (governmental employees). The measures of 
mapping into 2D all reach to 100%. In Fig.8, the “governmental employees” locating 
in the central area infers their more comprehensive image toward social risks than 
people from the other three professions. Obviously, “students”, “business employees” 
and “retired people” share fewer concerns of social risks. In Fig. 9, “business employ-
ees” and “governmental employees” locate so close that indicates they share more 
common concerns as the words are categorized into 30 groups. Even with the decrease 
of number of words, “students” and “retired people” still locate far away in Fig. 9. 

Those CorMap graphs clearly show that people working for business and govern-
ment share closer concerns, while students and retired people hold specific social foci 
respectively. Those seem to be common sense while the CorMap analysis clearly 
shows the exact reality. By this point, the visualized CorMap may help the social 
researchers or even policy makers to quickly understand not only the gaps between 
people at different ages and professions but the specific concerns by CorMap cluster-
ing results as well. 

 

Fig. 7. CorMap of the people at different ages and their words association in social risks  
(4 clusters of words while all words are of 30 categories) 
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Fig. 8. CorMap of the people at different professions and their words association in social risks 
(6 clusters of words) 

 

 

Fig. 9. CorMap of the people at different professions and their words association in social risks 
(8 clusters of words while all words are from 30 categories) 
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No further iView analysis is taken after the coding of original dataset. In this word-
association test on social risks, CorMap analysis seems more useful than iView analysis 
to the social analysts for their in-depth study such as constructing a structure equation of 
social risk and next-round investigations of larger size of involved participants for the 
verification and validation of the structure equations. 

5   Concluding Remarks 

In this paper, we address two technologies CorMap analysis and iView analysis for 
qualitative meta-synthesis which aims to help to produce assumptions or hypotheses 
about the unstructured problems, i.e. to expose some qualitative relations or structures 
of the concerned unstructured problems. Either CorMap analysis or iView analysis 
refers to integration of a series of methods or algorithms instead of an individual 
method. That is why we do not say CorMap is a statistic method as correspondence 
analysis, or iView analysis belongs to social network analysis. The main reason is that 
the motive of either technology is different from those traditional analytical methods.  

Both CorMap and iView technologies are applied to analysis of a word association 
test on social risks taken in 2007. Even those results are still qualitative, more infor-
mation is acquired beyond general analysis about word association test in social psy-
chology and provides more help for qualitative-quantitative meta-synthesis, such as 
constructing structure equations of social risks. As both technologies deal with text 
data, instead of numerical data, we may say they are textual computing technologies 
and exhibit different results from those traditional individual statistical methods and 
then help the social researchers to get more senses when exploring the relevance be-
tween those possible factors of social risks.  

It is a pity that further help to automatic coding of original datasets so as to de-
crease the work load of the analysts did not work as expected. Even one credo of 
meta-synthesis system approach is “man-machine collaboration while humans are 
dominant”, we never stop to explore augmented technologies to help human beings to 
save more energy in information filtering and then reach to the concerned points as 
effectively as possible. That is the aim of qualitative meta-synthesis technologies. 

Either technology can be used individually based on different problems. We had 
already integrated two technologies into different implementations for different pur-
poses. One is a computerized tool titled TCM Master Miner to do perspective analysis 
of the thoughts of traditional Chinese medicine masters. TCM Master Miner aims to 
help people to acquire basic scenario of TCM about the working body of human be-
ings easier and extract the essential TCM masters’ essential experiences accumulated 
during long practice [10]. Another application is an expert discussion system which is 
developed to facilitate experts’ interaction, idea generation during general expert 
meetings for business planning. During the experts’ opinion aggregating process, the 
dynamic visualization of the opinions by CorMap analysis and iView analysis may 
help to stimulate active association and feedback as a catalyst for shared understand-
ing and wider thinking. At that specifically designed platform for expert discussion 
under a spontaneous and free-flowing divergent thinking mode, possible helps pro-
vided by both qualitative meta-synthesis technologies are pushed for participants’ 
awareness, even those hints are not confirmatory. Wild ideas toward the dynamic 
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relevance, especially those isolated ideas far away from the majority may lead to 
some in-depth investigation for curiosity. At this point, we say both qualitative meta-
synthesis technologies serve as one kind of creativity support.  

As a matter of fact, public opinions expressed by word association may also be re-
garded as one kind of community divergent thinking process. Then it is worth apply-
ing CorMap and iView analysis to the explorations of perceptions or imagines of the 
public concerns during some time. In the word association study shown in this paper, 
we also pay attention to the explanation capacity of 2D CorMap images of the whole 
datasets instead of ignoring it in the study of divergent group thinking and creativity 
support. It is really surprised that the explanation capacity of all CorMap images 
reaches 100%. The coding of the original datasets may be one reason.  

It is the first time to take such kind of analysis toward traditional social psychology 
investigations. Due to the original purposes of both technologies, such kind of appli-
cation seems to be quite fit for the study. Currently, Internet enables easy access to 
Web-based word association or other social psychology tests where the size of par-
ticipants is increasing. It is worth trying new methods and technologies to study those 
textual data, even the public opinions expressed at a variety of BBS and forums. Good 
results shown in this paper may indicate more practice of qualitative meta-synthesis 
technologies in the future.  
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Abstract. Harmonious opinion is indispensable to harmonious society. Opinion 
can be used as the benchmark or wind vane to judge social stability and harmony. 
Understanding and capturing the essential mechanism of opinion formation and 
diffusion will provide help for early forecasting and macro-regulation. Society is 
an open complex giant system (OCGS), in which controlling social opinion is a 
more complex system engineering project. This article firstly investigates 
various models for the dynamics of opinions from different perspectives. Next, 
combined concept modeling as a qualitative analysis method with multi-agent 
modeling as a quantitative simulation tool based on meta-synthesis approach is 
applied to the social opinion on exploring its essential mechanism. Finally, some 
concluding remarks and future works are given. 

Keywords: opinion, open complex giant system (OCGS), meta-synthesis approach, 
multi-agent system. 

1   Introduction 

Harmonious opinion is indispensable to harmonious society. The degree of opinion 
harmony reflects and influences the degree of social harmony [1]. During the process of 
building a harmonious society, it is necessary to provide correct guidance of opinion 
infection for achieving the harmony of all types of development, construction strength, 
concept and relationship etc. 

According to the various concepts of opinion, it can be defined as “the subjective 
reflects the public on certain social reality and phenomenon in a different historical 
stages, the integration of mass consciousness, ideas and emotion”. This definition 
logistically covers the three main characteristics, namely subject, object and ontology, 
which are emphasized by the majority of domestic and foreign scholars in their 
definition of opinion. The subject of opinion is the general public, the object is a 
particular focus of the community, and the ontology is the tendentious comments or 
remarks of this focus [2]. 
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This paper, firstly, investigates various models for the dynamics of opinions from 
different perspectives, such as, mathematical opinion models, physical opinion models, 
etc. Next, combining concept modeling as a qualitative analysis method with multi-agent 
modeling as a quantitative simulation tool based on meta-synthesis approach is applied to 
the social opinion on exploring its essential mechanism. Finally, some concluding 
remarks and future works are given. 

2   Research on Opinion Models under Different Perspectives 

In China, research on social opinion from the view of sociology and the related 
disciplines didn’t get enough attention until 1980s due to specialty of the conditions of 
the country and social psychology. Social opinion is a symbol of the progress of human 
civilization. Along with social opinion’s infiltration into every walk of life, it becomes 
more and more complex, is involved into widespread research fields and gets more 
attention. To improve the qualitative description of social opinion for logicality, 
objectivity and repeatability, some natural scientists have applied themselves to research 
on social opinion. They usually didn’t concentrate on concrete definition and concept, 
but provide fundamental proof for quantitative modeling on social opinion diffusion 
based on anatomy of opinion’s essence and intension in the field of social science. 

2.1   Mathematical Models for Opinion 

Usually, researchers build some mathematical models and then try to describe, explain, 
forecast or find out some rules based on analysis of these models. An early formulation 
of such a mathematical model was given by J.R.P. French in 1956 in order to understand 
the complexity of group’s activity [3]. In 1974, M.H.De Groot applied Delphi method to 
build consensus [4]. K. Lehrer & C.G. Wagner regarded rational theory as fundamental 
condition of modeling for social opinion from justice level to epistemology level in 1981 
[5]. Especially, R.P. Abelson, N.E. Friedkin & E.C. Johnsen investigated how to achieve 
consensus or form social opinion from divergent thinking [6]. This solution can be 
described concretely as following. 

Let n be the number of agents in the group under consideration. Each agent i  will 
not blindly accept or reject another opinion but consider other opinions totally and then 
form owned viewpoint. That is, opinion of each agent can be modeled by regarding 
other opinions with different weight value w . 

French Model: with discrete conditions, weight value w  is constant. 
Given the same hypothesis，opinion vector can be denoted with continues condition 

at time t  as  

                 ))(,),(),(()( 21 txtxtxtx n=                                   (1) 

Where, )(txi , opinion of agent i , is a real number. Let ijw  be weight of effect on 

agent i  from agent j , then 



2356 Y. Liu 

          )()()()1( 2211 txwtxwtxwtx niniii +++=+                  (2) 

ijw  is a variable of time. It relates to )(tx  at t .  

                   )))(,(())(,( txtwtxtW ij=                                              (3) 

That is:                                   )())(,()1( txtxtWtx =+                                              (4) 

This model can be simplified. Assume W is a constant random matrix, then:  

)()1( tWxtx =+                                                           (5) 

The above procedure is the kernel process of social opinion modeling by De Groot 
and Lehrer. 

Based on the model by De Groot and Lehrer, Friedkin and Johnsen consider opinion 
of agent  i  lies on two factors. The first one is insistence of owned opinion, described 

as ig . The second one is effect from other opinions, described as ig−1 . Formula (2) 

can be changed as 

))()()()(1()0()1( 2211 txwtxwtxwgxgtx niniiiiii +++−+=+               (6) 

With matrix mode, it can be expressed as, 

)()1()0()1( tWxGGxtx −+=+                                      (7) 

This is Friedkin & Johnsen Model. The difference between this model and Abelson 
model is that differential equation instead of difference equation is involved in the latter 
on. These models often involve matrix theory, Markov chain and graph theory, etc.  

2.2   Physical Models for Opinion 

The Ising model has been well-known to be a simple model providing profound 
physical significances, which is helpful for discovering principles in our physical world 
[7]. It has been not only conceived as a description of magnetism in crystalline 
materials, but also applied to various phenomena as diverse as the order-disorder 
transformation in alloys, the transition of liquid helium to its suprafluid state, the 
freezing and evaporation of liquids, the behavior of glassy substances, and even the 
folding of protein molecules into their biologically active forms. 

We consider an Ising spins chain ( iS ; Ni …,3,2,1=  ) with the following dynamic 

rules: 

if 11 =+ii SS , then 1−iS  and 2+iS  take the direction of the pair ( i , 1+i ); 

if 11 −=+ii SS , then 1−iS  takes the direction of 1+iS , and 2+iS  takes the direction 

of iS .  
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These rules describe the influence of a given pair on the decision of its nearest 
neighbors. When members of a pair have the same opinion, then their nearest neighbors 
agree with them. On the contrary, when members of a pair have different opinions, then 
the nearest neighbor of each member disagrees with him (her). 

Deriving from the Ising model, Sznajd model [8, 9], Krause-Hegselmann model [10] 
and Deffuant model [10] have also been proposed for opinion dynamics. 

2.3   Systemic Models for Opinion 

Systems Science focuses on the structure, function (including evolution, coordination 
and control) and general rules. China's famous scientist Qian Xuesen gathers up and 
unifies achievements from the different disciplines with a systemic perspective, reveals 
the general rules and nature of system, and then builds the theoretical basis for systems 
science [11]. Objective of system science is various types of systems. According to 
amount of the elements and their different types, as well as degree of complexity of the 
relationships between different elements, systems are divided into simple system and 
complex system. 

Some scientists have tried to study opinion from the perspective of systems 
science. For example, H. Haken, a famous physicist, proposed viewpoints as order 
parameter of opinion formation and considered that change in the number of 

viewpoints ( +n , −n ) is a cooperative effect. Also, he insists that the formation of 

viewpoint will be affected by the same or the opposite viewpoint [12]. Haken simply 
divides opinion into two contrary, positive and negative. That means, opinion is 
viewed as a simple system here. 

3   Opinion Modeling Based on Meta-synthesis Approach 

In fact, social opinion is formed after uninterrupted and complex interaction between 
individual utterances or attitudes and can be used as the barometer to judge social 
stability and harmony. So, it should be studied as a giant complex system. This paper 
intends to adopt Meta-Synthesis Approach (MSA) [13] as methodology guidance to 
research effectively on opinion formation and diffusion. 

3.1   Meta-synthesis Approach 

Meta-synthesis approach (MSA) is proposed to tackle with complex, open and giant 
systems by Qian, X.S. and his colleagues around the start of 1990s, which expects “to 
unite organically the expert group, data, all sorts of information, and the computer 
technology, and to unite scientific theory of various disciplines and human experience 
and knowledge” for proposing hypothesis and quantitative validating [13]. The 
essential idea of MSA can be simplified as “confident hypothesizing, rigorous 
validating”, i.e. quantitative knowledge arises from qualitative understanding, which  
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reflects the process of knowing and doing in epistemology. Later the concept of Hall of 
Workshop for Meta-Synthetic Engineering (HWMSE) is proposed as MSA practicing 
platform which is expected to utilize breaking advances in information technologies 
while the active roles of human beings are greatly emphasized during human-machine 
collaboration [14, 15]. There are three kinds of meta-synthesis, 1) qualitative 
meta-synthesis; 2) qualitative - quantitative meta-synthesis; 3) meta-synthesis from 
qualitative hypothesis to quantitative validation. Each kind of meta-synthesis can be 
supported by various tools or methods. 

Society is an open complex giant system [16], in which controlling opinion diffusion 
based on the essential mechanism is a more complex system engineering project. This 
paper is combined concept modeling as the qualitative analysis method with 
multi-agent modeling as the quantitative simulation tool, and aims to explore some new 
perspectives, new methods and new ideas on opinion infection, and provides theoretical 
and methodological support for building harmonious opinion.  

3.2   Concept Modeling for Qualitative Analysis 

Qualitative meta-synthesis produces scenarios or hypotheses for the complex 
problems, i.e. to expose some qualitative relations or structures of the concerned 
problems. Opinion represents diffusion of the explicit awareness and presents ups 
and downs state. According to the different ability of people, there are different 
reactions. Wave ups and downs are exhibited because of the gap produced from 
different strength of diffusion. One conceptual model of opinion diffusion is 
proposed as below. 

Hypothesis: There are N  opinion subjects, each of them owns viewpoint io ，where 

Ni ,2,1= . 

Definition 1: The three basic elements of opinion infection involves {σ ：change of 

public behavior； E ： environment of opinion infection; t ： time of opinion 
infection}, as following, 

                           );,( tEFY σ=                                                            (8) 

where, Y  is speed of opinion infection on some social phenomenon or event. 
Opinion diffusion is the process of choosing or being persuaded of each individual. 

Participants (or part of them) get agree on behavior finally. Therefore, the law of 
gravity can be referred to reflect change of individual behavior between moment t  and 

1+t  due to interaction. That can be expressed as, 

                         ∑
=

•
=

N

j ij

ji
i d

oo
k

1
ασ                                                             (9) 
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Where, k  is the constant coefficient, α
ijd represents the distance between the 

individual i  and individual j , α is the parameter of power, ji oo •  describes the 

consistency between the individual i  and individual j . 

If 0>• ji oo , individual i  has the same viewpoint as individual j , then 

individual i  will hold the original viewpoint. 

If 0<• ji oo , individual i  has the opposite viewpoint to individual j , then, we 

can take following two conditions: 
when 0>σ , individual i  will hold the original viewpoint. 

when 0<σ , individual i  will change its proposition. 

3.3   Multi-agent Modeling for Quantitative Simulation 

Of course, having an explicit concept model with mathematical expression does not 
mean at all that one has explicit mathematical answers. With the development of 
complex adaptive systems theory, artificial life and distributed artificial intelligence 
technology, MAS (Multi Agent Systems) provides a good approach to address these 
issues. Agent (intelligent subject) is abstracted from the study of specific entities, 
which has their own initiative behavior, and is a “live” individual. Through establishing 
different decision-making rules for agents, a simulation model can be set up. In this 
paper, we use multi-based modeling to simulate the agents’ behaviors with different 
interactive strategies to understand the dynamics of public opinion. 

During opinion diffusion, the behaviors of the participants can be classified as 
“conformity”, “power” and “egoism”. In detail, “conformity” involves more 
psychological factors. Participants are fear of loneliness and obey to majority. “Power” 
mainly involves the moral values. Whether power or prestige is decisive factor, which 
is especially important in China. “Egoism” is driven by people's values. For some 
benefit, people may even change their words and deeds. Therefore, the “conformity”, 
“power” and “egoism” are fundamental for the establishment of opinion infection 
simulation rules. Three transfer rules of opinion can be defined as following: 

• The “conformity” rule: ask all their neighbors for their opinion, and then 
follow the arithmetic average of them. 

• The “power” rule: convince all neighbors particularly if two neighboring 
agents have the same opinion. 

• The “egoism” rule: each agent select one discussion partner at one time step. If 
their opinions differ by less than the confidence bound, their two opinions 
mutually get closer without necessarily agreeing completely. 

 
Simulation 1: Hypothesis, when t =0, the number of opinion subject (agent) is 

10000=N , there are 5=n  types of viewpoints, and the transfer probability is  
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=
ijOp 1.0=

jiOp , 
pia  is a random real number between 0 and 1. We require that only 

people with similar opinions talk to each other, namely, agents with viewpoint 1 can be 
talk with viewpoint 2, but can not be contact with viewpoint 3, 4, 5, if we defined the 
bounded is 1. The initial random spatial status can be described as figure 1. 

Opinion 1 Opinion 2 Opinion 3 Opinion 4 Opinion 5

 

Fig. 1. Initial random spatial status of agents’ distribution 

According to the above conditions, with different rules of opinion transferring, 
respective results can be captured at t =5 as shown in figure 2 (a), (b) and (c). 

 

   
(a) (c) (b) 

 

Fig. 2. When t =5, (a) is the agents’ distribution with “power” rule , (b) is with “conformity” rule 

and (c) is with “egoism” rule 
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When t =10, the corresponding status is described as figure 3 (a), (b) and (c). 

  
(a) (b) (c) 

 

Fig. 3. When t =10, (a) is the agents’ distribution with “power” rule , (b) is with “conformity” 

rule and (c) is with “egoism” rule 

When t =20, the corresponding result is shown as figure 4 (a), (b) and (c). 

 

(a) (b) (c) 
 

Fig. 4. When t =20, (a) is the agents’ distribution with “power” rule , (b) is with “conformity” 

rule and (c) is with “egoism” rule 

Above are the opinions’ spatial scenarios, figure 5 (a), (b) and (c) can be found 
whose temporal evolution process. 

 

        

(a) (b) (c) 

 

Fig. 5. From t =5 to t =20, five opinions temporal evolution process, (a) is the agents’ 

distribution with “power” rule , (b) is with “conformity” rule and (c) is with “egoism” rule 
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Simulation 2: Hypothesis, most conditions are same with the simulation 1, only in 
10000=N  agents, triplicate individuals, namely 33331 =N , are prefer to “power” 

rule, 33332 =N stand to “conformity” rule, rest of the N  adhere to “egoism” rule. The 

initial random spatial status also be described as figure 1. Figure 6 (a) and (b) 
respectively show the spatial status when t =50 and t =100, consensus formation can 
be captured at t =500 as shown in figure 7. Temporal evolution process can be seen in 
figure 8. 

 

 

(a) (b) 
 

Fig. 6. (a) is the agents’ distribution when t =50, (b) is the agents’ distribution when t =100 

   

Fig. 7. Agents’ distribution when t =500 Fig. 8. From t =50 to t =500, five opinions 
temporal evolution process 

Based on the above simulations and analysis, some conclusions can be drawn as 
following.  

For the simulation 1:  

• With the “power” rule, given opinion subjects (agents) holding five viewpoints, 
the viewpoint supported initially by more agents will get agree among more and 
more participants during opinion dynamics. In the scenarios of this paper, the 
viewpoint 2 with green color dominates the process of opinion diffusion.  
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• With the “conformity” rule, an opinion subject (agent) will continuously get 
average value between the five viewpoints. Trend of opinion diffusion is able to 
be determined by viewpoint 3.  

• With the “egoism” rule, viewpoint of each agent will be transferred depending 
on corresponding probability when meeting agents with same or different 
viewpoint. The process of evolution is slower than “conformity” rule in the 
same simulation steps. 

For the simulation 2: 

• During the simulation steps, though viewpoint 3 is the consensus tendency in 
five viewpoints, but evolution speed is slowly than single preference by all the 
agents. 

Till now, the practice of meta-synthesis approach to the concerned problems is 
addressed. Simulation 1 is the opinion dynamics under the single preference, and the 
other is multiple preferences. We wish the above analysis could propose an effective 
perspective and way for decision makers to aid them to make practical and feasible 
policies, such as suitable social opinion supervision and facilitation. 

4   Concluding Remarks 

In this paper, it is concerned to explore social opinion dynamics and produce one kind 
of concept and some demonstrations based on meta-synthesis approach. Such a kind of 
work aims to provide different perspectives for some systemic solutions instead of 
traditional ways toward social issues (topics about opinion). Forming of qualitative 
scenarios or hypotheses through concept modeling is the foundation for understanding 
the opinion’s complex structure, simultaneously, multi-agent modeling as a core 
quantitative activity is also used to describe and analyze opinion’s simulations based on 
assumptions. 

Lots of further works are still under exploration, such as this paper only proposed 
two scenarios, more detailed simulation will be strengthened, three rules will be further 
explored in-depth, and the simulation platform for opinion diffusion will be gradually 
improved, etc. All which aim to explore more new perspectives, methods and ideas on 
opinion diffusion, and provide theoretical and methodological (MSA) support for 
building harmonious society. 
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Abstract. Social harmony problems are being existed in social system, which is 
an open giant complex system. For solving such kind of problems the Meta-
synthesis system approach proposed by Qian XS et al will be applied. In this 
approach the data, information, knowledge, model, experience and wisdom 
should be integrated and synthesized. Data mining, text mining and web mining 
are good techniques for using data, information and knowledge. Model mining, 
psychology mining and expert mining are new techniques for mining the idea, 
opinions, experiences and wisdom. In this paper we will introduce the expert 
mining, which is based on mining the experiences, knowledge and wisdom 
directly from experts, managers and leaders. 

Keywords: social harmony, meta-synthesis, expert mining. 

1   Introduction 

Now in China with the growing of economic development the social harmony problems 
are become more crucial. From the point of views of system we may define following 
systems, which closely related with the social harmony system: (1) Nature-Resource-
Environment system; (2) Economy system; (3) Social system. For coordination between 
system (1) and (2) our government had proposed the policy for sustainable 
development. Many scientific methods may help describe the sustainable development 
on the base of more clear qualitative and quantitative data and information.  

In recent ten years with the development of economy the contradiction has 
emerged between the systems (2) and (3), such as corruption, an income gap between 
interior areas and coastal regions as well as between urban and rural population, 
unemployment, poverty, poor production safety and pollution etc. 

In order to establish the harmony society or coordinate the relationship between 
systems (1), (2) and (3), we have to use scientific methods both from social and 
natural sciences to describe the phenomena more deeply and widely. 

From the channels of acquaintance of information and knowledge we may divide 
our society into three societies: formal and central society, informal society and 
network society. The first one no-doubtfully controls our society in dominant place; 
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we may use most data resources and formal information from statistics, press and 
documents from authorities in different level of governments. But we may also find 
that another two societies have their own channels for obtaining information and 
knowledge, which played some roles in our society also [1]. Considering the new 
features in the social harmony system we wish use Meta-synthesis system approach 
proposed by Qian XS et al. [2], some new techniques and methods, such as 6 mining 
(Data mining, Text mining, Web mining, Psychology mining, Model mining and 
Expert mining)[3]. Here we will emphasize the expert mining. 

2   Meta-synthesis System Approach 

Meta-synthesis approach is trying to integrate various data, information, and model, 
experiences, wisdom and computer capacity to solve the complex system problems. 
For realizing this system approach one team consisted of Institute of Systems Science, 
Shanghai Jiaotong University, Xian Jiaotong University and Beijing Normal 
University in a major project supported by National Natural Science Foundation of 
China had designed a flowchart:  
  
                                 Synchronous 
                                                Asynchronous 
                                                                  Synchronous, 
or   
                                 Meeting I     Analysis     Meeting II. 
 
And a series of theory, methods, modeling paradigms and computer software and 
platforms are developed, and had been applied to some macroeconomic problems, e.g. 
forecasting the GDP growth rate and the one under the impact of SARS, and some 
general complex economic systems [4, 5]. 

For solving social problem mental factors instead of physical factors play more 
important roles in the aspect of social decision making. Then psychological factors 
testing and social behavior modeling will be taken in consideration to expose some 
attitudes towards some concerned problems based on psychological investigation. 
Internet is now another carrier of public opinions. Although there are official channels 
to get information, but some prompt information and true public opinions may be 
easier emerged via unofficial channels. From technical point of views, more mining 
techniques, such as data mining, text mining, web mining and opinion mining, multi-
media information mining should be applied to acquire further information from 
different media. 

Both psychological tests and various technologies provide information from public 
via diverse channels, while it is still necessary to consider opinions from human 
expert directly. 

Expert meeting is a usual way to collect opinions or even knowledge or wisdom 
toward difficult issues. Moreover, it is a way of collective problem solving. From 
another point of view, expert meeting could also serves as one kind of expert mining, 
i.e. to acquire more information from human experts by meeting. But expert mining 
wishes also to use other mining techniques, such as data mining, text mining web 
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mining as pre-analyzed data and information. In expert mining we wishes to use new 
methods and computerized tools for group work; such as group argumentation 
environment (GAE) developed by Institute of Systems Science, Chinese Academy of 
Sciences and its new functions are needed to be explored [6,7]. 

3   Expert Mining 

Expert mining will not only collect expert’s opinions expressed openly, but also their 
thoughts behind. Expression of expert’s thoughts may be taken in following fashions: 
speak explicitly (language、word); speak implicitly-tacit; express by gesture (expression 
in eyes, gesticulation, tone); speak on Web; speak lie (speak insincerely, false intelligence, 
rumor). 

We may propose some basic ideas for mining the thoughts: Netting globally, optimum 
seeking locally; 6 mining (Data mining, Text mining, Web mining, psychology mining, 
Model mining, Expert mining); from tacit knowledge to explicit knowledge (SECI 
model); combination of human and machine; spatial information analysis (GIS) etc. 

Then we may synthesize the expert’s opinions by text, meeting and interview. 

(1) Meta-synthesis of opinions by text have three kinds: Simple survey (narrative); 
Meta-analysis; Qualitative Meta-synthesis 

(2) Meta-synthesis of opinions by meeting should consider the types of meeting 
and discussion, Ba, Facilitation, and Mediation. 

There are three types for convening the expert meetings: 1) brainstorming type for 
collecting the vivid and frank opinions; 2) studying type for collecting and studying 
some opinions on the base of deep investigation; 3) decision type for concentrating 
the opinions and making decision directly. In order to obtain the consensus from 
experts we also studied different methods, tools for getting the consensus, such as 
DMTMC-system and PathMaker etc. [7]. 

There are a lot of discussion types, here we only wish mention some of them: 1). 
Syntegration (Beer); 2). Meeting on Web (WebScope) [8]; 3) Nominal Group meeting [7]. 

In order to run the meeting well we have to pay attention to the Ba proposed by 
Nonaka, which provides both physical and mental environments for improving the 
atmosphere in exchanging the idea and thoughts within experts [9]. Then facilitation 
and mediation are now often used in the organizing meeting efficiently and 
effectively [7]  

(3) Meta-synthesis of opinions by interview (psychology mining) can help people 
to analyze the expert thinking behinds [10]. 

4   A Scientific Test on Discussing the Social Harmony 

In July of 2006 we had run a scientific test on discussing the social harmony by the 
expert mining, psychology mining and model mining in a MBA course attached to 
Graduate University, Chinese Academy of Sciences [11]. We divide all MBA students 
into six groups to attend the discussion on six selected topics separately: social 
corruption, housing problem, medicine reform, unemployment, emergent events and  
 



2368 J. Gu et al. 

peasant workers, which we assumed very crucial in China nowadays. In each group we 
assign one facilitator using different discussion methods with some useful tools and 
methods, such as PathMaker, GAE, UciNet, GIS, interview and game theory. For 
example in the group 2 they discussed the housing problem with the help of 
Pathmaker, UciNet and GAE. Using the cause-effect graph in Pathmaker they may find 
the main causes, which attracted the rise of house prices. Applying the UciNet the 
relationship within the different keywords, which students had used during the 
discussion, may be exhibited. Finally they used the help of GAE to trace all the 
discussion process by a set of visualized pictures on the computer and calculated the 
agreement and discrepancy degree within all participants. In this test the psychological 
test also was run for analyzing the attitudes to the social harmony problems from 
students. Finally in group 6 by using game theory they analyzed the conflict between 
peasant workers and their boss, and the good policies should be adopted by both sides. 
Most of MBA students satisfied such new scientific discussion test. 

5   Conclusion 

The investigation for social harmony system in China is just started in recent years. 
We will put a lot of efforts for running investigation, especially even if we can collect 
a lot of data and use many new techniques, the problem for metasynthesizing all 
concepts, methods, experience and tools, there still stands as a hard task for our 
Chinese scientists. The center for interdisciplinary studies of natural and social 
sciences has a strong academic research group under the leadership of Professor Niu 
Wenyuan. In this group they had also run a case study on surveying the Taxi driver 
behaviors in Beijing in July of 2006 year, the psychology mining, model mining and 
expert mining had been used [12]. Tang and Liu also had run discussion on social foci 
problem in 2006 [13]. 
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Abstract. This paper qualitatively describes the deprivation under different 
coupling situations of two-dimensional indicators and then establishes the two-
dimensional coupling model on social deprivation, using the social welfare 
function approach and Foster-Greer-Thorbecke αP method. Finally, this paper 
applies the model to evaluate the social deprivation of 31 provinces in China 
under the coupling state of capita disposable income and housing price. 

Keywords: social deprivation, positive indicator, negative indicator, coupling 
mode. 

1   Introduction 

At present, the people's material life has been more greatly improved than the past, 
but people's life satisfaction haven’t increased with the improvement of the material 
conditions. This is because that most people have a jealous type of preference 
function, and other people's income is negatively correlated with his well-being. The 
higher is the income of other people, the more he is not happy and the more he feels 
painful and resent [1]. Therefore, a person's satisfaction with his income does not only 
depend on the absolute income, but also depends on the relative income. Nowadays, 
China is in the historical period of economic and social transformation, and the urban-
rural gap and the income gap between regions make some people have relative 
deprivation. The rapidly expansive relative deprivation is one of the sources of social 
conflict and the enemy of social stability and harmony [2]. As a result, it is a 
meaningful and important thing for us to study relative deprivation. 

Broadly speaking, relative deprivation is a kind of emotion that arises from 
inequalities within social groups. The concept was first put forward by the Stoufer 
and others [3], but they did not give the normative definition and measurement 
methods of relative deprivation. Crosby [4] reviewed different deprivation theories 
and stressed the relativity of deprivation: people's deprivation is relevant with the 
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reference groups. Runciman [5] gave the definition of relative deprivation from an 
economic perspective which laid a solid foundation for the subsequent quantitative 
researches. However, those scholars look only at income attribute, which is not 
enough. We need also to look at other attributes, such as access to education and life 
expectancy.  

This paper establishes the two-dimensional coupling model on social deprivation, 
using the social welfare function approach. And then, this paper discusses the 
deprivation under the four two-dimensional coupling states. Finally, this paper uses 
the model evaluate the social deprivation of 31 provinces in China.  

2   Model 

Some scholars have tried to evaluate social deprivation using the social welfare 
function approach. Bourguignon and Chakravarty use the approach to describe the 
measurement of multivariate poverty [6]; Duclos, Sahn and Younger establish a multi-
dimensional poverty comparison method [7]; Atkinson establishes a method of 
evaluating social deprivation using this approach [8]. However, they don’t solve the 
deprivation problem under the interaction of the positive and negative indicators. The 
two-dimensional coupling model on social deprivation which is established in this 
paper is to solve this problem. We will discuss the different measurement method of 
social deprivation according to four two-dimensional coupling states including 
positive indicator- positive indicator, positive indicator-negative indicator, negative 
indicator-positive indicator and negative indicator-negative indicator.  

Before discussing, we firstly illustrate some parameters. xπ  is indicator threshold 

of x . If x  is a positive indicator, evaluation objects are not subject to deprivation 
when xx π≥ ; or subject to deprivation when xx π< . If x  is a negative indicator, 

evaluation objects are not subject to deprivation when xx π≤ ; or subject to 

deprivation when
xx π> . Likewise, yπ  is Indicator threshold of y , and its 

deprivation situation of positive and negative indicators is the same as indicator x . In 
order to illustrate the deprivation intensity under different situations, we use -2 to 
show the situation that evaluation objects are subject to deprivation in two dimensions 
at the same time, -1 to indicate deprivation in only one dimension, and 0 to indicate 
deprivation in no dimension. 

For the coupling situation of positive indicator and positive indicator (figure 1(a)), 

there is deprivation in no dimension when xx π≥ and yy π≥ ; deprivation in only 

y dimension when xx π> and yy π< ; deprivation in only x dimension when 

xx π< and yy π> ; deprivation in two dimensions when xx π< and yy π< . 

Atkinson has described this situation in the literature [8]. 
For the coupling situation of positive indicator and negative indicator (figure 1(b)), 

there is deprivation in no dimension when xx π≥ and yy π≤ ; deprivation in only  
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Fig. 1. The deprivation on different coupling conditions of two-dimensional indicators 

y dimension when xx π> and yy π> ; deprivation in only x dimension when 

xx π< and yy π< ; deprivation in two dimensions when xx π< and yy π> . 

For the coupling situation of negative indicator and positive indicator (figure 1(c)), 

there is deprivation in no dimension when xx π≤ and yy π≥ ; deprivation in only 

y dimension when xx π< and yy π< ; deprivation in only x dimension when 

xx π> and yy π> ; deprivation in two dimensions when xx π> and yy π< . 

For the coupling situation of negative indicator and negative indicator (figure 1(d)), 

there is deprivation in no dimension when xx π≤ and yy π≤ ; deprivation in only 

y dimension when xx π< and yy π> ; deprivation in only x dimension when 

xx π> and yy π< ; deprivation in two dimensions when xx π> and yy π> . 

In order to get the value of deprivation in a single dimension, Atkinson uses the 
formula (1) to measure the value of deprivation in a positive indicator dimension: 

          ))/1(,0max( xx xd π−=  
and ))/1(,0max( yy yd π−=  . (1) 
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Fig. 2. The three-dimensional graphics of the four situations with specific given parameters 

Similarly, we use the formula (2) to measure the value of deprivation in a negative 
indicator dimension: 

             ))1/(,0max( −= xx xd π and ))1/(,0max( −= yy yd π  .   (2) 

In order to get the overall deprivation in two dimensions, Bourguignon and 
Chakravarty take the weighted mean, and similarly Anand and Sen aggregate sub-
indices on a individual scale [8]. This paper uses the method of Foster-Greer-

Thorbecke αP index [9] to establish a deprivation model which is illustrated in 

formula (3): 

θαθθ /
21 ][),( yx dadayxD +=  .                         (3) 

Where, 1a  and 2a are the weights of x and y  respectively, and 121 =+ aa . The 

parameter θ  alone governs the shape of the contours in (x,y) space, as illustrated in 

Figure 2.The parameter α is used to measure the concavity of the function ),( yxD . 

Figure 2 shows the three-dimensional graphics of the four situations with given 
parameters. The contours are equal deprivation curves in the region (x, y). The 

contours are centered on ),( yx ππ  in the region of double deprivation; the farther the 

distance is from the point ),( yx ππ , the more the deprivation is. The contours are  
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Fig. 3. The equal deprivation curves on the coupling condition of the positive and positive 
indicators with different parameters 

straight lines in the region of single deprivation and the value of deprivation is zero in 
the region of no deprivation. Figure 3 shows the equal deprivation curves whose 
parameters are different on the coupling condition of positive indicator and positive 
indicator. We can see that the bigger the value of θ  is, the more curving the contours 
are and the smaller the value of α  is, the more concentrated the contours are. 
Comparing Figure 3 (b) with 3 (a), we see that the increase in the value ofα  makes 
the distance between the equal deprivation curves uniform; comparing Figure 3 (c) 
with 3 (a), we know that the increase in value of θ  makes the curvature increase; 

comparing Figure 3 (d) with 3 (a), we see that the increase in the value of 1a  and the 

decrease in the value of 2a  make the curve peak migrate to the abscissa. 

3   Application 

This paper chooses capita disposable income (positive indicator) and housing price 
(negative indicator) as evaluation indicators, uses two-dimensional coupling model to 
evaluate the social deprivation of the 31 provinces in China, not including Taiwan, 
Hong Kong and Macao of China because of no data. The housing price indicator is 
obtained by sale revenue of commercial housing dividing sale area of commercial 
housing. The data of sale revenue of commercial housing, sale area of commercial 
housing and capita disposable income are from China Statistical Yearbook 2007. In 

this paper, 3.0=α , 5.1=θ , 5.01 =a , 5.02 =a , 45.11759=xπ , and 

3382.87yπ =  which uses national capita disposable income and national housing 
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price as the threshold of x  and y respectively. This paper uses formula (1),(2) and 

(3) to calculate xd , yd and D  whose results are illustrated in table 1.  

Table 1. The deprivation of 31 provinces in China 

Province y  x  yd  
xd  D  

Beijing           8279.64 19977.52 1.448 0.000 0.973 

Shanghai         7196.07 20667.91 1.127 0.000 0.902 

Guangdong         4877.41 16015.58 0.442 0.000 0.681 

Zhejiang        4802.15 18265.10 0.420 0.000 0.671 

Tianjin         4773.76 14283.09 0.411 0.000 0.667 

Fujian         3994.16 13753.28 0.181 0.000 0.521 

Hainan          3632.17 9395.13 0.074 0.201 0.560 

Jiangsu           3588.69 14084.26 0.061 0.000 0.376 

Liaoning           3073.42 10369.61 0.000 0.118 0.459 

Shandong            2603.23 12192.24 0.000 0.000 0.000 

Hubei          2555.80 9802.65 0.000 0.166 0.508 

Shanxi           2463.24 9267.70 0.000 0.212 0.547 

Yunnan         2345.52 10069.89 0.000 0.144 0.486 

Anhui           2322.12 9771.05 0.000 0.169 0.511 

Chongqing          2258.09 11569.74 0.000 0.016 0.252 

Sichuan 2228.05 9350.11 0.000 0.205 0.541 

Heilongjiang 2195.32 9182.31 0.000 0.219 0.552 

Xizang 2170.09 8941.08 0.000 0.240 0.567 

Hebei   2100.02 10304.56 0.000 0.124 0.465 

Ningxia 2063.70 9177.26 0.000 0.220 0.552 

Jilin 2028.64 9775.07 0.000 0.169 0.510 

Sanxi 1997.13 10027.70 0.000 0.147 0.490 

Henan  1982.05 9810.26 0.000 0.166 0.508 

Qinghai 1973.57 9000.35 0.000 0.235 0.564 

Hunan 1928.67 10504.67 0.000 0.107 0.445 

Xinjiang 1843.75 8871.27 0.000 0.246 0.571 

Neimenggu 1817.15 10357.99 0.000 0.119 0.460 

Guizhou 1805.94 9116.61 0.000 0.225 0.556 

Gansu 1778.86 8920.59 0.000 0.241 0.568 

Jiangxi  1731.23 9551.12 0.000 0.188 0.527 

Guangxi 2195.41 9898.75 0.000 0.158 0.501 
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The results show that the top five of the overall deprivation are Beijing, Shanghai, 
Guangdong, Zhejiang and Tianjin and the last five are Liaoning, Hunan, Jiangsu, 
Chongqing and Shandong. The deprivation of Beijing and Shanghai are the largest 
which are 0.973 and 0.902 respectively. The deprivation of Shandong province is 0, 
which indicates that there aren’t deprivation in two dimensions.Only Hannai province 
suffers double deprivation and the deprivation of 17 provinces lies in the interval (0.5, 
0.6). Interestingly, the top five provinces of deprivation belong to the eastern region, 
indicating that despite the high per capita income in these provinces, the housing price 
is far beyond the limit of tolerance. 

4   Conclusion 

Firstly, this paper qualitatively describes the deprivation under different coupling 
situations of two-dimensional indicators. And then, this paper establishes a two-
dimensional coupling model on social deprivation through using the welfare function 
method to establish the deprivation model of sub- indicator and Foster-Greer-

Thorbecke αP method to aggregate sub-deprivation and obtain a overall deprivation. 

Finally, this paper uses the model to evaluate the social deprivation of 31 provinces in 
China under the coupling state of capita disposable income and housing price. 
Empirical results indicate that (1) only Shandong province is zero deprivation; (2) 
only Hainan suffers with double deprivation; (3) the provinces whose deprivation are 
the largest belongs to the eastern region. The next work mainly includes the 
researches on aggregating method of overall deprivation, multi-dimensional 
deprivation model and the simulation of social deprivation. 
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Abstract. In this paper, the domain growth process in a novel kind of
cyclic game is investigated by similation method. Different with the clas-
sical cyclic games, this process is called ”creation-annihilation process”,
in which is just like the autocatalysis system. The results of numerical
simulations show that the domain growth in such cyclic games with four
or five states has a special feature: the growing domain usually has a
stable boundary, and the growth is driven by the internal-evolution of
the domain. Considering with the widespread of the cyclic autocatalysis
in organism activities, such internal-evolution driven growth could be
universal in many organism systems.

Keywords: domain growth, cyclic autocatalysis, internal-evolution,
creation-annihilation process, cyclic games.

1 Introduction

Cyclic games, which is well mimic the cyclic struggle interactions of differ-
ent populations, are attracting much research interests recently [1,2,3,4,5,6,7,8].
Generally speaking, the cyclic game has many different but coordinate states
(or say strategy), and each state/strategy denotes a kind of populations, and
the common algorithm of cyclic games is that the struggle interactions of these
states/strategies construct a closed cycle. For example, a three states cyclic game
can be expressed as A win/displace/annihilate B, B win/displace/annihilate
C, and C win/replace/annihilate A, where A, B, and C denotes the three
states/strategies. This is the well-known rock-paper-scissors game [1,2,3,6,8] that
is the typical example of cyclic games. Based on this basic frame, except for
the modeling for the struggle interactions in ecology systems such as the cyclic
predator-prey system, we can introduce many other elements into the game to fit
our research issue, or view it from many other points, such as the chemical reac-
tion [6,7]. In additional, many cyclic game type processes can be easily realized
by the microbial laboratory experiments [8]. Thus these factors lead to a much
wide significance for the research. The recent empirical, experimental and theo-
retical studies about cyclic games reveal rich interesting phenomena in nature,
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laboratory experiments, and computer simulations. For example, some resent
cyclic games model generated rich orderly time-spatial structures [6], such as
the spiral waves, which is important for the statistic physics about the dynami-
cal equilibrium of the self-organized systems; in another way, such cyclic struggle
relationships is found out in real-world ecology systems outside the food chain
system, such as the mating strategy of different male lizard [1,2]. Many recent
studies extend algorithm of cyclic games with more than one kind of relations
such as the heterogeneous invasion relationships in the cyclic games [9], or more
than one cycle such as a more complex relation web in the game [9,10]. Here,
we present another extended version of cyclic games. Let us consider the cyclic
autocatalysis process that plays a much important role in the biochemical dy-
namical processes. Considering the simplest case that the catalysis reaction is
just like A + B A + C, where A is the catalyst, this reaction can be treated as
two step in theory: A annihilates B, and then create C. Therefore, we can intro-
duce the creation relation into the cyclic game to mimic such cyclic autocatalysis
reactions. In this paper, we propose a new model of such kind of cyclic game
with the creation interaction, which can be called the creation-annihilation game
in the following discussions. The creation-annihilation process has not only the
general cyclic annihilation interactions just like that in the paper-rock-scissors
game, but also the creation relations (neither replication nor production), and
also the creation relations is cyclic too. Such cyclic games are much similar with
the cyclic autocatalysis process, or say hypercycle system [11,12]. Different with
most of the previous researches, the global spatial structure is not the focal point
of our discussion. On the contrary, the domain growth process in our model is
mainly investigated based on computer simulations. Our results indicate that
the growth process in the cyclic autocatalysis system surprisingly exhibits a new
feature that is different with our general understanding of growth processes.

2 The Creation-Annihilation Cyclic Games

The simplest case of our model is the three-state creation-annihilation cyclic
game. The basic rules includes two kind of relationships: one is annihilation
(win/displace), which is similar with the relationship in the rock-paper-scissors
game, expressed as A win/displace/annihilate B, B win/displace/annihilate C,
and C win/displace/annihilate A, which is shown by the black arrows in Fig. 1
(a), where A, B, and C denotes the three states/strategies in the game; another
is creation, shown by the blue arrows in Fig. 1 (a), expressed as A create C, B
create A, and C create B. Assuming the annihilation and creation is simultaneous
for a pair reactable particles, the creation-annihilation process can be regarded
as a catalysis reaction. For the above example in Fig. 1 (a), the corresponding
catalysis reactions of the cyclic creation-annihilation effect is shown in Fig. 1
(b). In the following discussions, also for the above example, state A is called the
catalyst of B, and state C is called the resultant of B. The creation-annihilation
cyclic games can be also extended to four, five or more states. All of the basic
types of the game with three, four and five states and their corresponding cyclic
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Fig. 1. Sketchs of the rule of creation-annihilation cyclic games with three, four and five
states. The left four panels (a), (c), (e), (g), (i) and (k) show the relationship of creation
(the blue arrows) and annihilation (the black arrows) of Type III, IV-A, IV-B, V-A,
V-B and V-C respectively, and the right four panels (b), (d), (f), (h), (j) and (l) show
the corresponding cyclic autocatalysis, where the alphabets beside the arrows denote
the state of catalyst. The middle double-arrows denote the corresponding relations.
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catalysis reactions are exhibited in Fig. 1, and named by Type III, Type IV-A,
Type IV-B, Type V-A, Type V-B and Type V-C, respectively. There are many
other categories of the game with the states no more than five, but they are
all equivalent to one of the above six categories. Our numerical simulations are
embedded in a 128128 square lattices. The time of our simulations is discrete,
and the asynchronous updating scheme is used, namely each lattice point is
sequentially picked and focused to treat with random order in each time step.
In the treated process, the focal lattice point randomly chooses one of its four
nearest surrounding neighbors. If the chosen neighbor is catalyst of the focus
lattice point, the focal lattice point will be updated along the arrows of its
catalysis reaction to its resultant (for example, in Type III, the focal lattice
point is A, and the chosen neighbor is C, the focal lattice point will change to
B). The initial states of the central N × N lattices are randomly chosen (this
field is called the core in the following discussions) from all the possible states,
and others are all set as state A. In other words we set the core growing in an
environment with state A. The growth and the surface structure of the core is
the focus of our discussions.

2.1 General Feature of the Growth of Core

The features of the growth process of the six basic types of the model shown in
Fig. 1 are gotten via computer simulations. Here we set the initial size of the core
is 30× 30 (N = 30). The phenomenon of each type is discussed in the follows:

Type III: In this type, the core grows very fast, and there is not clearly surface
structure in the boundary of the core, as shown in Fig. 2.

Type IV-A: The growth process of this type shows many special properties.
As shown in Fig. 3, in the growth process, there are two clearly kind of fields
in the core, one is composed by the state A and C, the other is state B and D.
The front field (state A and C) cannot react with the environment (state A).
The latter field (state B and D) can keep moving and distorting in the core. The
growth is only occurred when the latter field contacts the boundary of the core,
as shown in Fig. 3 (b). Comparing with the speed of growth of Class III, the core

Fig. 2. The growth of Type III in 128 × 128 square space, where red, blue and black
grids denote state A, B and C, respectively
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Fig. 3. The growth of Type IV-A in 128128 square space, where red, blue, black and
yellow grids denote state A, B, C and D, respectively. (a), the pattern of the system at
t = 0, 500 and 1000. Obviously, the core domain has two kind of field: one is constructed
by state A and C, another is B and D. The fields of B and D keep moving in the core
domain which is just like wind. The growth is only occurred when the fields of B and
D contact the boundary. (b), the pattern at t = 327 and 328, where the growth points
are encircled in the light blue circles.

growth is much slow. If at any time step the latter field disappears (means the
evolution inside the core stops), the growth of the core stops too. In this regard,
the growth process of the core can be regard as internal-evolution driven.

Type IV-B: In this type, because of the rule of catalysis doesnt construct a
single loop, the core cannot grow.

Type V-A: As show in Fig. 4 (a), The evolution of the core leads to a maze-
like structure in the inside, and the core has a surface constructed by state C
(majority) and D in most positions. The surface cannot grow until the evolution
inside the surface breaks the surface. The break process of the surface is: firstly
state C change to D, and then change to E (the surface is broken), then a
neighbor position outside the core (state A) change to B (the core grows under
the effect of state E), and then change to C after few steps, namely a new surface
outside the old one is founded. Obviously, in this class, the growth of the core is
also driven by the internal evolution.

Type V-B: Similar with the Type V-A, the core has also a surface in the growth
process, but the surface is surprisingly much clearly and thick, as shown in Fig.
4. (b). The surface has obvious multi-layer structure: from the most outside layer



2382 X.-P. Han et al.

Fig. 4. The growth of Type V-A (a), V-B (b) and V-C (c) in 128128 square space, where
red, blue, black, yellow and green grids denote state A, B, C, D and E, respectively.

of the core to the inner, the main state of each layer of the surface successively
is C, E, B, and D, as shown in Fig. 4 (b) and Fig. 5. The inside of the core
are filled with filamentous structures. The growth of the core occurs also only
when the surface is broken by the internal evolution at any position. A typical
break-growth-rebuild process of the surface is shown in Fig. 5. Different with the
Type V-A, the break process generally is: A position in the second layer with
state E changes to B under the effect of state D on its neighbor, then it react
with its another neighbor with state C on the first layer and change it to state
E, then the growth is occurred.

Type V-C: The growth of this type does not generate clearly surface of the
core. Though state D is majority in the most outside of the core, it is not connect
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with each other to construct a stable surface. In parallel, there is not any orderly
structure in the core, as shown in Fig. 4 (c).

2.2 Discussions

There are the following problems about the present model should be discussed.

(i) Boundary conditions. The reflection boundary condition is used in all above
simulations, namely the outer neighbor of the lattice point on the boundary is
its own. Actually, because we mainly discuss the growth process of the core,
the boundary condition cannot effect the growth before the core contact the
boundary.

(ii) The updating scheme. The updating scheme used in the above simulations
is asynchronous, and each lattice point is only affected by one of its neighbors.
We also considered many other updating schemes as follows:

The second asynchronous updating scheme. (We call the above updating
scheme as the first asynchronous updating scheme in our discussions). Compar-
ing with the above scheme, it is considering the effect of all the four neighbors,
namely, the focal point must be updated if there is the catalyst of the focal
point in its four neighbors. For the Type V-A and V-B, comparing with the
above scheme, this scheme does not introduce any different phenomena on the
structure of the core, only the growth speed is quicker. Type V-C has some dif-
ferences that the surface of the core that is mainly constructed by state D is
clearer using this update rule. The most noticeable things is the two-arm spiral
wave in the Type IV-A. It can be clearly observed in the growing core using this
updating scheme, as shown in Fig. 6. The wave is not much stable: it can divide

Fig. 5. A typical growth case of Type V-B at the left-upper boundary from t = 304
to 310, obviously, the boundary is broken from t = 305 to t = 306, and then is rebuilt
outside the old boundary. The yellow line at t = 304 shows the initial status of the
boundary, notice the layered structure of the boundary: the outside is state C (black),
next mainly is E (green), and the inner of the boundary mainly is B (blue) and D
(yellow). The arrows show the changing point at the boundary. The yellow line at t =
310 shows the rebuild boundary.
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Fig. 6. The spiral wave in the growing core based on Type IV-A using the second
asynchronous updating scheme. The initial size of the core is 1010. There are clearly
two-arm spiral wave in the left two panels, and the spiral wave breaks in the right
panel.

Fig. 7. Accompanying with the growth, the pattern generated by the deterministic
form of our model using synchronous updating scheme. From left to right, the panels
are obtained by Type V-A, V-B and V-C, respectively. The initial size of the core
is set as 3 × 3, these figures are obtained after run 200 time steps. The left panel is
a spiral wave, obtained by Type V-A. The middle panel is a target wave converged
by two closed spiral waves, generated by Type V-B. The right panel is a target wave
propagating from outer to inner, generated by Type V-C.

into two or more new spiral waves, or breaks and disappears. The growth also
occurs when the arm with state B and D of the spiral wave propagates to the
surface of the core, is also driven by the internal evolution. According to this
result, we conjecture that the wave-propagating structure could also be the evo-
lution mechanism in the growth process using the first asynchronous updating
scheme, but its wave is quite unstable.

The deterministic synchronous updating scheme. It is just like the updating in
standard cellular automata, each lattice point synchronously changes its state to
its resultant if there is its catalyst in the current states of its four neighbors. This
updating scheme is non-probabilistic. Using this scheme, our model surprisingly
generates many the regular and stable spiral waves or target waves. As shown
in Fig. 7, from a small initial core with randomly states, Type V-A generally
generates a spiral wave; Type V-B mainly can generate the target wave which
is converged by two closed spiral waves; Type V-C shows a special target wave
which is propagating from outer to inner of the core, but the outmost wave front
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is also propagating to out. In additional, the growth using this updating scheme
is changed into the simple propagation of such spiral wave or target wave.

The probabilistic synchronous updating scheme. In this case, the lattice point
synchronously changes its state, but for each point we only consider the effect
of its one randomly chosen neighbor. The simulation results using this updating
scheme is not any obvious differences with the the first asynchronous updating
scheme.

3 Conclusions

In the present model, we set the core in a large environment with single ingredi-
ent, which supplies the resource for the growth of the core. The growth processes
of the core in Type IV-A, V-A and V-B show clearly internal-evolution driven
property. Although there are many differences in detail in the internal-evolution
driven growth of different class, the common character of such growth process is
emerges as follows:

(i) The growing core usually has a surface that is unreactable with the envi-
ronment (for Type IV-A, the surface is the field composed by state A and C).
The surface usually has some orderly structure or is composed mainly by some
special compositions.

(ii) The surface exhibits break-growth-rebuild process in the growth. Because
the surface is unreactable with the environment, it must be broken by the internal
evolution to grow. Here, the evolution inside the core is not only the necessary
condition but also the driver of the growth of the core. If the evolution inside
the core is stop, the growth will stop too. In additional, the evolution inside the
core implies the core should keep far from the equilibrium state in the growth
process. In many cases the spatial structure shows wave like property.

(iii) When the growing core takes a new grid, the state on the grid must be
changed into a new state which belong to the core. In other words, the new grid
should be reacted with the core in the growth. It easily let us to think about the
absorption of alimentation in living organ system.

These characters are evidently different with the general feature of much num-
ber of growth processes which had been studied. In many growth processes in
the real-world systems or simulations, such as the growths in the well-known
Diffusion Limited Aggregation (DLA) system [13,14], the crystal growths [15]
and some domain growths in film [16,17], it is usually only driven by the inter-
action between the environment and the surface of the domain, and the field
inside the domain trends to equilibrium state. Such characters are contrary to
the properties of our model.

On the other side, there are also many natural growth processes which have
many similar properties with our model, especially in large number of organism
systems. For example, our general knowledge about the growth of cell tell us:
firstly, the cell has a stable film, which is inactive with the environment; secondly,
the cell must is living in growth (namely the cell is in nonequilibrium state and
evolving), in other word, the growth of cell is also driven by the evolution of
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the cell. Such similar character can be found out in the growth of organ and
living body. These characters of the growth of cell are in agreement with the
new feature of growth indicated by our model. Therefore, the growth driven by
the internal evolution proposed by our model could be a new type of mode of
the growth.

Another noticeable point is that our model mimics the cyclic autocatalysis
reactions, which is wide-spread in much organism systems [11,18]. Considering
the similarity between the phenomenon in the toy model and the growth process
of cell and many other organism systems in nature, we have to conjecture that
such internal-evolution driven growth property could be universal in the evolu-
tion of organism systems. And also, it implies the growth of organism systems
(maybe include many other self-organized systems) maybe has a much different
mechanism comparing with the mainstream understanding. We hope our results
can draw forth further studies about this issue.
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Abstract. We numerically investigate the epidemic spread phenomena
and efficient immunization strategies on complex networks embedded
in geometry. It is assumed that there exists an unavoidable time delay
(we call it the detection time) between the actual infection and the be-
ginning of immunization, and we implement two different immunization
strategies: one is based on topological connection neighbors (CN) of the
infected vertex and the other on geographical spatial neighbors (SN). It
is found that the decrease of the detection time is very important for a
successful immunization. Our results suggest that within the limitation
of the network models considered here, in which the infection probabil-
ity is assumed to decrease with the geographic distance, the simple SN
strategy works almost equally or better than the CN strategy, especially
when the detection time is longer.

1 Introduction

Since the seminal papers on the scale-free and the small-world networks [1],
strong research interest has been put on dynamical processes on complex net-
works [2]. In particular, the epidemic spread on networks has been drawn much
attention and the susceptible-infected (SI) model [3,4] has often been used to de-
scribe the epidemic spread. In the SI model, the disease propagates through links
between infected and susceptible vertices. One practically possible application
example of the SI model is when the disease is very hard to be cured.

Designing the efficient immunization strategy to prevent the epidemic out-
break is very important. It has been revealed that the simple immunization
strategy in which vertices to be immunized are picked completely at random is
inefficient especially for networks with broad degree distributions, since the hub
vertices with very high values of degree have very small chance to be chosen [5].
In comparison, the target immunization strategy focusing on vertices with high
degrees can stop the disease spreading effectively [5]. However, the direct ap-
plication of this strategy requires the full knowledge of the network structure,
which is very difficult to obtain in many cases. Several efficient but still local
immunization methods have been been suggested [6].

Most of real networks, e.g., the power grid, are built in real space, usually on
the two-dimensional surface of the globe. In such networks, it is often desirable if
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the sum of the lengths of links (the sum of Euclidean distances between vertices
connected by the links) is minimized from various reasons, like the reduction of
the construction cost and the better performance of the network. The geograph-
ically embedded networks have been studied in terms of the robustness [7], the
synchronization [8], and epidemic spread [9,10]. A number of spatial models have
been used to characterize these large-scale spatial transmission disease including
patch model for measles, distance transmission model for foot-and-mouth dis-
ease, multigroup models for influenza and network models for smallpox (see [10]
for details). However, we believe that the detailed study of the immunization
strategy on geographical spread still requires further attention.

In the present paper, we present and compare two different immunization
strategies in geographically embedded scale-free (SF) networks. If the network
structure is fully known, the disease spreading path can easily be predicted. In
such case, an efficient way to stop disease spreading is to immunize a certain
number of vertices connected to the initial infected source through the network
structure. We call this method as connection neighbors immunization (CN), in
which vertices separated from the initial source by shorter network distances are
immunized first. In real situations, although finding the actual network struc-
ture is very important it is often hardly accessible. From this reasoning, the
direct application of the CN strategy based on the actual connection structure
of a network is almost impossible to apply for networks such as human sexual
network. In this case, we can take an alternative approach based on geographic
distance, instead of the path length in network, to control the disease spread.
More specifically, it is possible to immunize vertices within the local range of the
infected vertex, no matter whether these vertices are connected to the infected
source or not via edges in the network. We call this method based on the real
geographical distance as spatial neighbors (SN) strategy.

Hinted by the real situations in which the immunization often takes place af-
ter the detection of the initial outbreak of epidemic, we also allow the time delay
between the actual infection and the start of immunization and call it as the de-
tection time. We believe that the introduction of the detection time in the study
of epidemic spread and immunization is quite important since if the detection
time is too large, any immunization strategy becomes worthless. It should be
noted that the detection time and the number of vertices to be immunized are
strongly related to each other. Accordingly, effects of the detection time needs to
be investigated in combination with the identification of efficient immunization
strategy, which constitutes our main motivation of the present work.

In the present work, we use the simple SI model and immunize local neighbors
of the first infected vertex after the detection time. The results show that the SN
strategy performs better than the CN strategy, especially at the late detection
time. The dependence on detection time is found to be significant, implying that
technical and scientific advancements for the reduction of the detection time
must be very important.

This paper is organized as follows: In Sec. 2, we briefly review the method
of generating geographical networks, and in Sec. 3 discuss the SI model with
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the distance-dependent infection rate. The used immunization strategies are ex-
plained in Sec. 4, and we describe the simulation procedure in Sec. 5. In Sec. 6, we
present our results for immunization strategies applied for SF networks. Finally,
in Sec. 7, we summarize our results and present some discussions.

2 Network Model in Geographical Space

We first build the SF network in a geographical space as in Ref. [11], in which
connections are made on the basis of geographical distances aiming to reduce
the total length of links. In a 2D square lattice of the linear size L (with the
network size N = L × L) under the periodic boundary condition, each site is
assigned a degree k from the given degree distribution function, p(k) ∼ k−γ with
γ ≥ 2. The construction of the geographically embedded SF network proceeds as
follows (see Ref. [11] for details): for a randomly selected site, links connecting
the site and its closest neighbors are created until either its preassigned degree
is realized or all sites within the geographic distance r(k) = Ak1/2 have been
explored with a suitably given control parameter A. Repetitions of the above
step for all sites produce a geographically embedded SF network of uniformly
and regularly positioned vertices. The larger γ is, the more homogeneous the
degree distribution is.

3 SI Model in Geographically Embedded Network

Suppose that chicken farms are spread and those farms are connected by visit-
ing vehicles, humans, and so on. Taking farms as vertices in the network, it is
plausible that the disease spread between farms is somehow related with travel
patterns of humans. It has been recently found that the probability for a person
to travel a distance d decays following the power-law form with the exponent
about 1.6 [12]. We note that the spread of some disease should be closely re-
lated with the pattern of human travel, and write the infection rate λij in the
SI epidemic spread model as

λij =
λaij

dα
ij

, (1)

where dij is the Euclidean geographic distance between vertices i and j, and
α ≥ 0, λ ∈ (0, 1]. The element of the adjacency matrix aij takes the value unity
if i and j are connected and zero otherwise. In terms of α, there are two limiting
cases: if α = 0, the infection rate is independent of the geographic distance
(λij = λ), corresponding to the original SI model. If α→∞, on the other hand,
only nearest neighbors at a unit lattice distance can be infected at the infection
rate λ. In reality, α ≈ 1.6 corresponds to the empirical findings based on the
travel of bank notes in Ref. [12]. It is obvious that larger λ or smaller α will
increase the infection rate λij if there is a link between vertex i and j. In the
simulation of the SI model, we choose λ = 0.2 and α = 2, which, we believe, is
a reasonable choice in comparison to α = 1.6 in Ref. [12].
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We start from the initial configuration in which all vertices are in the suscep-
tible states. A randomly chosen vertex is infected, and then the disease spreads
at the infection rate in Eq. (1) across the geographically embedded network
structure.

4 Detection Time and Immunization Strategies

In a real situation of epidemic spread, such as SARS, HIV, we often observe that
it takes some time to identify an infected individual among population and tend
to overlook the possibility of being epidemic. This unavoidable time delay, we
call the detection time τ throughout the present study, between the actual in-
fection and the start of the immunization should be taken into account to design
an efficient immunization strategy. For instance, suppose that the state-run pub-
lic health organization is armed with well developed immunization techniques.
Even in this case, in order to stop the spread of the disease, the immunization
needs to be done as soon as possible. Otherwise, the number of people to be
immunized can be huge, making the spending tremendous. In an extreme case,
any immunization is worthless if it starts after all people are already infected.
We believe that the use of nonzero τ is a realistic extension of existing studies
on immunization strategies in a geographically embedded network.

After the detection time τ since one randomly chosen vertex v was infected,
we immunize the fraction f of the whole vertices by using the following two

v v

Fig. 1. (a) Connection neighbor (CN) and (b) spatial neighbor (SN) strategies. The
infected vertex v is immunized first, and then further immunizations are made in
the ascending order of the network distance for CN, and the geographical Euclidean
distance in SN.
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different local strategies as shown in Fig. 1: the first strategy uses the connection
structure of a given network by immunizing connection neighbors (CN) of v, so
we call it the strategy CN. In CN, we first immunize the infected seed vertex,
its directly connected neighbors with the shortest path length (called as the
chemical distance or the network distance) � = 1, and vertices with � = 2, and
so on, until fN vertices are immunized (we immunize vertices randomly for
the outmost layer). When an already infected vertex is immunized, we assume
that the vertex is first cured to become healthy again and then immunized. The
second strategy, we call it SN since it is based on spatial neighbor information,
uses the geographic distance d from the infected one, instead of the network
distance �: the shorter the geographic distance is, it is more likely that the
vertex is immunized, until the given fraction f of vertices are immunized. These
two immunization strategies are applied only once at the time τ , and no more
immunizations are made afterwards.

5 Simulation Process

The simulation processes are performed as follows:

(i) A randomly chosen vertex is infected and the disease spreads with the infec-
tion rate described in Eq. (1) as time goes on.
(ii) After the detection time is reached (t = τ), two different immunization
strategies are carried out following either the SN or the CN strategy.
(iii) The SI model dynamics is run without further immunization.

The stationary value of the density of infected vertices is computed and the
average is performed over 50 different network structures, 1000 random choices of
initial vertex [step (i)], and 10 realizations of immunization strategies [step (ii)].
Without any immunization the SI model eventually makes all vertices infected
with the density of infected vertices ρ(t →∞) = 1. Immunization of vertices may
cut off some spreading paths, and one gets ρ < 1 in stationarity. The efficiency
of an immunization strategy can be easily measured by ρ: the smaller ρ is, the
more efficient the strategy is.

6 Results of Simulations

In Fig. 2(a) we present the results for the geographically embedded SF networks
with γ = 2.5 of the network size N = 6400(L = 80): the stationary value ρ of
the density of the infected vertices versus the fraction f of immunized vertices
is displayed for various values of the detection time τ = 2, 4, and 6. Although
not shown here, it is observed that the disease spreads in a much less scale for
γ = 7 than for γ = 2.5: this can be easily understood since the existences of hub
nodes facilitate the epidemic spread. It is evidently seen that ρ is a decreasing
function of f , while an increasing function of τ , indicating that immunization of
more vertices at earlier stage of spread can keep the disease from being epidemic.
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Fig. 2. (a) The density ρ of infected vertices at stationarity is shown as a function of
the fraction f of immunized vertices. for scale-free networks of the size N = 80 × 80
with the degree exponent γ = 2.5. The SN strategy shows better performance than
the CN strategy, especially when the detection time becomes larger. (b) The ratio Pf

of the number of immunized infected vertices to the total number of infected vertices
is shown as a function of the immunization fraction f at different detection time τ
for the two immunization strategies (CN and SN) for scale-free networks of the size
N = 80 × 80 with the degree exponent γ = 2.5.
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It should be pointed out that the reduction of the detection time is crucial: for
example, if we detect the disease at τ = 2 and immunize 2.5% of nodes, we can
wipe out the disease almost completely, while if the detection time is long, i.e.,
τ = 6, the disease will eventually infect around 50% of the population [see the
curves for CN in Fig. 2(a)]. In other words, the same immunization efficiency is
achieved in Fig. 2(a) by the CN strategy, both at τ = 2 for f less than 0.5% and at
τ = 4 for f ≈ 3%, indicating that by halving the detection time one can achieve
the same level of immunization by immunizing much less number of people.

Figure 2(a) also exhibits that the differences between the CN and SN strate-
gies are not discernible at early detection time such as τ = 2. In contrast, with
the increase of detection time τ , the SN immunization strategy performs more
efficiently than the CN. The relative success of the SN over the CN can be un-
derstood as follows: a complex network in general often has a very small network
diameter, which implies that the number of connection neighbors increases ex-
ponentially as the network distance from the original seed vertex is increased.
Consequently, if we immunize the same number of vertices, the CN strategy is
more likely to immunize the susceptible vertices and it is possible that many
infected vertices escape from being immunized, while the SN strategy works rel-
atively well by immunizing infected ones effectively. In order to verify this, we
directly calculate the ratio Pf of the number of immunized infected vertices to
the total number of infected vertices at t = τ . In Fig. 2(b), we show Pf versus
f for the CN and SN strategies, which corresponds to the data in (a). It can
be seen that at τ = 2, the difference between the CN and SN strategies is in-
significant. However, as τ is increased, the difference becomes larger and the SN
always yields a bigger value of Pf , which means that the SN is more efficient
than the CN in the sense that it immunizes more infected vertices than the CN
does. From the comparison of Fig. 2(a) and (b), we also note that the number
of immunized infected vertices at the immunization stage (at t = τ) appears to
be closely related to the number of infected vertices at stationarity (at t →∞).

Considering that most real networks have the small-world property so that the
number of connection neighbors increases very fast with the network distance,
we believe that the efficiency of the SN strategy found above can also be true in
reality. The application of the SN strategy requires only geographic information
of the distances between vertices, which makes the SN useful especially when
topological connection information is not available or hard to obtain.

7 Discussion and Conclusions

In the present work, we have investigated numerically the spread of the disease by
using the SI model on the geographically embedded scale-free network with focus
on the efficiency of immunization strategy. Different from the usual SI model,
we have assumed that the infection spreads at a rate which has the inverse
square form of the distance. Two immunization strategies, the CN (connection
neighbor) strategy based on network distances and the SN (spatial neighbor)
strategy based on geographic distances, have been compared. The results show
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that the SN strategy outperforms the CN strategy, especially when the detection
time is relatively large. We believe that our results may be helpful to stop the
epidemic spread in real systems.
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Abstract. We study the evolution of the correlation-based clusters of
stocks, which usually accord with business groups. By segmenting the
whole time series into several overlapping segments, we trace the dy-
namical evolution of each business sectors in terms of the multi-factor
model and especially treat the stock prices of Shanghai composites that
are not incorporated into developed markets of the financial time stock
exchange index.

Keywords: random matrix theory, correlation matrix, multi-factor
model.

1 Introduction

A financial market is most exciting among other complex systems [1-5] because
of the fact that its constituents are unceasingly increased and at times behaved
in an unpredictable way. Especially, if they may be judged and adjusted by the
environment and the condition that the agents have just made, the complexity
emerges along with these. In fact, the market has a hierarchical structure of
investors, such as the banks, pensions, mutual funds, hedge funds, and individual
investors (with a small amount of capital). They are interwoven in a complicated
manner via various debts and competing to win the financial game by using their
own portfolio strategies. Owing to the globalization of financial markets, invested
money can freely go beyond the border. A financial market allows for various
investment horizons, which denote the time of holding shares of a specific stock.
The long-positions are mostly aimed for gaining from dividends. However, there
are many short-term investment strategies, such as tick-by-tick, minutely, daily,
etc. One fact is that all these things are incorporated in price fluctuations.

Apart from investors, there is a sea of portfolios, each of which incorporates
many stocks in order to control latent risks. The components of a portfolio are
usually consisted of anti-correlated stocks because, in that case, the future risk
can be reduced to a limit. However, the market has other means to control risks

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2396–2401, 2009.
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by using derivative securities, such as futures, options, swaps, etc [6-9]. The exis-
tence of derivatives increases the complexity of a financial market and yields the
variety of investment strategies. For these reasons, the cross-correlation matrix
approach to a financial market dynamics is meaningful and sufficiently justified.
Previous works [1-5] have shown that a stock market has a hierarchical struc-
ture based on inter-dependence among stocks. This inter-dependence is probably
due to business groups and the recognition by traders. According to behavioral
economics [10], humans tend to take a similar thing when he/she is exposed to
an unfamiliar environment. This behavior is termed by heuristics [11], and the
implicit hierarchical structure of a financial market can be due to all these things
mentioned so far.

2 Multi-factor Model and Numerical Calculations

We examine the evolution of business groups over time by using the stock prices
of Shanghai composites, which is composed by 696 stocks with 1400 returns.
According to the financial time stock exchange index, this stock market can be
considered as the secondary emerging market, in which money flows occur more
frequent than in developed market because of the recognition of foreign investors.
The foreign investors ordinarily think of emerging markets as checking accounts,
and they can withdraw their invested money whenever it is necessary. We can
check the effects by tracing out the change of each business group over time. To
this end, we take the multi-factors model, which is a basic method of modeling
the stock price dynamics. For any stock i this model is represented in terms of

ri(t) = αi +
Ng∑
j=1

βijMj(t) + εi(t), (1)

where Ng denotes the number of factors, and αi and βij are real parameters. The
noise terms εi(t) of different stocks are assumed to be uncorrelated. Herein, Ng

is determined by the number of eigenvalues deviating from the predictions of the
random matrix theory about the empirical cross-correlation matrices. However,
we consider 4 large eigenvalues including the largest one, which is known to
indicate the market-wide effect.

In order to determine Ng, we have to solve the characteristic equation of the
cross-correlation matrix C expressed by

C =
1
L
GGT (2)

where T denotes the transposition and G denotes the N × L normalized return
matrix. And the characteristic equation is given as

det(C − λ1) = 0 (3)

where 1 denotes the identity matrix. Also, for comparison, we consider a random
correlation matrix

Crm =
1
L
AAT (4)
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Fig. 1. The density function of the eigenvalues of a correlation matrix C is shown in
comparison with the theoretical density Prm of a Wishart matrix. The inset shows that
the largest eigenvalue is about 33 times larger than the upper bound λ+ � 2.9.

where A is an N×L matrix containing N time series of L gaussian-distributed
random elements aij with zero mean and unit variance, that are mutually un-
correlated. In the limit N→∞, L→∞ with Q≡ L/N(> 1) fixed, the probability
density function Prm(λ) is analytically given [12,13] by

Prm(λ) =
Q

2πσ2

√
(λ+ − λ)(λ − λ−)

λ
(5)

for λ ∈ [λ−, λ+], where λ− and λ+ are the minimum and maximum eigenvalues
of Cr , respectively, given by

λ± = σ2(1 +
1
Q
± 2

√
1
Q

). (6)

Figure 1 shows the distribution of eigenvalues for Shanghai composites with the
theoretical probability density function given by Eq. (4). The inset shows that
the largest eigenvalue, λmax is greater by about 33 times than λ+ � 2.9. From
these statistics, we extract 4 largest eigenvalues to do our analysis. And the
factors {Mj} are computed as:

Mj(t) ≡
696∑
k=1

< k|λj > rk(t) (7)

where k covers all the components of the eigenvector |λj > corresponding to
the eigenvalue λj . These factors represent each business group including the
market-wide effect, respectively.

The goal of this study is to trace the evolution of each business group, rep-
resented by the eigenvector corresponding to an eigenvalue deviating from the
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Fig. 2. The density function of cross-correlation coefficients are presented for Cr, Cg,
and Cm. The critical C∗ is estimated to be about 0.25. At the value, Cr and Cg is well
separated.

predictions of the random matrix theory. Therefore, first, we divide the original
return series into several segments, and then, by computing the cross-correlation
βij between each return series ri(t) and the factor series {Mj(t)}, we examine the
evolution of those correlation coefficients. In order to distinguish the significant
correlation from random correlations, we use distributions of cross-correlation
coefficients via the decomposition of C as follows,

C =
Nr∑
i=1

λi|λi >< λi|+
Ng∑
j=1

λj |λj >< λj |+ λmax|λmax >< λmax|, (8)

where Nr denotes the number of eigenvalues belonging to the bulk, which is
inside the predictions of the random matrix theory as shown in Figure 1, and
Ng denotes the deviating part except the largest one. From above three terms,
we can define three correlation matrices, such as Cr, Cg, and Cm. Figure 2 shows
distributions of cross-correlation coefficients for three of them. The critical value
C∗ is estimated at which Cr and Cg can be distinguished. As shown in Figure 2,
the distribution of correlation coefficients of Cr almost decays at C∗ ≈ 0.25 and
Cr is well separated from Cg. The noticeable thing is the shape of the distribution
of correlation coefficients of Cm. Over the value of Cij = 2, the deep groove is
placed as if two regimes are divided.

To see the evolution of each business group, we set the moving window with
the size of 800, corresponding to about 3 years. And this window moves by 30
steps, which correspond to one month. Further, to survey the structural tran-
sitions of business groups, if each βij is greater than C∗, then we give 1 to the
parameter, or 0 otherwise. By doing so, we can trace out entry or exit of a spe-
cific stock to or out of the business groups represented by the eigenvector |λj >.
Figures 3 and 4 show the evolution of business groups for 4 largest eigenvalues.
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Fig. 3. The whole stock, represented by the eigenvector corresponding to the largest
eigenvalue, are monitored. The presence of a bulk of stocks not effected by the market-
wide effect is noticeable. (a) shows the composition of stocks belonging to the eigen-
vector over time, and (b) shows the change of its composition over time. There is no
clear change.
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Fig. 4. The business groups, represented by the eigenvector corresponding to the second
largest eigenvalue, are monitored. (a) shows the composition of stocks belonging to the
eigenvector over time, and (b) shows the change of its composition over time. The
change of composition is most explicit.

The eigenvector of the largest eigenvalues has no contributions from the center,
which is well matched with previous observations. For the following three large
eigenvalues, the eigenvector of the second largest eigenvalue shows more or less
varying aspects compared to other two following eigenvectors while the rest two
relatively show a stable aspect over time.
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3 Conclusions

We have used the multi-factors model to examine the evolution of business groups
over time. The first surprising observation is that Shanghai composites market
shows a limitation of the market-wide effect different from other stock markets.
It is also confirmed that the business groups belonging to the second largest
eigenvalue are more or less vulnerable to the change of environment over time
while the other groups seem to be more robust. This monitoring method is con-
sidered to be useful for comparing various stock markets, which are distinguished
by the financial time stock exchange index. Through those studies, we shall get
a clue about money-flow over the border by hedge funds or mutual funds.

This work was supported by the Korea Science and Engineering Founda-
tion (KOSEF) grant funded by the Korea government (MOST) (R01-2006-000-
10470-0).

References

1. Plerou, V., Gopikrishnan, P., Amaral, L.A.N., Meyer, M., Stanley, H.E.: Scaling of
the Distribution of Price Fluctuations of Individual Companies. Phys. Rev. E 60,
6519–6529 (1999)

2. Plerou, V., Gopikrishnan, P., Rosenow, H., Amaral, L.A.N., Guhr, T., Stanley,
H.E.: Random Matrix approach to Cross-Correlations in Financial Data. Phys.
Rev. E 65, 066126 (2002)

3. Plerou, V., Gopikrishnan, P., Rosenow, H., Amaral, L.A.N., Stanley, H.E.: Univer-
sal and Non-Universal Properties of Cross-Correlations in Financial Time Series.
Phys. Rev. Lett. 83, 1471–1474 (1999)

4. Laloux, L., Cizeau, P., Bouchaud, J.-P., Potters, M.: Noise Dressing of Financial
Correlation Matrices. Phys. Rev. Lett. 83, 1467–1470 (2002)

5. Kim, D.H., Jeong, H.: Systematic analysis of group identification in stock markets.
Phys. Rev. E 72, 046133 (2005)

6. Elton, E.J., Gruber, M.J.: Modern Portfolio Theory and Investment Analysis. Wi-
ley and Sons, New York (1995)

7. Campbell, J.Y., Lo, A.W., MacKinlay, A.C.: The Econometrics of Financial Mar-
kets. Princeton University Press, Princeton (1997)

8. Hull, J.C.: Options, Futures, and Other Derivatives. Prentice Hill, Upper Saddle
River (2007)

9. Wilmott, P.: Paul Wilmott on Quantitative Finance. John Wiley and Sons, New
York (2006)

10. Montier, J.: Behavioral Finance: insights into irrational minds and markets. John
Wiley and Sons, New York (2003)

11. Kahneman, D., Tversky, A.: Prospect theory: An analysis of decisions under risk.
Econometrica 47, 313–327 (1979)



A Priority Queue Model of Human Dynamics
with Bursty Input Tasks

Jin Seop Kim1, Naoki Masuda2, and Byungnam Kahng1

1 FPRD, Department of Physics and Astronomy, Seoul National University,
Seoul 151-747, Korea
jk@phya.snu.ac.kr

2 Graduate School of Information Science and Technology, The University of Tokyo,
7-3-1 Hongo, Bunkyo, Tokyo 113-8656, Japan

Abstract. The physics of human activities recently has been studied
in the view point that they are dynamic processes of a complex system.
The studies reveal that the human activities have bursty nature – occa-
sional abrupt bursts of activity level for short periods of time, along with
long periods of inactivity. Quantitative studies show that the distribu-
tion of the time, τ , between two consecutive activity events exhibits a
power-law behavior with universal exponents ∼ τ−1.5 or ∼ τ−1.0. Such
universal behaviors were explained by the universality in the waiting-
time distribution of tasks in model queue systems, which operate based
on priority. In the models, the rates of task input are presumed to follow
a Poisson-type distribution. An empirical observation of human activ-
ities, however, shows that the task arriving rate for some people also
has bursty nature – the number of tasks arrive to the people follows
a power-law distribution. In this paper, a new model queue system for
this case is introduced and studied by analytic and numerical methods.
The waiting-time distribution for the new model is found also to follow
a power law, but the exponent varies according to the parameters of the
model and takes other values than 1.5 or 1.0. The analytic solution is
obtained via the generating function formalism, different from the biased
random walk approach used in the previous studies.

Keywords: complex systems, human dynamics, modelling, priority
queue, power law, generating function.

1 Introduction

The queue is a sequence of any objects (usually called the tasks) which come
into a system, are processed somehow, and then go out of the system. The queu-
ing theory deals with diverse issues about managing such a sequence. Primary
concern is the time spent by a task in the system (the waiting time), or the
distribution of the waiting time. Consequently, the dynamics of queuing systems
have been extensively studied in engineering aspects; diminishing the waiting
time of the tasks, or making the distribution of waiting-time have a well-defined
average and small deviation are considered to be desirable goals [1].

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 2402–2410, 2009.
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Fig. 1. (Color online) A size distribution of tasks arrive in a unit time. The main panel
shows the number of e-mails delivered to an anonymous user in a unit time [2], which
follows a power-law distribution with slope −1.5. Different lines correspond to different
bin sizes, 500, 800, and 1000 seconds. The slope −1.5 nor the power-law distribution
itself is universal but varies with users. The inset shows the number of wireless phone
calls received by a cell station during 10 seconds in the peak time (i.e.,12:00-20:00) (�)
and for the entire day (◦). Both are well fit to a Poisson distribution (black solid line),
which decays even faster than the power law with exponent −6 (dotted line).

Recently, on the other hand, several queue models with power-law waiting-
time distribution gathered strong interests among the complex systems soci-
ety [3,4,5,6]. Those series of queue models are first introduced to explain the
pattern of correspondence between people: the time elapsed for a person to reply
letters has heavy-tailed or power-law distributions. It is because each letter has
different level of priority, that some urgent letters are replied immediately while
others are postponed until one is unoccupied. Such priority concept is adopted to
the queue model, and with it, Poissonian process of task input/output resulted
in power-law distribution of waiting time. The emergence of the power law was
considered to reflect the critical nature of the queuing dynamics.

While previous studies assumed that the task input/ouput are a Poissonian
process, however, our analysis of empirical data shows that there are cases when
the task input is bursty – the number of input-task has power-law distribution
(see Fig. 1). In this paper, we study the waiting-time distribution of a queue
model operating based on priority with bursty input tasks.

2 The Model

At each time step, n tasks arrive to the queue, where n is a number drawn from
the power-law distribution λn = λn−γ/ζ(γ)(n > 0), λ0 = 1−λ, where 0 < λ < 1
and ζ(γ) ≡

∑∞
i=1 i−γ is the Riemann’s zeta function. The task is randomly

assigned with a priority x from the flat distribution in [0, 1]. At the same time,
1 highest priority task in the queue is executed with probability 0 < µ < 1.
The maximum number of tasks in the queue is unlimited so that the queue
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accommodates all the incoming tasks of any sizes. This model is a generalized
version of that in Ref. [5] and that is reproduced for λ0 = 1 − λ, λ1 = λ, and
λn = 0 when n ≥ 2. The average number of incoming tasks is

〈n〉λ =
∞∑

n=1

λn1−γ

ζ(γ)
= λ

ζ(γ − 1)
ζ(γ)

, (1)

which converge when γ > 2.

3 Generating Functions and Waiting Time Distribution

We are concerned about the waiting-time distribution Pw(τ) for tasks in the
queue. To obtain it, we should study the transient dynamics of the number of
tasks in the queue (the queue length). First, let Qx(m, t) be the probability that
there are m tasks with priority higher than x in the queue at time t, and Q̃x(m)
be its stationary state solution defined as Q̃x(m) ≡ limt→∞ Qx(m, t). Also we
define Gx(m, τ) as the probability that a given task with priority x which arrived
to the queue at time t = τ0, is executed after time τ elapses. In other words,
Gx(m, τ) is the first-passage probability of the queue length with priority larger
than x, from initial condition m to destination origin m = 0. If a task with pri-
ority x arrives to the queue, there are already m of higher-priority tasks. Before
that given task is to be executed, the pre-existing m tasks, together with all the
task whose priorities are higher than x that arrives in the mean time, should
be executed first. The transient dynamics is schematically illustrated in Fig. 2.
Considering such dynamic process, the waiting time distribution is written by [5],

Pw(τ) =
∞∑

m=0

∫ 1

0

dxQ̃x(m)Gx(m, τ). (2)

Since finding Qx(m, t) and Gx(m, τ) in explicit form is difficult, we obtain the
implicit forms in terms of the generating functions.

First we consider the rate equation for the queue length with priority larger
than x. The transition probability is given as

Pm→m+i = (1− µ)
∞∑

j=i

λj

(
j

i

)
(1 − x)ixj−i

+ µ
∞∑

j=i+1

λj

(
j

i + 1

)
(1− x)i+1xj−i−1 (i ≥ 0), (3)

Pm→m−1 = µ

∞∑
j=0

λjx
j . (4)

The transition Pm→m+i, that the number of tasks with priority higher than x in-
creases by i, occurs a) when totally j of tasks arrive, among which i of tasks have
higher priority than x, and no task is executed nor removed, or b) when totally j
of tasks arrive, among which i+1 of tasks have higher priority than x, and 1 task is
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Fig. 2. (Color online) Schematic illustration of the queueing dynamics of the model.
At time t0, there are m tasks in the queue whose priority are larger than x. At time
t0 + 1, n tasks arrive to the queue with probability λn. Among them, n − i tasks have
priority ≥ x with probability

(
n

n−i

)
(1 − x)n−i xi. A task with the largest priority is

executed with probability µ. At time t0 + τ , all tasks with priority ≥ x are executed
for the first time.

executed and removed. Similarly, among the total j tasks, if there is no task with
priority higher than x and 1 task is executed, Pm→m−1 transition occurs.

For later uses, the generating function of this transition probability is obtained
by multiplying zi for each Pm→m+i and then sum them up for i, as,

P(z) =
∞∑

i=−1

Pm→m+iz
i =

(
1− µ +

µ

z

)
Λ ((1− x) z + x) , (5)

where Λ(z) ≡
∑∞

j=0 λjz
j. Accordingly, the transition probability gives the rate

equation for Qx(m, t): when m ≥ 1,

Qx(m, t + 1) ≡
m∑

i=−1

Pm−i→mQx(m− i, t)

= µ
∞∑

j=0

λjx
jQx(m + 1, t)

+
m∑

i=0

⎡
⎣(1− µ)

∞∑
j=i

λj

(
j

i

)
(1− x)i xj−i

+ µ
∞∑

j=i+1

λj

(
j

i + 1

)
(1− x)i+1 xj−i−1

⎤
⎦Qx(m− i, t),

(6)
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and when m = 0,

Qx(0, t + 1) ≡ P1→0Qx(1, t) + P0→0Qx(0, t)

= µ

∞∑
j=0

λjx
jQx(1, t)

+

⎡
⎣(1− µ)

∞∑
j=0

λjx
j + µ

∞∑
j=1

λjj (1− x) xj−1 + µ

∞∑
j=0

λjx
j

⎤
⎦Qx(0, t).

(7)

The generating function of Q̃x(m), defined as below, is obtained from the rate
equation Eq.(6) and (7):

Q̃x(z) ≡
∞∑

m=0

Q̃x(m)zm =
[µ− 〈n〉λ (1− x)] (z − 1)

z − (µ + z − µz)Λ ((1− x) z + x)
. (8)

On the other hand, the first passage probability is written in a recursive form
using the transition probability. Similar recursive relation was used to obtain the
analytic solution for the Bak-Sneppen’s simple model of evolution [7,8,9].

Gx(1, t) = P1→0δt,1+P1→1Gx(1, t−1)+P1→2Gx(2, t−1)+P1→3Gx(3, t−1)+ · · ·
(9)

Here Gx(1, t) is specifically defined as fx(t), and the definitions of generating
functions of Gx(m, t) and fx(t) are given as,

Gx(m, s) ≡
∑

τ

Gx(m, τ)sτ , (10)

Fx(s) ≡
∞∑

t=1

fx(t)st. (11)

Note that Fx(s) is the generating function of the first-passage time to the origin
starting at x = 1, while Gx(m, s) is that starting at arbitrary x. Since the transi-
tion to the left can occur only with the distance 1, the relation Gx(m, s) = Fx(s)m

holds. From the recursive relation Eq.(9) and the fact above,

Fx(s) = s
∞∑

i=0

p1→iGx(i, s) = s
∞∑

i=0

p1→iFx(s)i = sFx(s)P (Fx(s)) . (12)

Using Eq.(5) for P(z) to the last expression, Fx(s) is,

Fx(s) = s [(1− µ)Fx (s) + µ]Λ ((1− x)Fx (s) + x) . (13)
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If we recall the formalism for the waiting-time distribution and using the results
above, the generating function for the waiting-time distribution is,

Pw(s) ≡
∞∑

τ=1

Pw(τ )sτ =
∞∑

τ=1

∞∑
m=0

∫ 1

0

dxQ̃x(m)Gx(m,τ )sτ

=
∞∑

m=0

∫ 1

0

dxQ̃x(m)Gx(m,s) =
∞∑

m=0

∫ 1

0

dxQ̃x(m)Fx(s)m =
∫ 1

0

dxQ̃x(Fx(s)),

(14)

and now the problem is to find the closed-form of Q̃x(Fx(s)) in series expansion.
Considering Eq.(8), Q̃x(z) has different expansion according to the sign of

A1 ≡ µ − 〈n〉λ(1 − x). Moreover, all the generating functions above also have
different expansions when 2 < γ ≤ 3 and γ > 3. As a result, we have three
different cases as below.

Case (i): µ > 〈n〉λ. In this case, to the leading singular term, Q̃x(Fx(s)) is
expanded as

Q̃x(Fx(s)) � (−1)�γ�cγ(1− x)γ−1(1 − s)γ−2/Aγ−1
1 , (15)

to get Pw(s) ∼ (1 − s)γ−2. Then by the Tauberian theorem [10], which states
that if a function F (x) can be written in a power-law form F (x) ∼ x−α, then
its generating function can also be written in a power-law with simple relation
in the exponent as F(z) ∼ (1− z)α−1, we obtain

Pw(τ) ∼ τ−(γ−1). (16)

Case (ii): µ = 〈n〉λ. For 2 < γ < 3, it is obtained that

Pw(s) �
∫ (1−s)

γ−2
γ−1

0

dx〈n〉λxc
− 1

γ−1
γ (1− s)

1
γ−1−1 +

∫ 1

(1−s)
γ−2
γ−1

dx + · · ·

= 1 +

⎛
⎝ 〈n〉λc− 1

γ−1
γ

2
− 1

⎞
⎠ (1 − s)

(γ−2)
(γ−1) + · · · . (17)

and Pw(τ) ∼ τ−(2γ−3)/(γ−1). While γ > 3,

Pw(s) �
∫ √

A2(1−s)
〈n〉λ

0

dx
〈n〉λx√
A2(1− s)

+
∫ 1

√
A2(1−s)
〈n〉λ

dx + · · ·

= 1−
√

A2(1 − s)
2〈n〉λ

+ · · · . (18)

and Pw(τ) ∼ τ−3/2.
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Case (iii): µ < 〈n〉λ. The analysis shows that this case can be described by
similar process as that of case (ii) saving the fact that only the task with priority
x > (〈n〉λ − µ)/〈n〉λ are executed. Thus, Pw(τ) ∼ τ−(2γ−3)/(γ−1) for γ ≤ 3 and
Pw(τ) ∼ τ−3/2 for γ > 3.

4 Numerical Results

As we have seen in the previous section, the average number of input/output
tasks governs the waiting-time behavior. When 〈n〉λ < µ, the queue length
fluctuates around zero. When 〈n〉λ > µ, on the other hand, the queue length
grows perpetually. The tasks with x > xM ≡ (〈n〉λ−µ)/〈n〉λ only are executed,
while the others are remained in the queue for good and evenly distributed in
priority (Fig. 3). Such a situation is similar to that of the Bak-Sneppen (BS)
model of evolution. It has been already pointed out that the similar recursive
relation as Eq.(9) was used in Ref. [7]. It is also noteworthy that the fitness (or
barrier) in BS model has clear threshold and flat distribution. More specifically,
the similarities are originated from the similarity in microscopic dynamical rules
of the models. In the mean field BS model, the species with the lowest fitness
is substituted by a new species with random fitness; that corresponds to the
execution of the task with the largest priority and then input of a new task with
random priority. Repetition of such a process yields well-defined threshold and
flat distribution in priority (or fitness). Additionally, in this aspect, the waiting
time of a task in the queue model corresponds to the life-time of a species in the
BS model.

The plot of the waiting-time distributions is shown in Fig. 4 for the three
different cases: (a) Case µ > 〈n〉λ. Given λ = 0.3 and µ = 1.0, shown are
numerically obtained Pw(τ) for γ = 2.5 (top,red), 3.0 (blue), 3.5 (purple), and
4.0 (bottom,black), yielding 〈n〉λ ≈ 0.58, 0.41, 0.36, and 0.33, respectively. Solid
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Fig. 3. (Color online) The distribution of tasks in the queue versus priority x in steady
state, for different sets of 〈n〉λ and µ is shown. xM is the threshold, so that only the
tasks with priority x > xM are executed. The data are for the cases (a) λ = 0.5 and
µ = 0.5, γ = 2.1, 2.5, 2.8 and 3.0, (b) λ = 0.5 and µ = 0.3, γ = 3.3, 3.8, 4.0 and 4.5.
Thus, xM = (a) 0.85, 0.48, 0.33 and 0.26 and (b) 0.52, 0.47, 0.46 and 0.43.
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Fig. 4. (Color online) Plot of the waiting-time distribution of the tasks

lines indicate Pw(τ) ∼ τ−(γ−1). (b) Case µ ≤ 〈n〉λ with 2 < γ ≤ 3. Given λ = 0.5
and µ = 0.5, shown are numerically obtained Pw(τ) for γ = 2.1 (top, red), 2.5
(blue), 2.8 (purple), and 3.0 (bottom, black), yielding 〈n〉λ ≈ 3.39, 0.97, 0.75, and
0.68, respectively. Solid lines indicate Pw(τ) ∼ τ−(2γ−3)/(γ−1). (c) Case µ ≤ 〈n〉λ
with γ > 3. Given λ = 0.5 and µ = 0.3, shown are numerically obtained Pw(τ)
for γ = 3.3 (red), 3.8 (blue), 4.0 (purple), and 4.5 (black), yielding 〈n〉λ ≈ 0.62,
0.57, 0.56, and 0.53, respectively. The dotted line is a guideline with slope −1.4,
close to the theoretical value −1.5.

5 Summary and Discussion

In summary, we introduced the human dynamics model of priority queue with
bursty input tasks based on the empirical observation, and studied the waiting-
time distribution of the model analytically and numerically. The power-law ex-
ponent α of the waiting-time distribution Pw(τ) ∼ τ−α varies having general
values, while previous models only produce α = 1 or 3/2.

The most interesting result is α = (2γ − 3)/(γ − 1) for the case of 〈n〉λ ≥
µ and 2 < γ ≤ 3. Consider the Lévy’s flight random walks (LFRW) in one
dimension: In this problem, a random walker can jump by distance x with the
rate r(x) ∼ 1/|x|γ , where 2 < γ < 3. Chechkin et al. [11] studied the first passage
time (FPT) distributions and the first arrival time (FAT) of the LFRW, where
a random walker is allowed (disallowed) to cross the destination point in a long
jump for the FAT (FPT) walks. They obtained that the FAT distribution decays
as pfa(τ) ∼ τ−(2γ−3)/(γ−1), whereas FPT distribution pfp(τ) ∼ τ−3/2. On the
other hand, the jump distance and rate in this paper is asymmetric according to
the direction: while the jump distance is unbounded to the right, it is at most
1 to the left. By this fact, the FAT and FPT are the same in our model and in
turn, the asymmetry does not affect the distribution of the FPT. As we have
already seen, the FPT distribution has the same exponent as that of the LFRW.
In conclusion, the anomalous behavior of the waiting-time distribution for the
case 〈n〉λ > µ when 2 < γ < 3 is rooted from the FAT distribution of LFRW in
one dimension.

Note: The original work reviewed in this paper is submitted to Phys. Rev. E
and in review process. The preprint can be found in the arXiv [12].
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1   Introduction 

Property relation management of the (ownership, disposable, using) limited resources, 
which naturally occurs in the economic systems, face a problem uncertainty behavior 
of its active elements. 

The model of identification and forecasting of the economic system trajectory 
states in time is offered in work, which allows complex estimation its conduct from 
positions of risk (additive distributing), incompleteness (subadditive distributing) and 
contradiction (superadditive distributing) of information accessible to the manager. 

2   Uncertainty Development of the Economic Systems: Reasons 
and Consequences 

2.1   Information as the Universal Resource of the Economic System 

The key distinctive feature the economic system (ES) of any level (micro, middle, 
macro, mega levels) is question of ownership which arises up between active 
elements (people) in the process of production, distributing, redistribution, exchange 
and consumption of products and determines the behavior of the system. The ES 
resources have specific characteristics such as narrow-mindedness, liquidity, 
profitability, elasticity and inertia. 

Time is the most limited resource. It is explained it foremost by narrow-mindedness 
of life time which figures in ES. A money and other financial instruments provide the 
most mobile access to the various limited resources are the most liquid resource. A 
human capital or knowledge is the most cost-effective resource, the transmitters of 
which are managers, experts, consultants. Energy is the most elastic resource, for 
different types of which an empiric rule is executed that insignificant reduction of 
suggestion results in the considerable price advance. Ecology the changes of which 
accumulate gradually is an inertia resource. In a modern world, when an economic 
environment virtual substantially, all transferred resources ES are time, a money, 
labor, energy and ecology can be in wide enough limits transferable by information 
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(knowledge) about the behavior of the system and influence on its environment. 
Information becomes the universal ES resource. 

The deficit of ES behavior information considerably reduces management 
efficiency. There reason of such vagueness are objectively inherented ES difficulties : 
inertia is the considerable interval of time between influence and its consequences; 
non-linearity is the change of proportions between expenses and the ES results in time 
and space; a conflict is disparity and contradictions between the local aims of active 
elements (people) and global ES purpose; asymmetric of information distributing 
between the economic activity subjects (effects of commercial secret, aggressive 
advertising, PR and i.e.); the waving pattern of behavior is growth stages alternation, 
stabilization, slump in the ES development; the market environment chaos is 
unregulated and uncontrolled influence of external environment on ES. 

Therefore it is impossible to fully clean up for an observer the vagueness of the ES 
behavior. It is possible only to reduce the level of vagueness. The most extreme limit 
of such decline is probabilistic distributing of the future ES states as “the most clear 
from unclear measures”. 

2.2   Reasons of Uncertainty and Limits of Distinctness Behavior of the Economic 
Systems 

The uncertainty behavior of the economic system (ES) in consequence of well known 
in an economic theory contradiction between the unlimited necessities of large 
number of economic activity subjects and narrow-mindedness of materially-power 
and informatively-intellectual resources accessible to them (within the relation of 
ownership). 

Uncertainty is fundamental description of material well-being of the management 
process by ES information or in more general interpretation is knowledge of its 
behaviour [Klir 1985]. Therefore it can be expressed as uncertainty (effect of “fog”), 
unauthenticity (effect of “mirage”) and ambiguousness (effect of “fuzzy”). 

Uncertainty supposes complete or partial absence about ES behavior information, 
the reasons of which can be incompleteness, unstructured, uninterpreted and immunity 
of information. Incompleteness shows the level of presence of accessible for 
registration or necessary information about the ES behavior. The unstructured 
substantially hampers or practically eliminates access and present information using. 
The uninterpreted shows absence of univocal correspondence between the high-quality 
and quantitative constituents of informative aggregate, for example, between economic 
indicators and their values. Immunity is related to the form incomprehensible for an 
observer registrations and presentations of information, for example, measuring of 
value of index in units unknown to the user. 

An unauthenticity supposes appearance of fictitious, i.e. not objectively reflecting 
the ES behavior, information. It can be the reasons of unauthenticity inadequacy, 
contradiction, changeability and distorted of information. Inadequacy brings to the 
loss of useful or appearance of fictitious information as a result of its transformations 
from one form into other. Inadequacy is selected: measuring (gomomoraphyzm of the 
empiric system in numerical is broken); treatments (the method of information  
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treatment falls short of to the types of scales, which it is fixed in); storages (partial or 
complete unrestored of information after archiving or compression); deliveries (the 
form of conclusion of information falls short to the possibilities of its perception by 
an observer). Contradiction is determined as simultaneous truth and falsity of certain 
fact. Contradiction could be got directly (a fact and an antifact act on different 
communication channels, from different information generators) is contradiction of 
the first family, or it is mediated by a logical conclusion from the row of primary 
investigation facts which conflicts with other fact, is contradiction of the second 
family. For description behavior ES contradiction of the first family is related to 
symmetry of preference relation on the great number of the future states alternatives 
of the system or properties (attributes) of its purpose, and contradiction of the second 
family — nontransitive dependence preferences of development. Changeability 
describes the information senescence process in time, because of object analysis 
changeability. It is characterized by actuality and timeliness of information coming in 
about the ES behavior. An economic information distortion is unintentional and 
intentional. The last one is related to that economic indicators execute criterion 
function and for the subjects of management is a motivational factor of necessities 
satisfaction level. 

An ambiguousness describes the objectively existent limits of uncertainty. A 
stochastic (ambiguousness of external environment) and semiotic (ambiguousness of 
sign description of external environment) ambiguousness it is selected. The reasons of 
stochastic ambiguousness are a chance (unorganized complication) and inaccuracy of 
measuring. A chance could be formalized as a probabilistic event in two ways. Within 
the framework of the classic chances theory based on asymptotic form by 
A.N.Colmogorov, probability appears as limit of appearance of some event frequency, 
and within the framework of subjective theory of chances (B.De Fynetty, G.Geffris, 
J.Кains) as personality estimation of expectations. For the analysis ES first approach is 
substantially limited by the hard and difficultly executable requirement of reproducing 
unlimited number of homogeneous events at saving unchanging complex of external 
conditions. A semeiotic ambiguousness is related to the sign information reflection 
about problem situation. The reasons of ambiguousness could be complication of 
description, calculation or information interpretation; discrete of information and 
linguistic uncertainty which is related to the natural language (NL) of observer.  

So we can do some conclusion, that the variety of types of uncertainty the ES 
behavior supposes the variety of mechanisms of its formal description. 

3   Model of Behavior Uncertainty of the Economic System 

3.1   Raising of Problem 

It is possible to represent ES оf any kind of level formaly as “input-state-output” of 
structure with the feed-back. The conduct of such cybernetic structures is described in 
time by the operators of the H  transitions and the G  outputs (1): 
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                          ( ) ( ) ( ) ( )[ ]0001 ,, tytxtzHtz b= ; 

( ) ( ) ( ) ( )[ ]0001 ,, tytxtzGty b= ,                                                 (1) 

where ( ) ( ) ( ) ( )( )′= tztztztz n,...,, 21  — is a vector of ES state parameters in the 

moment of time of t ; ( ) ( ) ( ) ( )( )′= tytytyty m1
,...,, 21  — is a vector of ES outputs 

parameters in the moment of time of t ; ( ) ( ) ( ) ( )( )′= txtxtxtx m3
,...,, 21  — is a vector of 

ES inputs parameters in the moment of time of t ; ( ) ( ) ( ) ( )( )′= tytytyty b

m

bbb

2
,...,, 21  

— is a vector of parameters of the ES feed-backs in the moment of time t ; 0t ,  

1t  — are the real and future moments of time. 

Influence of external environment on ES is carried out through the entrances. Some 
part of this entrances belongs to the unobserved and uncontrollable classes, and other 
part which is interrelated with coming of financial, materially-energy sources, 
informatively-intellectual and labor resources, are partly observed and managed 
because of changeability and uncontrolled of resources markets. 

The ES Influence on an external environment is carried out through outputs which 
it is possible to classify on: positive — products and services; neutral — pollution-
free and negative — ecologically dirty wastes. The most important constituent here 
which determines the ES behavior are the feed-backs. Predominance of negative or 
positive feed-backs determines the periods of the evolutional or revolutionary ES 
development. 

The reasons of uncertainty parameters of the H  state and the G  outputs of ES are 
related to: incompleteness of information about the resources markets (entrances) and 
markets of products, services and wastes (outputs); contradictory information about 
the current status ES because of subjectivism, insufficient culture level and ignorance 
of personnel; information connectedness because of the feed-back presence and its 
qualitative temporal changes. 

Therefore the results of transition operator’s application and output (1) for future 
ES states forecasting have the fuzzy distributing: 

                   
( ) ( ) ( )

111
,1,, ijjii njttztz =⇔ µ , ni ,11 =∀ ; 

( ) ( ) ( )
222

,1,, ijjii njttyty =⇔ µ , mi ,12 =∀ ,                              (2) 

where ( )tzij , ( )tyij  — j - possible value of the i - parameter of the ES output state; 

in  — an amount of parameter possible values; ( )tjµ  — fuzzy measure of 

appearance of j - parameter value. 

It is necessary to get the fuzzy forecast of all substantial state parameters and the 
ES outputs. 
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3.2   Formal Uncertainty Estimation 

For formal uncertainty ES behavior description we use conception of fuzzy measures 
[Sugeno 1977, Wang, Z. & Klir, G.J., 1992], which covers all known formal 
mechanisms of different types uncertainty description (measure of belief, plausibility, 
necessity, possibility, probability, fuzzy). 

We will consider the universal set of events Ω  from the ES knowledge base, 
which is named a sure event. The empty set ∅  equates with an impossible event. To 

every event Ω⊆A  we will put in accordance the real number ( )Aη  being the fuzzy 

measure of level of authenticity A . 
An fuzzy measure ( )Aη  names a function η : [ ]1,0→A , which satisfies to the 

axioms of narrow-mindedness (3), monotony (4) and continuity (5): 

( ) 00 =η ; ( ) 1=Ωη ;                                           (3) 

( ) ( )BABA ηη ≤⇒∅⊆⊆⊆Ω   ;                                (4) 

( ) ( )iiii
AA

+∞→+∞→
= limlim ηη ,                                         (5) 

where { }
niA  is sequence of the inlaid great numbers of kind ......10 ⊆⊆⊆⊆ nAAA  

or ......10 ⊇⊇⊇⊇ nAAA  . 

Expression ( )Aη  represents the degree of event A  fuzzy, which can be interpreted 

as judgment fuzzy estimation of “ Ω∈A ” or degree of subjective compatibility of 
event A  with a sure event Ω . Monotony (4) of fuzzy measure ( )Aη  draws 

implementation of the following inequalities system: 

                                      ( ) ( ) ( ){ }BABA ηηη ,max≥∪ ; 

( ) ( ) ( ){ }BABA ηηη ,min≤∩ , Ω∈∀ BA, .                        (6) 

We will generalize the system (4) in case of arbitrary t - and s -norms: 

                               ( ) ( ) ( ){ }BAsBA ηηη ,≥∪ ; 

( ) ( ) ( ){ }BAtBA ηηη ,≤∩ , Ω∈∀ BA, .                          (7) 

Specification of the system (7) allows to get the different special cases of fuzzy 
measure ( )Aη . If in the system (7) the first inequality is strict, and the second grows 

into equality, we will get family of superadditive measures possessing property, the 
special cases of which are: 

measures of belief [Shafer 1978] (lower probabilities [Dempster 1967]): 

                         ( ) ( ) ( ) ( )BABABA ∩−+>∪ µµµµ , 

( ) ( ) ( )BABA µµµ =∩ ;                                             (8) 
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measures of necessity [Dubois and Prade 1988] (concerted functions of belief 
[Shafer 1978]): 

( ) ( ) ( ){ }BABA µµµ ,max>∪ , 

( ) ( ) ( ){ }BABA µµµ ,min=∩ .                                  (9) 

For superadditive measures ( ){ }•µ  with the values from { }1,0  are executed 

( ) 0=∩ AAµ , ( ) ( )  1A ≤+ Aµµ  and if Ω∈∀A . Therefore these measures allow 

adequately to estimate the future state ES in the conditions of incomplete great 
number of behavior system possible alternatives. 

If in the system (5) the second inequality is strict, and the first grows into  
equality, we get family of subadditive measures ( ){ }•ν  possessing property 

( ) ( ) ( ) ( )BABABA νννν +<∩+∪ , the special cases of which are: 

measures of plausibility [Shafer 1978] (upper probabilities [Dempster 1967]): 

   ( ) ( ) ( ) ( ) ( )BABABA ννννν −+=∪ , 

( ) ( ) ( ) ( ) ( ) ( )BABABABA νννννν =∪−+<∩ ;                                  (10) 

possibility measures [Zadeh 1978, Dubois and Prade 1988]: 

( ) ( ) ( ){ }BABA ννν ,max=∪ , 

( ) ( ) ( ){ }BABA ννν ,min<∩ .                                 (11) 

For subadditive measures ( ){ }•ν  with the values from { }1,0  are executed 

( ) 1=∪ AAν , ( ) ( ) 1A ≥+ Aνν  for Ω∈∀A . Therefore these measures allow 

adequately to estimate the future state ES in the conditions of contradictory (surplus) 
great number of system behavior possible alternatives. 

If the system of inequalities (7) assumes a system of equalities form we will get 
that determination: probability measures ρ  for uninteractive events (additive 

measure); probability measures for interactive events ( ∅≠∩ BA ) at confluence of 
the systems (8) and (10); classical degree of fuzzy belonging at confluence of the 
systems (9) and (11). 

For the possibility measures ( )Aν , probability measures ( )Aρ , necessity 

measures ( )Aµ  at Ω∈∀A  the following including is executed: 

( ) ( ) ( )AAA µρν ≥≥ .                                             (12) 

Probability describes the very narrow class of uncertainty, that explains narrow-
mindedness of the mathematical methods of ES behavior forecast, based on 
mathematical statisticians. 

In axiomatic determinations of fuzzy measures (8)–(11) different concrete 
prospects are present t - and s -norm (see table 2), that specifies on the adequate 
operators of their treatment. 
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3.3   Forecast of the ES State Future  

Forecast technology of the future ES state consists of the following stages: 

(1) Selection of great parameters number of the state X  and outputs Y  ES. 
(2) Determination of distributing values of future states parameters 

( ) ( ) ( ) ( )( )′= tztztztz n...,,, 21  and ES (2) outputs ( ) ( ) ( ) ( )( )′= tytytyty m1
,...,, 21  

by using fuzzy operators of the H  transitions and the G  outputs (1). 
(3) Breaking up on the classes of great fuzzy numbers of the states X  

parameters and outputs Y  ES in accordance with table 1. 

Table 1. Classes of fuzzy of parameters and operators of their treatment 

Descriptions of uncertainty Operators of treatment 
N 

Classes 
fuzzy measures plenitude nonconflict co-ordination t-norms s-norms 

1 Clearness 1 1 1 t = t1 s = s1 

2 Probability 1 1 0 t = t4 s = s4 

3 Possibility 1 0 1 t = t4 s = s5 

4 Plausibility 1 0 0 t = t3 s = s4 

5 Necessity 0 1 1 t = t5 s = s4 

6 Belief 0 1 0 t = t4 s = s3 

7 Tie-up* 0 0 1 t = t2 s = s2 

8 Complete fuzzy 0 0 0 — — 

∗ This class is entered by author for the first time starting from description plenitude of fuzzy 
measures and is required additional research. 

Classes t -norm and s -norm are used for simulation is represented in table 2. 

For any 0, 21 >µµ  a next order takes place. 

The offered accordance between the fuzzy measures classes and operators of 
treatment (table 1) is determinations of fuzzy measures (3)–(11) investigation of and 
rules of choice of the most informing operator from possible: 

– choice of operator of t -norms for the measure of possibility of 

{ }
45 itttt ∈⇒< , 44321 tttttt =⇒≤≤≤ ; 

– choice of operator of t -norms for the measure of verisimilitude of 

{ }
34 itttt ∈⇒< , 3321 ttttt =⇒≤≤ ; 

– choice of operator of s -norms for the measure of necessity of 
{ }

45 issss ∈⇒> , 44321 ssssss =⇒≥≥≥ ; 

– choice of operator of s -norms for the measure of trust of { }
34 issss ∈⇒> , 

3321 sssss =⇒≥≥ . 
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Table 2. Base operations t -norm and s -norm 

Classes Properties Operation t- norm & s- norm 

Idempotent 
norms 

( ) µµµ =,t  

( ) µµµ =,s  

minization

( ) { }21215 ,min, µµµµ =t  

maximization 

( ) { }21215 ,max, µµµµ =s  

Strictly 
monotonous 
Archimedean 

operations 

( ) µµµ <,t  

( ) µµµ >,s  
( ) ( )( )2121

21
21 1

,
µµµµγγ

µµµµγ −+−+
=t  

( ) ( )
( ) 21

2121
21 11

2
,

µµγ
µµγµµµµγ −−

−−+=s  

1=γ  probabilistic multiplication 

( ) 21214 , µµµµ =t  

probabilistic sum 

( ) 2121214 , µµµµµµ −+=s  

2=γ  

( ) ( )2121

21
213 2

,
µµµµ

µµµµ
−+−

=t  

the Lorents operator 

( )
21

21
213 1

,
µµ

µµµµ
+

=s  

Nil- 
Idempotent 

norms 

( ) µµµ <,t  

( ) µµµ >,s  

( ) 11, =− µµs  

( ) 01, =− µµt  

limited difference

( ) { }1,0max, 21212 −+= µµµµt  

limited sum 

( ) { }21212 ,1min, µµµµ +=s  

strongly limited difference 

( )
⎪
⎩

⎪
⎨

⎧

≠
=
=

=
1,if,0

;1if,

;1if,

,

21

12

21

211

µµ
µµ
µµ

µµt  

strongly limited sum 

( )
⎪
⎩

⎪
⎨

⎧

≠
=
=

=
0,if,1

;0if,

;0if,

,

21

12

21

211

µµ
µµ
µµ

µµs  

 
(4) Parameters forecast of the state and the ES outputs through composition of 

fuzzy operators: 

( ) ( ) ( )[ ]tztTStz jijN

n

j
Ni

i

1

1

1
,

1

µ
=

= , ni ,11 =∀ ; 
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( ) ( ) ( )[ ]tytTSty jijN

n

j
Ni

i

2

2

2
,

1

µ
=

= , mi ,12 =∀ ,                              (13) 

where 8,,1…=N  is index of class of uncertainty; 

NS , NT  are operators of s -norms and t -norms (table 2), N  — class of 

uncertainty (table ). 
(5) Determination of an administrative levers with a state parameters purpose 

selection, which are most sensible to the system entrances.  
The matrix of cross-elasticity is determined for this purpose: 

mniiE
,21

,                                                   (14) 

where 
( )
( )

( )
( )ty

tz

tz

ty
E

i

i

i

i

ii

2

1

1

2

21
×

∂
∂

=  is a elasticity coefficient, which shows on how 

many percents changes 2i  — out parameter ( )tyi2
 at the change of 1i  — 

parameter of the ES state on 1%. 
The forecast findings (13) allow to get ES stochastic estimation (14) of the 

elasticity as an arc-coefficients 
mniiE

,21
: 

( ) ( )
( ) ( )

( ) ( )
( ) ( )01

01

01

01

22

11

11

22

21 tyty

tztz

tztz

tyty
E

ii

ii

ii

ii

ii +
+

×
−
−

= , mini ,1;,1 21 ==∀ .         (16) 

(6) Using the results we‘ve got for the ES behavior management. For every 
output influence Yy∈  are influencing groups of the ES state parameters, 

which are represented in table 3. 

Table 3. Influencing Groups of the state ES parameters  

The ES Outputs 
Group of influencing 

positive negative 

effective 1
21

>iiE  1
21

−<iiE  

positive 0
21

>iiE  0
21

<iiE  

neutral 0
21

≅iiE  0
21

≅iiE  

negative 0
21

<iiE  0
21

>iiE  

crisis 1
21

−<<iiE  1
21

>>iiE  

The selection of such groups allows the active ES elements (owners, managers, 
experts) to manage of the system behavior and it is grounded to use effective 
parameters for purpose achievement with minimum resources expenses and strict 
values control over crisis parameters the insignificant worsening of which can result 
in the fatal consequences. 
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